CHUONG 4 — BAT PANG THUC, BAT PHUONG TRINH

é‘ KIEN THUC CAN NHO
. BAT DANG THUC % [

1. TINH CHAT CUA BAT DANG THI/C
Tinh chdt 1:  (Tinh chdt bédc cdu): Néua>b vab >cthia>c.

Tinh chdt2: Neua>b<a+c>b+c.
Tinh chdt3: Néua>Db
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Chung ta c6 cdc quy tac sau:
Quy tic 1:  (Phép cong): Néua>bvac>d=a+c>b+d.
Chit y quan trong: khong ap dung dugc "quy tac" trén cho phép trir
hai bat dang thic cling chiéu.
Quy tic2:  (Phép nhdn): Néua>b>0vac>d>0= ac>bd.
Quy tac 3:  (Phép ndng lén luy thita): Nua>b>0=a">b",véine N",
Quy téc4:  (Phép khai can): Néua>b>0 thi Ya>¥b, véine N*,
2. BAT PANG THU/C VE GIA TRI TUYET BSI
Tur dinh nghia gia tri tuyét doi, ta suy ra cac tinh chat sau:
1. —|al <a<|al v6i moi so thuc a.
2. |x| <a<»—-a<x<avéia>0 (tuong tu |x | <a<s>—a<x<avoia>0).
3. |x| > a<>x <—ahoic x > a véi a0 (tuong tu |x| >a<>x<—-ahoacx >a
véGi a > 0).
DPinh li: Vi hai s6 thuc a, b tuy y, ta ¢

3. BAT PANG THU/C GIA TRUNG BINH CONG VA TRUNG BINH NHAN (BAT PANG
THUC COsI)

a|—|b|<la+Db|<|a| + |b].

Dinh li: Vi hai s6 khéng dm a, b, ta co:

A+D o Jab (thuong dcoe victa+b>2Jab ),

ddu ddng thiic xdy ra khi va chi khi a=Db.
Hé qud 1: Néu hai so' duong thay doi nhung cé tong khong doi thi tich ciia chiing 16n
nhdt khi hai sé'dé bang nhau.
Tiic 13, v6i hai s6 duong a, b ¢6 a + b = S khong d6i suy ra:
2 2

2+/ab ss@abs% :>(ab)Max=ST,datdu’Qckhia:b.
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Y nghia hinh hoc: Trong tdt cd cdc hinh chit nhdt cé cung chu vi hinh vuéng cé dién
tich lon nhdt.
Hé qud 2: Néu hai so' duong thay doi nhung cé tich khéng doi thi tong ciia chiing nho
nhdt khi hai s¢’ dé bang nhau.
Tc 13, v6i hai s6 duong a, b ¢6 ab = P khong déi suy ra:
a+b>2+4/P = (a+b)wn=2+/P, dat dugc khi a = b.
Y nghia hinh hoc: Trong tdt cd cdc hinh chit nhdt ¢é cing dién tich hinh vuéng cé
chu vi nho nhdt.
Mo rong
1. Vdicdc sé a, b, ¢ khong am, ta luén cé:
w > 3 abc
3
thuong diuoc viét:

a+b+c>33abc hodc (a+b+c)*>27abc.
ddu ddng thiic xdy ra khi va chi khia=b=c.

2. Védinsda,i= 1,n khong dm, ta luon cé:

a, +a,+..+a, 2 noja;.a,..a, .
%,—/ %K—J

nso hang nso hang
ddu ddng thitc xdy ra khi va chi khi a, = a, = ... = a,.
4. BAT D[ZXNG THUC BUNHIACOPXKI
Dinh li: Cho a,, a,, by, by la nhiing s thuc, ta co:
(aib; + azhy)’< (af + a; )(b12 + b;),
~ 2 2 2. . a] aZ
ddu dang thuic xay ra khi — = —.
1 2

II. BAT PHUONG TRINH

1. BIEN DOI TUONG PUONG CAC BAT PHUONG TRINH

Dinh_li: Cho bdt phuong trinh f(x) < g(x) véi DKXD D, h(x) la mét biéu thirc xdc
dinh véi moi x thod man diéu kién D (h(x) c¢6 thé la hdng s6). Khi dé, véi
diéu kién D, bdt phuong trinh f(x) < g(X) tuong duong véi moi bdt phuong
trinh sau:
a. f(x)+h(x) < g(x) + h(x).
b. f(x).h(x) < g(x).h(x) néu h(x) > 0 vdi Vx € D.
c. f(x).h(x) > g(x).h(x) néu h(x) <0 vdgi Vx € D.
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2. BAT PHUONG TRINH VA HE BAT PHUONG TRINH BAC NHAT MOT AN
V6i yéu cau "Gidi va bién ludn bdt phuong trinh ax + b < 0" ta s& thuc hién nhu sau:
Viét lai bat phuong trinh duéi dang:
ax < —b. (1)
Ta xét ba truong hop:
Truong hop 1: Néu a = 0 thi:
(1)e0<-beb<0.
Vay, ta dugc:
= Néu b <0, bat phuong trinh nghiém ding véi moi x.
= Néu b > 0, bat phuong trinh v6 nghiém.
Truong hop 2: Néu a > 0 thi:

(Hex< —E.
a
Truong hop 3: Néu a < 0 thi:
(1) < x > b
a
Két luan:

. N s b
= Véia> 0, tap nghiém cua bat phuong trinh 1a T = (—o0; ——).
a

. N N b
=  Véia<0,tap nghiém cua bat phuong trinh 1a T = (——; +00).
a

= Véia=0vab<0,tap nghiém cua bt phuong trinh 1a T= R.
= Vé6ia=0vab >0, tap nghiém cta bat phuong trinh 1a T = &.

& Chu y: 1. Tuong tu ching ta ciing gii va bién luan duoc cic bat phuong trinh:
ax+b> 0,ax+b< 0,ax+b= 0
2. Dé giai mot hé bat phuong trinh mot 4n, ta giai timg bat phuong
trinh ctia hé roi 14y giao cua cac tap nghiém thu duoc.

III. DAU CUA NHI THUC BAC NHAT
Dinh li: Vi nhi thitc bdc nhdt f(x) = ax + b, ta c6:

a. f(x) cung ddu vai a khi x lonm hon nghiém xo= _b )
a

b. f(x) trdi ddu voi a khi X nho hon nghiém xo= —E.
a

Bang tém tat dau cua f(x) = ax + b:
X | —0 —b/a +00
f(x) | trai ddu véia 0 cungdauvéia
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IV. BAT PHUONG TRINH VA HE BAT PHUONG TRINH BAC NHAT

HAI AN
1. Dé x4c dinh mién nghiém cua bt phuong trinh ax + by + ¢ < 0 (tuong tu doi véi

cac bat phuong trinh ax + by + ¢ > 0, ax + by + ¢ <0, ax + by + ¢ > 0) ta thuc
hién theo cac budc sau:
Buéc 1: V& duong thang (d): ax + by + ¢ = 0.
Budc 2: Ly diém M(xo; yo) khong nam trén (d) va xac dinh gid tri cua:
dm = axo + by +c,
khi dé:
a. Néu duv < 0 thi nira mat phing (khong ké bo (d)) chita diém M 1a
mién nghiém cua bat phuong trinh ax + by + ¢ < 0.
b. Néu dv > 0 thi nlta mat phiang (khong ké bo (d)) chita diém M 1a
mién nghiém cua bat phuong trinh ax + by + ¢ > 0.
Dé xac dinh mién nghiém ctia hé bat phuong trinh bac nhat hai 4n ta thuc hién
theo cic budc sau:
Budc 1:  V6i mbi bat phuong trinh trong hé, ta xdc dinh mién nghiém cua né va
gach bd mién con lai.
Budc 2:  Két luan: Mién con lai khong bi gach chinh 12 mién nghiém cuta hé bt
phuong trinh da cho.

V. DAU CUA TAM THUC BAC HAI
Dinh li: Vi tam thitc bdc hai f(x) = ax> + bx + ¢ (a#0), ta ¢o:

a. Néu A <0 thi f(x) cung dau véi a, véi Vx € R, tic la:
af(x) >0, Vx € R.

b. Néu A =0 thi f(x) cung dau véi a, véi VX € R\{—zL }, tic la:
a

af(x) >0, Vx # —21 va af(x) >0, Vx € R.
a

c. Né&u A > 0 thi f(x) c6 hai nghiém x, X,, gia st 1 x; < X,. Liic do:
»  f(x) cung ddu véi a khi x < x; hoac x > x» .
= f(x) trai dau véi a khi x; < X < Xo.
Trong truong hop nay ta cé bang xét dau nhu sau:
X | -00 X X2 +00
f(x) | cung déu a 0 triiddua O cungdaua

& Chu y: DE giai bat phuong trinh bac hai, ta sit dung dinh 1 vé ddu ctia tam

thiic bac hai.
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B PHUGONG PHAP GIAI CAC DANG TOAN LIEN QUAN

§ 1. BAT PANG THYC

Dang toan 1: Chiing minh bat ding thic

Phuong phap ap dung

Dé chitng minh bat dang thic:

A>B

ta lya chon mot trong cic phuong phédp sau:

Phuong phdp 1: Phuong phdp chitng minh bdng dinh nghia. Khi d6 ta lua
chon theo cac hudng:
Huong 1:  Ching minh A — B> 0.
Huong 2:  Thuc hién céc phép bién d6i dai s6 dé bién déi bat
déng thic ban diu vé mot bat dang thic ding.
Huong 3:  Xuat phat tir bat dang thitc ding.
Huong4: Bién d6i v€ trdi hoac vé€ phai.
Phuong phadp 2: Sit dung tinh chdt bdc cdu, tic 1a ching minh:
A>CvaC>B.

Phuiong phdp 3 : Sit dung cdc bdt dang thitc co bdn.

Phuong phdp 4: Phuong phdp chitng minh phdn chiing, dugc ap dung véi cac
bai todn yéu ciu ching minh it nhat mot bat dang thiic trong
cdc bat dang thic da cho I ding hoac sai.

Phuong phdp 5: Phuong phdp chitng minh quy nap, dugc édp dung vé6i cic bai
todn lién hé v6in € Z hoacn € N.

Phitong phdp 6: Phuiong phdp vecto va hinh hoc, bang viéc stt dung tinh chat:
= Néua, b, ¢ 1a do ba canh ciia mot tam gidc thi

a+b>cvala-bl<c
= Sk dung dinh ly ham s6 sin va ham sd cosin.
* |u + v|<|u|+|v], diu ding thic xay ra khi u = kv,
k>0 (tic 12 u, v cing huéng).
* |u.v|<|ul]|v| ddu ding thic xay ra khi u = kv (tic
12 u, v cing phuong).
Thi du 1. Hdy so sdnh <2000 +~/2005 va~/2002 ++/2003 .
&5 Gidi
Gia sur:

2000 + 42005 < /2002 ++/2003

< (1/2000 ++/2005 )* < (+/2002 +~/2003 )?
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<> 2000 + 2005 + 2+/2000.4/2005 <2002 + 2003 + 2+/2002.4/2003

< +/2000.4/2005 < +/2002.4/2003 < 2000.2005 < 2002.2003
< (2002 - 2)(2003 + 2) < 2002.2003
< 2002.2003 — 6 < 2002.2003, luon dung.

Vay, ta dugc /2000 +~/2005 < /2002 ++/2003 .

@ Nhdn xét: Nhu vay, dé thuc hién yéu cdu trén ching ta di thiét 1ap mot bét déng
thitc, roi bang cdc phép bién déi dai s6 thong thudng chiing ta khang
dinh bat déng thic d6 ding.

Thi du 2. Chiing minh rdng véi moi s6 thuc a, b, ¢ luon cé:
a’+ b’+ c?>ab + be + ca.
L5 Gidi
Ta c6 ba cédch trinh bay theo phuong phdp 1 (mang tinh minh hoa), nhu sau:
Cdch 1: Ta bién ddi bat dang thic nhu sau:
a’+b*+c>—(ab+bc+ca)>0

2 2 2 2 2 2
C

a b c a
&S(—-—-ab+ —)+(—-bc+ —)+(— —ca+ —)>0
(2 2) (2 2) (2 2)

e _ by, b
V220 2 2
D4u "=" xay ra khi:
a b c .
ﬁzﬁzf <a=b=c.
Cdch 2: Ta bién d6i bat déng thiic nhu sau:
2(a%+ b*+ ¢?) > 2(ab + bc + ca)
< (a®+ b? — 2ab) +(b?+ ¢? — 2bc) + (¢*+ a%> — 2ca) > 0
< (@a-b)+ (b—c)? + (c —a)*> 0, luon ding.
Diu "="xayrakhia=b=c.
Cdch 3: Ta luon cé6:
(a—b)* >0 a’+b*—2ab>0
(b—c)’20 < {b*+c*-2bc>0. (D
(c—a)* >0 c*+a’—2ca>0
Cong theo vé€ cac bat phuong trinh trong hé (I), ta dugc:

2(a’>+b? + ¢?) — 2(ab + bc + ca) > 0 < a? + b> + ¢*> ab + bc + ca, dpcm.
Diu "="xayrakhia=b=c.

C a

2 (&
)+(\/§ 7

)>> 0, luon ding.

@ Nhdn xét: Nhu vay, thong qua vi du trén da minh hoa cho cdc em hoc sinh thay
dugc ba huéng chiing minh bét dang thic khi st dung phuong phap
1 va sau day ta s&€ minh hoa bang mét vi du cho huéng 4.
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Thi dy 3. Chiing minh rdang véi moin € N luon cé:

1 1 1 1 1 1
a —+ — +...+ <1. b. —+—+..+— <1.
12 23 n(n+1) 1> 2? n’
&5 Gidi
a. Nhan xét rang:
1 1 1
k(k+1) k k+1’
do d¢:
1 1 1 1 1 1
VI=(1-)+(=—-=)+..+(————)=1- <1, dpcm.
( 2) (2 3) (n n+1) n+1 pe
b. Ta co:
L< ! = ! —lvéikZI
k> kk-1) k-1 k
Do d6:
iJri+...+i<1+l—l+l—l+...+ ! —lzl—l<l,dpcm.
12 2? n’ 1 2 2 3 n—-1 n n

@ Cha y: V6i céc bat ding thic c6 diéu kién can khéo 1éo bién ddi dé tan dung
duoc diéu kién cua gia thiét.
Thi dv 4. Chiing minh rang:
a. Neux*+y*=1thi |x+y| <+2.
b. Néudx —3y=15thi x> +y*>9.
25 Gidi
a. Taco:

X+y)?=x*+y?+2xy <2(x> +y*) =2nén |X+y| <42.
D4au "=" xay ra khi:

{x:y @{x:y ©x=y:ii.
x> +y’ =1 2x* =1 V2
b. Tacé:
4x -S5y=15c<y= gx—S.
Do dé:

2
X2+yr=x2+ dios| =xee M0y 20105
3 9 3

2
ZEXZ_E)(-fzS: 2){—4 +929
9 3 3
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x—4=0 x=12/5
Tly=-9/5"
4x -3y =15 Y=
Thi du 5. Chiing minh rdng, néu a, b, c la do dai cdc canh ciia mot tam gidc thi:
a’ + b* + c? < 2(ab + bc + ca).
&S Gidi

Néu a, b, ¢ 1a do dai cac canh cia mot tam giac thi vai tro cta a, b, ¢ la nhu nhau.
Do d6, ta co6 thé gia sita>b >c.
Khi do:
O0<a-b<cnén(a—b)’<c?= a’>+b><c?+2ab.
0<b-c<cnén(b-c)’<a’>=b>+c*<a’+2bc.
O0<a-c<bnén(a—c)’<b>= a’>+c?><b’+2ac.
Tu do, ta co:
2(a®> + b* + ¢?) < a?+b> + ¢+ 2(ab + be + ca)
< a? +b%+ ¢? < 2(ab + be + ca).

Thi du 6. Chiing minh rdng véi moi a,b € R luén cé:
a+b a’+b’ a3+b3<a"’+b6
2 2 2 T2

&S Gidi
Ta di chitng minh v6i moi X, y ludn cé:
X+y X3+y3<x4+y4 *
2 22
That vay:

() & x+y)E +y) 2(x* +y) @ xy(* +y) <x* +y*

2 2
S (x— y){(’%y) + 3%:] > (0, luon ding.

Khi dé ap dung (*), ta duoc:

a+b a’+b’> a’+b’ _[a+b a’+b’ | a’+b’
2 2 2 2 2 |2

4 4 2 2 6 6
Sa+b .a +b Sa +b , dpem,
2 2 2

Thidyu 7. Cho a, b, ¢ la d6 dai 3 canh cua mot tam gidc vuong voi a la canh
huyén. Chitng minh rang > b"+ ¢", véine N van > 2.

&5 Gidi
Bit dang thitc ding véi n = 2, bdi khi d6 ta duge dinh 1y Pitago.
Gia sir bat dang thiic ding véi n = k, tifc 12 a*> bk + ¢k, (1)
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Ta di chitng minh né ding v6i n =k + 1, ttc 1a chiing minh:
ak+12bk+1_|_ck+1 (2)
that vay:

a>b
ak*l=aka> b+ cha=bca+cka > b1+ ck*! dpem.
a>c

Thi du 8. Chiing minh rdang véi moin € N luén cé:

1 1
1+ —+..+ — <2vn. 1
NG n ey
&S Gidi
Ta di chitng minh bang phuong phép qui nap:
= Véin=1,tadugc 1 <2, ding.
= Gia sit ménh dé ding vé6in = k tiic 1a:

1+ L+ L < 2Jk .

Np) N
» Ta di ching minh né cﬁng ding Véfi n =k + 1, tic 1a chitng minh:
1
1+ — < 2vk+1
AR A
That vay:
1
VT=1+—— < 2Jk +
27 \/_ \/— «/_k+1

Ta s€ di chiing minh

2k + \/_ <2Hk+1l & \/ﬁ <2(Jk+1 = k)

L 2 < Jk+1 + Vk <27k +1

&
Jk+1 Jk+1+k
< Jk <Jk+1 — ding.

Vay, ta ludn cé6 (1).

Thi du 9. Chiing minh rdng véi moi s6 thiic a, luon cé:

Val+a+l++a’—a+122.. (1
L5 Gidi
Ta c¢6 nhan xét:
2
a2+a+1= + ﬁ :xétvectdﬁ(a+l;£),
2 22
) 2
P—a+l= l_a + ﬁ :xétvecto;(l—a;ﬁ),
2 2 2 2

lu + v|=|1, \3)=2.
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Do d6 (1) duoc viét thanh:
lu|+|v|>|u + v|, luon ding,
va ddu dang thic xay ra khi:

u=kv, k>0 =< <a=0
1. B
2 2

Dang toan 2: Bit ding thiic vé gia tri tuyét déi

Thidu 1. a. Chiing minh rang véi moi s6 thuc a, b ta cé |a+ b| > [a] — |b|.
b. Biétrang |a|>2|b|. Chitng minh rang |a| < 2|a—bl.

&5 Gidi

a. Taco:

la|=[(a£b) T b|<|aLb|+[b|= [a|—[b]<|atb].
b. Ta bién déi:
la|>2|b|=2la—(a-b)| >2(|al - [a=b|) < [a|<2ja-b].

