CHUONG 3 — PHUONG PHAP TOA BO TRONG MAT PHANG

é‘ KIEN THUC CAN NHO
. DPUONG THANG % [

1. VECTO CHI PHUONG CUA PUONG TH[ZXNG

Pinh nghia 1: Mot vecto a khdc 0 goi la vecto chi phitong (viét tdt vicp) ciia duong
thing (d) néu gid clia a song song hodc trung voi (d).
Nhdn xét:
= Néu a Ia vtcp ciia dudng thing (d) thi moi vectoka véi k # 0 déu 1a vtpt clia (d).
»  Néu a(ag; a) la vtep clia duong thang (d) thi véi a; = 0 ta goi k = L a hé so
a1
géc ctia duong thang (d).
» Mot dudng thing dugc hoan toian xédc dinh khi biét mot vtep clia né va mot
diém ma né di qua.
2. PHUONG TRINH THAM 56 CUA PUONG THANG

Ta c6 két qua:
Qua M, (x,,
d): { 0 Xg>Yo

vtep a(a1 ,a,)

X=X, +a,t
y=y, +a,t
Phuong trinh (1) v6i diéu kién a; + a; > 0 dugc goi 12 phuong trinh tham sé cia
dudng thang.
Cdc truong hop riéng:
1. Néua, =0, ta dugc:
X = XO
(d): ,te R
Y=y, +a,t
12 duong thang c6 vtcp a (0; ay) do d6 né vuong goc véi Ox, cat Ox tai di€ém c6
hoanh do xo.
2. Néu a, =0, ta duoc:

X=X, +at

(d): ,te R
Y=Y

12 dudng thang cé vtcp a(a;; 0) do d6 né vuong géc véi Oy, cit Oy tai diém cé

tung do yo.

)@(d):{ te R.

3. PHUONG TRINH CHINH T]’&C CI7JA PUONG TH.ANG
Ta c6 két qua:
Qua M, (x,,¥,) _ _
d:{ 000 () 2R = YT Yo

vtep a(a1 ,a,) a, a,
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Tir d6, duong thang (d) di qua hai diém M;(x:; y1) va Ma(x2; y2), ta cé:
(d): {Qua M, (x,,y,) X=X, _ y-y,

< (d): .
Qua M, (x,,y,) X, =X Y=Y,

4. VECTO PHAP TUYEN CUA PUONG THANG
Pinh nghia 2: M¢r vecto §i khdc O goi la vecto phdp tuyén (viét tdt vipt) ciia duong
thing (d) néu gid cua @ vuong géc véi (d).
Nhdn xét:
* Neéu fi la vtpt clia duong thang (d) thi moi vecto ki v6i k # 0 déu 12 vtpt ctia (d).
» Mot duong thang duoc hoan toan xdc dinh khi biét mot vipt clia né va mot
diém ma né di qua.
5. PHUONG TRINH TONG QUAT CUA PUONG THANG
Ta c6 két qua:
Qua M (x,,y,)
dy: K 0\202Y0
viptn(A,B)
Phuong trinh tdng quét clia dudng thang:
(d): Ax+By+C=0,v6i A2+ B*>0
va no co:

= vipt ii (A; B), vicp a (B; —A).

< (d): A(x —x0) + B(y — yo) =0.

= hé sc‘igéck:—%,VéiBiO.

Cdc truong hop riéng:
1. Néu A =0, ta dugc:

. yA
(d):By+C:O<:>(d):y:—E |T1'
NI 2 ‘ — PP Y —C/H (d)
la dudng thang c6 vtpt 1 (0; B) do d6 né vuong géc véi
. . C o
Oy, cit Oy tai diém c6 tung do — . O X
Luu y: Ban than truc Ox c6 phuong trinh y = 0. yA )
2. Néu B =0, ta duoc: —
n
(d):Ax+C:O<:>(d):x:—% ’
12 duong thang c6 vtpt i (A; 0) do d6 né vudng géc véi O] l-c/a x
Ox, cat Ox tai diém c6 hoanh do — <
A y (d)
Luu y: Ban than truc Oy c6 phuong trinh x = 0.
3. NéuC=0,tadugc (d): Ax+By=0
o X
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12 dudng thang cé vipt i (A; B) va di qua goc toa do O.
4. Néu A?+ B =1, thi (4) duoc goi 1a phuong trinh phdp dang ctia dudng thing.
Luu y: D€ dua phuong trinh tdng quét clia duong thang

(d): Ax + By + C =0

vé phuong trinh phdp dang ta chi can chia hai vé€ ctia phuong trinh cho VA* +B* ,
roi dat:

AO Vé CO =

A B C
= —,B e — —_—
JA?* +B? " JA? +B? JA?* +B?

6. VITRI TUONG BOICUA HAI PUONG THANG

Cho hai duong thang (d;) va (d2) c6 phuong trinh
(di): Aix+Biy+Ci=0va(d2): Axx + By + G, =0.
bang viéc xét hé phuong trinh tao bdi (di) va (dz), ta c6 két qua:

a Neu = BiL S oy .
A2 B2 C2
b Neu 2 =Bl S )= .
A2 B2 C2
A Al Bl < 2 3 A
c. Néu — # — & (dy) cat (d») tai diéem 1.
A2 B2

trong trudng hop nay moi dudng thing di qua I déu c6 dang:
a(Aix + Biy + Ci) + B(Axx + Boy + ) =0, 3)
voi o2 + B2>0

Phuong trinh (3) duoc goi 14 phuong trinh ciia chivm duong thdng, diém 1 goi 1a
tam cua chum.

Ta thuong diing phuong trinh clia chim dudng thiang dé gidi cdc bai todn dang: "
Viét phwong trinh duong thdng di qua giao diém ciia hai duong thdang dd cho va thod
man thém diéu kién K " ma khong cin tim toa do giao diém dé.

7. GOC GIUA HAI PUONG THANG

Goi a = g((d1),(d2)), 0 < o < 90°.
= Goi 4, b theo thit tu 12 vtcp ctia (d1), (d2), khi d6:
_labl
T dlIbl

Nhan xét rang (d;) L (d»)

< abi+ ab, =0.

»  Goi ki, ko theo thtt tu 1a hé s6 goc cua (di), (d2) , khi do:
Xkl )
1+kk,
Nhan xét rang (d;) L (d2) © ki.ko =—1.

cosa

“)

tgo =
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8. KHOANG CACH T MOT PIEM PEN MOT DUONG THANG

Dinh Iy 3: Trong mat phang Oxy, cho diém M(xwu, ym) va dudng thang (d) c6 phuong trinh
(d): Ax + By + C=0.
Khi d6 khoang céch tir diém M dén dudng thing (d) duoc cho béi:

d(M. (d)) = | Ax,, + By, +C|.
JA? +B?
@ Chu y: Khoang cach dai s6 tir M(xw, yu) t6i dudng thing (d) duoc dinh nghia:
tM = W = M .

VA2 + B
9. PHUONG TRINH DUONG PHAN GIAC

Dinh Iy 4: Trong mat phang Oxy, cho hai dudng thang
(d): Aix+Biy+Ci =0, (d2): Aox + By + G2 = 0.
Khi d6 phuong trinh hai dudong phan giac (A;) va (A;) clia cac géc tao boi (di) va
(d) a:
Ax+By+C 4 Ax+B,y+C,

JA! + B! - JA2 +B?

@ Cha y: Néu (dy) va (d,) khong vuong géc v6i nhau thi (d;) tao véi (dy) hai géc
nhon va hai géc tu, khi d6 ta c6 thé xac dinh phuong trinh dudng phéan

idc ciia géc nhon hoac géc ti nho két qua trong bang sau:
D4u cua | Phuong trinh dudng phan | Phuong trinh duong phan

n.n, | gidc cha géc nhon tao boi | gidc cua géc ti tao boi

(d1), (d2) uing véi (dy), (d2) ting vé6i
- =0 tt= -t
+ 1= —10 ti=t

trong do:
= 1n1(A1, B), na(Asz, By) theo thit tu 1a vipt clia (dy), (d>).
"y, t theo thit tu 1a khoang cach dai s6 tir M(x, y) t6i (d1), (do).

II. BPUONG TRON

1. PHUONG TRINH CHINH TAC CUA BPUONG TRON

Pinh Iy 1: Trong mat phang Oxy, duong tron (C) c6 tam I(a, b) va ban kinh R ¢6
phuong trinh:

(©): (x—a)+(y-b*=R% ey
Vay, ta dugc:
| Tam I(a;b) e B B
©: {BkinhR < (0): (x—a)’+(y—-b)*=R2
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& Chi y: Ta c6:
*  DPudng tron tam O bén kinh R ¢6 phuong trinh x* + y? = R
* DPuong tron don vi ¢6 phuong trinh x? + y* = 1.
2. PHUONG TRINH TONG QUAT CUA PUONG TRON
Dinh Iy 2: Trong mat phang Oxy, dudng cong (C) ¢6 phuong trinh
(O):x*+y>—2ax—2by+c=0,véia’+b>—c>0 )
12 phuong trinh clia dudng tron tam I(a, b) va ban kinh R = va? +b% —¢ .
3. PHUONG TRINH TIEP TUYEN CUA DUONG TRON
Dinh Iy 3: Trong mat phang Oxy, phuong trinh tiép tuyén (d) tai diém M(Xo; yo) clia
duong tron (C):
(O): (x—a)’+ (y—b)*=R?
c6 phuong trinh:
(d): (x —a)(xo —a) + (y —b)(yo—b) =R*, (%)

& Cha y:
1. Phuong trinh (5) dugc goi 1a phuong trinh phdn doi toa do theo quy tic
(x —a)’> = (x — a).(x — a) thay bang (x — a).(xo — a).
(y = b)* = (y — b)(y — b) thay bang (y — b)(yo — b).
2. Néu (C) ¢6 phuong trinh tong quat:
(O):x*+y>—2ax—2by+c=0,véia’+b>—c>0
thi ti€p tuyén (d) c¢6 phuong trinh:
(d): x.x0 +y.yo— a(x + xo) — b(y + yo) + ¢ = 0.
dua theo quy tac:
x? = x.x thay bang x.xo.
y? = y.y thay bang y.yo.
2ax = a(x + x) thay bang a(x + Xo).
2by = b(y + y) thay bang a(y + yo).
3. Trong trudng hop téng quat, dudng thang (d) ti€p xidc (1a ti€p tuyén) véi dudng
tron (C) c6 tam I va ban kinh R khi va chi khi:
dd, (d)) =R.

4. PHUONG TICH CUA MOT PIEM POI VOI MOT BUONG TRON

Cho duong tron (C) c6 phuong trinh:
(O): x>+y*—2ax —2by+c=0,véia’+b*—c>0.
Phuong tich cua diém M(xo, yo) d6i v6i dudng tron (C) dugc xac dinh boi:

»J/M/(c) = X% + y% — 2axo — 2by0 +C
Tir gid tri vé ddu clia Ao ta xdc dinh duoc vi tri ctia diém M doi vé6i (C)

= Néu rg/M/(c) >0 < M & ngoai duong tron (C).
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*  Néu Ao =0 < M & trén dudng tron (C).
»  Néu Awic) <0< M & trong dudng tron (C).
5. TRUC PANG PHUONG CUA HAI PUGNG TRON
Cho hai duong tron khong dong tam (C;) va (C,) ¢6 phuong trinh:
(C1): x> +y?*—2ax —2bjy +¢1 =0, V6i a? +b —¢; >0
(Co): X2+ y2 —2a:x — 2bay + c2 =0, V6i a3 +b5 —c, > 0

Khi d6 tap hgp nhiing diém c6 cling phuong tich vé6i hai dudng tron (C)) va (Cy) 1a
dudng thang (d), goi 1 truc dang phuong ctia hai dudng tron (Cy), (Cz) c6 phuong trinh:

(d) 2(3.1 — az)X + 2(b1 — bz)y —Ci+C= 0.