Thi du 2. Chiing minh rdng:

a. Néux=>y=>0thi LIS A
x+1 y+1
el . ., la—bl lal Ibl
b. Vi haiséa,btuyy,taco a-b < a + b .
I+la—bl 1+lal 1+Ibl
&S Gidi
a. V6ix=2y=>0,taco:
X ZL@x(y+l)2y(x+1)©a2y(lu6ndﬁng).
x+1 y+1
b. Vila-b|<]al + b , ap dung két qua cau a), ta co:

la—bl < lal+1bl lal + bl < lal N bl

l+la—bl 1+lal+Ibl I+lal+Ibl I+lal+Ibl” 1+lal 1+Ibl’

Dang toan 3: Bit ding thic gifia trung binh cdng va trung binh nhan
(bat ding thiic cosi)
Mo rong
1. Véicacso a, b, c khong am, taluoncéa+b+c > 3%,
d4u dang thitc x4y ra khi va chikhia=b=c.

n n
2. Véins6ai,i=1,n khong am, taluoncé » a, > nn/l_[ai ,
i=1

i=1

d4u dang thitc xay ra khi va chi khiaj = a, = ... = a,.
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3. Véinsoa;,i= 1,n duong, ta luon co:

1 & n n 1

p— n
—EaiZnIIai—IIai,
n i i=1 i=1

d4u dang thitc xay ra khi va chi khiaj = a, = ... = a,.
Cong thiic mo réng: Cho n s6 duong tuy ¥ a;,, i = 1,n va n s6 hitu ti duong q;, i = 1,n

thod man » q;, = 1. Khi do, ta luon c6:

i
n n
i
I I 4, quiai )
i1 i1

ddu dang thitc xay ra khi va chi khiaj = a, = ... = a,.
Chitng minh
. ~ x g 92 » A~ 92 . PR . 7 m. . PN N z
Goi M la mau s6 chung cua cic so hituti g, i = 1,n , khi d6 qi = ﬁl 1= 1,n, t do theo

gia thiét suy ra » m, = M. Ta c6:
i=1

n

n miai _i n =L m; ) )
;qiai = ZV =M ;miai M - 1Zai,coMso duong

i=1
1 n n
Zﬁ.MM l_la'i“i = I_Iai al,
i=1 i=1 i=1
d4u dang thic xdy ra khi
a,=.=a =..=a =.=a Sa=a=..=a.
NE I

n

[y E——

m;soa; m,sda,

& Chu y: Cong thic trén dugc md rong khi qi, i = 1,n 12 n s6 thuc duong.
Thi du 1. Cho ba s6 duong a, b, c. Chitng minh rdng:

a b c 3
+ + > =,
b+c c¢c+a a+b 2
&S Gidi
Ta c6:
8,0 (A (= +1)-3
b+c c¢c+a a+b b+c c+a a+b
=(a+b+c) ! + ! + ! )-3
b+c c¢+a a+b
1 1 1 1
= —[(a+b)+(b+c)+(c+a)l + + 1-3
2 b+c c¢+a a+b
1 1 9 3
> —33(a+b)b+c)c+a).3 —3==-3==
2 Ya+b)(b+c)c+a) 2 2
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d4u dang thitc x4y ra khi:
a+b=b+c=c+a
1 1 1 &a=b=c.

a+b b+c c+a

& Nhdn xét: Nhu vay, trong thi du trén ta cAn sit dung mot vai phép bién ddi dé
l1am xuét hién nhitng biéu thitc ma khi sir dung bat dang thic Cosi
chiing s€ triét tiéu nhau.

Thi du 2. Cho ba s6 duong a, b, c. Chitng minh rdng:

ab(a+b—2c) + be(b +c —2a) +ca(c +a—2b)>0.

&S Gidi

Bién ddi bat dang thic vé dang:

a+b-2c + b+c-2a + c+a-2b >0

C a b

<:>E+E+R+£+3+326. *)
c ¢ a a b b

Ap dung bt dang thic Cosi cho VT, ta duoc:

@ Cha y: V6i céc bat ding thic c6 diéu kién cdn khéo 1éo bién ddi dé tan dung
duogc diéu kién cua gia thiét.

Thidy 3. Cho a+b + ¢ +d =2. Chitng minh rang a* + b> + ¢* + d*> 1.
&5 Gidi
Str dung bat dang thitc Cosi, ta c6 ngay:

a2 + b2 > 2ab. 1)
b2 + 2> 2be. )
¢+ d? > 2cd. 3)
& + a2 > 2da. @)
a’ + ¢ > 2ac. 5)
b? + d*> > 2bd. (6)

Cong theo vé (1), (2), (3), (4), (5), (6) ta dugc:
3(a®> +b*+c?+d?) > 2(ab + bc + cd + da + ac + bd)
Sd4@E+b2P+ct+d?) >a’+b?+ 2+ 2(ab + be + cd + da + ac + bd)
=(a+b+c+d)?=22=4
Sal+b?+c?+d* > 1, dpem.
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D4u "=" xay ra khi:

a ¢ <:>a=b=c=d=l.
at+b+c+d=2 2
Thi du 4. Cho a, b, ¢ la ba s6 duong thod man a> + b*> + ¢* = 4+Jabc . Chitng minh

ranga+b+c>2+abc.
L5 Gidi
Ta c6 thé lua chon mot trong céc cdch trinh bay sau:
Cdch I: Ta luon c6:

a2+ b2 + 2> 33/a’b’c’ = 4+/abec >33/a’bc? . (1)
Mat khdc, véi ba s6 duong a, b, ¢ ta c6:
a+b+c>3abe. ?2)
Nhan theo vé€ (1), (2) ta duoc:
4(a+b+c)m 29abc>8abc:>a+b+c>2\/a,dpcm.
Cdch 2: Ta luén c6:

22+ b+ c2>2ab? +¢* >2ay2bc = 4+/abc >2a2bc <= 2>a.
Chiing minh tuong tu ta nhan duge b < 2, ¢ < 2 va nhan thiy ngay a, b, ¢ khong
thé dong thoi bang 2 vi khi d6 s& vi pham diéu kién dau bai.
Khi do, ta thiy ngay:
a(a—2) +b(b—2)+cc—2)<0
o2a+b+c)>a’+ b +c2=4+/abc < a+b+c>2abe, dpem.
Cdch 3: Ta luon c6:
a2+b*+c2+a+b+c>6%a’b’c’ =6+/abc
& 4+Jabe +a+b+c>6+/abc < a+b+c>2abe.
Dau dang thifc xay ra khi:
a?=b*’=c’=a=b=c<a=b=c=1
tuy nhién, diéu nay mau thuén véi gia thiét.
Vay,taluéncéa+b+c>2m.

& Cha y: Trong nhiéu trudng hop, dé chiing minh bat ding thic ching ta da sir
dung lién ti€p nhiéu 1an bat dang thitc Cosi.

Thi dy 5. Chiing minh rang:

a. a*+b'+c*+d*>4abed, vdi moi a, b, ¢, d.

b. [1+%j + (1+Ej >2m+ ygimoia,b>0,me N

a
&S Gidi
a. Taco ngay:
a*+b*+ct+d*=(@*+bY) + (c* +dY
> 2a’b? + 2¢’d? = 2(a’b? + ¢*d?) > 2.2abcd = 4abed, dpem.
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D4au "=" xay ra khi:

az_bz a=b=C=d
=4’ & a=b=-c=-d
becd a=-b=c=-d
ab=c
a=-b=-c=d
b. Tacd

suy ra:

< a=h.

a) b)"
I+—| =|1+—
b a
& Nhdn xét: 1. Ta con c6 két qua tdng quét hon:
a. Cho n s6 duong ay, a, ..., a, thoa man:
a; +a; +..+a, =pq/a;a,..a, ,véi 1 <m,p<2n.
Chiing minh rang:
a; "4ay "+..+ay " 2(2n—p)aa,..a, .
b. Cho n s6 duong a, a, ..., a, thoa man:
al +al ' +..+a"" =pyfaa,.a, .

Ching minh rang:
2
n
ata+..+ta= —,/aa,.a,.
p

2. Trong nhiéu truong hgp, cdc em hoc sinh cén linh hoat trong

viéc st dung bat dang thitc Cosi cho nhém déi twong khic
nhau dé dat dugc muc dich.
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Thidu 6. a. Chiing minh rdng néu a, b, ¢ la bon s6 khong am thi:
a+b+c+d
S
b. Ba s¢ duong cé tong bang don vi. Chitng minh rdng téng cua hai
trong ba s6 dé khong bé hon 16 lan tich ciia cd ba s6 dé.

4
j > abcd

&5 Gidi

a. Taco:

2
(Mj > (yab ++ed || =ab+cd +2+/abed > 4+/abed

2

a+tbsc+d) a+b+c+d !
= — > Jabced = Y > abcd.

D&u "=" xay ra khi va chi khi:

a=b

c=d <©a=b=c=d.

ab=cd

b. Goi a, b, ¢ 1a ba s6 duong thoa man a + b + ¢ = 1. Ta can chiing minh a + b > 16abc.
Ta cé:
I=(a+b+c)Y*>4(a+b)c<=a+b>4(a+b)c. (D)

Mit khdc, ta ciing ¢6 (a + b)? > 4ab. (2)
Ti (1) va (2) suy ra a + b > 16abc va dau "=" xay ra khi va chi khi:

a+b=c l-c=c c=1/2
= = .

& Cha y: Trong nhiéu trudng hop, céc em hoc sinh can biét cach két hop bat
dang thic Cosi v6i cac bat dang thitc khdc.

Thi dy 7. Gid sit a, b, ¢ la do dai ba canh cua moét tam gidc. Chitng minh rang voi
bdt ki s6' nguyén n > 1 thi:
a"b(a—b) + b"c(b—c) + c"a(c—a) > 0.
L5 Gidi
Chting ta chiing minh bét dang thiic & dau bai bang phuong phap quy nap todn hoc.
= Véin=2,dat:
2x=b+c—a>0;2y=a—b+c>0;2z=a+b—c>0.
Suyraa=y+z b=z+x,c=x+Yy
Bat dang thitc can chiing minh trd thanh:
Xy +yz® + zx — xyz(x +y + z) > 0.
2 2 2
@xyz{x—+y—+z——(x+y+z)} >0 *)
y z X
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Ap dung bt ding thitc Cosi cho cic s6 duong, ta c6:

2 2
y+X? >2 fyX? = 2X.

Tuong tu:
X + é >2z7 va z+ y_2 > 2y.
X Z
Tir d6 bat dang thic (*) dugce chiing minh, hay bat ding thiic:
a"b(a—Db) + b"c(b—c) + c"a(c—a) = 0.
dugc ching minh.
»  Gia sir bt dang thitc diing t6i n. Khong mat tinh téng quat, ta gid stc <b < a.
Theo gia thiét quy nap, ta c6:
b%c(b—c)> —a"b(a— b) —c"a(c — a)
= b"*le(b—c) > — a"b*(a— b) — c"ab(c — a)
Do dé:
a"*'b(a—b) +b**lc(b—c) + c"*la(c — a)
> a"*'b(a— b) — a"b*(a— b) — c"ab(c — a) + ¢"*'a(c — a)
=a"b(a — b)> + c"a(c — a)(c — b) > 0.
Vay bt dang thitc ding véin + 1.
Theo nguyén 1y quy nap bat dang thitc da cho ding v6i moi n > 1. Pang thic xay
ra khi va chi khi:
a=Db =c hay AABC déu.

Thi du 8. Cho biéu thitc S = a> + b> + ¢* + d> + ac + bd, véi ad — be = 1.
a. Chiing minh rdng S> /3.
b. Tinh gid tri ciia tong (a + c)* + (b + d)* khi cho biét S= /3 .
&S Gidi
a. Nhan xét rang:
(ac + bd)?> + 1 = (ac + bd)? + (ad — bc)? = a%c? + b*d* + a’d® + b’c?
= (a®> + b»)(c* + d?). (1)
Str dung bat dang thitc Cosi cho S, ta dugc:
S>2.@ +b’)(c* +d°) +ac +bd

& S>24/(ac+bd)* +1 +ac + bd. )
bit t = ac + bd, ta thay ngay hai v€ ctia (2) déu duong, do d6:

P>V +1 +1)2=4(1 + ) + 4\t +1 + ¢
=(1+)+MVC+1 +42+3=(NJtP+1 +20)*+3 >3
<S> \/g,dpcm.
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b. Tu két qua cau a), ta co:

So 5 o {\/t2+1+2t=0 3)

a’+b’=c’ +d’
Giai (3) bang phép bién doi twong duong:

VE+ =—2t<:>{_2t20 otz cac+bd=———.
> +1=4t V3 NG)
Nhu vay, ta dugc hé diéu kién:
a’+b’=c’ +d°

1 . D

ac+bd=——
V3
Thay (I) vao (1), ta duoc:
2
a2+b*=cr+d?= =.
NG}
Khi dé:
2 2

2 2
(a+c) +(Mb+d?=a?+b>+c*+d*+2(ac +bd)= — + —.
BB BB
Dang toan 4: Bit ding thiic bunhiacépxki
Mo rong
1. Vi cac so thuc aj, as, as, by, by, bs, ta luon co:

(a1b1 + azbz + a3b3)2S (alz + ai + a§ )( b]2 + b; + b§ ),

d4u dang thic xdy ra khi va chi khi 2t = 2—2 = z—‘
1
2. VéihaibonsSa, bi,i= L,n,taluonc alblj al .y b,
i=1 i=1
d4u dang thitc x4y ra khi va chi khi b_ = b—2 =.=

1 n

3. Véiay, ay, ..., an lan s6 tuy y, ta luon co:

2 2 2 2
(al +a2+...+anj A tayteta

n n

Chiing minh
Bat dang thiic tuong duong véi:
(@ +a+ ..+ay?<n(a’ + aj +...+ a’).

Bit déng thitc ndy suy ra tir bat dang thitc Bunhiacopxki d4p dung cho hai bo n s6
(1; 1; ...; D va(a; a; ... ; an).
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Thidu 1. Chiimg minh rang véi moi so thuc X,y luon cé (x> + y*)* < (x* + yH(x* + y*).

&S Gidi
Ta cé:
VT = (x* + y¥)? = (x.x2 + y.y)?* < (x* + y?)(x* + y*), dpcm.
Dau dang thifc xay ra khi:
2 sl oy
2 2 :

X y Xy
& Mo rong: Vi cdc s6 thic a, ay, as, by, by, bs, ta luon cé:
(aibi + aby + ashs)®’< (al + al + a3)(b; + bl + bl),
ddu ddng thiic xdy ra khi va chi khi I R
b, b, b,
Thi du 2. Chiing minh rdng:

a. Né'ux+3y=2thix2+y22§.

b. Néu2x +3y =7 thi 2x> + 3y*> %.
&S Gidi
a. Taco:
22:(x+3y)23(1+33)(x2+y2):10(x2+y2):>x2+y22%:g,
ddu "=" xay ra khi ta c6:
(*) Jyv=2
xxl=y3 < Xy :x:lvéyzg.
3x=y 5 5
b. Tacé:
2= (2x +3y)2 = (V2 xV2 + V3.yV3)2< (2 +3)(2x2 + 3y?) = 52x2 + 3y?)

= 2x% + 3y*> %,

n_mn

ddu "=" xay ra khi ta c6:

*) 2x +3y=7
2T =y 3iE S { T sxey= L

X=Yy
& Chu y: Yéu cdu trén con c6 thé duoc phét biéu:

»  VG6i cau a) 1a "Trong tdt cd cdc nghém (x; y) cua phuong trinh
x + 3y = 2 hay chi ra nghiém c6 téng x> + y* nhd nhdt" hoic tim
gid tri nho nhat cta biéu thiic.

»  VG6i cau b) 1a "Trong tdt cd cdc nghém (X; y) cua phuong trinh
2x + 3y =7 hdy chi ra nghiém cé tong 2x* + 3y* nho nhdt" hoic
tim gi4 tri nho nhat cha biéu thic.
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Thi du 3. Cho cdc s6'khong am x, y thod man x* + y* = 2. Chitng minh rdng:
x*+y*< 2.
L5 Gidi
Ap dung bt ding thiic Bunhiacopxki ta cé:

+y)2=(Vx X + 4y Ay P EHYE +y) =2x +y)

S EP+Hy) <A +y)P=41x+ Lyl <41+ D>+ y?) =8(x* +y?)
< (X2 +y)3<8 < x2+y?*< 2, dpem.
D4u "=" xay ra khi:

Vx \/_ Ix|=lyl
\/_ \/7 { 2<::>X:y:1.

X+y_

X+y =2

Dang toan 5: St dung bt ding thitc tim gia tri 16n nhit va nhé nhat
Thi du 1. Tim gid tri [on nhdt ciia ham so-

a y=(x+1)(2=3x), véix e [—%; %].

b. y=x(1-x)*v6i0<x<1.
L5 Gidi

a. Véi-— SxS%th12x+120vé 2 —3x > 0, do d6 sir dung bat dang thiic Cosi

1
2

ta duoc:

1 1.1 2 1 1.2

=2x+ D2 -3 =—(x+ —).— (= = x) = —(x+ —)(= -
(2x + 1)( X) 2(x 2)3(3 X) 6(x 2)(3 X)

2
1. 2
xX+)+(==-x) 2

<1 2" 3 _1(5) B
6 2 6 864

12
N 25 .
T d6 suy ra ymax = ——, dat duoc khi:
864

1 2 1
X+ —==-Xx&X= —.
2 3 12

b. Viét lai ham s6 dudi dang:

y= %.3){(1 —-x)} = %.3){(1 -x)(1 —x)(1 —x),
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r6i 4p dung bat dang thitc Cosi cho 4 s6 khong am gom 3x va 3 s6 1 — x, ta duoc:
y<ld [3x+(1—x)+(1—x)+(1—x)}4 1 [3}4 27

3 4 3°l4) " 256°

tir d6 suy ra ymax = 27 , dat dugc khi:
256

x=1l-x=1-x=1-x& x:%.
Thi dy 2. Tim gidc tri nho nhdt ciia ham so:
a. y=x+ 1va’ix>1. b. y=x +£ voi x > 0.
X_

&5 Gidi

a. Vix>1nénx—1va

" 12 hai s6 duong. Do dé:
X —

y=x+ 2 o lex-1+-2 >1+2.(x 2 14242,
x—1 x—1 x—1

tir do, suy ra ymin = 1 +24/2, dat duogc khi:
ox=1+242.
x—1

b. Viét lai ham s6 dudi dang:

x—1=

y=—x>+ x>+ Ly % + % ZSi/lxz.llexz.%.% S
3 3 X X 3 3 x' X 27
tir do, suy ra ymin = T , dat dugc khi:
; = % ox’=3ox=13.
Thi du 3. Tim gid tri [6n nhdt va nhd nhdt ciia biéu thiic:
a. A=+x-1++4-x b. S=3x+4y, biétx*+y>=1.
&S Gidi

a. Voil<x<4, taco:
A2=(x—1+V4-x)?=3+2Jx-1)(4-x)
Ta co:
3<3+2J(x-1)(4-1) <3+x-1+4-x=6<+3 <A< 6.
T d6, suy ra:
" Aumu = /6, dat duge khi:

x—l=4—xc>2x=5<:>xz§.
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" Awin = /3, dat duoc khi:
x-1)4-x)=0<x=1hoac x =4.
b. Taco:
=(Bx +4y)? < (P + (2 +y) =25 [3x +4y| <5 -5<3x +4y<5.
D4u "=" xay ra khi:

x 3
—=— 4x =3y 4x =3y
y 4 = 2 2 = 2 2
9x"+9y" =9 9x” +16x" =9
x> +y’ =1
4x =3y x=§,y=i

= 3 & > > .

5 k=23 g2

5777

Twr d6, suy ra:

. SMax = 5 dat dUOC khl X —% y=

= Sun=S5, dat duge khi x=—>, y=—2
5 5
Thi dv 4. Hai s6 duong x, y thod man 3x + 2y = 6xy. Tim gid tri nho nhdt ciia

tong x +y.
L5 Gidi
Nhan xét rang:

3x + 2y = 6xy<:>g+§:

mﬁ_\ff \f(

Do vay, theo bét dang thitc Bunhiacopxki, suy ra:

(2 + 3722 + 2y =6y s xeyz £ (V2 43y 5*2‘/6.
Xy
Vay (X + y)min = 5+§\/€ dat dugc khi:
§+X:6
3 2++/6 3++/6
xX_y & X= 6 = 6 :
2 3
Xy
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Dang ton 6: Stt dung bat ding thic gidi phuong trinh, bat phuong
trinh va hé
Thi du 1. Gidi phuong trinh x> =2x+5 + Jx-1 =2.
&S Gidi
Nhan xét rang:
VT= Vx2-2x+5 + Jx-1 = {J(x-1>+4 + Jx-1 >2.
Vay, phuong trinh ¢6 nghiém khi va chi khi:
Vi=2<x-1=0<x=1.
Vay, phuong trinh c6 nghiém x = 1.
Thi dv 2. Gidi cdc phuong trinh sau:
a |ax—1]+2]2x-1]=1.
b. \/x—1+2\/x— - \/X—1—2\/X— =2.
L5 Gidi
a. Ta c6 thé trinh bay theo cdc cach sau:
Cdch 1: Ta bién d6i phuong trinh vé dang:
lax—1] + [2-4x] =(@4x - 1) + 2 — 4x).

Tinh chét1 4x-120 x>1/4
—> p— .
2—-4x2>0 x<1/2

Vay, nghiém cta phuong trinh 1a i <x< %
Cdch 2: Ta bién déi phuong trinh vé dang:
lax — 1] + [4x = 2] = @x - 1) = 4x - 2).
Tinh chat 3 {4){—120 {x21/4
—

= .
4x-2<0 x<1/2
Vay, nghiém cta phuong trinh 1a i <x< %
b. Viét lai phuong trinh dudi dang:
Jx=2+1? - Jx—2-1? =1
S Vx=2 + 1| - |vx=2 = 1|=|(Vx-2 + 1) = (Vx-2 = 1)
Mmhehbd (fx—2 — 1220 x-2 21 x23.
Vay, phuong trinh c6 nghiém la x > 3.

Thi dy 3. Gidi phuong trinh 2\7x* —11x* +25x - 12 = x>+ 6x — 1.
&5 Gidi
Viét lai phuong trinh dudi dang:
2J(Tx—4)(x* —x+3) =x>+6x— 1.
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Diéu kién:
Tx-4>20&x2 g
Ap dung bt déng thic Cosi cho v& trai, ta duoc:

2JTx—4) (x> —x+3) <(Tx—4)+ (x2—x+3)=x2+6x — 1 = VP,

D&u " =" xay ra khi va chi khi:

7X—4=X2—X+3<:>X2—8X+7:0<:>|:X_7
X =

Vay, phuong trinh ¢6 nghiém x = 1 hoac x = 7.

Thi dv 4. Gidi cdc phuong trinh sau:

a 2x'+(1-2x)'=
27

b. Vx +V1-x + ¥x + #1-x =2 + 8.
&S Gidi
a. Bién déi v€ trdi ctia phuong trinh:

2x* + (1 - 2x)* = %.3.[ 2x* + (1 - 2x)*] = %(12+ 12+ )0 x* + x* + (1 - 2%)"]

> —[x2+x2+ (1 -2x)**= {3.[ x2+ x>+ (1 —2x)?]}?

O | —

1
3
:2i7{(12+12+12)[x2+x2+(1—2x)2]}2

W | —

1 1
> —[x+x+(1-2x)]*= —.
27[ ( )] 77

Vay phuong trinh c¢6 nghiém khi d4u dang thiic xay ra

{Xz =x" =(1-2x)’ 1
= <X =

x=x=1-2z
Vay phuong trinh cé nghiém x = %

b. Dicukien0<x<I.
Str dung bat dang thitc Bunhiacopxki, ta c6:

Vx + l-x = LJx +1./1-x < JU+D)(x+1-x) =2
Ix + 41-x =1.4x +1.401-x < JA+DEx +1-x) <242 = 48.

x +1-x + ¥x + 1-x <2 + 5.

n_mn

Vay, bat phuong trinh cé nghiém khi dau "=" xay ra, tic la véi x = %

suy ra:
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Thi du 5. Gidi bt phuiong irinh \Jx —Nx* —1 + \x +4¥x’ -1 <2.
&S Gidi
Nhan xét rang:

Jx=V =1 + Yxvx =1 2 28—V —Dx+ V= 1) =2

Do d6, nghiém ctia bat phuong trinh ting v6i ddu "=" clia bat dang thic trén, tic 1a:

\/X—\/X2—1:1 {X— x2—1=1 +
= < x=1.
\/x+\lx2—1 =1

Vay, bat phuong trinh cé nghiém x = 1.

x+yx>—1=1

Thi du 6. Gidi cdc bdt phuong trinh sau:
a. [3x+1|<[2x—1]+[x+2].
b. 2x +3|>3x + 5| - [x + 2|
c. |2x®-3x+1] - |2x2=5x| <2x +1.
d. |x+2/<Bx—-1]—-2x—3|.

&5 Gidi
a. Bién doi bat phuong trinh ban ddu vé dang:
lex =D+ &x+2)| <|2x=1] + [x+2] = 1uon ding.
Vay, bat phuong trinh nhan moi x 1am nghiém.
b. Bién déi bat phuong trinh ban ddu vé dang:
|3x +5) — (x +2)| = |3x + 5| — |x + 2| — luon ding.
Vay, bat phuong trinh nhan moi x 1am nghiém.
c. Bién doi bat phuong trinh ban ddu vé dang:
2x% — 3x + 1| — |2x? = 5x| < |(2x* = 3x + 1) — (2x* — 5x)|
x<-1/2

S22 -5x)2x+ 1) <0< .
O0<x<5/2

Vay, tap nghiém cua bat phuong trinh 1a (—o0; — %)U(%; +00).

d. Bién doi bat phuong trinh ban ddu vé dang:
IBx—1)-(2x-3)|<3x — 1| — [2x — 3]
<|Bx-1)-2x-=3)|=3x— 1] = 2x = 3|

X <2

2x -3 2)>20 .
S 2x-3)(x+2) @L>3/2

Vay, tap nghiém ctia bat phuong trinh 1a (—oo ; —2)( %; +00).
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Thi du 7. Gidi bdt phuong trinh Jx -1 — +2x> —10x +16 >3 —x.
&5 Gidi
Bién d6i bat phuong trinh vé dang:

Jx—1 +x-3>+2x>-10x+16.

Str dung bat dang thitc Bunhiacopxki, ta c6:
J2AGx-D+(x-3)°] <Vx—-1 +x-3.

Vay bat phuong trinh tuong duong véi dau "=" xay ra, tic la

2
Vx =1 :x—3©x2—7x+10:0<:>{ 5

Moo

Vay, bat phuong trinh c¢é nghiém x =2 vax = 5.
Thi dv 8. Gidi hé phuong trinh:
[(x—yl+[x+yl=2 (1)
xy =1 2
L5 Gidi
Bién déi (1) vé dang:
4=x-yr +x+y)’+2x* -y’
=2(x2+y?) +2x2—y22(x>+y}) >4xy =4
Vay, hé tuong duong véi:
2|x* -y’ =0
{x =y=1
X=y =
X
xy =1
Vay, hé ¢6 2 cap nghiém (1; 1) va (—=1; —1).
Thi dv 9. Giai hé phuong trinh:

{sz—y Hy -x=2

X" +y —x—-y=2

&5 Gidi
K{ hiéu hai phuong trinh ctia hé theo thi tu 1a (1) va (2).
Xét (1), sit dung bat ding thitc Bunhiacopxki:
Bunhiac 6 pxki (2)
2:\/x2—y+\/y2—x < \/(l+l)(xz—y+y2—x) =2
Vay (1) tuong duong véi:

\/x2—y = \/yz—x SxP-y=y?-x

S x-yx+y+ D=0 [X:y .
y=—x-1
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= V6ix =y, hécédang:

< X1,2=Y1,2=

x2+xP—x—-x=2 x2—=x—-1=0 2

{X=y @{Fy 1£V5

= V6iy=-x-1,heécodang:
y=-x-1 X, =0 vay,=-1
=25 .
X +(—x-17—-x—(-x-1)=2 x,=—1vay, =0
Vay, hé phuong trinh c6 4 cap nghiém.
Thidu 10.  Gidi hé bdt phuong trinh:
Sy 4+ Tox <%
22Xy —X + Jx =1 .
&S Gidi
Diéukién0<x<1;y>1.
Tur bat phuong trinh thi nhat cta hé, ta bién doi:

VI=x <Jx =[xy & JI=x <Jx(1-fy).

Nhan xét rang VT <0 va VT > 0 do d6 (*) twong duong vdi:

VT =VP =0 x =y = 1 thoa man phuong trinh thit hai ctia hé.

Vay, hé¢ c6 nghiem x =y =1.

§2. BAT PHUONG TRINH

Dang toin 1: Cac bai toan md dau vé bat phuong trinh
Thi dy 1. Chiing minh cdc bdt phuong trinh sau vé nghiém:

a. x>+ Jx+8 <-3.

b. J1+2(x=3)% +4/5—4x +x° <%.

c. V1+x2 —A7+x% >1.

&5 Gidi
a. Taco:
VT=x2>+ 4Jx+8 >0, Vx >-8; VP=-3<0, Vx.

Suy ra, tap xac dinh D =O.
Vay, bat phuong trinh vo nghiém.
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b. Ta co:
JI42(x=3)? 21vaV5-4x+x> 21, Vx.

= VT = 1+2(x-3)> +V5—-4x +x> >2, Vx.
Lai c¢:

VP = % <2,Vx=VT> VP, Vx.
Vay, bat phuong trinh vo nghiém.
c. Tacé:

1+x2<T7+x2= V1+x2 <VT+x> = V1+x2 —\7+x% <0.
Vay, bat phuong trinh vo nghiém.

Dang toan 2: Hai bat phuong trinh tuong duong
Thi du 1. Cdc cdp bdt phuong trinh sau cé tuong duong khong ? Vi sao ?

a. xX>—2>xvax’>x+2. b. x+l<1+lvéx<1.
X X
&5 Gidi
a. Véi bat phuong trinh:
xX2—2>x

cong 2 vao hai v€ cua bat phuong trinh, ta duoc:
X*—2+2>x+2x*>x+2.
Vay, hai bat phuong trinh da cho tuong duong.

b. Nhan xét ring, s6 0 1a nghiém cta bat phuong trinh thd hai nhung khong 1a

nghiém cua bat phuong trinh dau.
Vay, hai bat phuong trinh da cho khong tuong duong.

Thi dy 2. Giai thich vi sao céc cap bat phuong trinh sau tuong duong?
a. 4x+1>0va4x-1<0.
b. Vx—-12xva@x+DvVx—-12=2x2x+1).

&S Gidi

a. Taco:

" Ax+1>0&x< %.T‘{lpﬂghiém T = (_w;%)

" Ax-1<0ex< %.Tapnghiém: T, = [—OO;%]-

Ta thEAl,y T, =To,.
Vay, hai bat phuong trinh tuong duong.
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b. Ta co:

" 4x—12>xcotapxdcdinhx > 1 Q8
B V6ix2>21=2x+1>0 2)
Nhan ca hai v€ cua (1) véi (2), ta duoc:

2x+ DVx—12>2x2x +1).

Vay, hai bat phuong trinh tuong duong.

§3. BAT PHUONG TRINH VA HE BAT PHUONG
TRINH BAC NHAT MOT AN

Dang toin 1: Bit phuong trinh bic nh4t mét 4n
Thi du 1. Gidi va bién ludn bdt phuong trinh:
(m?*+m+ 1)x +3m>(m?+2)x + 5m — 1.

&5 Gidi

Viét lai bat phuong trinh dudi dang:

(m-1)x>2m— 1.
Khi do:
= Véim =1, ta dugc:
0> —1, luén ding = Bat phuong trinh c6 tap nghiém la S=R.
= VGim > 1, ta dugc:

X > 2m _11 = Bat phuong trinh c6 tap nghiém la S= (2m _11 s+ ooj.
m-— m-—

= Vé6im< 1, ta dugc:

b
m-—

x < 221 Bat phuong trinh c6 tap nghiem I S = (_Oo' Zm—_llj
mo

Thi dy 2. Tim m dé bdt phuong trinh sau vo nghiém:
m’x + 1 >m+ (3m — 2)x
&5 Gidi
Viét lai bat phuong trinh dudi dang:
(m*—3m+2)x >m-— 1. (1)
Khi d6, bat phuong trinh vo nghiém
5 m=1
m- —-3m+2=0 N .
& { & 9| m=2 < vo nghiém.
m-1<0
m<1
Vay, khong ¢6 gia tri nao cia m thoa man diéu kién dau bai.
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Dang toan 2: Hé bat phuong trinh bic nhit mét an
Phuong phap ap dung
Dé giai va bién luan hé bat phuong trinh:
ax+b <0
a,Xx+b, <0
Ta thuc hién theo cac budc sau:
Bugc 1: Lap bang xét ddu chung cho a; va as.
Budc 2:  Xét céc truong hop riéng biét nhan duge tit bude 1. Thong thudng ta c
duogc cic truong hop sau:
Truong hop 1: Néu a; > 0 va a, > 0.

@

Khi dé hé (I) c6 dang:
bl
X< ——
T ox< Min[—h; —b—z] la nghiém cta hé.
X S _-2 al a2
a2
Truong hop 2: Néu a; <0 vaa, <0.
Khi dé h¢ (I) c6 dang:
x>——L
a
' ox< Max[—E ; —b—z] la nghiém cta hé.
X > __2 al a2
)
Truong hop 3: Néu a; >0 va a, < 0.
Khi dé h¢ (I) c6 dang:
x<——L
al
Xx>——=
a,
I NPT o X b,
bé hé c6 nghiém diéu kién la —— <——.
a’2 a’l
b

Khi d6, nghiém ciah¢ la ——=2 <x <——L,
aZ al

Truong hop 4: Néua; =0 v a =0.
Khi do6, thay truc ti€p gia tri cia tham s6 vao hé (I).
Thi du 1. Gidi cdc hé bdt phuong trinh:
Sx+2
>4
3 Z4-x b {(l—x)z>5+3x+x2

6 - 5x (x+2)° <x* +6x> —Tx -5

<3x+1
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&5 Gidi
a. Ta cé6 bién déi:
{gx >10 {x >5/4

Pt <:>x2§.
47x > -7 x>-7/44 4

Vay, hé phuong trinh c6 tap nghiém [%, + oo). .

b. Ta cé6 bién déi:
{1—2x+x2>5+3x+xz {5x<—4 {x<—4/5

=
X3 +6x% +12x+8< x> +6x> —7x -5 19x <13 x<—13/19

4
SX<—— .
5
A a N L o 4
Vay, hé phuong trinh c6 tap nghiém (—oo; —gj

Thi du 2. Gidi va bién ludn hé bdt phuong trinh:
mx—1>0
Bm-2)x-m>0"
L5 Gidi
Ta di giai dong thoi hai bat phuong trinh bang cdch 1ap bang xét ddu cia m va
3m —2:

m —00 0 2/3 +00
m - 0 4+ +
3m -2 - - 0 +

Xét 5 truong hop:
Truong hop 1. V6i m <0 thi hé c6 dang:
x<1l/m
m = x<Min{
3m-2
Truong hop 2. V6i m =0, hé c6 dang:

Lom oL Givsim<om

- > 0.
m 3m-2 m 3m-2

X <

{—1>0 o
vO nghiém.
-x>0

Truong hop 3. V6i 0 <m < %, hé c6 dang:
x>1/m

m VO nghiém do 1 >0va
m 3m -2
3m -2

<0.

X<
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Truong hop 4. V6im = %, hé c6 dang:

3
{x>3/2

vo nghiém.
-2/3>0

Truong hop 5. V6im > % thi hé c6 dang:

x>1/m 1
m = x>Max{—, m }.
X > m 3m-2
3m-2
Két luan:

=  Véim <0 hécénghiém la x < i

m
] Vé”iOSmS%hévénghiém.
- 2. s 1 m
=  V6im> — hé¢ c6 nghiém la x > Max{ —, }.
3 m 3m-2

@ Chu y: Néu a, hoic a, luon khéc 0 (giai st a; = 0). Khi d6 thuc chat bai todn
duoc chuyén vé viéc giai bién luan bat phuong trinh con lai véi diéu

kién K.
Thi du 3. Vi gid tri nao cua m thi hé bdt phuong trinh sau cé nghiém:
3x—-2>-4x+5 b x—2<0
a. . . .
3x+m+2<0 m+x>1
&5 Gidi
a. Taco:
3x—-2>-4x+5 - x>1
3x+m+2<0 x<—m;2'
Hé bat phuong trinh c6 nghiém khi va chi khi:

m+2 >lem+2< -3 m<-5.

Vay, v6i m < —5 thoa man diéu kién dau bai.
b. Tacé:
x—-2<0 x<2
=
m+x>1 x>1-m
Hé bat phuong trinh ¢6 nghiém khi va chi khi:

l-m<2<m>-1.
Vay, v6i m > —1 thoa man diéu kién dau bai.
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Thi du 4. Tim cdc gid tri ciia m dé méi hé bdt phuong trinh sau voé nghiém:

{2x+7<8x—1 b {(x—3)22x2+7x+1
-2x+m+520 2m—5x <8
&S Gidi
a. Tacé:
2x+7<8x—1 x>4/3
{—2x+m+520© x<

Hé bat phuong trinh v6 nghiém khi va chi khi:

m+S 4 L am+l5<8em<- .
2 3 3

L 7 o gea C s
Vay, véim < -3 thoa man diéu kién dau bai.

b. Ta co:
<
(X—3)22X2+7x+1 X2 —6x+9>x>+7x+1 x<8/13
Nt 2m-8-
2m—-5x <8 2m—-5x <8 X > 5

Hé bat phuong trinh v6 nghiém khi va chi khi:

2m_8>§ = 26m—104>40 > m> 2.

Vay, v6i m > % thoa mén di€u kién dau bai.

Thi dy 5. Vi gid tri nao cua m thi hé sau c6 nghiém duy nhdt:
2x+1-m<0
{mx +2m-1<0
&5 Gidi
Ki hiéu cac bat phuong trinh cua hé theo thit tu la (1) va (2).
»  Giai (1): Taco:

1) ox< Mt

= Giai (2), viét lai bat phuong trinh (2) dudi dang:
mx <1 —2m.
Truong hop 1: Néum =0, ta c6:
(3) < 0x < 1 luon ding.
Vay bat phuong trinh nghiém ding véi Vx.

Khi d6 nghiém ctia hé 1a x < —% , va nghiém la khong duy nhat.
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Truong hop 2: Néu m > 0, ta c6:

(3) o x<1-2m
m

Khi d6 nghiém ctia hé la x < Min| m2—1 122m s nghiem 1a khong duy nhat.
m
Truong hop 3: Néum < 0, ta co:
(3) o x> 1-2m
m
Khi d6 dé hé c6 nghiém duy nhat
_ _ m<0 __
mol_122m ey 3mo2=0 o m=2YT \/ﬁ
2 m 2

Vay, h¢ bit phuong trinh ¢6 nghiém duy nhat khi m = #
" Chii y: Néu hé c6 dang:
—a<f(x)<a. o
ta c6 thé str dung phép bién déi tuong duong sau:

a>0 ax0 a>0
IR= Rt Rt
If(x)I<a 2(x) < a? [f(x)—a]lf(x)+a]<0 (*)
va trong nhiéu trudng hop viéc giai bién luan (*) don gian hon so véi
viéc gidi bién luan don 18 tir (I). Cu thé ta di xem xét vi du sau:

Thi dvy 6. Gidi va bién ludn bdt phuong trinh kép:
1< 2R < )
mx +1
&S Gidi

* V6im=0thi(l)e-1<x<1.

£ < A 1A 1
=  Véim =0 thi diéu kién x = ——.
m

Viét lai bat phuong trinh dudi dang:

2
X+mSl@(“-mjSl@(x-km—lj()(*_mﬂjéo
mx +1 mx +1 mx +1 mx + 1
o (1-m)(2 - 1) <0. )
Xét ba truong hop:
Truong hop 1: Néu 1 —m?=0< m =+1.
= Véim=1.

(2) < 0x <0 (ludn dung).
Vay (2) nghiém ding v6i moi x # — 1.
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= Véim=-1.

(2) < 0x <0 (luon ding).

Vay (2) nghiém ding v6i moi x # 1.
Truong hop 2: Néu 1 —m?>>0 < |m|< 1.

(2) ©x*-1<0< x| <1, (luon thoa man x i—i).

Truong hop 3: Néu 1 —m?<0 < |m|> 1.

m

(2) ©x*—120< [x| > 1, (luon thoa man x i—i).

Két luan:

m

* Vé6im = 1, bat phuong trinh nghiém ding v6i moi x # —1.
* Véim= — 1, bat phuong trinh nghiém ding véi moi x # 1.
* Vi |m| < 1, bat phuong trinh cé nghiém la x| < 1.

*  V6i |m| > 1, bat phuong trinh cé nghiém la x| > 1.

§4. DAU CUA NHI THUC BAC NHAT

Dang toin 1: Xét diu cac biéu thic

Thi du 1. Ldp bdng xét ddu cdc biéu thiic:
_ ) o x(x— 3)*
a. f(x) =x(x-2)"3 —-x). b. f(x)= PESTENY
L5 Gidi
a. Tacd bang sau:
X —00 0 2 3 +00
X -0 + | + | o+
(x — 2)? + |+ 0 + | 4
3_x + | + | + 0 _
fx) 0 + 0 + 0 _
b. Ta cé bang sau:
X —00 0 1 3 5 +00
X -0 + | + | + | +
(x — 3)? + | o+ | + 0 + | +
s I I N N
—x N OO e R
f(x) + 0 — || + o + || -
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Dang toan 2: Gidi bat phuong trinh tich hoic chiia 4n 6 miu
Phuong phap ap dung
1. DE gidi cac bat phuong trinh dang:
P(x) > 0, P(x) <0, P(x) > 0, P(x) <0,
trong dé P(x) = (aix + by)...(a:.x + by), ta thuc hién theo cac budc:
Buoc 1:  Tim cac nghiém Xy, ..., X, cua cac nhi thiic a;x + b, ..., a,x + b.
Budc 2:  Sap x€p cdc nghiém tim duoc theo thi tu ting dan (gia st xx < ... < X)),
tir d6 1ap bang xét ddu dang:
X —o0 Xk . X1 —+00
aix + b1

anX + by
P(x)
Buoc 3:  Dua vao két qua bang xét ddu suy ra nghiém cho bat phuong trinh.
2. DE gidi céc bat phuong trinh dang:
PO o PO _o PO Lo PO _
Q(x) Q(x) Q(x) Q(x)

trong d6 P(x) va Q(x) la tich nhitng nhi thic bac nhat dugc thuc hién theo cac budc:

0,

Budc 1:  Tim cac nghiém x;, ..., X, clia cdc phuong trinh P(x) = 0 va Q(x) = 0.
Budc 2:  Sap x€p cac nghiém tim duoc theo thit tu ting dan (gia su xk < ... < X)),
tir d6 1ap bang xét dau cho phan thic M
Q(x)

V6i luu ¥ rang trén hang cuéi tai nhitng diém Q(x) = 0 ta st dung ki hiéu ||
dé chi ra ring tai d6 bt phuong trinh khong xéc dinh.
Buoc 3:  Dua vao két qua bang xét dau suy ra nghiém cho bat phuong trinh.