III. ELIP

1. PHUONG TRINH CHINH TAC CUA EL{P
Dinh Iy 1: Trong mat phang Oxy, Elip (E) c6 hai tieu diém

Fi(—c; 0), Fa(c; 0) va c6 tdng hai ban kinh qua tiéu ting v6i " Y4 1
diém tuy y M(x; y)e(E) 1a 2a (a >c) c6 phuong trinh:
x>y’ / ]\ >
(E): 5+5=1,v6ib*=a>—c% FF X [0 E X
a~ b
& Cha y: Diém M(x, y)e(E) luon c6:
FM=za+ = vaFM=a— =,
a a
2. PHUONG TRINH THAM SO C[T]A ELiP
Elip (E) ¢6 phuong trinh chinh tac:
X2 y2
E) —+—==1.
duoc chuyén vé dang tham s6:
X .
o st X =asint
(E): 12 .t e [0,2n) < (E): { _t e [0: 2n). *)
y y =bcost
o= cost

Phuong trinh (*) dugc goi la phuong trinh tham s6 dang luong giac cua Elip (E).
Ta biét rang, néu dit z = tan% thi:

. 1-7°
sint =

)

> Va cost = >
1+2z 1+2z
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do d6 (*) c6 thé dugc viet dudi dang:
2az

x:1+22

E): ,Z€ R. Hk

® (%)

1+7°
Phuong trinh (**) duoc goi la phuong trinh tham s dang dai s6 cta (E).

3. HINH DANG CUA EL{P

Ya
Vi Elip (E) c6 phuong trinh: M b|B
Xy L N
(B): +==1,v6ia>b>0. A A
a~ b —a\b Q) Ffla
ta xét cac tinh chat hinh hoc cua (E) bang cdch xét
cac tinh chat dai s6 tuong ting cua phuong trinh trén. —h| B

a. Phuong trinh cta (E) c6 bac chan do6i vé6i x va y nén:

* Néu diém M(x; y)e(E) thi cdc diém M(—x; y), Ma( — x; —y) va Ms(x; —y)

ciing thudc (E).
* (E) nhan céc truc toa do 1a truc doi xing va géc O lam tdm doi xiing.
b. (E) cat cdc truc toa do tai bon diém:

» (BE) N Ox ={A, Az} c6toa do1a Ai(-a; 0), Ax(a; 0) va doan thang A;Ax goi

12 truc Ion cua (E) c6 do dai bang 2a.

* (E) N Oy = {By, B} ¢6 toa do 1a B;(0; —b); B»(0; b) va doan thang BB goi 1a

truc nhd cua (E) c6 do dai bang 2b.
* Bo6ndiém A, A,, By, B, goi 1a bon dinh ctia Elip (E)
Luu y: Hai tiéu diém ctia Elip (E) lu6n & trén truc 16n.

. Hinh chif nhdt co so: hinh chit nhat ¢6 cac dinh 13 giao diém clia cc dudng thang x
=+ a va c4c dudng thing y = +b duoc goi 12 hinh chit nhat co s& clia (E). Vay
Elip (E) ndm trong hinh chit nhat ¢6 tam d6i xding O, c6 cdc kich thudc 1a 2a, 2b.

d. TuM(x;y) € (E) ta duoc:

2

—<1

a IxI<a —a<x<a
2 <:>{I I<b<:>{b< <b
Y < yl=s sys
b2

4. TAMSAI CUA ELiP

Tdm sai cta Elip 12 s6 thuc e bang ti s6 giita tiéu cu va do dai truc 16n ctia Elip.
XZ y2
* Doai v6i Elip (B): — +
a

2,0 < (&
~=1,v6ia>bthie=—.
b

a
x>y c

= DGi v6i Elip (E): —2+§=1,Vc’jia<bthie: e
a
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& Cha y-

L.

Moi Elip déu c6 tam sai nho hon 1.

2. Tamsaie=0suyrac=0<a=b

Khi dé:
2 2 2 2
.y Yy _ 2 2 _ 2
a—2+?—1<:>—2+a—2—1<:>X +y a

Elip tr& thanh dudng tron tam O, béan kinh bang a.

IV. HYPEBOL

1.

PHUONG TRINH CHINH TAC CUA HYPEBOL

Pinh Iy 1: Trong mat phang Oxy, Hypebol (H) ¢6 hai tiéu diém Fi( — c; 0), Fa(c; 0)
va ¢6 hiéu hai ban kinh qua tiéu tng véi diém tuy y M(x; y) € (H)1a 2a (a>c) c6
phuong trinh:

XZ yZ
H): =——Z =1,véib>*=c?>-a>%
(H) e

& Cha y: Biém M(x; y) € (H) luén c6:

CX < CX P
a. FM= — +avaFbkM=— —av6ix>0.

a a
cX R cX y
b. FM= - — —avaFbM=—— +av6ix<0.
a a
2. HINH DANG CUA HYPEBOL yA
Véi Hypebol (H) ¢6 phuong trinh: EQ Bl NP
2 2
XY .
(H) a—z—b—z =1. F AL 5 A, F;X
ta xét cc tinh chét hinh hoc cta (H) bang cdch xét R\ B /S\
cdc tinh chat dai s6 tuong tng clia phuong trinh trén.

C.

Phuong trinh ctia (H) ¢6 bac chan d6i véi x va y nén:

*  Néu diém M(x; y) € (H) thi cdc diém M(—x; y), Ma(—x; —y) vd Ms(x; —y)
ciing thudc (H).

* (H) nhan céc truc toa do 1a truc d6i xung va goc O lam tdm doi xiing.

d. (H) cat c4c truc toa do tai hai diém:

* (H) N Ox={A, A} c6 toa do 1a Ai(—a; 0), Ax(a; 0) va doan thing A;A, goi
12 tru ¢ thuc cta (H) ¢6 do dai bang 2a.

» (H) khong cit Oy, dat B;(0; —b); B(0; b) va doan thang BB, goi 1a truc do cia
(H) c6 do dai bang 2b.

*  Vay truc thuc ctia Hyperbol 12 truc doi xing cat Hyperbol, truc ao 1a truc doi
xting khong cat Hyperbol.

* Bo6ndiém A, A,, By, B, goi 1a bon dinh ctia Hypebol (H).
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Luru y: Hai tiéu diém ctia Hypebol (H) luon & trén truc thuc.
e. Hinh chit nhdt co sé: hinh chit nhat ¢6 cdc dinh 12 giao diém clia cic duong thang x =
+a va cdc dudng thang y = + b duoc goi 12 hinh chit nhat co sé ctia (H).
f. TuM(x;y) € (H) suy ra:
2
X—z >l xzae {Xza .
a x<-a
Nhu vay Hyperbol (H) 1a tap hgp cta hai tap con khong giao nhau.
- Tap con clia (H) chita nhiing diém M(x; y) thod man x > a goi la nhdnh
bén phdi cua Hyperbol.
- Tap con cta (H) chia nhitng diém M(x; y) thod min x < —a goi 1a nhdnh
bén trdi cia Hyperbol.
- Hai nhanh nay d6i xiing nhau qua truc 4o va ca hai déu nhan truc thuc lam
truc doi xing.

a. TuM(x;y)e (H) < y=+ E\/x2 —a’.
a
- Khi x> +00: (H)c6 tiém can y = Ex.
a

- Khix—> —o0: (H)cétiém cany = —EX.
a

on

Vay Hyperbol (H) c6 2 duong tiém can la: y =+ —x.

a
b. Cich dung Hyperbol (H)
- Xadc dinh vi trf c4c diém A (-a; 0) ;Aa(a; 0), Bi(0; —b), B»(0; b) trén hé toa
do.
- Dung cdc dudng thang x = +a va y = b cat nhau tai P, Q, R, S.

- Hinh chit nhat PQRS c6 kich thude 2a, 2b goi 1a hinh chit nhdt co sé cua
Hyperbol.

- Ké hai duong tiém can la hai duong chéo cta hinh chit nhat co s6.
- Dua trén hai dinh A,, A, va hai dudng tiém can dé vé Hyperbol.

3. HYPERBOL LIEN HOP N Y “>/
B
Dinh nghia 3. Hai Hyperbol c6 phuong trinh: -
X2 yz . X2 yz R
(Hl): a—z_b—2=1 va (Hz): a—z—b—z =-1 F, A 7 A, Fz'x
goi la hai Hyperbol lién hop. 1
& Chu y: Hai Hyperbol lién hop:

- C6 chung céac duogng tiém can va hinh chit nhat co so.
- C6 céc tieu diém va dinh kh4c nhau.
Truc thuc cua Hyperbol nay la truc ao cia Hyperbol kia va ngugc lai.
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4. TAMSAI CUA HYPEBOL

Tdm sai cua Hypebol 1a s6 thuc e bang ti s6 gitta tiéu cu va do dai truc thuc cia
Hypebol.

2

2
= DGi v6i Hypebol (H): = - =1 thie= .
a b a
2

2
. X y . c
=  Poivol Hypebol (H): ——-=-=-1 thie= —.
yp (H) T 5

& Chu y: Moi Hypebol déu c6 tam sai 16n hon 1.

V. PARABOL
1. PHUONG TRINH CHINH TAC CUA PARABOL

Dinh Iy 1: Trong mat phang Oxy, Parabol (P) c6 hai tiéu diém F(g; 0) va dudng
chuin (d): x = —g c6 phuong trinh (P): y* = 2px.
& Chi y: Diém M(x; y) € (P) luon c6 FM = x + g.

2. HINH DANG CUA PARABOL

Vi Parabol (P) c6 phuong trinh:
(P): y*= 2px, v6i p > 0. @1 Vv a (P

Céc thudc tinh cua (P) gom:
= Pinh O(0; 0), K
. A .2 p _p/2 O p/2 ;(
= Tiéud F(=;0),
1éu diém F ( 5 ) \\

*  Dudng chuin (d): x = - g,

» Parabol, nhan Ox lam truc d6i xing, d6 thi & bén phai Ox.
@ Chi y: Ngoai dang chinh tic y* = 2px, ngudi ta cung coi cdc dang phuong
trinh sau 1a phuong trinh chinh tac cua Parabol:
(P): y*= —2px, (P): x> =+ 2py.

V1. BA DPUONG CONIC

Dinh nghia: Dudng chuin cua Elip (Hyperbol) ting véi tiéu diém F; (i = 1,2) 1a
duong thang (A) (i = 1, 2) vuong géc Véi truc d6i xiing chita cic tieu diém niam vé
cung mot phia v6i F; d6i v6i truc doi xing con lai va cach tam cua Elip (Hyperbol)

a .o N T L
mot doan — véi e la thm sai va a la do dai nura truc 16n (truc thuc).
€
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a. Vai Elip (E) ¢6 phuong trinh (E): —+ E—z =1véia> b, taco:

= Ung véi tiéu diém Fi(—c; 0) Ia duo’ng chuin A Ya
1

(A):x=-2. B (AZ’)
. e [AK%\AQ X

= Ung v6i tieu di€m Fa(c; 0) 1a dudng chudn /)~ _AF O F Ja
a ‘/
(A2):x=—. E‘
e

b. Véi Hyperbol (H) c6 phuong trinh:
X2 y2
(H): PR L,

ta co: (A} Y4 (A2
»  Ung véi Fi(—c; 0) 1a dudng chudn (A)): x = —E ) 7
—a e .
Fi A A, B X
= Ung véi Fy(c; 0) 1a dudng chudn (Ay): x = = /‘ R

Nhdc lai: V6i Parabol (P): y?> = 2px c6 dudng chudn x = —g.

Pudng chuén cuia ca ba dudng Conic déu c6 tinh chat chung sau day:
Dinh Iy I: Diéu kién can va du dé mot diém nim trén dudng Conic 1a khoang cach tir
diém d6 t6i tieu diém va dén dudng chuin tuong Gng bang tam sai e clia dudng
Conic dé6.
Dinh nghia 2: Pudng Conic () 1a tap hop diém c6 ty s6 céc khoang cdch tir d6 dén
mot diém c6 dinh va dén mot duong thang c6 dinh khong di qua diém
6 dinh ay, bang mot hang s6 duong e.
Hiéng s6 duong e chinh 1a tam sai ctia duong Conic ().
» Néue<1:(%laElip.
= Néue=1: (%) laParabol.
= Néue>1:(% laHyperbol.