Thi dvu 1. Gidi cdc bdt phuong trinh:
P A p, E-DE@=X)
I-x  2x+1 X" —4x+3
&S Gidi
a. Ta c6 bién doi:
3 > 5 <:>3(2X+1)_5(1_X)20<:> 11Ix -2 > 0.
1-x  2x+1 1-x)2x+1) 1-x)2x+1)

Lap bang xét ddu, ta duoc tap nghiém ctia bat phuong trinh la:

S= (—oo;—l) U [2, 1} .
2 11
b. Viét lai bat phuong trinh dudi dang:

2x-1D2-x) <0

(x=D(x=3) o
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Ta cé:
2x—1:0<:>x:%; 2-x=0&=x=2;

x—1=0<=x=1; x-3=0&<x=3.

Lap bang xét dau cta (1):
X — 1/2 1 2 3 +00
2x — 1 0 + + + +
3-x + + + 0 — -
x—1 - - 0 + + +
x—4 — - - - 0 +
VT - 0%z - Ozl -

Vay, bat phuong trinh cé tap hop nghiém la: (—o; %)U(l; 2)U(3; +o).

@ Cha y: C6 thé giai bat phuong trinh trén bing phuong phdp sau day goi 1a
phuong phap chia khoang. Chia truc Ox thanh cac khoang:

N N X,

—a="1/2 1 =" 3=
Thi dy 2. Xdc dinh m sao cho cdc bdt phuong trinh sau tuong duong:
m+DHx—-m-3>0va(m-1H)x—-m-2>0
&5 Gidi
Viét lai cac bat phuong trinh dudi dang:
(m+1)x>m+3 (1)
m—1x>m+2 2)

Truong hop 1: Néeum =— 1.
1H<e=0x>-2VVxe R.

1
D)X >——.
2)ex 5

Vay, (1) va (2) khong tuong duong.
Truong hop 2: Néum = 1.
(H e x>2.
(2) < 0.x > 3 < vo nghiém.
Vay, (1) va (2) khong tuong duong.
Truong hop 3: Néum # 1 thi dé (1) va (2) tuong duong diéu kién Ia:
(m-D(m+1)>0
m+3 m+2 < m=-5.
m+1 m-1
Vay, v6i m = =5, hai bat phuong trinh tuong duong vGi nhau.
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Dang to4n 3: DAu nhij thiic trén mot mién
Phuong phap ap dung

Véi f(x) = ax + b ta luu y cac két qua quan trong sau:
a=0
b>0
a=0
f(a)20

a<o0
3. f(x)20,Vx<oa <
f(a)20

a=0

1. f(x)=0, VX@{ .
b<0

vaf(x)<0, Vx & {

a<0

2. f(x)ZO,VxZoc@{ Véf(X)SO,VXZOL@{

>0
Va f(x) <0, Vx < o < {a

f(a)<0

f(a)<0

4 f(x)>0, Vxe(o; B) & {f(“) =0 va f(x) <0, Vxe(a; ) < {f(o‘) =0
f(B)=0 f(B)<0
Thi du 1. Cho bdt phuong trinh (m + 1)x —m + 2 > 0.
Tim m dé bdt phuong trinh:
a. Nghiém ding voi moi X. b. Nghiém dung véi moi x > 2.
c. Nghiém dung voi moi x < 1. d. Nghiém dung voi moi x€[1; 3].

&5 Gidi
Viét lai bat phuong trinh duéi dang:
fX)=(m+ Dx—m+2>0.
a. DE (1) c6 nghiém diing v6i moi x:

m+1=0
m=—I.
{—m +2>0
Vay, v6i m = —1 bat phuong trinh c¢6 nghiém ding véi moi x.

b. Dé (1) c6 nghiém ding véi moi x > 2:
m+12>0 m+12>0
=
f(2)>0
Vay, v6i m > —1 bat phuong trinh cé nghiém ding véi moi x > 2.

< m>—I1.
m+4>0

o

DPé (1) ¢6 nghiém ding véi moi x < 1:
m+1<0 m+1<0
=
f(1)>0 320
Vay, v6i m > —1 bat phuong trinh c6 nghiém ding véi moi x < 1.

< m<-1.

d. Dé (1) c6 nghiém diing véi moi xe[1; 3]:

£(1)>0 3>0 5
= <Som>——.
£(3)>0 2m+5>0 3

Vay, v6i m > —% bat phuong trinh ¢6 nghiém ding véi moi xe[1; 3].

&)

165



Dang toin 4: Gidi phuong trinh, bit phuong trinh chia diu gia tri
tuyét doi
Phuong phap ap dung
Viéc st dung dau nhi thiic bac nhat dé giai phuong trinh, bat phuong trinh chita
ddu gia tri tuyét doi dugc goi 1a phuong phdp chia khodng. V6i cac phuong trinh, bat
phuong trinh dang:
P(x) =0, P(x) > 0, P(x) <0, P(x) > 0, P(x) <0,
trong d6 P(x) = ki|Ai| + ko|As| + .. . + ka|As| va ddu cua cac A, i = 1,n duogc xac dinh
thong qua ddu clia nhitng nhi thiic bac nhat, ta thuc hién theo cic budc:
Buéc 1: Dat diéu kién c6 nghia cho céc biéu thic trong phuong trinh, bat
phuong trinh.

Budc 2:  Lap bang xét ddu cac biéu thiic chita dau gid tri tuyét d6i A;, i= 1,n tr
d6 chia truc s6 thanh nhiing khoang sao cho trong moéi khoang dé cac
biéu thitc dudi ddu tri tuyét doi chi nhan mot ddu xac dinh.

Budc 3:  Giai ( hodc bién luan) phuong trinh, bit phuong trinh trén moi khoang

da chia.
Buoc 4:  Két luan.
Thi dvu 1. Gidi cdc bdt phuong trinh:
a. 2x-5]<x+1. b. 2x-4|>x+ 1.
&S Gidi
a. Viét lai bat phuong trinh dudi dang:
x>-1
+1=20
X & 94 & 4 <x<6.
—(x+1)<2x-5<x+1 ESXS6 3

Vay, bat phuong trinh cé nghiém % <x<6.
b. Viét lai bat phuong trinh dudi dang:
2x—42x+1 x5
= .
2x —4<—x-1 x<1
Vay, bat phuong trinh cé nghiém thudc (—oo; 1]U[5; +0).
& Nhdn xét: Nhu vay:
Dang 1: Vi bat phuong trinh:
f(x)>g(x)
f0] > g(x) < {
f(x) <—g(x)
g(x)<0
hoac | [g(x)=0 (chia khoang).
2(x) > g*(x)
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V6i bat phuong trinh:

g(x)>0

f2(x) < g’ (x)
{f(x) >0

hoac

{

|x—4]|-1

Dang 2:

If(x)] < g(x) @{

f(x)<0

Thi dv 2. Gidi phuong trinh:
_Ix=2] > 3.
x> —5x+6

L5 Gidi

a. Bién doi twong duong bat phuong trinh vé dang:

[(x=2>0 I

! >3

x—3

x—-2<0

X>2
10_3XZ
x—-3
x<2
3x -8
3-x

0 10
& 3<x< ?

>0

Vay, nghiém clia bat phuong trinh 1a 3 < x < %

o

+00

b. Diéu kién:

x—4#1 X#5

|X—4|—1¢0C>|X—4|¢1<:>{
x#3

x—4#-1

Lap bang xét dau hai bi€u thic x + 3 va x — 4:
-3 4

X+3 0 + +

x—4 - | +

Truong hop 1: V6i x < — 3, phuong trinh c6 dang:

3 3
-x+4-1 -X

X —0o0

-x-3

Truong hop 2: V6i =3 < x < 4, phuong trinh c6 dang:

=x+3

-x+4-1

:x+3<:>x2:6c>{
—X

o

f(x) <gx)

= x-3oxX=12<

g(x)>0
—g(x) <f(x) <g(x)

(chia khoang).

—f(x)<g(x)

=[x+ 3.

x =23 ()
x=—2\/§ '

|

x=6
x=—§
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Truong hop 3: V6i x > 4, phuong trinh c6 dang:

=1-+19 (1
3 —x+3ox-2x-18=0 | \/7().
x—4-1 x=1+4/19
Vay, phuong trinh c6 4 nghiém la x = —23,x=+J6 vax=1++/19.
@ Chu y: Nhiéu bai todn dua trén diéu kién c6 nghia ctia phuong trinh ta khir
dugc dau tri tuyét doi. Xét vi du sau:
Thi du 3. Gidi bdt phuong trinh:

VX x| <X. (1
&5 Gidi

Bién déi twong duong bat phuong trinh vé dang:

x>0
< x>0.
{Xz— |x < x*
Vay, nghiém ctia bat phuong trinh 1a x > 0.
Thi dv 4. Gidi va bién ludn bdt phuong trinh |2x — 1| > X + m.
L5 Gidi
Viét lai bat phuong trinh dudi dang:
>
{2x—12x+m xzm+l

= — .
2x—1<—(x+m) stSm

Truong hop 1: Neum + 1 < I=m <:>m£—l.

Bat phuong trinh ¢6 nghiém 1a S=R.

Truong hop 2: Néum + 1 > Imm sl

Bét phuong trinh c6 nghiém la (—oo; I—Tm )u(m + 1; +o0).

§5. BAT PHUONG TRINH VA HE BAT PHUONG
TRINH BAC NHAT HAI AN
Dang toan 1: Bat phuong trinh bac nhit hai an

Thi du 1. Biéu dién hinh hoc tdp nghiém ciia cdc bdt phuong trinh bdc nhdt hai
dn sau:
A —x+2+2(y-2)<2(1-x). b. 3(x—1)+4(y—2)<5x-3.
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&5 Gidi —Ban doc tu vé hinh
a. Taco:
X+2+2(y-2)<2(1-x) <= x+2y—-4<0 (1)
Ta thuc hién theo cac budc sau:
" V& duong thing A: x + 2y — 4 = 0.
* Thay O(0; 0) vao (1), ta c6: nlta mat phang bo A chita O 12 tap nghiém clia bat
dang thiic ban dau.
b. Tacé:
3x—-1D)+4(y-2)<5x -3 x-2y+4>0 2)
Ta thuc hién theo cdc budc sau:
" V& duong thing A: x — 2y + 4 =0.
= Thay O(0; 0) vao (2), ta cé: nira mat phang bd A chita O 1a tap nghiém ctia bat
dang thitc ban dau.

Dang toan 2: Hé bat phuong trinh bac nhat hai 4n

Thi du 1. Biéu dién hinh hoc tdp nghiém ciia cdc hé bdt phuong trinh bdc nhdt
hai dn sau:
x—2y<0 2x+3y-6<0
a. {x+3y>-2. b. <x2>0
y—-x<3 2x-3y-1<0

&5 Gidi —Ban doc tw vé hinh
a. Ki hiéu cdc bat phuong trinh cua hé theo thit tu 1a (1), (2) va (3), ta thuc hién theo
cac budc sau:
" V& chung trén cling mot hé truc toa do Oxy cdc dudng thiang (A)): x — 2y = 0;
(A):x+2y+2=0va(A):y—x=0.
"  Mién nghiém ctia (1) 1 nira mat phang bo (A;) chita A(0; 1).
" Mién nghiém ctia (2) 12 nira mat phang bo (Az) chita O(0; 0).
" Mién nghiém ctia (3) 12 nira mat phang bo (As) chita O(0; 0).
T6m lai, mién nghiém cta hé 1a mién khong gach chéo.
b. Ki hiéu cac bat phuong trinh cta hé theo thit tu 1a (1), (2) va (3), ta thuc hién theo
cac budc sau:
" Véchung trén cling mot hé truc toa do Oxy cdc dudng thang (A): 2x + 3y — 6 = 0;
(A2):x=0va(A3):2x -3y —1=0.
" Mién nghiém ctia (1) 12 nira mat phang bo (A;) chita O(0; 0).
"  Mién nghiém ctia (2) 1a nira mat phang bd Oy khong chita A(—1; 0).
"  Mién nghiém ctia (3) 12 nita mat phang bo (As) chita O(0; 0).
Tém lai, mién nghiém cuia hé 1a mién khong gach chéo, ké ca doan n6i hai diém

©; —%) va (0; 2).
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Dang toan 3: Bai toan tim phuong an t6i uu
Phuong phap ap dung
Ta thuc hién theo cdc budc sau:
Buée 1: St dung hai 4n phu x, y dé:
= Thiét l1ap céc diéu kién cho bai todn, tir d6 nhan duoc mot hé bat
phuong trinh bac nhét hai 4n (goi 1a (I)).
= Ham t6i vu F = f(x, y).
Budc 2:  Xac dinh mién da gidc A A,...A, thoa man hé (I).
Budc 3:  Tinh cac gia tri Fi, F», ..., F, cia ham F tai cac dinh Ay, Ao, ..., A..
Budc 4: Khi do:

u Fmax: maX{ F], FZ, ey Fn }. Fmin = mil’l{ F], FZ, ey Fn }.
Thi du 1. Mot xudng sdn xudt hai loai hang. Méi sdn phdm loai 1 cdn 21 nguyén

liéu va 30h, dem lai loi nhudn la 4000d cho méi don vi. Méi sdn phdm
loai 11 cdn 41 nguyén liéu va 15h, dem lai loi nhudn la 3000d cho méi
don vi. Xudng ¢6 2001 nguyén liéu va 1200h lam viéc. Hoi sdan xudt moi
loai hang bao nhiéu dé mitc loi nhudn cao nhdt.

L5 Gidi

Vi hai 4n x, y duoc thiét 1ap nhu sau:

» x la s6 hang loai I phai san xuét. 'y

» ylas6 hang loai II phai san xuét.

Ta c6 cac diéu kién sau: é‘k
2x +4y <200 Xx+2y<100 (1)
30x+15y <1200 _ |2x+y <80 (2) 0 ﬁ\k M
x = 0,x nguyén x = 0,x nguyén (3) (d») (d)
y >0,y nguyén y >0,y nguyén (4)

Va khi d6, muc lgi nhuéan thu duge 1a F = 4000x + 3000y.

Dé gidi (I) ta lan luot vé& cic dudng thang:

* (di): x + 2y — 100 = 0 va nhan thdy mién nghiém ctia (1) 12 phan mat phing
(ké ca bd (di)) & phia dudi duong thang (d).

* (d2): 2x +y — 80 = 0 va nhan thay mién nghiém ctia (2) 12 phan mat phing (ké
ca bd (d2)) & phia duéi duong thang (d»).

*  Mién nghiém cua (3) 1a phdn mat & phia bén phai truc Oy.

* Mién nghiém cua (4) 1a phan mat & phia trén truc Ox.

Vay, nghiém ctia hé (I) 1a phan mat phéng trong ti gidc OABC (ké céc cdc canh).

Ta c6:
A(40; 0) = Fa= 160000 ; B(20, 40) = Fg=200000;
C(0; 50) = Fc= 150000; O(0, 0) = Fo=0.

Khi do:
FMax = max{ FA, FB, Fc, Fo} = 200000,

dat dugc khi x =20 va y = 40.
Vay, dé muc lgi nhuan cao nhét can san xuat 20 hang loai I va 40 hang loai I1.
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Thi dv 2. C6 ba nhém mdy A, B, C dung dé sdn xudt ra hai loai sdn phdm I va 11.
D¢ sdn xudt mot don vi cdc sdn phdm méi loai phdi lan luot ding cdc
mdy thudc cdc nhoém khdc nhau. S6 mdy trong mot nhém va sé mdy cuia
ting nhém cdn thiét dé sdan xudt ra mot don vi san pham thudc moi loai
duoc cho trong bang sau:

: S6 mdy trong ting nhém dé sin
Nhém S6 f??"y trong xuét ra mot don vi san phdm
moi nhom Loai I Loai II
A 10 2 2
B 4 0 2
C 12 2 4

Mot don vi san phdm loai 1 ldi 3000 dong, mot don vi san phdm loai 11
ldi 5000 dong. Hay ldp ké hoach sdn xudt dé cho tong tién ldi cao nhdt.

&5 Gidi —Ban doc tw vé hinh

Goi x, y la s6 don vi san phadm thudc loai I va loai II (x, y nguyén duong).

Theo dé bai, ta co:

2x+2y<10=x+y<5

2y<4d o y<L2

2x+4y <12 x+2y<6

x>0
y=0

ey
2)
3)
“)
&)

Giai hé 5 bat phuong trinh trén, ta dugc mién nghiém cua hé 1a hinh t& giac

OABCD c6 dinh O(0; 0), A(0; 2), B(2; 2), C(3; 0), D(5; 0).

Suy ra, 3x + Sy c6 gid tri:
= 10 tai dinh A(0; 2).

® 16 tai dinh B(2; -2).
" 17 tai dinh C(4; 1).

= 15 tai dinh D(5; 0).

Do d6, ta dugc 3x + Sy 16n nhat khi x =4 vay = 1.

Vay, tong s6 tién 1di cao nhat 1a 17000 dong.

§6. DAU CUA TAM THUC BAC HAI

Dang toin 1: Xét diu cac biéu thic
Thi du 1. Xét ddu cac biéu thiic:

a. f(x)=(3x*—10x + 3)(4x - 5).

b. f(x) =(3x>—-4x)(2x*> —x —1).
c. f(X)=0@x>-1D(=8x>+x—-3)2x+9).
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&5 Gidi

a. Ta cé bang xét dau:

X —0 1/3 5/4 3 +00
3x*— 10x + 3 + 0 - [ - 0
x> N R
f(x) -0 + 0 - 0
Vay, ta dugc:
= f(x)>0<:>%<x<%hoacx>3.
1. 5.
= f(x)=0<:>x=§h0acx=zhoacx=3.
1, 5
= f(X)<O<:>X<§h03.-CZ<X<3-
b. Tacé f(x) = (B3x*—4x)(2x* —x— 1) =x(3x - 4)(2x* —x - 1).
Bang xét ddu:
X —© -1/2 0 1 4/3 +00
X _ | -0 + | + | +
-4 S I R R
2x2—-x -1 + 0 — | - 0 + | I
f(x) + 0 -0 + O - 0 +
Vay, ta dugc:
= f(x)>0<:>x<—%hoaCO<x<1hoacx>%.
= f(x)=0<:>x=—%hoacx=0hoacx=1hoacx=—.
1 5 4
= f(x)<0<:>—5<x<0hoacl<x<§.
c. Tacdé bang xét dau:
X 0 -9/2 -1/2 1/2 +00
4x2— 1 + | 0 0
8x>+x—3 - | | |
2x +9 -0 | |
f(x) + 0 0 0
Vay, ta dugc:

P f(X)>0< x<—2 hoeflc—l <X< —.
2 2 2

" (x)=0&< x=—% hoécx:i%

1

P f(X)<0< —2 <x<—l hoac x > l
2 2 2
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Thi du 2. Xét ddu biéu thirc f(x) = mx*> —2(m — 2)x + m — 3.
&S Gidi

a. Ta xét ba kha nang clia m

Khd ndng 1: V6i m = 0, suy ra:

f(x):0c>4x—3:0©x:%.

Khi d6, ta c6 bang xét dau

X ‘ —0 3/4 +00
f(x) | - 0 +
Khd nang 2: V6im > 0 ta co:
A'l=(m—2—m(m—3)=4—m.

Khi dé, ta xét ba truong hop:
Truong hop 1: Néu A' =0 < m =4, suy ra:

f(x)>0,Vx € ]R\{%} va f(x)zO@x:%.

Truong hop 2: Néu A'> 0 < 0 <m < 4, suy ra:

m-2-+/4-m m-2++4-m

f(x)=0oxj=——— vaxy=
m m

Khi do, ta c6 bang xét dau:

X | —00 X1 X2 ~+00
f(x) | + 0 _ 0 +

Truong hop 3: Néu A'<0 < m >4, suy ra f(x) >0, Vx € R.

Khd nang 3: V6im <0 thi A' > 4.

Khi do, ta c6 bang xét dau
X | —00 X2 X1 ~+00
o] - 0 1+ 0 =

Dang toan 1: Gidi bat phuong trinh bic hai

Thi du 1. Gidi cdc bdt phuong trinh sau:
a. 3x*—x-2<0. b. x*—9x + 14 >0.
&5 Gidi
a Taco ngay:
3x2—x—2=0c6 2 nghiem

3x?-x—-2<0 = -= <x<1.
v xy= 2 3
xlflvaxzf—g

Vay, tap nghiém cta bat phuong trinh 1a T = [—% ; 1].
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b Tacé ngay:
x>7

x2—9x+14>0©{ .
xX<2

Vay, tap nghiém cua bat phuong trinh 1a T = (—o0; 2) U (7; +0).