B PHUONG PHAP GIAI CAC DANG TOAN LIEN QUAN
°

§ I. PUGNG THANG

Dang toan 1: Phuong trinh dudng thing
Phuong phdp thuc hién
Phuong trinh:
Ax+By+C=0
12 phuong trinh clia mot dudng thang khi va chi khi A2 + B? > 0.
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@ Chu y: Di kém v6i ho dudng thing (d,) thudng c6 thém cdc cau hdi phu:
Cdu hdi 1: Chiing minh ring ho dudng thing (d.) luon di qua mot diém 6 dinh.
Cdu hdi 2: Tim cac diém ma ho (d.) khong di qua.

Khi dé:
a. Vi cdu hoi 1, ta thuc hién theo céc budc:
Budce 1: Gia sit M(Xo, yo) 1a diém c6 dinh clia ho (dw), khi d6:
Axo+ Byo+ C=0Vm
Budc 2:  Nhom theo bac clia m rdi cho céc hé s6 bang 0 = (Xo, Yo).
Budc 3:  Két luan.
b. Véi cdu hoi 2, ta thuc hién theo céc budc:
Budce 1:  Gia sit M(x, y) 1a diém ma ho (d.) khong di qua, khi do:
Ax + By + C =0 v06 nghiém m
Budc 2:  Thiét 1ap diéu kién vo nghiém = (x, y).
O day can nhd lai:

a=0

b=0

* Phuong trinh am? + bm + ¢ = 0 (a # 0) v0 nghiém m < A, < 0.
*  Phuong trinh acosm + bsinm = ¢ vo nghiém m <> a? + b*> < ¢%
Bude 3:  Két luan.

=  Phuong trinh am + b = 0 v nghiém m < {

Thi du 1. Tim diéu kién ciia m dé phuong trinh sau la phicong trinh duong thdng:
mx + (m*> - 2m)y — 3 =0.
L5 Gidi
Phuong trinh trén 14 phuong trinh ctia duong thang khi va chi khi:
A’+B’ >0 m?’+(mM?>-2m)’>0 <o m’(m?>-4m+5°2>0< m=0.
Vay, v6i m # 0 phuong trinh di cho 13 phuong trinh clia duong thing.

Thi dv 2. Cho phuong trinh mx + (m —2)y —m = 0. (1)
a. Chitng minh rdang véi moi m phuong trinh (1) la phuong trinh ciia
mot duong thdng, goi la ho (dw).
b. Tim diém cé dinh ma ho (dw) luon di qua.
&5 Gidi
a. Taco:
A+ B =m’+(m-2)=2m’-4m+4=2(m-1>+2>0, Vm.
Vay v6i moi m phuong trinh da cho 1a phuong trinh ctia mot dudng thang.
b. Gia st M(Xo, yo) la diém c6 dinh ma ho (d.) ludn di qua
Smxo+(m-2)yo—m=0, Vm< mXo+yo— 1) —2yo=0, Vm

{x0+y0—1=0 {xozl
= = .
-2y, =0 Yo =0
Vay ho (dn) luon di qua di€ém c6 dinh M(1; 0).
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Thi du 3. Tim tdp hop cdc diém ciia mdt phdng khong thudc bdt cir duong thdng
nao ciia ho dwong thang (dw): (m + 1)x —y + m> —m = 0.
&5 Gidi
Goi M(x; y) la diém ma ho (dn) khong di qua
< (m+ 1)x —y + m? — m = 0 vo nghiém m
S m?+mx — 1) +x —y =0 vo nghiém m
SMA<0x-1P-4x-y) <0 x*-6x+4y+1<0.
Vay, tap hop céc diém M(x; y) thoa man x? — 6x + 4y + 1 < 0 khong thudc bat ci
duong thang nao ctia ho (dw).

Dang toan 2: Lap phuong trinh duong th%ng
Phuong phdp thuc hién

Ta st dung cac két qua:
1. Puong thang di qua hai diém:

& (d): .
Qua Mz(xzaY2) X, =Xy Yo=Y

Luu y:
=  Néu Mi(a, 0) va Mx(0, b) véi a, b # 0 thi phuong trinh (M;M>) duge xac dinh

bing phuong trinh doan chan (M ;M,): X +% =1.
a

* Duong thang (d) di qua diém My(Xo, yo) luon cé dang:
(d): A(x —x0) + B(y —yo) =0, v6i A? + B> > 0.
2. Puong thing di qua mot diém va biét vtep:

d): QuaEVIO(XO’YO) o (d): X=Xo _ Y=Y
vtepa(a,,a,) a, a
. X=X, +at
hoac (d): ,teR.
y=Yo tat

Luu y: Pudng thang (d) c6 vtcp ;(al, a) luon c6 dang:
(d): axx —aiy+C=0.
3. Duong thing di qua mot diém va biét vtpt:
Qua M, (x,,Y¥,)
d): B (ASAER A
vtpt n(A, B)
Luu y: Pudng thang (d) c¢6 vtpt i (n;, n2) ludn c6 dang:
(d:nx+nmy+C=0.
4. Puong thang di qua mot diém va biét hé s6 géc k:
(d): {Qua M, (Xo,Y,)
hsgk

< (d): A(X —xo0) + B(y — yo) =0.

< (d): y = k(x — x0) + yo.
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Luu y: Pudng thang (d) c6 hé s6 géc k luon cé dang:
(d:y=kx+m=0.
5. Duong thing (d)//(A): Ax + By + C = 0 ¢6 phuong trinh:
(d): Ax+By+D=0.
6. Puong thiang (d)L(A): Ax + By + C = 0 ¢6 phuong trinh:
(d):Bx-—Ay+D=0.

& Cha y: Trong nhiéu trudng hop dic thd ching ta con sir dung
a. Phuong trinh chiim duong thang.
b. Phuong phap quy tich dé x4c phuong trinh dudng thang.
Thidu 1. Ldp phuong trinh tham so ciia duong thang (d) trong moi truomg hop sau:
a. (d) di qua diém M(2, 1) va cé vicp 5(3, 4).
b. (d) di qua diém M(=2, 3) va cé vtpt H(S, 1).
&5 Gidi

a. Taco ngay:

Qua M(2,1) X =243t
d): . < (d): ,teR.
vtepa(3,4) y=1+4t
b. Tacé:
Qua M(-2,3) Qua M(-2,3) =24t
D o . =@ {X e
vtptn(5,1) vicpa(l,—5) y=3-5t

Thi du 2. Ldp phuong trinh tong qudt cia duong thang (d) trong méi truong hop sau:
a. (d) di qua diém M(=5, —8) va c6 hé so goc k= —3.
b. (d) di qua hai diém A2, 1) va B(-4, 5).
c. (d)di qua diém M4, 0) va diém N(0, -1).

L5 Gidi

a. Taco ngay:

{Qua M(-5,-8)
(d): S (d):y=-3(x+5)-8<(d):3x+y+23=0.

hsgk =-3
b. Tacé:
(d): {Qua ARD - Ly 222 Y ke 3y—7=0.
Qua B(—4.5) 42 5.1
c. St dung phuong trinh doan chan ta co:
(MN): {Q“a MED v X+ Y 21 o MNyx—dy—4=0.
Qua N(0,~1) 4 1
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@ Cha y: V6i cau b) ching ta ciing c6 thé tim duoc phuong trinh téng qut clia
duong thang (d) bing viéc sir dung phuong trinh tham s6 hoac tir vtcp
AB (-6, 4) suy ra vtpt n (2, 3) ctia duong thang (d).

Thidu 3. Cho AABC, biét A(1, 4), B(3, —1), C(6, 2).

a. Ldp phuong trinh tong qudt cdc duong thang AB, BC, CA.
b. Ldp phuong trinh téng qudt cia duong cao AH va trung tuyén AM.

&5 Gidi
a. Talan luot c6:
A4 _ _
@apy QALY g Xl y-4 < (AB): 5x+2y—13=0,
Qua B(3,~ 1) 3-1 —1-4

Tuong tu, ta nhan dugc (BC): x —y —4=0 va (CA): 2x+5y — 22=0.
b. Ta lan luot co:

A(L4
(AH): {Q“aA o (AH {Qua L9

AH L BC " | vtptn(1, 1)
<& (AH:x-1+y-4=0& (AH):x+y—-5=0.
A A1, 4
(AM): 122 o amy (QueAld
Qua Mlatrungdiém BC Qua M(9/2,1/2)
o aM): 22 oY= L AM): x4y —5=0.
9 1
21 -4
2 2

Thidu 4. Cho AABC, biét trung diém cdc canh la M(2; 1), N(5; 3), P(3; —4).
a. Ldp phuong trinh cdc canh ciia AABC.
b. Ldp phuong trinh cdc duong trung truc ciia AABC.

&5 Gidi
a. Taco: B
* Phuong trinh canh AB dugc xac dinh boi:
P ua P(3;—4 /\
(AB): {920 (ap) JA TG P M
AB//MN vtep MN(3;2) A =
& (AB): X;3=%4<:>(AB):ZX—3y—18=O. N

Tuong tw (BC), (AC).
b. Goi cac duong trung truc ké tir M, N, P theo thit tu 1a (dm), (dv), (dp).
»  Phuong trinh (dm) dugc xac dinh bai:

qua M qua M(2;1)
(dM)I { .= (dM)Z { .
(d,,) LPN vtpt PN(2;7)
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& (dw): 2(x = 2) +7(y = 1) = 0 < (dy): 2x + Ty — 11 = 0.
Tuong ty (dv), (dp).
Thidu 5. Ldp phuong trinh duong thang (d,) doi ximg véi duong thdng (d) qua
(A), biét:
(d:x+2y—-13=0va(A):2x—-y—-1=0.
&S Gidi
V6i mdi dém M(x, y)e(d;) = ton tai diém Mo(xo, yo)e(d) sao cho:
trung diém [ ciia MM thuoc (A)
MM, L (A)

X+X, Y+Y, X0=1(4x+3y—l)
2—————-1=0 5
= 2 2 = | D
L(x=%,)+2.(y-Yy,)=0 yozg(—3x+4y+2)

Thay (I) vao phuong trinh cua (d), ta duoc:
%(4X+3y—1)+ %(—3X+4y+2)—13:0<:>2x— 1y +62=0.
D6 chinh 12 phuong trinh duong thang (d).
Thidu 6. Thiét ldp phuong trinh cdc duong phdn gidc cua cdc goc trong cua
AABC ¢6 ba canh duoc tao boi cdc phuong trinh -
3x -4y =0,4x -3y =0,5x+ 12y - 63 = 0.
&S Gidi
Gia str ba phuong trinh trén cua cac canh AB, BC, AC.
a. Phuong trinh dudng phan giac trong cua géc A : Trude tién:
= Toa do cua B la nghiém ctia hé phuong trinh:
3x—4y=0 =0
AT ETS T B0 0).
4x -3y =0
» Toa do cua C la nghiém ctia hé phuong trinh:

4x =3y =0 =3
Xy =77 506,
5x+12y-63=0 y=4

Goi (da) 1a duong phan giac trong cua goc A ctia AABC.
Khi dé, diém M(x, y)e(da)

M va B cungphia véi (AC) (5x+12y - 63)(—63)>0
< <M va C cungphiavéi (AB) < (3x-4y)(3.3-44)>0
d(M,(AB)) =d(M,(AC)) I5x +12y —631 13x -4yl

V34122 344
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5x+12y-63<0
& 93x—-4y <0 & 14x — 112y + 315 =0.
5(5x +12y —63) = 13(3x — 4y)
D6 chinh 13 phuong trinh tdng quit ctia dudng thang (da).
Tuong tu: V6i phuong trinh dudng phan gidc trong cua goc ﬁé
Thidu 7. Cho diém M(2; 1). Puong thing (d) luon di qua M cit Ox, Oy theo thit ti
tai A(a; 0), B(0; b) védi a, b > 0. Ldp phuong trinh duong thang (d) sao cho:

a. Dién tich AOAB nho nhdt.  b. OA + OB nho nhdt.

! + b nhd nhdt.

OA’> OB’
&S Gidi
Tir gia thiét, ta duoc (d): g + % - 1.
Vi Me(d) nén ; + % =1. (1)

a. Ta cd, dién tich AOAB duoc cho bai:

S= lOA.OBz é.
2 2

Twr (1) suy ra

1=£+122 z.l=£<:>ab22<:>821.
a b ab \/E

Vay Swuin = 1, dat duogc khi:

2 1 1 {a=4
—_— ==

a b 2 b=2"

Khi d6 phuong trinh dudng thang (d): x + 2y — 4 = 0.
b. Tu (1), ta duoc :

a= bz_bl = dicu kiéen b > 1.
Khi dé:
2b 2

OA+OB= — +b=——+b+2
b-1 b

2 /2
=——+b-1+322,[—.(b-1) +3 =242 +3.
b-1 b—l( ) V2

Vay (OA + OB)win = 24/2 + 3, dat duoc khi:
=2++/2
2y 22
b-1 b=1+2
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Khi d6 phuong trinh dudng thang
@:(1+2)x+Q2+2)y-5- 32 =0.
c. Tacé:
L, tr_1t,1
OA*> OB° a° b
Nhan xét rang:

1 1 2 1 1 1 1
2241 (= +—=)2(Z+ V=12 = +—>—.
( )(a2 bz) (a b) a2 b2 5

1 1 1
Va + —— )min = — , dat duoc khi:
.Y(OA2 OB M 5 » dat duc
2 1 5
—4—=1 a=—
a b = 2.
2a=b b=5

Khi d6 phuong trinh dudng thang (d): 2x +y — 5 =0.

Dang toan 3: Xét vi tri tuong ddi cua hai duong th%mg
Phuong phdp thuc hién
Néu hai dudng thing (d;) va (d2) c6 phuong trinh tdng quit:
(d1)1 A1X + B1y + C1 = 0, (dz)l AzX + Bzy + Cz =0.
dé xét vi trf tuong doi ctia hai dudng thang (d,), (d»), ta st dung két qua:
A, B C

a. Néu — = —L = L« (d) // (d).
A B, C, (d1) // (d2)

b. Ne’ui=5=&©(dl)z(dz).
A2 B2 CZ

c. Néu A ¢E@(dl)Cét(d2).

A, B

Cic truong hop khac thi bang viéc xét hé phuong trinh tao béi hai duong thing
(di) va (d»), khi d6 s6 nghiém ctia hé phuong trinh cho phép két luan vé vi tri tuong
doi ctia hai duong thing.
Thidu 1. Xét vi tri tuong doi cia cdc cdp duong thang (dv) va (do) sau ddy:
a. (d):4x—-10y+1=0va(dy):x+y+2=0.

=5+t

b. (dl):12x—6y+10=0v21(d2):{X Uter
y=3+2t
=-6+5t

c. (dl):8x+10y—12=0v21(d2):{X T ieR
y=6-4t

&5 Gidi

a. Ta c6 thé lua chon mot trong hai céch sau:
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Cdch I: Xét hé phuong trinh tao bdi phuong trinh ctia (d;) va (dz), ta cé :
4x-10y+1=0 3 1 3 1
oSx=—vay=— =>d)N(dh)={M(—,——)}.
{x+y+2:0 ~ay=— SAOA@=MG )
P A z > 4 - 10 N <
Cdch 2: Nhan xét rang N #* - = (dy) va (d) cat nhau.
b. Bing cach thay phuong trinh tham s6 cua (d) va (d,), ta dugc:
12(5+1t)—6(3 +2t) + 10 =0 < 52 = 0, mau thuan.
Vay, ta két luan (d,) // (d2).
c. Bing cach thay phuong trinh tham s6 cua (d) va (d,), ta dugc:
8(—6 + 5t) + 10(6 — 4t) — 12 =0 < 0 =0, luon ding.
Vay, ta két luan (d) = (dv).

Thidu 2. Cho hai duong thing (d)) va (da) ¢é phuong trinh:
X = -2t x=1+3t,
(dv): , (da): ti, e R.
y = —3t, y =3+6t,
a. Xdc dinh giao diém cua (d) va (d»).
b. Tinh cosin géc nhon tao boi (di) va (d2).
&5 Gidi
a. Xét hé phuong trinh tao bdi (di) va (d»):
“24 =143, =1
~3t, =3+6t,  |t,=-1
Vay (d)) cit (do) tai A(=2, -3).
b. Goid,,a, theo thit tyla viep ciia (di) va (da), ta cd 4, (<2, -3), 4, (1, 2).
Khi d6, cosin géc nhon a tao bdi (di) va (d») duogc cho bai:
13,4, |-2.1-3.21 8
la, 1L, 1 o) (31222 V65

@ Cha y: Viéc xét vi tri tuong doi cta hai dudng thing c6 phuong trinh téng
quat s€ goi y cho ching ta giai bai toan:
" Hay bién ludn gid tri nhd nhdt ciia biéu thiic
F = (A]X + B]y + C])Z + (Azx + Bzy + C2)2 "
Ta thuc hién theo cac budc sau:
Buée 1:  Xét hai duong thang
(d1)2 A1X + B1y + C1 =0va (dz)l AzX + BQy + Cz =0.
Budc 2:  Vay gia tri nho nhat ctia F tuy thudc vao vi tri tuong doi cua (d;) va (do).
Xét hé phuong trinh tao boi (di) va (d2) c6 dang:
A x+By=-C,
A,x+B,y=-C,
Xac dinh cac gia tri ctia D, Dy, Dy.

cosa =
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Buoc 3:  Bién luan:
D

vay= —-.
D

Khi d6 (d) cit (d2) do d6 minF = 0, dat dugc khi

Dy D

D T p

b. NeuD=D,=Dy=0< A_B G

A2 B2 C2
Khi d6 (d) = (d») do d6 minF = 0, dat duoc tai YM(X, y) € (d)).

c. Néu

X

a. Né&u D #0, hé c6 nghiém duy nhit x =

X =

Khi d6 thi (d) // (d) do d6 dat t = Ax + By + Ci, ta duoc:

F=t+ (kt + m)>=(k* + 1)t2+2mkt+m22—A.

4a
Vay minF = —A, dat duoc khit = — an .
4a k”+1
Thi du 3. Hay bién ludn theo a gid tri nho nhdt ciia biéu thiic:

F=(Q2x+y-2)+@4x+ay- 1)~
&S Gidi
Xét hai dudng thang (di): 2x +y —2 =0va (d2): 4x +ay — 1 = 0.
Vay gid tri nho nhat cua F tuy thuoc vao vi tri tuong doi cua (d;) va (do).
Xét hé phuong trinh tao boi (di) va (d2) c6 dang:

2x+y=2
4x+ay=1'
Ta c6:
2 1 2 1 2 2
D= =2a—-4,Ds= =2a-1, Dy = =—6.
4 a 1 a 4 1
* NeuD#0<=2a-4#0&a=2.
Hé ¢6 nghiém duy nhét x = ja_i véy:_—32:>(d1) cét (d2) do d6 minF =0
a— a—

= NeuD=0&<2a-4=0<a=2.
Véia=2,suyraDy=3=#0, h¢ vo nghiém.
Khi d6 (di) // (d2) dod6 F=(2x +y — 2)*> + (4x + 2y — 1)

batt= 2x +y — 2, ta dugc F:t2+(t+3)2:2t2+6t+9:2(x+%)+%2
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Vay minF = %, dat duogc khi:

t:—%©2x+y—2:—%<:>4x+2y—1:0.

Két luan:
Y. . . 2a-1 -3
=  Véia=#2, minF =0, dat dugc khi x = vay = .
2a—4 a—2

= Véia=2, minF= % dat duoc khi x, y thoa man 4x + 2y — 1 =0.

Dang toin 4: Diém va duong thezmg
Phuong phdp thuc hién
Pé tim diém M thuoc duong thang (d) thod man diéu kién K, ta lua chon mot
trong hai huéng sau:
Huong 1: Tan dung phuong trinh dudng thing (d) cho trudc.
Cdch 1: Néu duong thang (d) cho duéi dang tham s6 :

{x =X, +a,t
d): te R.
Yy=Yotast
Buoc 1: Lay diém M e (d), suy ra M(xo + ait, yo + ast).
Budc 2:  Dua vao diéu kién K xéc dinh t.
Cdch 2: Néu duong thang (d) cho duéi dang téng quat:
(d): Ax + By +C=0, vGi A’ + B*> 0.
Budc 1: Lay diém M(xm, ym) € (d), suy ra
Axm+ Bym+C=0.
Budc 2: St dung diéu kién K thiét 1ap thém mot phuong trinh cho xum va ym. Tir
do6 tim duoc toa do ctia M.
Luu y: Khi d6 ciing c6 thé chuyén phuong trinh (d) vé dang tham s6 dé sir dung cdch 1.
Huong 2: St dung diéu kién K khing dinh M thuoc dudng (L), khi dé
(d)n (L) ={M}.

Thidu 1. Cho duong thding (d) cé phuong trinh:
=2+2t
(d): {X teR.
y=3+t
Tim diém M thuoc (d) va cdach diém A(0, 1) mot khodng bdng 5.
&S Gidi
Vi M huoc (d) nén M(2 +2t, 3 + t). Khi d6:

5=AM= \/(2+2t)2 +(2+1) ©5t2+12t—17=0@t1:1vat2:—1?7.
*  Véit =1, suy ra diém M;(4, 4).
242,
57 57

" Véith= —% , suy ra diém My(—
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Vay, ton tai hai di€ém M;(4, 4) va Mz(—25—4 , —% ) thoa man diéu kién dau bai.

Thidu 2. Cho duong thding (d) cé phuong trinh:
(d:x-2y+15=0.
Tim trén duong thang diém M(xw, ym) sao cho x3; +y3; nhd nhdt.
&5 Gidi
Cdch I: Vi M(xm, ym) € (d), suy ra
XM—ZyM+ 15=O<:>XM=2yM— 15,
khi dé:
x3+yy = Qym— 152+ y3 =5y% — 60ym + 225
=5(ym — 6)* + 45 > 45.
Vay, ta dugc (xf\4 + yfw Imin = 45 dat dugc khi:
ym =6 = M(-3, 6).
Cdch 2: Chuyén phuong trinh (d) vé dang tham so:
x=2t-15
(d): ,t e R.
y=t
biém M e (d), suy ra M2t — 15, t).
Khi dé:
val +y12\,l = (2t —15)> + 2 = 5t> — 60t + 225 = 5(t — 6)> + 45 > 45.
Vay (xf\,I + yfvl )min = 45 dat duoc khi:

t=6= M(-3,6).
Cdch 3: St dung bét dang thitc Bunhiacopxli
Ta c6:

Bunhiacopxki

xm—2ym+ 1520 15=2yu—xu < J@G+DyE +x%)
S Xy +yy 245,
Vay (x%, +y2, min = 45 dat duoc khi:

(d)
ym= —2xm = M(-3,6).

Thidu 3. Cho hai diém A(1; 2), B(2; 5) va duong théing (d) c6 phuong trinh:
(d):x—-2y-2=0.
Tim trén duong thdng (d) diém M sao cho:
a. (MA + MB) nho nhdt.
b. IMA — MBI Ién nhdt
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&S Gidi
a. Chuyén phuong trinh dudng thang (d) vé dang tham so:
x=2t+2
(d):{ teR
y=t
ViMe(d) nén M2t + 2 ; t). Khi d6 ta cé:
MA +MB = /2t +1) +(t=2)° + /46 +(t—5)’

= V5 +5 + A5C —10t+25 = 5[V +1 + |J(t-1) +4]
Xét cdc diém A,(0; —1); Bi(1; 2) va My(t; 0).
Khi dé:
MA + MB = /5 (M|A; + M;B)).
Vi M; chay trén truc hoanh va A, B; nam v€ hai phia cia Ox nén
(MA + MB)min = ( M1A1 + M1B1)min <M = (A1B1) M Ox

1 8 1
SMi(—;0) = M(—; —).
1(3 ) (3 3)

b. Tuong tu cau a) ta co:

IMA — MBI = /2t +1)> +(t=2)> + /4t +(t=5)

= 5 +5 + 57 —100+25 = 5[V +1 + \J(1-1) +4]
Xét cdc diém Ax(0; 1); Bx(1; 2) va Mu(t; 0).
Khi dé:
IMA — MBI = /5 IMzA; - MyBl.
Vi M; chay trén truc hoanh va A,, B, nim vé mot phia cia Ox nén
IMA — MBlonax < IM2As — MsBolnar < Ms = (AsBs) M Ox
& Ma(=1, 0) < M(O; —1).