Thi dvu 2. Gidi cdc bdt phuong trinh sau:
a. 2x*+x+1<0. b. —x*+6x—-14>0.
c. 4x*-12x+10<0. d x*+2x+1<0.
L5 Gidi
a Ta bién d6i bat phuong trinh vé dang:

x>1

2’ —-x-120< ..
x<-1/2

Vay, tap nghiém cta bat phuong trinh 1a T = (—ox0; —%) U (1; 40).

@ Luu y: Nhu vay, dé tranh nhdm 14n ta luon chuyén bat phuong trinh vé dang
c6 hé s6 a duong.
b Ta bién déi bat phuong trinh vé dang:

A'==5<0
x2-6x+14>0 < VxeR

Vay, tap nghiém ctia bat phuong trinh1a T= R.
¢ Tacé:
A’ =36 — 40 = —4 < 0 = Bat phuong trinh vo nghiém.
Vay, tap nghiém ctia bat phuong trinh 1a T = &.
d Ta c6 bién doi:
x+1)P2<0eox+1=0x=-1.
Vay, tap nghiém ctia bat phuong trinh 1a T = {-1}.

@ Chu y: Vé6i bai toan "Gidi va bién ludn bdt phuong trinh bdc hai" ta thuc hién
nhu sau:
Xét hai truong hop:
Truong hop 1: Néu a = 0 (néu co).
Truong hop 2: Néu a # 0, thuc hién theo cac budc:
Bucc 1: Tinh A (hoac A') rdi lap bang xét ddu chung
cho a va A (hoac A").
Budc 2: Dua vao bang ta xét cac truong hop xay ra.
Buoc 3: Két luan.
Thi du 3. Gidi va bién ludn cdc bdt phuong trinh:
a. x*+2x+6m>0. b. 12x*4+2(m+3)x+m<0.
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&5 Gidi
a. Ta c6 thé trinh bay theo cac cach sau:
Cdch 1: Taco A' =1 — 6m. Xét ba truong hop:

Truong hop 1: Neu A'< 0 < m > %

= f(x) >0, VX € R = nghiém ctia bat phuong trinh 1a Vx € R.
Truong hop 2: NeuA'=0< m = é

1

=1(x)>0, Vx € R\{ 5 } = nghiém ctia bat phuong trinh 1a Vx € R \{-1}.

Truong hop 3: NeuA'>0 < m < é
Khi dé6 f(x) = 0 c6 hai nghiém phan biét

xij=—1—+/1-6m vax,=-1++/1-6m.
Dé thdy, x; < x, do d6 ta |cé bang xét diu:
X | -0

X1 X2
f(x) + OffMmmmmo—

= nghiém cua bat phuong trinh 1a x < x; hoac x > x..
Két luan:

+00

* Véim> é nghiém cua bat phuong trinh 1a Vx € R.
" Véim= é nghiém cua bat phuong trinh 1a Vx € R\{-1}.

. 1 . - NP -
= Véim< s nghiém cua bat phuong trinh 1a x < x; hodc x > x..

Cdch 2: Bién déi bat phuong trinh vé dang:
x+1)72>1-6m.
Khi dé:

= V6il-6m<0<m> %, nghiém cuta bat phuong trinh 1a Vx € R.
" Véil-6m=0<m= é bét phuong trinh ¢6 dang:

x+1)P’>00x+1£0x£-1.
Vay, nghiém ctia bat phuong trinh 1a tap R\{—1}.

= V6il-6m>0<m< %, bat phuong trinh c6 dang:

|X+1|>m© X+1>+1-6m N X>—1+\/1—6m.
X+1<—J/1-6m x<—-1-+/1-6m
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Vay, nghiém cua bat phuong trinh 1a tap (—oo; —1—«/1—6m)u(—1+\/1—6m; +oo).
b. VGif(x)=12x2+2(m+3)x +m,tacéa=12vaA'=(m-23)>>0.
Khi dé, ta xét hai truong hop:
Truong hop 1: Neu A'=0< m=3,suyraf(x)>0, Vx € R.

Do d6, nghiém ctlia bat phuong trinh 1a x = b1

a 2
Truong hop 2: Néu A' > 0 < m # 3, suy ra:
1
() =0 X1 =—— Vixs=— 0
2 6
Xét hai kha nang sau:
Khd ndng 1: Néu x; <X, < m< 3.
Khi do, ta c6 bang xét dau:
x | —oo -1/2 —m/6 +00
f(x) | + 0 - 0 +
Dua vao bang xét dau, suy ra tap nghiém cta bat phuong trinh 1a T = (—% ; —% .
Khd ndng 2: Néu x; > X, < m > 3.
Khi do, ta c6 bang xét dau:
x | —oo —m/6 -1/2 +00
fo]  + 0 - 0  «+
Dua vao bang xét dau, suy ra tap nghiém cta bat phuong trinh 1a T = (—m ; —% ).
Két luan:
. . . 1
* V6im =3, bat phuong trinh ¢6 tap nghiém T = {_5 }.
. » N L on n 1 m
* V6im < 3, bat phuong trinh ¢6 tap nghiém T = (_5 ; 3 ).
* Vi m > 3, bat phuong trinh ¢6 tap nghiém T = (—%; —% ).
Thi du 4. Gidi va bién ludn bdt phuong trinh:
(m - Dx*-2(m+ 1)x + 3(m -2) >0. (1)
L5 Gidi
Xét hai truong hop:

Truong hop 1: Neum — 1 =0 < m = 1, khi dé:
(1)<:>—4x—3>0©x<—§.
Truong hop 2: Neum — 1 #0< m=# 1.

Ta cé:
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a=m—1, A=(m+1)>-3(m —2)(m — 1) =-2m?*+ 11lm — 5.

Bang xét ddu:

m | —o 1/2 1 5 +00
a - - 0 + +
A - 0 + + 0 _

Voéim< 1/2, ta co:

0
<Y L f(x) <0, Vx € R = (1) v nghiém.
A'<0

Véim=1/2, taco:

0
{aA'< 0 = f(x) <0, Vx € R = (1) v0 nghiém.

Vé6il2<m<1,tacba<0vaA’>0.

Khi d6 f(x) = 0 c6 hai nghiém phan biét x, =

2

Truong hop nay a < 0 nén x, < x; do dé:

X —0 X2 X1 +00
oo [T+ o M

= nghiém cua (1) 1a x, < x < x;.
Véil<m<5,tac6a>0vaA’ >0.

0
{aA> 0 f(x) = 0 c6 hai nghiém phan biét xi, x»
>

Truong hop nay a > 0 nén x, > x; do dé:
X | —o0

X1 X2
o |+ Ol +

= nghiém cua (1) 1a x < x; hoac x > x..
Véim=35,taco:
{a>0 - {f(x)>O,Vx¢3/2
A'=0 |f(x)=0khix=3/2
Véim > 5, taco:

+00

= nghiém cua (1) la Vx # %

0
{Z? 0:>f(X)>0, Vx € R = (1) diing v6i Vx € R.
<

Két luan:

V6im < 1/2, thi (1) vo nghiém.
Vé6i 1/2 <m < 1, nghiém cua (1) 1a x, < x < xi.
Véi 1 <m < 5, nghiém cta (1) 1a x < x; hoac x > x..

V6i m =5, nghiém cta (1) 1a Vx # %

Véim > 5, thi (1) ding véi Vx € R.

m+1—\/I m+1+@
—_I&X =

m-—1
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Thi du 5. Cho phuong trinh:

(m—-2)x*+22m -3)x+5m -6 =0. (1)
Tim cdc gid tri ciia tham sé' m dé phuong trinh:
a. Vo nghiém. b. Cé nghiém.
c, Co ding mot nghiém. d. C6 hai nghiém phdn biét.

&5 Gidi
Ta xét hai truong hop sau:
Truong hop I: Néeum -2=0<m =2,
(e 0x2+2x+4=0x=-2.
Truong hop 2: Neum — 2 # 0 < m # 2. Khi dé:
a. DE (1) vo nghiém diéu kién la:

<1
A'<) &—m*+4m-3<0em?-4dm+3>0< m )
m >3

Vay, bat phuong trinh v6 nghiém khi m < 1 hoac m > 3.
b. Dé (1) c6 nghiém diéu kién la:
N>20-m*+4m-3>20om’-4m+3<0< 1Sm<3.
Vay, bat phuong trinh cé nghiém khi 1 £ m < 3.
c. Dé (1) c6 ding mot nghiém diéu kién la:
AN=0c-m*+4m-3=0< m=1hoicm=3.
Vay, bat phuong trinh cé ding mot nghiém khi m €{1, 2, 3}.
d. Dé (1) ¢6 hai nghiém phan biét diéu kién 1a:
AN>0-m*+4m-3>0< 1<m<3.
Vay, bat phuong trinh c6 hai nghiém phan biét khi m €(1; 3)\{2}.

Thi dy 6. Cho phuong trinh:
x>+2m-Dx+m-1=0. (1
Tim cdc gid tri ciia tham sé' m dé phuong trinh:
1. Vo nghiém.
2. Co6 hai nghiém phdn biét X, X, thod man:
a. Xy, Xp trdi ddu. b. xi, X2 cung ddu.
C. Xi, Xz duong. d. xi, Xz khong duong.
&5 Gidi
1. Dé (1) vo nghiém diéu kién la:
A'<0 om-1Y-m+1<0em?>-3m<0<0<m<3.
Vay, bat phuong trinh vo nghiém khi 0 <m < 3.
2. Talan luot:
a. DE (1) c6 hai nghiém trai ddu diéu kién la:
af0)<0em-1<0em<1.
Vay, v6i m < 1 thoa man diéu kién dau bai.
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b. Dé (1) c6 hai nghiém clng d4u diéu kién 1a:

{A'>0 {m2—3m>0 {
< =

m>1

P>0 m-1>0

Vay, v6i m > 3 thod man di€u kién dau bai.

m>3

m<0 < m>3.

c. Dé (1) ¢6 hai nghiém phan biét duong (0 < x; < x») diéu kién 1a:

A'>0 m’=3m>0

P>0 ©<m-1>0
S>0 1-m>0

, vO nghiém.

Vay, khong ton tai m thod man di€u kién dau bai.

@ Luu y: Néu biét nhan xét ring S va P trai ddu thi khing dinh ngay vo nghiém.

d. Dé (1) c¢6 hai nghiém phan biét khong duong (x; < x» < 0) diéu kién la:

A'>0 m?=3m>0

P>0 ©im-120
S<0 I-m<0

Vay, v6i m > 3 thod man di€u kién dau bai.

=

m >3 hoac m<0
m21

m>1

< m > 3.

Dang toin 2: Gidi bt phuong trinh tich hodc chiia 4n 6 miu

Thi du 1. Gidi cdc bdt phuong trinh sau:
x* —6x +8 2—-x 1-2x x® —9x
——<0. b ——5>— ~. C.
x—1 X' +X X’ —3x 2—-x
&5 Gidi
a. Taco:

X2_6x+8:O®X=2h0€lCX:4,

Tir d6 ta c6 bang xét dau:

X —00 1 2 4 +00
x% — 6x+8 + + 0 _ 0 +
x—1 - 0 + + +
VT - I + 0 - 0 +

Vay, nghiém ctia bat phuong trinh 1a x € (—oo; 1) U (2; 4).

b. Bién déi biéu thiic vé dang:

x(x* —9)
2-x

B=

Ta cé:
x>2—9=0<x =43,

2-x=0&x=2.

> 0.
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Tir d6 ta c6 bang xét dau:

X —0 -3 0 2 3 +00
X - - 0 + + +
x2—90 + 0 — — — 0 +
2 —x + + + 0 - -
VT - 0 + 0 - 0 + 0 -

Vay, nghiém ctlia bat phuong trinh 1a x € (=3; 0) U (2; 3).

& Chu y: Vé6i cdc yéu cdu trén, ké tir cdc thi du sau ching ta bd qua bang xét
d4u (hoc sinh 1am ra nhap).
Thi dy 2. Gidi cdc bdt phuong trinh sau:
a 24 +x2-5x+2>0. b, 2% 5 172x

X' +X X" —3x
L5 Gidi
a. Dat f(x) = 2x* + x> — 5x + 2 va nhan thay x = -2 1a mot nghiém ctia phuong trinh
f(x) = 0, do d6 bién ddi bat phuong trinh vé dang:

X+ -x+1)>0x+2>0x>-2.
b. Bién doi bat phuong trinh vé dang:

— _ x#0 — — —
22 X 21 2X = 2 X>1 2x<:>(x+7)(x 1)>0
x“(x+1) x(x-3) x+1 x—-3 x+1)(x-3)
Bang xét ddu:
X | —00 -7 -1 0

1 3 +00
VT | + 0 - I + 01 + 0o - +
Vay, nghiém ctia bat phuong trinh la:
X € (—oo0; =7) U (=1; 0) U (0; 1) U (3; +0).
Dang to4n 3: Dau tam thitc trén mét mién
Phuong phdp dap dung
Cho tam thic:
f(x)=ax’>+bx +c,via=0
chung ta c6 cac két qua sau:
0
1. f(x)>0,v6i VxeR < 1270 f(x) <0, véi VxeR < {0~ .
A<O A<Q
2. Trong truong hop A > 0 (tic phuong trinh f(x) = 0 c6 hai nghiém phan biét

X < Xz) thi:
af(a) <0< a € (X1; X2).

o<x, ., . |la<x <X,
af(a)>0< , tuc 1a .
o> X,
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Thi du 1. Cho tam thiic:
f(x)=x*—(m+2)x + 8m + 1.
Xdc dinh m dé:
a. f{(x)>0voi vVxeR.
b. f(x) £ 0 trén mot doan cé do dai bing /3 .
c. f(x) <0 trén khodng (0; 2).

&5 Gidi
a. Déf(x)>0vé6i VxeR diéukién la:
1>0
a>0 = om-4m+3<0e1<m<3.
A<O (m+2)°—8m-1<0

Vay, v6i 1 <m < 3 thoa man diéu kién dau bai.
b. Dé f(x) < 0 trén mot doan ¢6 do dai bing +/3 diéu kién 1a phuong trinh f(x) = 0
¢6 hai nghiém x;, X, thoa man | X1 — X2 | =3 , tuc la:
A>0

JA

A>0

:ﬁ‘D{JLﬁ

SA=3om’-4m+3=3< m=0hoicm=4.

Vay, v6i m = 0 hoac m = 4 thoa man diéu kién dau bai.

c. Dé f(x) <0 trén khoang (0; 2) diéu kién 1a phuong trinh f(x) = 0 ¢6 hai nghiém x;,
X2 thoa man x, <0<2<x,, tic la:

{a.f(O) <0 {Sm +1<0

af(2)<0 " cmeTy

6m+1<0

e 1 9 ~ N [N N NG
Vay, v6i m > Y thoa man diéu kién dau bai.

& Nhdn xét: Véi cic yéu cdu trong thi du trén, ta c6 phat biéu khdc nhu sau:
a. Cau a) dugc chuyén thanh:
" "Tim m dé bdt phuong trinh x> — (m + 2)x + 8m + 1 > 0
nghiém dung voi moi x".
» "Tim m dé bdt phuong trinh x> — (m + 2)x + 8m + 1 S 0 vo
nghiém".
b. Cau b) dugc chuyén thanh:
" "Tim m dé bdt phuong trinh x> — (m + 2)x + 8m + 1 < 0 ¢6
tdp nghiém T c6 d¢ dai bing \3 "
c. Cau ¢) duogc chuyén thanh "Tim cdc gid tri ciia m dé bdt phuong
trinh x* — (m + 2)x + 8m + 1 < 0 nghiém diing vdoi moi xe(0; 2)".

181



Thi du 2. Cho tam thiic:
f(x)=—x*+4(m+ Dx + 1 —m’
Xdc dinh m dé:
a. f(x)<0voi VxeR.
b. f(x) > 0 trén mor doan cé do dai bang 4.
c. f(x)> 0 trén khodng (0; 1).

&5 Gidi

a. Péf(x)<0vé6i VxeR diéukién la:
<0 -1<0
a = , , &S5m?+8m+3<0 <:>—1£m§—§.
A'<0 4(m+1)"-14+m” <0 5

Vay, véi -1<m< —% thod man diéu kién dau bai.

b. Dé f(x) > 0 trén mot doan c6 do dai bang 4 diéu kién 12 phuong trinh f(x) = 0 c6
hai nghiém x;, x, thoa man | X1 — X2 | =4, tic la:
A'>0

JA

A>0 13
= SA=35m’+8m+3=16<m=1hoicm=——.
—|=4 JA =4 5

Vay, véim=1hoiacm = —? thoa man diéu kién dau bai.

c. Dé f(x) >0 trén khoang (0; 1) diéu kién 1a phuong trinh f(x) = 0 ¢6 hai nghiém xi,
X2 thod mén x, <0<1<x,, tic la:

{a.f(0)<0 {1(1m2)<0 {m2—1<0
=

< 2
af(1)<0 " |-1(-1+4m+4+1-m*)<0  [m’—4m-4<0
o 2-242<m<l.

Vay, voi 2—2+/2 <m<1 thod man diéu kién ddu bai.

Thi du 3. Tim m dé bdt phuong trinh sau cé nghiém:
(m+2)x*-2mx —m+2<0. (1)

L5 Gidi

Ta c6 thé trinh bay theo cdc cdch sau:
Cdch 1: Xét ba truong hop:
Truong hop 1: V6im + 2 =0 < m = -2, ta dugc:

Hedx+4<0x< - 1.

Bat phuong trinh c6 nghiém.
Truong hop 2: Véim+2 <0< m< -2,

Bat phuong trinh da cho ciing ¢6 nghiém (vi ldc d6 tam thic & v€ trai luon am
hodc chi duong trén mot khoang hitu han).
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Truong hop 3: Véim+2>0< m > -2, *)
Khi dé, dé bat phuong trinh da cho c¢6 nghiém thi tam thic & v€ trdi phai c6 hai
nghiém phan biét
® [m>+2

SA>0eom-2>0Iml> 2 o )
—2<m<—\/5

> /2 thi bat phuong trinh ¢6 nghiém.
Cdch 2: Ta di xét bai toan ngugc 12 "Tim diéu kién dé bdt phuong trinh vé nghiém'",
tic 1a tim diéu kién dé:
(m + 2)x> = 2mx —m + 2 > 0 v6i moi x. 2)
Xét hai truong hop:
Truong hop 1: Véim + 2 =0 < m = -2, ta duoc:

Vay, v6i | m

(2) ©4x+4>0 < x > -1 = khong thoa man.
Truong hop 2: V6im +2 #0 < m # 2.
Khi d6, dé (2) nghiém ding v6i moi x diéu kién Ia:
{a>0 {m+2>0 {m+2>0

=2 = <:>|m|S\/§.
A'<0 T |mP4(m-2)(m+2)<0  |m’—2<0

Vay, v6i [m|<+/2 thod man (2), tir d6 suy ra v6i |m| > /2 thoa man diéu kien
d4u bai.

@ Chu y: Thi du tiép theo s& minh hoa viéc sir dung noi dung (2) da dugc trinh
bay trong ndi dung cuia dang toan nay.

Thi dv 4. Cho phuong trinh:
x> =2mx +4m -3 =0. (1)
Xdc dinh c4c gia tri cha m dé phuong trinh c6:
a. Hai nghiém phan biét x,, x, thoa méan x; <0 < 2 < x».
b. Ding mot nghiém thudc khoang (0; 2).
c. Hai nghiém phan biét thuoc khoang (0; 2).
L5 Gidi
a. Phuong trinh c6 hai nghiém phan biét x;, X, thod man x; < 0 < 2 < x» diéu kién la:
{a.f(O) <0 {4m -3<0
=
af(2)<0 1<0
Vay, khong ton tai m thoa man diéu kién dau bai.
b. Phuong trinh ¢6 diing mot nghiém thudc khoang (0; 2) diéu kién 1a (1) co:
Nghiém kép thuoc (0; 2)
X, <0<x,<2

, vO nghiém.

0<x,<2<x,
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Ta lan luot:
*  Pé (1) c6 nghiem kép thuoc (0; 2) diéu kién la:

A=0 R
b @{m_nH Y ollm<l o0<m<l. (%)

-—¢e(0;2) O<m<?2
2a

O<m<?2

»= D¢ (1) c6 nghiém thoa man x; £ 0 < X, < 2 hodc 0 < x; < 2 < X, suy ra:

f(0).f2)<0(4m-3).1<0<=m< %. )

Thr lai: v6i m = % phuong trinh (1) c6 dang:
2x2-3x=0<x=0hoac x = % — thoa man diéu kién.
K&t hop (*) va (**) suy ra véi m < 1 thoa man diéu kién dau bai.

c. Phuong trinh ¢6 hai nghiém phan biét thudc khoang (0; 2) diéu kién la:

Af'((>))0>0 m?>—4m+3>0
a
0<x1<x2<2ES 1af(2)>0 < 4m=3>0 o3 em<l.
1>0 4
0<§<2 O<m<?2

Vay, v6i % < m < 1 thoa man dic¢u kién dau bai.