§2. PUGNG TRON

Dang toan 1: Phuong trinh dudng tron
Phuong phdp chung
Ta thuc hién theo cic budc:
Budc 1:  Chuyén phuong trinh ban dau vé dang:
(C):x*+y>—2ax—2by+c=0
1
Buoc2: DE(1)1a (ph)uong trinh duong tron diéu kién la:
a?+b>—c>0.
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Bude 3: Khi d6 (C) ¢6 thuoc tinh:
{Tam I(a;b)

BkinhR =+/a® +b* —¢

Thi dv 1. Tim tdm va bdn kinh cuia cdc duong tron sau:

a. xX*+y’—-2x-2y-2=0.

b. 16x*+ 16y* + 16x — 8y — 11 =0.
&5 Gidi
a. Viét lai phuong trinh dudi dang:

(k- 12+ (y—1)7=4
suy ra tam I(1, 1) va ban kinh R = 2.
b. Viét lai phuong trinh duéi dang:
11 1

1 1
X*+y+x——y-— =0+ =)V +(y-—-) =1
y Y T ( 2) (y 4)

suy ra tam I(—% , %) vabankinhR =1.

Thi dv 2. Cho ho duong cong:
(Cn): xX*+y*—-2mx —2(m+ 1)y +2m — 1 = 0.
a. Chitng minh rang vdi moi m luon cé (Cw) la phuong trinh ciia mot
duong tron.

b. Tim tdp hop tam cdac duong tron (Cy).
c. Tim duong tron cé bdn kinh nhd nhdt trong ho (Cy).
d. Tim cdc diém cé dinh ma moi duong tron ciia ho (Cn) déu di qua.
e. Chiitng minh rang (Cy) luén cdt Oy tai 2 diém phan biét.
L5 Gidi
a. Taco:

a2+b’—c=m’+(m+ 1)>-2m+ 1 =2m?+ 2 >0, luon ding.
Vay, v6i Vm phuong trinh di cho la phuong
trinh ctia mot duong tron, co:
{Tam I (m,m+1)

Ban kinhR =~+/2m> +2

b. Taco:
L: {X -m I

y=m+1
Kht m tr hé (I), ta dugc: x —y + 1 =0.
Vay, tam I, ctia ho (Cy) thudce dudng thang (d): x —y + 1 =0.
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c. Taco:
RZ2=2m>+22>2
Vay Ruin = V2, dat dugc khim =0
Vay trong ho (Cy) dudng tron (Co) ¢6 ban kinh nhé nhét bing ~/2 .
d. Gia stt M(xXo, yo) 12 diém c6 dinh ctia ho (Cy), ta duoc:
Xo + ys —2mxo—2(m+ )yo+2m—1= 0, Vm
< (=2x0—-2yo+2)m+ x) + y; —2yo— 1= 0, Vm
{—2X0—2y0+220 {y0:1—x0
=

x§+y3—2y0—1:0 x(2)+(1—x0)2—2(1—x0)—1:0

Y, =1-Xx, M, 1,0)
= = .
XO :il Mz(_l’z)
Vay, céc dudng tron ctia ho (Cy) luon di qua 2 diém c6 dinh M, M.
e. Xét hé phuong trinh tao boi (Cn) va Oy:
x> 4y —2mx—-2(m+1)y+2m—-1=0
x=0
=y’-2(m+ 1)y+2m—-1= 0. (1)
Ta c6:
ANp=(m+1’-2m+1=m?>+2>0,Vm
do d6 phuong trinh (1) luon ¢6 hai nghiém phén biét y1, =+ vm?* + 2 , tidc 12 (C) luon cét
Oy tai 2 diém phan biét A(0, vVm* +2 ) vaB(0, — vm® +2).

@ Chu y: Ching ta da dugc biét khai niém phuong tich ctia mot diém d6i véi
dudng tron, khi d6 chon diém C(0, 1) € Oy va
Soo=1-2m+1)+2m—-1= -2 <0< C & trong dudng tron (C)
Vay (Cn) luon cét Oy tai 2 diém phan biét.

Thi du 3. Cho ho duong cong co phuong trinh:
(Cn): X2+ y*—2x —4my + 4m = 0. (1)
a. Timm dé (Cy) la mot ho duong tron.
b. Chitng minh rang cdc duong tron cia ho (Cy) luon tiép xic vdi
nhau tai mot diém co dinh.
L5 Gidi
a. Taco:
a?+b’—c=1+4m?>-4m=2m-1)>>0, Vm.
Vay, v6i moi gia tri cia m phuong trinh (1) 1a phuong trinh ciia mot dudng tron,
c6 tam In(1, 2m) va ban kinh R = 12m — 11.
b. Ta c6 thé lua chon mot trong hai cdch sau:

361



Cdch I: V6i m; vam bat ky (mi= my), xét hé phuong trinh tao boi (C,, ), (C,, ):

{x2+y2—2x—4nhy+4m1=0 1) 0

x*+y’ =2x—4m,y+4m, =0 (2)

Lay (1) — (2) = y =1, thay vao (1), ta dugc:
x>=2x+1=0. (*)
Phuong trinh (¥) c6 nghiém kép xo = 1 Vm.
Vay, cdc dudng tron cua ho (Cn) luon ti€p xtc v6i nhau tai mot diém c6 dinh
M(1; 1).
Cdch 2: Gia st M(xo, yo) 12 diém c6 dinh ma ho (Cy,) lu6n di qua.
S xP+y?—-2x—4my+4m= 0, Vm
Sdm(-y+ 1)+ x*+y*—2x=0, Vm

—y+1=0 x=1
9., Pt < M(1; -1).
X +y —-2x=0 y=1
Nhan xét ring tam I, ctia ho (Cy) ludn thuoc duong thing (d) c6 dinh di qua diém
M c6 dinh.
Vay, céc dudng tron ctia ho (Cy) ludn ti€p xtdc v6i nhau tai mot diém c6 dinh M(1; 1).
& Nhdn xét:
1. Nhu vay dé "Chiing minh rdng cdc duong tron cia ho (C,) luén tiép xiic véi
nhau tai mot diém co dinh."
ta c6 thé lua chon mot trong hai cach:
Cdch I: Thuc hién theo cac budc:
Budc 1:  V6i m; va my bat ky (m; # mo), xét
(Cp, ) €0 tam [, va ban kinh R;.
(Cp, ) €6 tam I va ban kinh R..
Budc 2:  Suy ra:
LI, =R, +R,
LI, =IR, -R, I
Bugc 3: K&t luan: cac duong tron cua ho (Cp) ludn tiép xdc véi nhau tai mot
diém c6 dinh M(xo; yo) 1a nghiém kép cta (*).
Cdch 2: Thuc hién theo cic budc:
Buoc 1:  Tim diém c6 dinh M(xo, yo) ma moi dudng tron ctia ho (Cy,) luon di qua.
Bute 2:  Nhan xét ring: tam I, ctia ho (Cn) ludn thuoc dudng thang (d) c6 dinh di
qua M.
Budgc 3: K&t luan: cac duong tron cua ho (Cp) ludn tiép xdc véi nhau tai mot
diém c6 dinh M(xo; yo).
2. Néu sir dung cdch 2 chiing ta cling c6 thé tra 16i duoc cau hoi " Cdc duong tron ciia
ho (C.) luén tiép xiic véi duong thing (A) ¢6 dinh tai mot diém o dinh "
That vay khi d6 (C) luon tiép xidc v6i dudng thang (A) qua M va vuong géc véi
duong thang (d).
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Dang todn 2: Lip phuong trinh dudng tron thod man diéu kién cho trudc
Phuong phdp thuc hién
Goi (C) la dudng tron thoa man diéu kién dau bai. Ching ta lya chon phuong
trinh dang tong quat hoac dang chinh tac.
*  Mu6n c6 phuong trinh dang téng quét, ta lap hé 3 phuong trinh véi ba 4n a, b,
c, di€ukién a’+b*—c>0.
e Muo6n c6 phuong trinh dang chinh téc, ta lap hé 3 phuong trinh véi ba 4n a, b,
R, di€ukién R > 0.

@& Chuy:
1. Can phai can nhéc gia thiét cta bai toan that k§ cang dé Iva chon dang phuong
trinh thich hop.
2. Trong nhiéu trudng hop dic thu ching ta con sit dung phuong phéap quy tich dé
x4c phuong trinh dudng tron.
Thi du 1. Ldp phuong trinh duong tron (C) trong cdc truong hop sau:
a. (C)cétam (=2, 3) va di qua diém M(2, =3).
b. (C) cé tam I(-1, 2) va tiép xiic vdi (d): x — 2y + 7 =0.
c. (C) co duong kinh ABvoi A(1, 1) va B(7, 5).
&5 Gidi
a. ViM thuoc (C) nén:
R=IM=/(2+2)> +(-3-3)° =+/52.
Khi d6, dudng tron (C) véi tam (=2, 3) va ban kinh R = /52 ¢6 phuong trinh:
(O): x+2)*+ (y—3)*=52.
b. Vi (O) tiép xtc véi (d) nén:
R = d(L, (d)) = I1.(-1)-22+71 2

N

Khi d6, duong tron (C) véi tam I(—1, 2) vaban kinh R =

2
— ¢0 phuong trinh:
V5
O:x+1)12+(y-2)?= %

c. Duong tron (C) c6 duong kinh AB, suy ra:
* TamI 1a trung diém AB nén I(4, 3).
= BinkinhR = % = % JI-12+(5-12 =413,
Tir d6, suy ra phuong trinh ciia duong tron (C) cé dang:
(O): (x—4)Y+(y-3)*=13.

& Cha y: DE lap lap phuong trinh dudng tron di qua ba diém A, B, C (dudng
tron ngoai ti€p AABC) ta can nhac lva chon mot trong hai huéng sau:
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Hudng I: Téng quat, ta thuc hién theo cic budc:
Buoc 1:  Gia stit duong tron (C) c6 phuong trinh:
(O): x2+y*—2ax—2by+c=0,v6ia’+b>—c>0. (1)
Budc 2:  Tu diéu kién A, B, C thudc (C), ta duge hé 3 phuong trinh véi ba an a, b,
c.
Thay a, b, ¢ vao (1) ta dugc phuong trinh cua (C).
Huodng 2: Dua trén dang dac biét cia AABC, tic la:
1. Né&u AABC vuong tai A, thi:
tam I la trung diém BC
©: BC

R=—
2

2. Néu AABC déu, canh béng a, thi:
tam I latrong tam AABC

(C): . a3
3
Thi du 2. Ldp phuong trinh duong tron (C) di qua ba diém A, B, C, biét A(1, 2),

B(5, 2) va C(1, -3).
&5 Gidi
Ta c6 thé lua chon mot trong hai cdch sau:
Cdch I: Gia su duong tron (C) ngoai ti€p AABC c¢6 dang:
(O): x>+y*—2ax—2by+c=0,véia’+b*—c>0.
Piém A, B, Ce(C), ta duogc:

2a+4b—-c=5 a=3
10a+4b—-c=29 < {b=-1/2, thoa man diéu kién.
2a—6b—-c=10 c=-1

Vay phuong trinh dudng tron (C): x> +y?>—6x+y — 1 =0.
Cdch 2: Nhan xét rang AB L AC < AABC vuong tai A.

Do do:
1
tam I la trung diem BC tam 1(3,——)
©: BC < (O):
R=—
2
1 41
SO: =3 +@F+=-)=—.
O:(x=3)y+( 2 ) 1
Thi dy 3. Lap phuong trinh duong tron (C) cé tam I(5, 6) va ti€p xuc vGi dudng

2 Xx-2 'y
thang (d);: —— = =.
g(d) 1 3
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&5 Gidi
Ta c6 thé giai bing hai cdch sau:
Cdch 1: Chuyén phuong trinh ctia (d) vé dang tham s0, ta dugc:

x=2+4t

(d): { ,t e R.
y =3t

buong tron (C) co:

tam I(5,6)
O): < (0): (x=5)%+(y—-6)*=R>2 1
© {bkinhR (©): ( ) +(y-06) (D
Thay x, y tir phuong trinh tham s6 cta (d) vao (C), ta dugc:
25t> - 60t + 45 —R?=0. 2)

(C) ti€p xtc vai (d) < phuong trinh (2) c6 nghiém kép
< A'=0< R?=9 (khi d6 ta duoc t = g)

Vay phuong trinh dudng tron (C): (x — 5)* + (y — 6)* = 9.
Cdch 2: Chuyén phuong trinh ctia (d) vé dang téng quat, ta dugc:
(d):3x—-4y-6=0.
Goi R 12 ban kinh dudmg tron (C). (C) tiép xic v6i (d) khi va chi khi:

R =d(, (d)) = M =3.

VJ9+16

Vay, phuong trinh dudng tron (C): (x — 5)% + (y — 6)> = 9.

Thi dvy 4. Ldp phuong trinh duong tron (C) tiép xiic vdi cdc truc toa do va di qua

diém M(2, 1).
&5 Gidi

Gia su duong tron (C) c6 tam I(a, b) va ban kinh R. Duong tron (C) ti€p xic véi

hai truc toa do Ox, O
o lal = bl =R
Truong hop 1: Néu a = Db thi:
(O): (x —a)y’+ (y —a)’=a>
Piém M e (C) suy ra:

a=1
a=5
» Véia=1,suyrab=1,R=1,tadugc (C)): (x— 1)+ (y—1)*=1.
» Véia=5,suyrab=>5R =35, tadugc (C): (x — 5%+ (y — 5)*=25.
Truong hop 2: Néu a = b thi:
(O): (x —a)’+ (y + a)*=a’
biém M e (C) suy ra:
2-a)’+ (1 +a)’=a’< a’>—4a+5 =0 vo nghiém.
Vay, ton tai hai duong tron (C)) va (C,) thoa mén diéu kién dau bai.

(2—a)2+(1—a)zza2<:>a2—6a+5:0©{
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@ Chu y: Néu gia thiét cho (C) tiép xiic véi (d): Ax + By + C = 0 tai diém M(xo,
yo), ta ¢é dugc cdc diéu kién sau:
a. Tam I thuoc duong thang (A) c6 phuong trinh cho bi:

qua M(x,,y,) X =X, + At
A): I @(A):{ ©7 7 teR
vicpn(A, B) y=y,+Bt
= I(x0 + At, yo + Bt)
b. (C) ti€p xuc vai (d) khi va chi khi IM =R.
Thi du 5. Ldp phuong trinh duong tron (C) tiép xiic véi duong thing (d): x —y —2=0

tai diem M(3; 1) va tam 1 thudc duong thang (d): 2x —y — 2 =0.
&S Gidi
Vi (C) tiép xtc v6i (d) tai diém M, suy ra tam I ctia (C) thuoc dudng thing (A) c6
phuong trinh cho boi:

qua M(3,1)
: - S A):x+y—-4=0.
vtptn(1,1)
Khi d6 I = (d;) N (A), toa do diém I 1a nghiém hé phuong trinh:
—-4=0
xry o 12,2).
2x—y-2=0

(C) ti€p xiic v6i (d) khi va chi khi IM = R <> R2 = IM2 = 2.
Vay phuong trinh dudng tron (C): (x — 2)* + (y — 2)* = 2.

Dang toan 3: Vi tri tuong d6i ctia diém, duong thing va dudng tron.
Phuong phdp thuc hién
1. Dé xét vi tri tuong d6i clia diém vdi dudng tron, ta thuc hién theo céc budc:
Buée 1:  Xac dinh phuong tich cia M dai véi duong tron (C) 12 Payc).
Budc 2:  Két luan:
»  Néu Ao <0< M nam trong dudng tron.
*  Néu Ao = 0 < M niam trén dudng tron.
*  Néu Ao >0 < M nim ngoai duong tron.
& Chii y: Ta c6 cic két qua sau:
*  Néu M nam trong (C) = khong ton tai ti€p tuyén cua (C) di qua M nhung khi d6
moi dudng thang qua M déu cit (C) tai 2 diém phan biét.
*  Néu M nim trén (C) = ton tai duy nhat 1 ti€p tuyén cua (C) di qua M (phuong
trinh ti€p tuyén cé duogc bang phuong phap phan doi toa do).
*  Néu M nam ngoai (C) = ton tai hai ti€p tuyén cua (C) di qua M.
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2. Pé xét vi tri tuong déi chia dudng thiang véi duong tron, ta Iva chon mot trong hai
céch sau:
Cdch 1: Tinh khoang cach h tir I t6i (d), roi so sanh véi ban kinh R cta duong
tron, ta duoc:
= Néuh>R < (d)N(C)={T}.
» Néuh=R < (d) tiép xuc véi (C).
* Néuh<R < (d) cit (C) tai hai diém phan biét A, B.
Cdch 2: Xét hé phuong trinh tao boi (C) va (d), khi d6 s6 nghiém cua phuong
trinh bing s6 giao diém cua (d) va (C).
3. DE xét vi tri twong doi cha hai dudng tron, ta Iva chon mot trong hai céch sau:
Cdch 1: Tinh khoang céach LI, (I;, I, 1a hai tam cta hai duong tron), roi so sanh
VOl téng va hiéu hai ban kinh R, R, clia hai duodng tron, ta duoc:
* Néul,lL >R+ Ry < (C) va (C2) khong cat nhau va & ngoai nhau.
* NéulLL<|Ri— Ry < (C) va (G,) khong cét nhau va néng nhau.
= Néu ILL = Ri+R, & (C1) va (Cz) tlép xac ngoéi vOi nhau.
= NéeulLb = |R1 — R2| = (C1) va (Cz) tlép xac trong vOi nhau.
* Neéu [R;—Ry<LiL<R; + Ry < (C)) va (Cy) cit nhau tai hai di€ém
phan biét.
Phuong phap nay thudng duoc st dung dé xac dinh s6 nghiém cta bai todn
ti€p tuyén chung cua hai duong tron (C)) va (Cy).
Cdch 2: Xét hé phuong trinh tao bdi (Ci) va (C2), khi d6 s6 nghiém cua phuong
trinh bang s6 giao diém cta (C;) va (Cy).
Nhdn xét quan trong:
1. Béng viéc xét vi tri tuong doi clia dudng thang va duong tron ching ta c6 thé ting
dung dé€ giai cdc hé dai s6, dang:
Dang 1: Giai va bién luan hé:
x? + y2 —2a(m)x —2b(m)x + c¢(m)=0
Ax+By+C=0 .
Dang 2: Giai va bién luan hé:
x> +y? —2a(m)x —2b(m)x + c(m) > 0
Ax+By+C=>0 '
2. Bang viéc xét vi trf tuong doi clia duong thang va dudng tron chiing ta c¢6 thé ting
dung dé€ giai cdc hé dai s6, dang:
Dang 1: Giai va bién luan hé:
x? + y2 —2a,(m)x —2b,(m)x +¢,(m)=0
x? + y2 —2a,(m)x —2b,(m)x +c,(m)=0
Dang 2: Giai va bién luan hé:
{)8 +y? —2a,(m)x —2b,(m)x + ¢, (m) <0

x> +y® —2a,(m)x —2b, (m)x +c,(m) <0
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Thi du 1. Cho diém M(6; 2) va duong tron (C) cé phuong trinh:
O):x*+y*—2x—-2y+1=0.

Ldp phuong trinh duong thdng (d) qua M cdt (C) tai hai diém phdn biét
A, B sao cho:
a. AB=+2. b. AB=2.

L5 Gidi

buong tron (C) ¢6 tam I(1; 1) va ban kinh R = 1.
a. Goi H 1a hinh chi€u vuong goc ctia I 1én AB, ta co:

2
IH? =1A?> - AH?>=R? - AB =1- 2 = 1 < IH= ﬁ
4 2 2

Puong thang (d) di qua M c6 dang:

(d: Ax-6)+B(y—-2)=0 M

& (d): Ax + By — 6A — 2B = 0. 3
DPuong thang (d) thoa man diéu kién ddu bai khi va chi khi: A

|IA+B-6A—-2BI _ 2

d(1, (d)) = H < < 50A2+ 10AB+B2=0. (1)

JA? +B?
Giai phuong trinh (1) bang cach dat t = % ta tim dugc moi lién hé gitta A va B.

Tir d6, thdy ton tai hai duong thiang (di), (d2) thod man diéu kién dau bai.
b. Vi(d) di qua M va cét dudng tron (C) tai hai diém A, B sao cho:

AB=2=2R
M(6;2 - _
o (dy: AMOD) gy X2L Y=l sy a=0,
quatamI(1;1) 6-1 2-1
Thi du 2. Cho duong thang (d) va duong tron (C) ¢é phuong trinh:

@:x+y—1=0 va (C):x*+y*-1=0.
a. Chumg td rang (d) cat (C) tai hai diém phdn biét A, B.
b. Ldp phuong trinh duong tron di qua hai diém A, B va tiép xiic véi
duwong thiang (A): 2x —y —2=0.

&5 Gidi
a. Duong tron (C) cé tam O(0, 0) va ban kinh R = 1.
Ta cé:
do.@dy=-= -1 g
’ Jiel A2

Vay (d) cit (C) tai hai diém phan biét A, B.
b. Puong tron (S) di qua cdc giao diém cua (d) va (C), c6 dang
S):x2+y*-1+mEx+y—-1)=0
SS):x*+y*+mx+my—1-m=0 (1)

m m
suy ra tam I(——, ——).
y ( 5 2)
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(S) tiép xuc véi (A)

|2(—E)+%—2| 5 )
<dL(A)=R< = |—+m+1l &Sm=-=,
Na+1 2 3

Thaym=—% vao (1) ta duoc (S): x> + y> — %X—%y—%:o_

Thi du 3. Cho hai duong tron
(C):x*+y* —2x+4y—-4=0,
(C): x*+y* +2x -2y — 14 =0.
a. Chitng minh rdng hai duong tron (Cy) va (Cy) cdt nhau.
b. Viét phuong trinh duong tron qua giao diém ciia (Cy), (C2) va qua
diem M(3, 0).
&S Gidi
a. Taco:
=  DPuong tron (C;) cé tam I,(1, —2) va ban kinh R, = 3.
= DPuong tron () cé tam I(— 1, 1) va ban kinh R, = 4.
Ta c6:
IL= 1+ +(=2-1)> =13,
Ri —Ry=0<Iih<2 =R + Ry <= (C)N(C) = {A, B}.
b. Puong tron (S) di qua céc giao diém cua (C) va (Cy), c6 dang:
S):AMX2+y?+2x =2y —14) + (x> +y>—2x+4y—-4)=0
SO M+ WX+ A+ Wy —2(u—)x —2h—2w)y — 14A—4u=0 1
Piém M(3, 0)(S)
90+ 1)~ 3(u—-A)— 14 —du=0>A=p
Thay A = p vao (1) ta dugc (S): x2+y*+y—9=0.

Thi du 4. Cho hé phuong trinh:

x> +y>-x=0
x+ay—a=0

a. Tim a dé hé phuong trinh da cho cé hai nghiém phdn biét.
b. Goi (X1, y1), (X2, y2) la cdc nghiém ciia hé da cho. Chiing minh rdang
(X2 —x1)* + (y2 — y1)*< 1.
&S Gidi
Viét lai hé dudi dang:
1, 5 1
x——) +y =— (1
( 2) y =7 (D

x+ay—a=0 2)
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*  Phuong trinh (1) 12 dudng tron (C) c6 tam I(% ,0),bankinh R = % .

*  Phuong trinh (2) 1a dudng thang (d).
a. Vay hé c6 hai nghiém phan biét <> (d) cat (C) tai hai diém phan biét
1
——a
;

V1+a?

b. Vgil0<a< %, (dN(C) = {A, B} cé toa do 1a A(xy, y1), B(x2, y2).

<dI,d<Re <l<:>0<a<%.

Ta c6:
AB<2R < AB’<4R’ < (X2 — x1)* + (y2— y1)* < 1, dpcm.

Dang toan 4: Lap phuong trinh ti€p tuyén cua dudng tron (C) (tdm I(a,
b) ban kinh R) thod min diéu kién K.
Phuong phdp thuc hién
Ta c6 thé lya chon mot trong hai cdch sau:
Cdch I: Ta thuc hién theo céc budc:
Budc 1: Dua trén diéu kién K ta gia sir duoc duong thang (d) cé phuong trinh:
(d): Ax+By+C=0.
Budc 2:  (d) la tiép tuyén cta (C)
<d(, (d)) =R.
Budc 3:  Két luan vé ti€p tuyén (d).