Dang toin 4: Giai hé bat phuong trinh bic hai mét 4n
Phuong phdp dap dung
Giai timg bét phuong trinh cua hé r6i 1ay giao ctia cac tap nghiém thu dugc.
Thi dvu 1. Gidi hé bdt phuong trinh:
{4){ +3>0

2x2 +5x+3<0

L5 Gidi
Heé bat phuong trinh tuong duong véi:
x>-2
3 = _4 <x<-1.
_i <x<-1 3
2

Vay, tap nghiém ctia hé bat phuong trinh 1a T = (—% ; —1].

184



Thi dv 2. Xdc dinh m sao cho véi moi X ta déu co:
3> —mx -6
9< ———<6. (*)
X +x+1

&5 Gidi
Vix?+x + 1>0, Vx, nén ta bién déi tuong duong vé dang:
12x* —(m-9x+3>0 (1)
{3# +Mm+6)x+12>0 (2)
Khi dé, dé (*) ding v6i moi x diéu kién Ia:
{Am <0 {(m—9)2 —43.12<0 {—3 <m<21
= =

A, <0 (m+6)° -4.3.12<0

< -3<m<6.
—-18<m<6

Vay, v6i —3 < m < 6 thoa man diéu kién diu bai.

Thi du 3. Tim m dé hé sau cé nghiém duy nhat:
x> —(@dm-Dx+3m’ -m=0 (1)
X2 =3x+2<0 2)
&5 Gidi

Giai (2) tadugc 1 <x < 2.

Dt f(x) = x> — 2(m + 2)X + 5m + 6.

Hé c6 ding mot nghiém < (1) c6 ding 1 nghiém thuoc (1; 2), ta xét:
e (1) c6 nghiém kép thuoc (1; 2)

A=0 4m*> —4m+1=0 _1
S = 4m—1 = 2 , vO nghiém.
56(1,2) 1< ) <2 3<4m<5

e (1) conghiém thoamanx;=1<x,<2
{f(l):O - {3m2—5m+2:0
S-1e(1,2) I<4m-1-1<2
e (1) c6nghiémthoaman 1 <x;<2=x;
{f(Z):O @{3m2—9m+6=0
S-2e(1,2) l<4m—-1-2<2
e (1) c6 ding mot nghiém thudce (1, 2)

, vO nghiém.

, vO nghiém.

m=1

STD)2) <0< Bm?-—5m+2)3m>—9m +6) < {2 .
§<m<2

Vay, véi me(%; 2\{1} thoa man diéu kién dau bai.
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@ Cha y: Tir viéc nhan thdy A, 12 mot s6 chinh phuong nén c6 thé thuc hién vi
du theo céch:
Bién d6i hé vé dang:

X=m
L(:Z%m—l. 1))
I<x<2
Tl d6, hé ban dau c6 nghiém duy nhat:
I<m<?2
[f3m-1)>0
3m—-1=m m =1
< (I) c6 nghiém duy nhit < | =) .
I<3m-1<2 §<m<2
[f(m)>0
| m=3m-1

Thi du 4. Cho hé bdt phuong trinh:
x> =3x*-10x+24>0 1)
X242(m-Dx—2m+1=0 (2)
a. Tim m dé hé cé hai nghiém am.
b. Tim m dé hé cé nghiém duy nhdt.
&5 Gidi
Trudc tién:
= Bién déi (1) vé dang:
x-2)x*-x-12)< 0= Ex-2)x-4HEE+3)<0
& xeT=(-3;2) U (4; +0).
= Bién déi (2) vé dang:
x-DEx+2m-1)=0<=x;=1vaxo=1-2m.
a. Ta thay ngay hé khong thé c6 hai nghiém am.
b. DE hé c6 nghiém duy nhat diéu kién la:
{1 —2m<-3 m=2
xxeTo &3 1.

2<1-2m<4 ——SmS—E

Thi du 5. Tim m dé hé bdt phuong trinh sau cé nghiém:
x*-3x-10<0
mx+m-2>0

&5 Gidi

Ki hiéu cac bat phuong trinh trong hé theo tha tu la (1) va (2).
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Giai (1) ta dugc -5 <x <2.
Xét céc trudong hop:
Truomg hop 1: Néum < 0 thi nghiem ciia (2) 1a x < 2—™.
m

Khi d6, diéu kién dé hé c6 nghiém la:
2 _ m<0

-5< <:>—5m22—m<:>m£—%.

m
Truong hop 2: Néu m = 0 thi (2) ¢6 dang —2 > 0, mau thuan.

2—-m

Truong hop 3: Néu m > 0 thi nghiém cta (2) la x >

Khi d6, diéu kién dé hé c6 nghiém la:
2-m m<0 2
<2< 2-m<2m<Sm 3

m

Vay, véim < —% hoac m > % hé c6 nghiém.

Dang toan 5: St dung diu tam thic bic hai chiing minh bit ding thic
Thidu 1. Cho b > ¢ > d. Chitng minh rdng véi moi a ta luén co:
(a+b+c+d)*>8(ac + bd). (1)
&S Gidi
Ta c6:
(e @+b+c+d)?-8@ac+bd)>0
Viét lai vé trdi chia bat dang thitc trén duéi dang mot tam thic bac hai theo bién
SO a:
f(a)=a?>+2(b—-3c +d)a+ (b+c+d)>— 8bd.
Ta c6:
A'=(b—3c+d)?—[(b+c+d)?—8bd]=8(b-c)d-c).
Vib>c>d= A"<0=f(a) >0 véi moi a.

Thi du 2. Cho ABC la mot tam gidc bdt ky. Chitng minh rdng vdi moi so x ta déu

61+ %Xz > cosA + x(cosB + cosC).

&S Gidi
Viét lai biéu thic duéi dang:
x? — 2(cosB + cosC)x + 2 — 2cosA > 0. (1)
Dit f(x) = x?—2(cosB + cosC)x + 2 — 2cosA, ta co:

A" = (cosB + cosC)? — (2 — 2cosA) = 4cos? B+C .cos? B-C

— 4sin? A

0
= 4sin2%[ cosz¥ -1]<0.

Vay, ta dugc f(x) =2 0, Vx, do d6 (1) luon ding.
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§ 7. MOT SO PHUONG TRINH, BAT PHUONG TRINH
QUY VE BAC HAI

Dang toan 1: Gidi phuong trinh, bit phuong trinh chia dau gia tri

tuyét doi
Thi du 1. Gidai phuong trinh |x* — x| + [2x — 4] = 3. (1)
L5 Gidi
Lap bang xét dau hai biéu thic x> — x va 2x — 4:
X —00 0 1 2 400
x2—x + 0 - | + | +
2x — 4 - - 1 — o0 +

Truong hop 1: V6i x <0 hoac 1 <x <2, phuong trinh ¢6 dang:
X2—-x—-2x-4)=3x>-3x+1=0x= %(Si J5) (loai).
Truong hop 2: V6i 0 < x < 1, phuong trinh ¢6 dang:

0<x<l -1+ \/g
2

—-xX2=x)-2x-4)=3x*+x-1=0 & x=

Truong hop 3: V6i x = 2, phuong trinh c6 dang:

x22 ~1++29
2

XX—x4+2x-4=3ox+x-7=0 < x=

Vay, phuong trinh ¢6 2 nghiém la x =

-1 . J29-1
TVHX: 2

x> —4x|+3 S

Thi du 2. Gidi bdt phuong trinh | (1)

xX*+|x-5|
&S Gidi
Lap bang xét dau hai bi€u thic x> — 4x vax — 5:
X —00 0 4 5 400
X2 —4x + 0 — 0 + | +
X—5 - | — | - 0 +
Truong hop 1: V6ix <0 hoac4 <x <5
2_
Do X543 5 ox+2<00x<- 2.
X" —X+5 3
Truong hop 2: V6i0<x <4
-
(1)@w21@2x2—5x+230@13x32.
X" =x+5 2
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Truong hop 3: Vi x > 5

2_
1) < X" —4x+3

> 21©5x—8£0©x£§loai.
X +x-5 5

Vay, tap nghiém ctia bat phuong trinh la (—o ; —%) U [% ; 2]

Thi du 3. Gidi bdt phuong trinh |x — 5| — x>+ 7x =9 > 0. (1)
&5 Gidi

Bién déi twong duong bat phuong trinh vé dang:

{x—5zo
x> —8x+14<0 5<x<4+2
(1) & @{ X \/_<:>3—\/§SXS4+\/§.

x—-5<0 3—\/§SX<5
x> —6x+4<0

Vay, nghiém ctia bt phuong trinh 143 — /5 <x <4+ 2.
& Chu y: Bai todn trén c6 thé giai bing dinh nghia, nhu sau:
(e |x=5>2x2-7x+9
[x—52x2—7x+9 {#-@x+14so {4—J§Sx£4+d§
= = =

Xx—5<—-x>+7x-9 x> —6x+4<0 3—\/§gxg3+\/§

o3-45 <x<4+42.

Thi dv 4. Gidi bdt phuong trinh:
K —dx+2)— — > <.
Ix% —4x+21-2
&S Gidi
batt =[x —4x + 2|, diéu kién t > 0.
Khi d6, bat phuong trinh c6 dang:
Ix% —4x+21>2

2 A~ t>0
-3 <0723 0o 2<i<3
Ix2 —4x+21<3

t—2 t—2

X2 —dx+2>2 x> —4x>0

S x24x42<2 S Ix7-4x+520 ©4<x<2+ 5.

—3<x?-4x+2<3 x* —4x-1<0
Vay, bat phuong trinh c6 nghiém 13 (4, 2 + /5 1.
Thi dvu 5. Gidi bdt phuong trinh:
2x% —3x + 1| — |2x? — 5x| < 2x + 1. (1)
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&5 Gidi
Bién déi bat phuong trinh ban dau vé dang:
12x% — 3x + 1| — |2x? — 5x| < |(2x® = 3x + 1) — (2x* — 5x)|

172
e -50)2x+ 1) <0 | ° .
0<x<5/2

Vay, tap nghiém cta bat phuong trinh la: ( — oo, — %)u(% , +00).

Thi du 6. Cho bdt phuong trinh:
(2x =17 = 3P2x — 1| + m <0, 1)

a. Gidi bdt phuong trinh véi m = 2.
b. Tim m dé nghiém ciia bdt phuong trinh chita doan [1; 2].

&5 Gidi
biat t = [2x — 1|, diéu kién t > 0.
Khi d6, bat phuong trinh c6 dang:

ft)=t>-3t+m<0. 2)

a. Véim =2, ta duoc:
?—3t+2<0 1<t<2< 1<2x - 1|<2
2<2x-1<2 Jgs% 1oi<o

s lfx-121 < o 2
x>1 I< <3
2x —1<-1 <<0 _X_E
Vay, v6i m = 2 bat phuong trinh c6 tap nghiém la [——;O]U[l;%].

b. Véil <x <2, tadugc:
1<2x-1<3=1<2x-1|£3 < 1<t<3.
Vay dé nghiém cta bat phuong trinh chia doan [1; 2] diéu kién 1a phuong trinh
f(t) = 0 c6 hai nghiém t;, b thoaman t, < 1 <3<t
{af(l)so {-2+m§0©m$0.
af(3)<0 m<0
Vay, véi m < 0 thoa man diéu kién dau bai.

Thi du 7. Cho bdt phuong trinh:
2|x| + 1 = x*| <m(x* + 1).

a. Gidi bdt phuong trinh véi m = 2.
b. Tim m dé bdt phuong trinh vo nghiém

&)
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&5 Gidi
Chia hai v€ cua bét phuong trinh cho x* + 1 # 0, ta dugc:

2 2

2| x| 4 [1-x |<m<:>| 2x | |1—x|

<m.
x> +1 x* +1 |x2+1| |x2+1|

Pat x = tan—, véi t € [-=; Z1\ {0},
2 272

Khi d6 bat phuong trinh dugc bién déi ti€p vé dang:
|sint| + |cost| < m. 2)
a. V6im =2, tacé nhan xét ngay (2) luon ding.
Vay, v6i m = 2 bat phuong trinh nghiém ding véi moi x.
b. Dé bat phuong trinh vo nghiém:
m < Min(|sint| + |cost|) = 1.
Vay, v6i m < 1 bat phuong trinh v nghiém.

Dang toan 2: Phuong trinh, bat phuong trinh chia cin

2
Thi dy 1. Gidi bét phiong trinh ~— 1 =4 <3, 1)
X
&S Gidi
Diéu kién:
1
——<
{1—4){220 5 <x <V

<~ 1

x#0 O0<x<—

2

Cdch I: Thuc hién phép nhan lién hop, ta bién déi:
2 2
e U V1—4x2)(1++1-4x ) a1+ Toan)

X
S 4x <3 +341-4x? ©341-4x* >4x -3
[ [4x-3<0 x<3/4
1-4x* >0 |x|<1/2
= =
4x-32>20 {x23/4
1901 - 4x7) > (4x - 3)? 9(1-4x*) > (4x -3)*

1 1
0 L x e [-—,0) U (0. =].
s [2 ) U ( 2]

Vay, tap nghiém cta bat phuong trinh 1a T = [—% ; 0) U (05 % ].
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Cdch 2: Xét hai truong hop dua trén diéu kién.

e Vi —%SX<Oth\1:

1
1-3x>0 X <—
(1)<:>\/1—4x2<1—3x<:>{ ) , & 3 < x<0.
I=4x"<d=39 13x% —6x > 0
Két hop véi diéu kién dang xét dugc nghiém la —% <x<0.

) V(’iiO<xSl thi:

2
(1)< J1-4x> >1-3x

_1_3X<0 _X>1/3
1
{1—4#20 Lol 3 %55 1
= = 2 2 o : <:>O<x£5.
{1—37420 x<1/3 0<x<—
2 2
[I=4x2> =397 135 —6x <0 :
’ a1 . 1
Keét hop véi diéu kién dang xét duoc nghiém la 0 <x < 5
Vay, tap nghiém cua bat phuong trinh léT:[—%;O)u(O; %].

Thi du 2. Gidi bdt phuong trinh (x — 1)/2x -1 <3(x — 1).
&S Gidi
Diéu kién:
(*)

2x—120&=x 2>

1
2
Patt=+2x-1,t>20=x = %(t2+ 1.
Khi d6, bat phuong trinh c¢6 dang:

[%(t2+ 1)—1]t£3[%(t2+1)—1]<:>t3—3t2—t+330<:>(t+1)(t—1)(t—3)£0

o 1<t<3e 1< 2x—1 <3 1<x<5 thoi man (¥).
Vay, nghiém cuta bat phuong trinh la 1 <x <5.
& Chu y: Ta khong thé binh phuong hai v& cta bét phuong trinh ban ddu vi

chua khang dinh dugc dau cta hai Vvé.
Hoan toan c6 thé sit dung phép bién doi tuong duong dé thuc hién thi
du trén, cu thé:

x - 1)(V2x-1 -=3)<0
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x—1=20 x2>1 x>1
V2x—-1-3<0 V2x—-1<3 0<2x-1<9
= = f—

< 1<x<L5.
x—-1<0 x <1 {x<1
V2x-1-320 V2x-123 2x-129

Vay, nghiém ctia bat phuong trinh 1a 1 <x <'5.

Thi dy 3. Gidi bdt phutong trinh x + JL >345. )
x" -4
&5 Gidi
Diéu kién:
XX—4>0< x| >2. (*)

Truong hop 1: V6i x < —2 thi bat phuong trinh v nghiém (do v€ trai am).
Truong hop 2: V6i x > 2 thi binh phuong 2 vé€ phuong trinh (1) ta dugc:
2 2 4 2
X2+ 4x + ix >45 2 44 2 >45 . 2)

x* —4 Vx* -4 x* -4 Vx® -4
2
%,t>0.
X —4

Khi d6, bat phuong trinh (2) c6 dang:

Datt=

t>5 2
t2+4t—45>0<:>{ S t>50 S5 x4 =252+ 100> 0
t<_9 X2_4
x*>20 |x[|>~/20
= 5 = .
x* <5 1x <5

Két hop vaéi truong hop dang xét, ta dugc tap nghiém cuia bat phuong trinh la:
(005 —320) U (=55 /5) U (V20 ; +o0).

& Cha y: Nhiéu bat phuong trinh & dang ban diu khong thdy c6 déu hiéu cho phép
lua chon phuong phédp dit 4n phu khi d6 thong thudong bang mot vai phép
bién déi twong duong ta s& thay su xuét hién clia 4n phu.

Thi du 4. Gidi bdt phuong trinh ~Jx > 1+ Jx—1. (1)
&5 Gidi
biéu kién x > 0. (*)
Ta c6:

(1) x>0 1+3/x—1>0 X>(l+m)2
ox>1+2¥x -1 +x-1)Peox-1-Rfx-12-2¥-1>0. (2

batt=Iyx-1 =25 t>-1.
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Khi d6, bat phuong trinh (2) c6 dang:
P-C-2t>0=t*-t-2)>0tt+ D({t-2)>0 «“= 5 t(t-2)>0
t>2 Ix-1>2 x-1>8 _  [x>9
= = = s
t<0 Ix-1<0 x—-1<0 0<x<l

Vay, bat phuong trinh c¢é nghiém x > 9 hoac 0 <x < 1.

C. CAC BAI TOAN CHON LOC 3
@

Vidu 1: Hdyso sanh Ja+2 ++a+4 va \/;+\/a+6,v0"ia20.

&5 Gidi

Gia su:
Va+2++a+4 <Ja+a+6
o (Wa+2+va+4)y<(Wa+a+r6)
<:>a+2+a+4+2\/m.\/m £a+a+6+2\/g.\/m
o at+2a+4 <aa+6

S @+2)@a+d)<al@a+6)<a’+6a+8<a’+6a<=8<0(voly)
Vay, tadugec va+2 ++a+42> Ja++a+6 (a=0).
Vidu 2: Choa,b,c>0.Chiing minh rang a* + b* + ¢* > abc(a + b + ¢).
L5 Gidi

Str dung bat dang thitc Cosi ta nhan xét rang:

a*+bt+ct= %(a4+b4) + %(b4+c4)+ %(c“+a4)2azb2+b2c2+c2a2

= @b+ ) + B )+ @+ b

> a’bc + b%ca + c?ab = abc(a + b + ¢).

Ay N 2

Dau "="xayrakhia=b=c.
Vidu3: Cho a, b, ce(0; 1), chitng minh rdang it nhdt mot trong cdc bdt dding
thiic sau la sai:

1 1 1
a(l1-b)> e b(l-c¢)> e c(l—a)> 7

&S Gidi
Gia st trai lai ca ba bat dang thic déu ding, khi d6 nhan theo vé ba bat dang thic
ta duoc:

1 1
a(l = b)b(1 —c)e(l —a)> — < a(l ~a).b(1l ~ble(l —¢)> —. *)
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Ta c6 nhan xét:

a(l—a)za—azzi—(a+ 1)23

\S]

1
4,
twong tu b(1 — b) < % vac(l—¢) < %,dodé:

a(1 —a).b(1 —=b).c(1-c¢)< 6_14 , titc 1a (¥) sai.

Vidu4: Gidsira,b,clabasé duong sao cho:
ax + b(l —x) > cx(1 — x)
vai moi gid tri cia x. Chitng minh rang khi dé, véi moi gid tri ciia X ta
ciing co:
ax + ¢(1 —x)>bx(1 —x) vabx + c(1 —x) > ax(l — x).
&S Gidi
bat:
f(x)= ax +b(1 = x)—cx(l1 —=x)=cx*+(a—b—-c)x +b,
g(x)= ax+c(l1 —x)—bx(1 —x)=bx>+(a—b—-c)X +c,
hx)= bx +c¢(l —x) —ax(l —x) =ax>*+ (b—a—c)x +c.
Nhan xét rang f(x), g(x), h(x) c6 cliing biét s6 A = (b — a — ¢)*> — 4ac.
Vi f(x) > 0, VX, nén A <0, tir d6 suy ra g(x) > 0 va h(x) > 0 v6i Vx.