& Cha y: Diéu kién K thudng gap:
1. Tiép tuyén di qua diém M cho trudc, khi do:
a. Néu M(xo, yo)e(C) (tiic 1a Avyc) = 0), ta c6 ngay:

quaM(x,,y,)
(d): _
vtpt IM(x, —a,y, —b)
< (d): (X0~ a)(X = Xo) + (Yo—b)(y —y0) =0
& (d): (xo—a)(x —a) + (yo— b)(y —b) =R? — Phdn doi toa do.
b. Né&u M(xo, yo) ¢ (C) (tic la »g/M/(c) # 0), ta gia su:
(d): A(x—x0) + B(y —y0) =0 < (d): Ax+ By — Axo— Byo=0
2. Tiép tuyén song song véi dudng thang (A): Ax + By + C = 0, khi d6:
(d): Ax+By+D=0.
3. Tiép tuyén vuong géc véi dudng thang (A): Ax + By + C = 0, khi d6:
(d): Bx-—Ay+D=0.
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4. Tiép tuyén c6 hé s6 goc bang k, khi do:
d:y=kx+m<(d):kx—y+m=0.
5. Tiép tuyén c6 tao véi duong thang (A) mot goc o, khi d6 ta linh hoat sitr dung mot
trong hai cong thuc:

la.bl Lo ,
coso, = a —, vGi a, b theo tha tu 1a vicp cua (d), (A).

lal.lbl

kl _kz

, VGi ki1, k» theo thit tu 1a hsg cua (d), (A)
1+k,k,

tga =

Cdch 2: Di tim tiép diém roi sit dung phuong phdp phdn doi toa do dé gidi.
Ta thuc hién theo cac budc:
Buéce 1:  Gia st diém M(xo, yo) 12 ti€p diém, khi do:
Phuong trinh ti€p tuyén c6 dang:

X.Xo + y.Yo — a(X + Xo) — b(y + yo) + ¢ = 0. (D
(hodc (x —a) (xo—a) +(y —b)(yo—b) =R?).

Piém Me(C)
< Xp +ye —2axo—2byo+c =0 )

(hodc (xo — a)’ + (yo — b)* =R?)
Budc 2: St dung diéu kién K cua gia thiét, ta thiét 1ap thém mot phuong trinh
theo xo, Yo 3)
Bude 3:  Gidi hé tao boi (2), (3) ta duoc toa do tiép diém M(xo, yo), tir d6 thay vao
(1) ta dugc phuong trinh ti€p tuyén can xac dinh.
Thi du 1. Ldp phuong trinh tiép tuyén cia duong tron (C) di qua M, biét:
a. (O):(x=3)7%+(y-1*=5vaM(2,3).
b. (C): x* +y*—2x — 8y — 8 =0 va M(-4, —-6).
L5 Gidi
a. Nhan xét rang:
Py, =0 =M e (O).
Vay phuong trinh tié€p tuyén (d) cua (C) tai M c6 dang:
@): (x=3)2-3)+(y-DB-1)=9 < (d): x -2y + 8 =0.
b. Nhan xét rang:
Py ¢, >0 < M 6 ngoai (C).
Ta lwa chon mot trong hai cach sau:
Cdch I: Buong tron (C) c¢6 tam I(1, 4), ban kinh R = 5.
Puong thang (d) di qua M c6 phuong trinh:
(d): A(x +4) + B(y + 6) =0 < (d): Ax + By + 4A + 6B = 0.
Puong thang (d) 12 tiép tuyén clia (C)
|A+4B+4A +6BI _

JA? +B?

& d(, (d) =R < 5
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B=0

< |A+2B|= \/A2+B2<:>3B2+4AB=O<:>{B_ e

»  Vé6i B =0, ta duoc ti€p tuyén
(d): Ax+4)=0<(d):x+4=0.

. 4A e y
= V6iB= 3 ta dugc ti€p tuyén

(d): A(x +4) —%(y+6)=0<:>(dz): 3x —4y-12=0.

Vay qua M ké duoc hai tiép tuyén (d;), (d2) t6i duong tron (C).
Cdch 2: Gia st ti€p diém 1a M(xo, yo), khi d6 phuong trinh tiép tuyén c6 dang:

(d): x.x0+y.yo— (X + X0) —4(y + yo) — 8 =0. (1)
Vi M(xo, yo) € (C) nén:
Xy +y; —2%Xo—8yo—8=0. )

Piém A( -4, — 6)e(d)

= —4Xo—6y0—(—4+X0)—4(—6+}10)—8:0

S Xo+2y0—4=0. 3)
Giai hé phuong trinh tao boi (2), (3) ta duoc:

Xog=—4 & yg=4

LO =4 &yy=0 "
»  Vé6i Mi(—4, 4), thay vao (1) ta dugc tiép tuyén (di): x + 4 =0.
= Vé6i My(4, 0), thay vao (1) ta dugc tiép tuyén (d»): 3x —4y — 12 =0.

& Chu y: Nhu vay néu st dung cdch 2 ta c6 thé tré 10i duge céc hoi:
a. Qua M ké duoc hai ti€p tuyén (d,), (dz) t6i duong tron (C).
b. Toa do céc tiép diém 1a M;( — 4, 4), Ma(4, 0).
c. Phuong trinh dudng thang di qua 2 tiép diém dugc suy ra tir (3), tifc 1
MiM): x+2y—-4=0.

Thi du 2. Cho duong thdng (A) va duong tron (C) cé phuong trinh:
(A):3x—4y+12=0. (C): x*+y*-2x -6y +9=0.
Ldp phuong trinh tiép tuyén ciia duong tron (C) vudng goéc vdi (A).

&5 Gidi

Puong tron (C) c6 tam I(1, 3), ban kinh R = 1.

Ta c6 hai cach giai sau:
Cach 1: Ti€p tuyén (d)L(A) c6 phuong trinh:

(d):4x+3y+c=0.

Puong thang (d) 12 tiép tuyén ctia (C)
14.1+33+cl {cl =-18
— =1l .

V16 +9

= Véic =-18, ta duoc ti€p tuyén (d;): 4x + 3y — 18 =0.

<d(I,d)=Re
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" Véic, = — 8, ta duoc ti€p tuyén (d»): 4x + 3y — 8 = 0.
Vay ton tai hai ti€p tuyén (d;), (d») t6i (C) thod man diéu kién dau bai.
Cdch 2: Gia st ti€p di€ém 1a M(xo, Yo), khi d6 phuong trinh ti€p tuyén c6 dang:
(d:xx0+y.yo— X+x0)—3(y+yn)+9=0

S(d: Xo—-Dx+(yo—3)y—x0—3y0+9=0 €))
Vi M(xo, yo) € (C)
& xp+ys —2Xo—6yo+9=0. )
Puong thang (d)L(A) khi va chi khi:
3.x0—1)—4(yo—3)=0=3x0—4yo + 9 =0. 3)
Giai hé phuong trinh tao béi (2), (3) ta duoc:
9 18
Xg ==&y, =—
0773 Yo 5
1 12°
Xo=—&y,=—
077 Yo 5

= Véi Ml(% , % ), thay vao (1) ta dugc tiép tuyén (d;): 4x + 3y — 18 =0.

= Véi Mz(%, % ), thay vao (1) ta dugc tiép tuyén (d): 4x + 3y — 8 =0.

Vay ton tai hai tié€p tuyén (di), (d2) t6i (C) thoa mén di€u kién dau bai.

Dang toan 5: Lip phuong trinh ti€p tuyén chung ctia 2 duong tron (C,)
va (Cz)
Phuong phdp thuc hién
Ta thuc hién theo cac budc:
Budc 1: Gia st (d): Ax + By + C =0, v6i A% + B0 Ia ti€p tuyén chung cta (C,)
va (Cy).
Bude 2:  Thiét lap didu kién tiép xtc ctia (d) v6i (C1) va (Ca)
d{,, (d)) =R; & d(I,, (d)) = Ra.
Budc 3:  Két luan vé tiép tuyén chung (d).
Thi du 1. Cho hai duong tron (Cy) va (Cy) ¢6 phuong trinh:
C):x=1D 2+ (-1 =1, (C): (x=2)\+(y+ 1)*=4.
Ldp phuong trinh tiép tuyén chung cua hai duong tron trén.
&S Gidi
buong tron (Cy) cé tam I;(1, 1) va ban kinh R, = 1.
Puong tron (C;) cé tam (2, — 1) va ban kinh R, = 2.
Gia st tiép tuyén chung (d) cé phuong trinh:
(d): Ax + By + C= 0, v6i A2 + B*> 0 (1)
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Ta ¢6 (d) tiép xtc véi (C1) va (C») khi va chi khi

IA+B+Cl -1
{d(ll,(d))=R1 o JVA%+B? | JlA+B+CI=YA? +B?
(I3, (d) =Ry 12A-B+Cl_,  [I2A-B+CI=2/A+B+C|

\/A2+B2

(C=-3B
|A+B+Cl=VA® +B? {IA+B—3BI:\/A2+B2
C=-3B

< 1 < llec=-Lua+n)
C=-S@A+B) 3 1
IA+B—§(4A+B)I=\/A2+B2
C=-3B&B=0
3B

C=-3B&A=—
4

Khi d6 ta dugc hai ti€p tuyén chung:
(d): Ax=0< (d1): x=0,

(d): %X+By—3B=O<:>(d2): 3x+4y-12=0,

Vay, ton tai hai tiép tuyén chung (d,), (d2) cta (Cy) va (C,).
Thi dy 2. Cho hai duong tron (C) va (Cy) co phuong trinh:
O:x*+y* =1, (Cu): x*+y*—2(m + 1)x + 4my = 5.
a. Chimg minh rang cé 2 duong tron (Cmi), (Cu) tiép xiic voi duong
tron (C) itng voi 2 gid tri my, m, cua m.
b. Xdc dinh phuong trinh duong thdng tiép xiic véi cd hai dwong tron
(le), (CmZ)-
&S Gidi
a. Taco:
e  Duong tron (C) cé tam O(0, 0) va ban kinh R = 1.
e Dudng tron (Cy) 06 tam I(m + 1, —2m) v bankinh R, = +/5m* + 2m + 6 .
Nhan xét ring: (C) va (Cy,) ti€p xiic nhau

[Olm=R+Rm m, =-1
3

=
Ol =|R-R_| m, =2

b. Tiép tuyén chung cua (C — ) va (Csps) la
d):2x+y+3/5 —2=0va(d): 2x +y-3+/5 =2=0.
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Dang toin 6: Piém va dudng tron
Phuong phdp thuc hién

Pé tim diém M thudc duong tron (C): (x — a)? + (y — b)*> = R? thoa min diéu kién
K, ta thuc hién theo cic budc :

Buoc 1: Lay diém M(xo, yo) € (C), suy ra:
(xo—a)*+ (yo—b)*=R2
Budc 2:  Dua vao di€u kién K ¢6 thém duoc diéu kién cho xo, yo.
Thi du 1. Cho diém F(4, -2) va duong tron (C) cé phuong trinh:
O:(x=312+(y-27*=5(A):x-y-2=0.
a. Tim cdc diém cé toa do nguyén thuoc (C).
b. Timtrén (C) diém E sao cho AOEF vuong.
&5 Gidi

a. Xét phuong trinh dudng tron (C) véi 4n y la:
y -4y +x2-6x+8=0
Phuong trinh c¢6 nghiém
SAN2004-xX+6x-820x—6x+4<03—+/5 <x<3+4/5.
Suy ra c4c diém M(x, y)e(C) c6 hoanh do nguyén la: 1, 2, 3,4, 5, ta c6:

X

1

2

3

4

y

|

y=3
y=1

|

y=4
y=0

yeZ

y=4
y=0

Vay ton tai 6 diém M(1, 3), My(1, 1), Ms(2, 4), Ma(2, 0) , Ms(4, 4), Me(4, 0)
thuoc (C).
b. AOEF vuong gom céc kha nang sau:
Khd ndng 1: AOEF vuéng tai O < E = (do)\(C), v6i (do) 12 dudng thang qua O va
vuong géc v6i OF. Ta co :

d): a . & (d):2x—-y=0.
vipt OF(4,-2)

Khi d6 toa do diém E la nghiém ctia hé :

2 2 _ E1(2’4)
{(x—3) =27 =5
2x -y =0 Ez(g,g)

Khd ndng 2: AOEF vuong tai F < E = (d))N\(C), v6i (dr) 12 dudng thing qua F va
vuong géc v6i OF. Ta co :
{qua F(4-2)

& (d):2x—-y—-10=0.

vipt OF(4,-2)
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Khi d6 toa do diém E la nghiém ctia hé :
(x-3)°+(y-2)*=5
2x-y—-10=0

Khda ndng 3: AOEF vuong tai E < E = (C)\(C), véi (Cy) 1a dudng tron dudng kinh OF.