Vidu5: Cho cdc sé'thuc x,y, z> 0. Chitng minh bdt ddng thiic:

l6xyz(x+y+2z) < 3%/()( + y)4(y +2)'(z+x)".
&5 Gidi

Ta co:
X+Y)y+z)(z+X)=X+y+2)Xy +yz (X +y+2z)+ x2> + zx>
Vi x, y, z> 0 nén dp dung bat dang thitc Cosi cho 8 s6 duong:

30 %xy(x+y+z), 350 %yz(x+y+z), Xz va zx?,

ta duoc:

2 6 3 3
EVERIVERN 8§/(xyz> Ccry+) 8§/(XYZ) (x+y+2)
3 27
&3 (x+y)(y+2) (2 +x)" 2 16xyz(x +y + 2), dpem.
D4u "=" xay ra khi va chi khi:

EXY(X"‘Y"‘Z):%yZ(X-i-y-i-Z):XZZzzxz Sx=y=z

Vidy 6: Cho cdc s6 duong a, b, ¢ thda mdn abe = 1. Chiing minh rang:
a’ b’ ¢’ 3

+ > —.
(1+b)(1+c) (d+a)l+c) (1+a)1+b) 4
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&5 Gidi

Ap dung bt déng thic Cosi, ta duoc:

3 3
a +1+b +1+023za(1+b)(1+c) :3_a
(1+b)(1+c¢) 8 8 (1+b)(1+c)64 4
Tuong tu:
b’ l+a  1+c _ 3b
+ + —
(1+a)l+c) 8 8 4
¢’ I+a 1+b _ 3
+ + —.
(+a)1+b) 8 8 4
Cong theo ting vé& ba bat dang thic trén, ta c6:
a’ b’ ¢’
+ +
(1+b)1+¢) (I+a)(l+c) (A+a)l+Db)
Via+b+c>33abc =3, do dé:
a’ b’ ¢’ 3
+ + > =,
(1+b)l+c) (d+a)l+c) (A+a)l+b) 4
Déng thitc x4y ra khi va chikhia=b=c.

Vidy?: Chiing minh rang:

1+L3 1+i3 1+L3 ZE
a b c 512

trong dé a, b, ¢ la cdc s thuc duong thoa man a+b + ¢ = 6.

a+b+c
2

FEAS
4

&5 Gidi

bat A = [1 +i3j(l +L3J(1 +L3j , ta cO:
a b C

A=1 1 1 1 1 1 1 1
=T a_3+?+c_3 " a3b3+b303-lra3c3 +a3b3c3'

Ap dung bt ding thic Cosi, ta c6:

1 1 1 3 1 1 1 3
—_—t—t— > + + 2 .
a> b ¢ abc a’d’ b a’c®  a’b’c?

Thay vao A, ta duoc:

3
A21+i+ 3 + ! :[1+Lj.

abc  a’b’c® a’b’c’ abc
Lai 4p dung bat dang thitc c6 — si, ta c6:

3 3
abc < atb+c = E =8, hay Lzl
3 3 abc &

196



Suy ra:

3
Ax|14L] =72
8 512
Déng thitc x4y ra khi va chikhia=b=c=2.
Vidu8: Cho a, b, cladodai ba canh cuia mot tam gidc, p la mot nita chu vi.
Chiing minh rdng:

Jp <yp-a +p-b +p-c < f3p.

&5 Gidi
Ta cé:

(Jp—a +p-b +p-c)P=(.Jp-a +1.p-b +1.p—c )

<(P+1*’+1»(p-a+p-b+p—-c)=3p

= \/p—a + \/p—b + \/p—c < \/% (1)

Dau dang thitc x4y ra khi

Jp-a _p-b _ yp-c
i 1

1
Ta di ching minh \/p < \Jp—a + Jp-b + Jp—c bing phép bién ddi tuong
duong, cu thé:
\/5 < \/p—a + \/p—b + \/p—c
&p<p-a+p-b+p—c+2,/(p-a)p-b) +2\/(p-c)(p-2a) +2/(p-b)(p-c)
=0<2/(p-a)p-b) +2/(p—c)p—a) +2-/(p—b)(p—c),luon ding.

Vidu9: Choa,b,c,p,qla5 séduong tuy y. Chitng minh rdng:

<a=b=c.

a_ L, b e 5 3 (1)
pb+qc pc+qa pa+qgb p+q
&5 Gidi
Dé y ring:
a b
a= .AJa(pb+qgc), b= A/b(pc+qa),
ob+ qC va(pb+qc) pran \b(pc+qa)

C
c= .qJc(pa+qgb).
,/pa+qb Je(pa +qb)

Goi S 1a V€ trdi clia bat dang thic (1). Ta cé:

(a+b+c)2=( /ﬁ.wla(pb+qc) +

b C
+ .A/b(pc+qa) + .yJc(pa+gb) )?
,/pc+qa \b(pc +qa) ,/pa+qb Je(pa+gb) )
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< S.[a(pb + gc) + b(pc + ga) + c(pa + gb)]
= S(p + q)(ab + bc + ca). 2)

Mt khéc ab + bc + ca < %(a+b+c)2, boi:
3(ab + bc + ca) = (ab + bc + ca) + 2(ab + bc + ca)
<a’+b’+c?+2@b+bc+ca)= (a+b+c)>
V6i két qua do tir (2) ta suy ra:

2
@tb+oy g5 3

(a+b+¢)’<S(p+q). > ,
p+q

vi a+b+c>0,p+q>0.
Vidy10: Cho a, b, c la ba sé khdc 0. Chitng minh rang:

a’ b’ c? a b C
— =+ — 22—+ — + —,
b* ¢ a> b ¢ a
&S Gidi
Ap dung bt ding thiic Bunhiacopxki ta c6:
a® b a b c
—+ —+ )P+ PP+ 1) >(=1+1=1+1=D~
(bz 5 > )( ) (b . a)
Suy ra:
a’ b’ c? a b c. 1 ,a b c
— + — 4+ —=2(=Il+I=1+1=D.=.(=1+1=1+1=D. *
b’ c? a’ (b C a)3(b C a) )
Nhan xét rang:
La2ipi®iiChys 2% o,
3 b C a abc
LA R
c a b c a
suy ra:
a2y L2ty 2 by e
a a b c a
tr d6 (*) dugc bién doi:
a> b> ¢ _a b ¢
b c a b C a

Dau "=" xay ra khi a =b = ¢ (D¢ nghi ban doc tu chiing minh).
Vidu 11: Tim gid tri nho nhdt cia biéu thiic:
P= (3+l+l) (3+l+lj (3+l+lj
a b b ¢ c a

trong dé, cdc s6 duong a, b, ¢ thda man diéu kién a +b + ¢ <

N | W
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&S Gidi
bat:
1 1 1 1 L.
— + +—=y; —+—:zV01x,y,Zdu’Gng.
a C c a

1 1
— :X; i
b b
Ta cé6:
P=@B+x)3+y)3+2) =27+9Xx+y +7)+3(Xy + yz + zx) + XyZ.

Ap dung bt déng thiic Cosi cho ba hoac hai s6 duong, ta c6:

Xx+y+z233xyz,
Xy +yz +zx > 33/(xyz)’ ,

vz = (Lrlj (Lrl) (Lrl) > 2 2 2 _ 8 )
y a b)b ¢ ab /bc Jeca  abc’
%2 +b+c>3i/abe :>abc<é )

Twr (1) va (2) suy ra xyz > 64
Tu do, ta co:
P>27+273xyz +93(xyz)* +xyz= (3 + Yxyz 2> (3 + 64 )* =343,
Vay, minP = 343 dat duoc khi:
a+b+c=3/2
a=b=c <:>a:b:c=l.
abc=1/8 2

Vidu 12: Tim gid tri nhd nhdt ciia biéu thiic:
a’ b c’
2 2 + 2 2 + 2 2
a“+(b+c) b"+(c+a) c " +(a+b)
trong dé a, b, ¢ la cdc so thuc khdc 0.
&S Gidi
Ap dung bt ding thiic Bunhiacopxki ta c6:
(b+¢)?<2(b*+c?), (a+b)?<2(@%+b?, (c+a)<2(c?+a%.
Ta cé:

a’ N b? N c?
a’+2(b+c)  b*+2(c+a)  c*+2(a+b)

a’ b ¢’
a”+2(b+c) b +2(c+a) c"+2(a+b)

= %.S(a2 +b? + cH)x

a’ b’ ¢’
X + +
[az +2(b+c)’ b’ +2(a+c) ¢ +2(a+b)2j
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Ap dung bat ding thiic Cosi cho céc b ba s6 duong m, n, p va

(m+n+p)(l+l+lj233mnp.33f ! =9.
m n p mnp

:>T+32§.9©T2%.

ta dugc:

b

S |-

111
m n p

Vay Twin = % dat dugc khia=b=c.
Vidu 13: Tim cdc gid tri ciia tham s6' m dé phuong trinh sau vo nghiém:
G-mx*-2m+3)x+m+2=0. (1)
&5 Gidi
Ta xét hai trudng hop sau:
Truong hop 1: Néu3 —m=0< m =3.

(1)@0.x2—12x+5:o@x:%.

Truong hop 2: Néu3 —m#0 < m # 3.
Khi d6, dé (1) vo nghiém diéu kién Ia:

az0 m#3 3
& <S—— <m<-l.
A'<0 2m? +5m+3<0 2

Vay, bat phuong trinh (2) vo nghiém khi —% <m<-1.

Vidu 14: Tim m dé phuong trinh sau cé nghiém:

4 (x+ 1= ———
X +x+1
&S Gidi
Viét lai phuong trinh duéi dang:
1 1 m
2P+ X+ )+ — = ——. 1
( 4) 2 x*+x+1 )

Datt:x2+x+%,diéukiéntzo,khidé:
I m 1 3
(e 2+—=—F | 2t+— | t+> |=m < (4t+1)(4t+3)=8m
2 3 2 4
t+Z

< f(t) = 162 + 16t + 3 —8m = 0. )
Phuong trinh da cho c6 nghiém
< phuong trinh (2) c6 nghiém t > 0
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P<0

[(2)cé mot nghiém 16n hon bang 0 - A>0
(2)c6hainghiém 16n honbéing 0 P>0
S>0

<:>m2§.
4

Vay, v6i m > % phuong trinh da cho c6é nghiém.

Vidy 15: Cho bdt phuong trinh:
x*+4x+3+m<0.
Vi gid tri nao ciua m thi:
a. Bdt phuong trinh vo nghiém.
b. Bdt phuong trinh c¢é diing mot nghiém.
c. Bdt phuong trinh cé nghiém la mot doan c¢é do dai bang 2.
&5 Gidi
a. Bat phuong trinh vo nghiém
SAN<0eo1-m<0&m>1.
Vay, v6i m > 1 thoa man diéu kién dau bai.
b. Bt phuong trinh c6 ding mot nghiém
SA=01-m=0cm=1.
Vay, v6i m = 1 thoa man diéu kién dau bai.
c. Dé bat phuong trinh c6 nghiém 1a mot doan trén truc s6 c6 do dai bang 2 thi tam
thic & v€ trdi cua bat phuong trinh phai cé hai nghiém phan biét x; va x» thoa man
X1 — X2l =2
A'>0

JA

1-m>0
= 2<:> =-3,

<~ m=
Vl-m =2

Vay, v6i m = —3 thoa man di€u kién dau bai.
Vidu 16: Tim m dé bdt phuong trinh:
x> =2(m+ Dx+m?*+2m<0 (1)
voi Vxe[0; 1].
L5 Gidi
bit f(x) =x? - 2(m + 1)x + m? + 2m.
Vay (1) nghiém diung vé6i Vxe[0; 1]
< phuong trinh f(x) = 0 ¢6 hai nghiém x;, x> thoa man x; < 1 <2 <x;
{af(O) <0 {mz +2m<0
S
af(1)<0 m?—1<0

Vay, v6i —1 < m < 0 thoa man diéu kién dau bai.

< -1<m<O0.

201



& Cha y: Bai todn trén c6 thé duoc gidi bing phép bién déi tuong duong sau:
X>=2m+ Dx+m?>+2m<0< x-m-1)? <1
SEx-m-2)x-m0em<x<m+2.

Vay (1) nghiém ding v6i Vxe[0; 1]
&Sm0<1l<m+2<-1<m<0.

Viduy 17: Vi gid tri nao ciia m thi bdt phuong trinh sau cé nghiém:
(m-2)x>-2mx-m-2<0 (1)
L5 Gidi
Xét ba truong hop:

Truong hop 1: V6im —2 =0 < m = 2, ta duoc:
(e 4x-4<0x>-1.
Bat phuong trinh c6 nghiém.
Truong hop2: V6im-2<0< m<?2
Bat phuong trinh da cho ciing ¢6 nghiém (vi lic d6 tam thic & v€ trai luon am
hoac chi duong trén mot khoang hitu han).
Truong hop 3: Véim—2>0< m > 2. *)
Khi d6 dé€ bat phuong trinh da cho c6 nghiém thi tam thic & vé trai phai cé hai
nghiém phan biét, tuc la:
A'>0< m?+ (m+2)(m—2) >0 < m?—2 >0 luon ding do (¥)
Vay, v6i moi m bat phuong trinh luén cé nghiém.
Chu y:
1. Ta c6 thé gidi bai todn bing cdch tim diéu kién dé bat phuong trinh vo nghiém.
Tic 12 tim diéu kién dé:
(m — 2)x? = 2mx —m — 2 > 0 v6i moi x.
2. Nhiing gia tri m con lai s€ lam cho bat phuong trinh c6 nghiém.
Vidu 18: Gidi va bién ludn phuong trinh sau theo a, b:

\/2(742—x\/xz—a2)—a2 + \/2(x2+xxlxz—az)—a2 =|Xx +b|+ |x —b].

Tu dé trd loi cdu hoi khi nao phuong trinh nhdn moi x lam nghiém.
&5 Gidi
Ta bién déi:
\/2()(2 —-xvx*—-a’)-a’ + \/2()(2 +xvx*—a’)-a’ =
= Jx—vx—a? ) + xR —a )
=k - Jx2—al [+ [x+/x2—a’|.

Diéu kién x?> a2,

202



Nhan xét rang:

(x—vx*-a’ ).(x+ Vx*-a’)=2a>>0,

nén str dung tinh chat (2) cho VT, ta bién déi dugc phuong trinh vé dang:

X — Vx*—a’ +x+ Vx*—a’ =[x +b|+[x —b|
S 2x|=x+b[+[x-bj<|(X+b)+(X—=b)|=|x+Db|+|x D]
T2 5 (X +b)(x —b) >0 < x>> b

Vay, phuong trinh tuong duong véi hé:

(a=b=0

x2>0

x> >a? a’>b’
2 2<:> 2 2
X" 2b X >a

a’ <b’
x? > b’

Két luan:

= Khia=Db =0, phuong trinh ¢6 nghi¢ém véi moi x.
= Khi |a| 2 |b|, phuong trinh c6 nghié¢m [x| > |a|.

= Khi |a| £ |b|, phuong trinh c6 nghié¢m [x| > |b].

Vidu 19: Gidai phuong trinh:

\/1+x2 +\/1—x2 +%/1+x3 +3/1—x3 + d1+x4 +‘\‘/1—x

L5 Gidi
biéu kién [x| < 1.
Str dung bat dang thitc Cosi, ta c6:

2

Ji+x> = JLa+x) < %(1+1+x2): 2+2X :
2 3 3
1-x> < 2_2X . fex < 3+3X , Y- < 3‘3" ,

4 4
f+xt < 4;" e <8 4X .
suy ra:

JI+x +1-x + Y1+x° + J1-x" + Y1+x* + Y1-x <6
Vay bat phuong trinh ¢6 nghiém khi ddu " =" xay ra, tic 1a véi x = 0.

Vidu 20: Gidai phuong trinh sau:

V2-x7 + /2—%:4—(“1}.
X X

=6.
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&5 Gidi
Bién déi phuong trinh vé dang:

X+42-x> L /Z—L2 =
X X

Sir dung bat dang thitc Bunhiacopski, ta dugc:

X+V2-x" =1x+142-%x" S\/[12+12][x2+(2—x2)]:2

1 1 — + 2—_1 = : Xl
\/7 2__2_1,X 1. 2 <\/|:12 12:'|:X2 ( Zji|

= x+V2-x> +— +\/2——<4
Dau dang thifc xay ra kh1 va chi khi:

x =42 x>

= x=1.
LAY
X X

Vay, phuong trinh ¢6 nghiém la x = 1.

Vi du 21: Gidi bdt phuong trinh | N2 — Bx+1| <2 + 43

&5 Gidi
Ta co:
|2 —\Bx+ll< \/§+\/_<:>\/_ \/_I(\/_ 2 —1] < X2EN2
& x— e \/_<5+2\/_<:>|x (V2 +3) <5+246

S -G5+26)<x- (V2 +/3)<5+246
<:>—5—2\/g+\/5+\/§§x£5+2\/€+\/§+\/§.

Vay, nghiém cua bat phuong trinh:
S:[—5—2\/€+\/§+\/§;5+2\/€+\/§+\/§].
Vi du 22: Gidi bdt phiiong trinh |2x* — 3x + 1] — [2x* — 5x| < 2x + 1.
L5 Gidi
Bién déi bat phuong trinh ban dau vé dang:
2x% — 3x + 1| — |2x? — 5x| < |(2x® — 3x + 1) — (2x* — 5x)|
x<—1/2

S22 -5x)2x+ 1) <0 .
0<x<5/2

Vay, bét phuong trinh c6 nghiem I (oo ; -% )u(% : 4o0).

204

Sl

SIS



Vi du 23: Gidi va bién ludn bdt phuong trinh |ax + b| < a.
&5 Gidi

Viét lai bat phuong trinh dudi dang:

{a >0 - {a >0

—a<ax+b<a —a—b<ax<a-b (*)

Truong hop 1: Néu a = 0 thi bat phuong trinh nhan moi x lam nghiém.
Truong hop 2: Néu a > 0 thi bat phuong trinh (¥) c¢6 nghiém la:

a7h oy 27b
a a
Két luan:
= Véia =0, bat phuong trinh nhan moi x lam nghiém.
= Véia>0, bit phuong trinh c6 nghiem (Z2—2; 270
= Véia <0, bat phuong trinh vo nghiém.
Vidu 24: Giai va bién ludn theo tham sé ' m bdt phuong trinh:
|x* — x| < [x* —m|. (1)
&5 Gidi
Ta c6:
(D) < [(x*=x) —(m-x)[ > [x* - x[ - [m — x|
S m-x)(x>-m)<0< x—m)(x>—m)>0. 2)
= V6im<O0 thi:
)<= x>m.
= V6im=0 thi:
(2) = x> 0.
= V6im >0 thi:
) X >m
&
—J/m <x </m
Két luan.

»  Khi m < 0, bat phuong trinh ¢6 nghiém x > m.
= Khi m = 0, bdt phuong trinh ¢6 nghiém x > 0.
= Khi m > 0, bat phuong trinh c6 nghiém (—\/E ; Jm )u(m; +00).
& Cha y: Bai todn trén c6 thé giai nhu sau:
(1) < |(x*—=m) + (m — x)| < [x> = m| + |m — X
Sm-x)x*-m) <0< x-m)(x>*—m)>0
Vi dvy 25: Hay xdc dinh tdt cd cdc gid tri cua a, b sao cho moi nghiém ciia bdt
phuong trinh |2x —a + 1| < b + 1 ciing la nghiém ciia bdt phuong trinh
x-b-1]<3b-2.
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L5 Gidi
Diéu kién:
b+1>0 2
&b —.
3b-22>20 3
Viét lai cac bat phuong trinh dudi dang:
a-b-2 <x< a+b
2 2
3—2b<x<4b-1.
Truong hop 1: Dé (1) va (2) cung vo nghiém

’

a—b—2>a+b b<-1
= 2 2 & 2 , vo nghiém.
4b—1>3-2b 73

Truong hop 4: D€ (1) va (2) c6 clng tap nghiém
a—b-2

=3-2b a+3b=8 a=5
= = .
a-Tb=-2 b=1

atb_ 4

Vay, v6i a =5 va b = 1 thi hai bat phuong trinh twong duong.

Vidu 26: Xic dinh m sao cho hai bdt phuong trinh sau tuong duong:

m-DD)x—m+3>0va (m+ 1)x—m+2>0.

L5 Gidi
Viét lai cac bat phuong trinh duéi dang:
(m—-1)x>m -3,
(m+1D)x>m—2.
Ta di xét cac truong hop:
Truong hop 1: Néu m = 1 thi:

(1) < 0x > -2, lu6n dang; (2)<:>X>—%.

Vay, (1) va (2) khong tuong duong.
Truong hop 2: Néu m = —1 thi:
(Hex<2; (2) < 0x > -3, luon ding.
Vay, (1) va (2) khong tuong duong.
Truong hop 3: Néum # + 1 thi:
Khi d6, dé (1) va (2) tuong duong diéu kién la:

(m-1)(m+1)>0 {(m—l)(m+1)>0
m-3 m-2 g

m-1 m+1
Vay, véi m = 5, hai bat phuong trinh tuong duong véi nhau.

s 5 < m=>5.
m - —-2m-3=m”"-3m+2
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Vidu 27: Gidai phuong trinh:
[2x -6 + [x—1] =3x-7. (1)
&S Gidi
Theo dinh nghia gia tri tuyét doi, ta co:
2x—6 khix2>3
|2x — 6] = _ .
—2x+6 khi x<3
x—1 khix2>1
|X —1 | = ) .
—x+1 khix<1

Nhu vay, ta phai xét phuong trinh trén ba tap (—oo, 1); [1, 3]; (3, +o0) va lap bang
sau:

X —o0 1 3 +00
|2x — 6| 6 — 2x 6-2x 0 2x-6
lx—1] 1-x 0 x—1 x—1

VT 7 - 3x 5-x 3x —7

Twr d6, ta xét cac truong hop:
Truong hop 1: Néu x € (—o, 1) thi:

1) T7-3x=3x-7 <:>6X:14<:>ngloai.

Truong hop 2: Néu x € [1, 3] thi:
(<< 5-x=3x-7 < 4x =12 < x =3 thod man.
Truong hop 3: Néu x € (3, +00) thi:
(1) & 3x — 7 =3x — 7 ludn ding.
Do d6, moi x thuoc khoang (3, +o0) déu la nghiém cua (1).
Vay, tap nghiém ctia phuong trinh 1a T = {3} U (3, +0) = [3, +©).
Vidy 28: Cho ham s6:
_ J(m-Dx+m
Y vmx+2 -1
a. Tim mién xdc dinh cua ham sé'khi m = 2.
b. Tim tdt cd cdc gid tri cia tham s6'm dé ham sé xdc dinh véi Vx > 1.

voi0<m=# 1.

25 Gidi
Diéu kién dé ham s6 c6 nghia:
(m-Dx+m>0  [(m=Dx+m>0 (1)
mx+22>0 < mx+220 2). @

NJmx+2-1#0 mx # —1 3
).

b. Ham s6 xdc dinh v6i moi x > 1 khi (1), (2) va (3) dong thoi thoa mén v6i moi x > 1.

a. Ddp s6D =[—1; +o)\{—

N | =
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Ta cé:

~1>0 >1
" g =(m-Dx+m>0Vx>1e | = om>1.
o(1)>0 2m—120
>0 >0
s () =mx+220Vx>1e im0 o™ om0,
h(1)=0 |m+220

* Do d6 (1), (2) dong thoi thod man v6i Vx > 1 khi m > 1, khi d6
q(x) =mx > 1 = (3) ding.
Vay, véi m > 1 ham s6 xac dinh véi moi x > 1.

Vidu 29: Tim diéu kién ciia m dé moi nghiém cuia bdt phuong trinh:
x>+ (m-1)x-m<0
déu la nghiém cua bdt phuong trinh x* — 2mx + 3 < 0.
&5 Gidi
Trude tién, dé (2) c6 nghiém diéu kién Ia:
A'(z)20<:>m2—320<:> IIl| > \/g

khi d6 (2) coé nghiém lAm — Ym* -3 <x<m+ vVm’>-3.
Mat khéc:

-1
ﬁ+mr4k—m:0©{x
X =-m

Do d6, dé moi nghiém ctia (1) déu 1a nghiém cta (2) diéu kién la:
m—-vm’-3<1<m++/m’-3 - [1-mI<+/m* -3
m—-vm’-3<-m<m++/m’ -3 | 2mI<+m* -3

Vay, khong ton tai m thoa man diéu kién dau bai.

Vidu 30: Tim m dé bdt phuong trinh:
x?=2x+1-m?<0
nghiém dung voi Vxe[1, 2].
&S Huong dan
Cdch I: Dat f(x) = x> - 2x + 1 —m?
Vay (1) nghiém ding v6i Vx e [1, 2] diéu kién la:
phuong trinh f(x) = 0 ¢6 hai nghiém x;, x> thoa man x; < 1 <2< x,
af(1) <0
S .
af(2)< 0
Cdch 2: Bién déi:

XX=-2x+1-m<0esEx-1)P<ms1 - |m| <x< 1+ |m|

Vay (1) nghiém ding v6i Vx € [1, 2] diéu kién la:
1-|ml<1<2<1+ |ml|.
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Vi du 31: Tim m dé bdt phuong trinh cé nghiém:
X*+2x—m/+m’*+m<1.
&5 Gidi
batt=x-—m.
Bat phuong trinh ¢6 dang:
t> + 2(|t| + mt) + 2m*+ m — 1 <0.
a. Véit2>0, ta dugc:
Qe ft)y=2+2m+ Dt+2m*+m-1<0
Vay (2) ¢6 nghiém < (3) c6 it nhat mot nghiém t>0
< f(t) = 0 c6 it nhat mot nghiém t > 0 (0 < t; <t hoac <0 < ty)

—1< <
A'>0 (Mm+1)> —2m? —m+1>0 lsms2
>
P>0 2m’ +m—1>0 m=1/2
pt p—t m<-—1
$>0 “m—1>0
< _
P<0 2m’ +m—-1<0 me-t
= —1<m<1/2
< —1<m< l
2

b. Véit <0, ta dugc:
Q) gt)y=t2+2(m—- Dt+2m*+m-1<0
Vay (2) ¢6 nghiém < (3) c6 it nhat mot nghiém t <0
< g(t) = 0 ¢6 it nhat mot nghiem t <0 (<t <0 hoac t; <0< tr)

A'>0 (m-1°-2m°’-m+1>0

P>0 2m’ +m—-1>0 1
= < -1<m< —.

S<0 —m+1<0 2

P<0 2m’ +m-1<0

Vay, bat phuong trinh cé nghiém khi —1 <m < %

Vi du 32: Gidi va bién ludn bdt phuong trinh sau theo m:
2|x —m| < —x*+2mx —2.
&5 Gidi
biatt =[x — m|, di€u kién t > 0.
Khi dé6 bat phuong trinh c6 dang:
2t<m’ - -2+ 2t—-m?+2<0.
Ta c6 A' = a’ — 1 nén xét céc truong hop
Truong hop I: NEuA'< 0o m? - 1<0< m|< 1.
Khi dé (2) vo nghiém = (1) vo nghiém.

ey

@)

3)

3)

ey

2)
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Truong hop 2: NEuA'>0<< m?>—1>0< |m| > 1.

Khi d6 (2) c6 nghiém — 1 - vm* -1 <t<-1++Vm*-1.

Do vay, dé (2) c6 nghiem véi t > 0 thi diéu kien la:

1+Jm’-1 >0 m?>2< |m|> /2.

Khi d6 nghiém cta (2) la:
0<t<-1++Jm’-1 & |x—-m|<-1+ +m’ -1
Sm+l-VmP-1 <x<m-1++m’—1.

Két luan:
- V6i|m| < +/2, bét phuong trinh vo nghiém.
- Véijm|> \/E,bz‘{tphuongtﬁnhcc’)nghjém(m+ 1- m;m— 1+ \/ﬁ).
Vi dvy 33: Cho bdt phuong trinh:
X+ DE+3)<myx’+4x+5. (1)
a. Gidi bdt phuong trinh voi m = —1.
b. Tim m dé bdt phuong trinh nghiém ding véi moi x € [-2; —2 + 3 1.
&5 Gidi
Viét lai bat phuong trinh dudi dang:
(X2+4x+3)—myVx’ +4x+5 <0 (X2 +4x +5) —m/x* +4x+5 -2<0
batt= vx*+4x+5, diéukiént > 1.

Khi d6, bat phuong trinh c6 dang:

ft)=t>?-mt-2<0. 2)
a. V6i m = — 1, bat phuong trinh ¢6 dang:
P+t-2<0-3<t<1=0<t< 1 Vx> +4x+5 <1
SxXX+4x+4<0<x= -2
Vay, v6i m = — 1 bat phuong trinh cé nghiém x = — 2.
b. Tacé:

X2+4x+5=x+2)12+1
suy ravéix € [-2; -2 + \/g],ta duoc:
(—2+2P+1<x2+4x+5<(=2+3 +22+1

S1<+4x+5<4 S 1<V +4x+5 <2 1 <12,
Vay, bat phuong trinh (1) nghiém ding v6i moi x € [-2; -2 + NEY
< (2) nghiém dung v6imoi t € [1; 2]
< f(t) =0 c6 nghiém thoaman ;< 1 <2< t,
af(1)<0 -m—-1<0
= = < m2 1.
af(2)<0 2-2m<0

Vay, v6i m > 1 bat phuong trinh nghiém ding véi moi x € [-2; -2 + V3.
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Vi du 34: Tim m dé bdt phuong trinh sau nghiém diing véi moi xe [-2; 4]:
J2+x)(@-x) £x*-2x +m.
&5 Gidi
Str dung phuong phép diéu kién can va du.
Diéu kién can: Gia su (1) c6 nghiém Vx € [-2; 4] = x = 1 1a nghiém ctia bat phuong
trinh (1), khi do:
3<m-1&m=4.
D6 1a diéu kién cin dé bat phuong trinh nghiém ding véi moi x € [-2; 4].
Diéu kién du: Gia st m > 4, khi do:
= Ap dung bat déng thic Cosi cho vé trai, ta dugc:
Q0 +(E-x) _

VT=J@+0@-x) < = =3,

* Bién déi vé€ phai vé dang:
VP=x>-2x+m=x-1?*+m-12>3.
Suy ra:

J2+x)(4-x) <x>—-2x +m.

Vay, v6i m > 4 bat phuong trinh nghiém ding véi moi x € [-2; 4].

Vi du 35: Giai bdt phuong trinh x* + 4x > (x + 4)Jx* —2x +4 .

L5 Gidi
bat t = /x> —2x + 4, diéu kién t > 0. Bat phuong trinh ¢6 dang:
f(x) = X2 — (t — 4)x — 4t> 0. (1)

Coi vé trai 1a mot tam thic bac 2 theo x, ta co:
A=(t—-4)7+16t=(t+4)
khi dé6 f(x) = 0 c¢6 cac nghiém:

x=—4
x=t
tic 1a (1) duoc bién déi vé dang:

X+HE-)>0 X +4)(x — Vx> —2x+4)>0

x+42>0 x>—4 <>_4
X —vx?=2x+4>0 Vx?=2x+4<x x>0
= = =
x+4<0 x<-4 0<x?-2x+4<x*
i X—vVx?=2x+4<0 i X—Vx?=2x+4<0 x<—4
[x>2
= .
_XS—4

Vay, bat phuong trinh cé nghiém x € (—o0; —4] U [2; +0).
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Vi du 36: Gidai bdt phuong trinh x* — 1 < 2x~/x” +2x .
&S Gidi
bat t = vVx* +2x , diéu kién t > 0.
Bat phuong trinh c6 dang:
f(x) =x*-2tx — 1 <0. (1)
Coi vé trai 1a mot tam thiic bac 2 theo x, ta co:
AN =+1=x>+2x+1=(x+1)?
khi dé6 f(x) = 0 c¢6 cac nghiém:
x=t-x-1
x=t+x+1
tiic 1a (1) duoc bién déi vé dang:
x—t—=-x—-DE-t+x+1)<0< (Vx> +2x + I)(Vx*+2x —2x-1)<0
S AUXT 42X —2x—- 150 VxP+2x <2x+1

2x+1>0 >0
{2x+120 2

5 , & x*+2x2>0 = = x2>0.
0<x"+2x<(2x+1) 5 2
3x“+2x+120

Vay, bat phuong trinh cé nghiém x > 0.
Vidu 37: Vi gid tri ndo ciia m thi hé bdt phuong trinh sau cé nghiém:
mx—-2>x+1
3x+m+2<0
L5 Gidi
Chuyén hé vé dang:
(m-Dx>3
m+2 - D

Xét 3 truong hop:
Truong hop I: Neum—-1<0& m< 1

X< 3 +2
Do ! ™1y Minf , -2 e 13, hé c6 nghiém.
m+2 1 3

m-—
X<———

Truong hop 2: Néu m = 1 thi:
0.x>3
1) < { X> 2 Vo nghiem.
x<-1
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Truong hop 3: Néu m > 1 thi:
3

X >
() < m=
X<-—=

! vo nghiém do —m;2<0< 3

m-1"

Vay, véi m < 1 hé bat phuong trinh c¢6 nghiém.
Vidu 38: Tim m dé hé sau c¢é nghiém 1 nghiém am va 1 nghiém duong:
X 2x*-5x+6<0 (1
{xz—(mz—l)x +3m—-1=0 (2)

&S Huong ddn: Bién d6i (1) vé dang:
x-DE*—-x-6)<0=x—-DE-3)(x+2)<0<x € (0, -2) U (1; 3)
Tur d6, dé hé sau c6 nghiém 1 nghiém am va 1 nghiém duong diéu kién la:
af(=2)<0
(2) ¢6 hai nghiém thoa man x; < -2< 1<x,<3 < <af(1)<0
af(3)>0

Vidu39: Timm dé hé cé nghiém duy nhdt:
X +2m+Dx+m*+m-2=0 (1)
{X4—5x2+4<0 Q)
&S Gidi
Giai (2) bang cach dat t = x2, diéu kién t > 0. Khi d6, (2) ¢6 dang:
?-5St+d<0s l<t<d o 1<xX’<doxe(-2;-1)uU(l;2).
Hé c6 nghiém duy nhat
< (1) (ky hiéu VT = f(x)) c6 ding mot nghiém thuoc X, = (-2; —1) U (1; 2)
f(=2)f(=1)< 0
{f(l)f(z) >0 [2 <m<3
o
f(=2)f(=1)>0
{f(l)f(Z) <0

—4<m<-3

Vay, v6i m € (—4; —3) U (2; 3) thoa man diéu kién dau bai.

&S Chii y: Néu nhan xét ring phuong trinh (1) luon c¢é hai nghiém phan biét
X1 =-m—2 va X, =-m + 1 (khoang céch giita hai nghiém bang 3)
thi yéu cdu bai toan la:

{x,z—m—26(1;2) {—4<m<—3
= .

X,=—m+1e(-2;-1) 2<m<3
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Vidu40: Tim m dé hé cé nghiém duy nhdt:
x> 2mx +2m’ +m-2=0
{x2—2mx+2m>0 .
&5 Gidi
Diéu kién cdn: Bién déi hé vé dang:
{(x—m)2+m2+m—2=0 M
(x —m)*-m?*+2m >0
Nhan xét rang néu hé c6 nghiém X thi:
(X, —m)’+m’ +m—-2=0 [2m-x,)-m]+m’+m-2=0
{(x0 —m)’-m’ +2m >0 < {[(Zm—xo)—m]2 —m’+2m>0
Tic 1a 2m — x, ciing 1a nghiém cua hé, do d6 hé c6 nghiém duy nhét khi:
X0 =2m — Xg <> Xo = m. (*)
Khi d6, h¢ (I) c6 dang:
m’+m-2=0
{—mz +2m >0
D6 chinh 1a diéu kién cin dé hé c6 nghiém duy nhét.
Piéu kién du: V6i m = 1, ta dugc:
2
(IR=" {X2_2X w1=0 < x = 1 1a nghiém duy nhat.
X°=2x+2>0
Vay, v6i m = 1 h¢ phuong trinh c¢6 nghiém duy nhat.
Vidu &41: Tim m dé hé bdt phuong trinh sau cé nghiém:
x*—(m+2)x+2m<0
{x2+(m+7)x+7m<0.
&5 Gidi
Ki hiéu cac bat phuong trinh trong hé theo tha tu la (1) va (2).
Viét lai hé duéi dang:
(x-2)(x-m)<0
{(x+7)(x+m)< 0
Dé thdy m = 2 hoac m = 7 hé vo nghiém
Goi X; va X; 1an luot 1a tap nghiém cua (1) va (2).
Xét céc truong hop:
Truong hop 1: Néum > 7, ta cé:
Xi=2;m)vaX;=(m;-7) = XN X, = = hé vo nghiém.
Truong hop 2: Néu2 <m < 7, ta co:
Xi=(2;m)vaX,=(-7;-m) = X;N X = J = hé vo nghiém.
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Truong hop 3: Néum < 2, ta c6:
Xi=(m;2)vaX;=(-7;,-m)
Hé c6 nghiemkhi XN Xo#d < m< —m<m<0.
Vidu 42: Gidai hé phuong trinh:
{xz +y* =1 (1)

. @
|x+3y-3|—-|3x+y-3=2|x+y]| (2)

L5 Gidi
Bién déi (2) vé dang:
Q) x+3y-3|-Bx+y-3|=|(x+3y—-3)—(3x+y—3)|
@(3X+y_3)(x+y)20©{3x+y—320 &x+y>0 (3)
3x+y—-3<0 &x+y<0 (4)
=  Véi (3), ta duoc:
Qe x+3y-3|-Bx+y—-3)=2x+y) & x+3y-3|=5x+3y—-3>0
{x+3y—3:5x+3y—3 <::{x=0
x+3y-3=-5x-3y+3 x+y=1
= Véix =0, ta duoc:

2 2:1 2:1 :0& :1
R= Ty & y & X Y .
x=0 x=0&y=-1 ()

X =
= Vé6ix+y=1,taduogc:
Do {x2+y2=1©{x+y=1 @{X:O&yzl.
Xx+y=1 xy=0 x=1&y=0
=  Véi(4), ta duoc:
Q) x+3y-3|+GBx+y-3)= -2(x +y) & x+3y-3=-5x-3y+3>0
{x+3y—3:5x+3y—3 C{x=0
Xx+3y-3=-5x—-3y+3 x+y=1()
= Véix =0, ta dugc:

Pyt =] )| =0&y=1(l
(I)@X” o Y o |* y ().
X = x=0 x=0&y=-1

Vay, hé c6 ba cap nghiém (0; 1), (1; 0), (0; —1).
Vidu 43: Gidai hé phuong trinh:

82
X +yr=—
Y7

10 1 1

X+—|+|——-x+yl=—+y+—
y 3
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&5 Gidi
Ky hiéu hai phuong trinh cua hé 1a (1) va (2).
Bién d6i (2) vé dang:

1
+—20 3
110 1. 10 Y ©)
X+ —|+|— —x+y|=(x+ )+ (— —-x+y) &
y 3 y 3

?—x+y20 4)

2 >0
10 g B0y ZOQP

3 y 3y -3<y<-1/3°
a. Vé6iy >0 thi:

(1)@;;2:%2 220> 0<y< V82

= V6ix 20 thi:

()& x = /%—yz thoa min (3) va (4).

= V6ix<O0thi:

Hex= - /%—yz thod man (4).

Khi d6, dé thoa man (3) ta phai c6:

B2l s B2 o 182 g govri920
9 y y 9 9

y
V82
J82 ?)SySi

y>>9

0<y<T 3
= | ———
9

2

y

IN

1
O<y<—
Y23

b. Tur (3) va (4) suy ra:
e d0

Lasliyo L@ iype Lipaery=2 <D ypiy
y 3 y 9 3

—— (¢} —
{9y4—82y2+9£o el [y=3 o
«—>

1
3 3
2
3y +10y+32>0 YZ_% Wy y=3
Vay, nghiém ctia hé phuong trinh la:

82
1 1o N Y
3<y< 22 hoacO<yS§
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Vi dvu 44: Gidi hé phuong trinh:
X2 4y +4/2xy = 82
Jx + \/§ =4 .
&5 Gidi
Diéu kién:

x>0
{y>0' (1)
bat:

{szx/;h/;

, diéukién S, P> 0 va S2 — 4P > 0.
P=./xy

Khi d6, h¢ phuong trinh c6é dang:

{\/[(*/;+\5)22\/5]22xy+\/ﬁ_8\5
Jx+\fy=4

2 2 2 .
@{\/(S —2P) -2P *ﬁp‘gﬁ:\/fﬂ—nmug —8-P

S=4
8—P=>0
= < P=4.
P> —32P +128 = (8—P)’
Vay, ta dugc:
S=4 |Jx+.y=4
{ < \/§ <:>\/_=\/§=2<:>x:y:4.
Vay, hé c6 nghiém x =y = 4.
@ Cha y: Nhiéu hé & dang ban ddu chua thdy su xuét hién 4n phu, trong trudng
hop nay ta cin su dung mot vai phép bién ddi phui hop.
Vidu 45: Giai hé phuong trinh:
JX+Y+x—y=4
X +y? =128 '
&S Gidi
Diéu kién:

x+y=>0 y =X
= & —x<y<x,suyrax=0.
x-y=0 y<X

217



218

Viét lai hé phuong trinh duéi dang:
VXY Hyx-y =4 <3{\/x+y+ X—y=4

%(X+y)2+%(x_y)2=128 (X+y)2+(x_y)2:256-

bat:
u=.x+ o
Y , diéu kién u, v > 0.
V=4X-Yy
Ta dugc:
ut+v=4
u+v=4 u+v=4
& <dluv=0
{u“ +v* =256 {uv(uv -32)=0
uv =32
+ = 4 + — 4
- u+v O hoiic u+v a
= Giai (I): vo nghiém.
= Giai (ID):

x+y=4
u=4&v=0 x-y=0 |:X=y=8
L

(II)@{ =
u=0& v=4 { Xx+y=0

Vay, hé phuong trinh c6 hai cap nghi¢m (8; 8) va (8; —8).
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