Taco:

(C): (x=2+(y+ 1)*=5.

Khi d6 toa do diém E 1a nghiém ctia hé :

-2 4 (v=2)2=5 —3)? —-2)? = E,(4,0
(x=3)"+(y-2) o JE=HT =27 =5 5( )'
(x=2 +(y+1)* =5 X+3y—-4=0 E,(1,1)

vO nghiém.

Thi dy 2. Cho hai duong tron (C) va (Cn) co phuong trinh:
O:x*+y* =1, (Co): x*+y*—2mx — 2y + m* = 0.

a. Xdc dinh m dé (C) va (Cn) tiép xiic ngoai vdi nhau.

b. Véi m tim duoc & cdu a), hdy xdc dinh vi tri ciia diém A e (C) va B
€ (Cw) dé dién tich AOAB lén nhdt va trong truong hop dé, tinh
dién tich hinh dy.

&5 Gidi
Ta cé6:
=  DPuong tron (C) cé tam O(0, 0) va ban kinh R = 1.
=  DPuong tron (Cy) c6 tam [n(m; 1) va ban kinh R, = 1.
a. DE (C) va (Cy) ti€p xtic ngoai véi nhau diéu kién la:
Olh,=R+Rpo Vm’+1 =2 om?+1l=4 o m==%3.
b. Ta cé:

Saoas = %IO_AI.IO—BI.sinA/O\B = %IO—BI.sinA/O\B.

Tt d0, suy ra dién tich AOAB 16n nhat khi va chi khi:
{OB 16n nhat - {O,B, I thang hang
sinAOB =1 OA L OB
Ban doc giai tiép 14n luot véi m = /3 .
Thi dy 3. Cho duong tron (C) co phuong trinh :
(O):x*+y*—4x -6y +5=0.
a. Tim cdc diém cé6 toa do nguyén thuoc (C).

b. Xdc dinh toa do cdc dinh B, C ciia AABC déu noi tiép trong duong
tron (C), biét diem A(4; 5).

376



&5 Gidi

a. Ta c6 thé thuc hién theo hai cach sau:

Cdch I: Xét phuong trinh dudng tron (C) véi 4n y va tim x dé phuong trinh ¢6 nghiém, tir
d6 suy ra hoanh do nguyén — Dé nghi ban doc tu lam.

Cdch 2: Chuyén phuong trinh dudng tron vé dang tham s6:

©): x=2+2/2sina
‘ y:3+2x/§cosoc

Khi d6 diém Me(C) = M(2 + 2+/2 sina, 3 + 2+/2 cosa)

2 N 1. T 3n 5t Im
Suy ra céc gia tri géc a dé x, y déu nguyén la: —, — ,— ,—

Ta dugc Mi(0, 1), M2(0, 5), Mz(4, 1), Ma(4, 5). v
b. Goi A, la di€ém doi xiing v6i A qua tam I cua duong tron (C)
= toa do diém A(0; 1).
Duong tron (C;) thoa man:
tam A, (0;1)
{Bén kinh R =22
Khi dé: (C)N\(C) = {B, C}, toa d0 B, C la nghiém cua hé:
{xz 4y’ —4x—6y+5=0 {xz Hy-1 =8_ {B(1+\/§,2—\/§)‘
x*+(y-17°=8 X+y-3=0 C1-+3,2+3)

, 0.€[0, 27).

1).

S (C):x2+(y—1)2=8.

§3. ELIP

Dang toan 1: Céc dinh cac thudc tinh cua Elip (E)
Phuong phdp thuc hién
Ta thuc hién theo cic budc:

Budc 1:  Chuyén phuong trinh ban ddu cta Elip (E) vé dang chinh tac
2 2

X
(E) — + Z—z =1. YA
a
Bude 2:  Xét cac kha nang: b8
Khd ndng 1: Néu a > b, ta duogc: A A

* (E) ¢6 truc 16n thuoc Ox, do dai bang 2a FF O FJa
chtta hai tiéu diém
Fi(—c, 0), Fa(c, 0) v6i c®> = a> — b
* (E) ¢6 truc nho thudc Oy véi do dai bang 2b.

2

B

R ) C
= Tamsaie= —.
a
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Khd ndng 2: Néu a < b, ta duoc:

* (E) ¢6 truc 16n thuoc Oy, do dai bing 2b EABZ
chita hai tiéu diém
F1(0, —c), F»(0, ¢) v6i c2 = b? — a2 ¢l k2
* (E) ¢6 truc nho thuoc Ox vé6i do dai bang 2a. Al Ao
c -a O a y
= Tamsaie= —. _|F
b
& Chu ¥: Trong trudong hgp phuong trinh cta (E) c6 dang: —bB
L x-w? =B
(E): % + T 1.

ta thuc hién phép tinh ti€n hé truc Oxy theo vecto Ol véi I(a, B) thanh
hé truc IXY véi cong thiic déi truc:

{sz—(x {X=X+a
<~
Y=y-P y=Y+p

X* Y?
(E) > + 5 = 1
a b
tir d6, chi ra cac thuoc tinh cua (E) trong hé truc IXY ro6i suy ra cac
thuoc tinh cua (E) trong hé truc Oxy.

ta dugc:

Thi du 1. Xdc dinh do dai cdc truc, toa dé cdc tiéu diém, toa dé cdc dinh cia cdc
elip c6 phuong trinh sau:
2 2
a Y 4. b. 4x>+9y*=1. c. 4x%*+9y?=36.
25 9
&S Gidi

a. Tacongaya=5vab=3 suyrac=+a’—b> =4. Tido:
= Truc I6n thuoc Ox ¢6 do dai bing 10 chita hai tiéu diém Fi(—4, 0), Fx(4, 0).
*  Truc nho thudc Oy ¢6 do dai bang 6.
» Toa do 4 dinh A(-5, 0), Ax(5, 0), Bi(0, —3), Bx(0, 3).

b. Bién ddi phuong trinh vé dang:

2 2
§—+3Lcﬂ:3a=—yb=l\@C=V¥—b2=XE.
1/4 1/9 2 3 6
Tu do:
*  Trucl6n thuoc Ox c6 do dai bang 1 chia hai tiéu diémFl(—g,O),Fz(g,O).

*  Truc nho thudc Oy ¢6 do dai bang % i

. 'Rmd@4dmhA(—%,OLAxéyoxB(Q—%)Jhm,%)
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c. Bién doi phuong trinh vé dang:

2 2
%+YT:1 —a=3b=2vic=+a’—b? =45.
Tir dé:

= Truc 16n thuoc Ox c6 do dai bing 6 cha hai tieu diém Fi(—+/5 , 0), Fx(4/5 , 0).
*  Truc nho thudc Oy ¢6 do dai bang 4.

= Toa do 4 dinh A(=3, 0), Ax(3, 0), Bi(0, —2), Bx(0, 2).

Thi dv 2. Xdc dinh cdc duong cong sau:
=4sint
a (Ey=2Jo_x’ b. E): 4 M el X om
3 y=2cost 2
&S Gidi
a. Bién d6i phuong trinh cta (E) vé dang:
y=0 y=0
B):{ ., 4 SE: {2 4
=—(9-x XY o
Y =gOmx) 9 4
2 2

Vay, d6 thi ciia (E) 1a phan & phia trén Ox ctia d6 thi Elip % + YT = 1.

b. Bién doi phuong trinh cta (E) vé dang:

sint = % 2 ercogt et x vay khong dong thi duong
(E): = (BE): §x2 y2
Y elom —+—=1
cost =— 2 16 4
2
XZ 2
Vay, do thi cua (E) 1a do thi cua Elip EJFYT =1 bo di phan do6 thi & géc phan tu
thi nhat.
Thi dy 3. Tim tdm sai cua Elip biét:
a. MGoi tiéu diém nhin truc nhd dudi mot géc 60°.
b. Dinh trén truc nhd nhin hai tiéu diém duci mot géc 60°.
c. Khodng cdch giita hai duong chudn bdng 2 ldn tiéu cu.
d. Khodng cdch giita hai dinh trén hai truc bang hai ldn tiéu cu.
&5 Gidi B,
a. Tu gia thiét, ta co: b
tan30° = b < b =c.tan30° o) F,
c
suy ra:
2 2 2 B,
e=leoe=2=_° = ¢ = ! = c0s?30°
a a®>  b*+c®  ctan’30°+c¢®  tan®30° +1
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& e =cos30° =

3
>

b. Tir gia thiét, ta c6 cot30° = b < b =c.cot30°

C
suy ra:
2 2 2
c C C C 1 .
e=— =5 == ——— = — = sin?30°
a a b +c ccot”30" +¢ cot 30" +1

. 1
& e=sin30= —.
2

c. Tu gia thiét, ta co:

2a 2a 1
T m4ce = mdae s e’= —
e e 2
d. Tu gia thiét, ta co:

< ec=

J2
-

Ay =dc & 2l +b° =dc > a+ b2 = 162 B,
S+bP+br=16c o b= 15¢
suy ra: O Ar
e=£<:>ez=%= ZCZ - = fz =£<:>e=@.
a a b"+c 15¢ g 17 2

Dang toan 2: Lip phuong trinh cuaa Elip (E).
Phuong phdp thuc hién

Ta lua chon mot trong hai céch sau:
Cdch I: St dung phuong trinh chinh tac cua Elip

X2 2
B): -+ 1y>_2 =1

Tur d6 can tim a, b (hoic a2, b?) bang céch thiét 1ap mot hé hai phuong trinh véi 4n
a, b (hoac a2, b?).
Cdch 2: St dung dinh nghia

N&u biét hai tieu di€m Fi(x1, 1), Fa(x, y2) va do dai truc 16n bing 2a thi ta thuc
hién theo cac budc:

Buoc 1: Lay diém M(x, y)e(E).

Buéc 2:  Chuyén MF; + MF; = 2a (1)
thanh biéu thic giai tich nho:
MF = (x=x,)" +(y -y,)’ )
MF; =(x=x,)" +(y=y,)’ 3)
Budc 3: Suyra
2 2
MF, — MF, = M ~MFE;
MF, + MF,
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_ O ox D oy -2 ) =20, ys)
2a
Budc4: Lay (1) + (4) ta duoc MF, r6i thay vao (2) ta s€ dugc phuong trinh cta (E).

@& Chuy:
1. Can phai can nhéc gia thiét cta bai toan that k§ cang dé Iua chon dang phuong
trinh thich hop. Trong trudng hop khong cé gi dac biét, ta luon gia st Elip (E) c6

phuong trinh:
2 2
Xy
By —+—==1.
a’ b’
2. Trong nhiéu trudng hgp dac thu chiing ta con sit dung phuong phdp quy tich dé xdc
phuong trinh Elip hodc chiing minh tap hgp diém 1a Elip.

Thi du 1. Ldp phuong trinh chinh tdc ciia elip, biét:
a. Do dai truc lon va truc nho lan luot la 8 va 6.
b. D¢ dai truc Ion bang 10 va tiéu cu bang 6.

§ L oia 1as s P . 1
c. Truc lon thuoéc Oy c6 do dai truc lon bang 26 va tam sai e = 3

&5 Gidi
XZ 2
a. Tacongay a=4vab =3, suy ra phuong trinh cua elip 16 + % =1.
b. Tacéngay a=5vac=3,suyrab=+a’—-c? =4 nén phuong trinh ctia elip
2 2

LI A

25 16

c. Tu giai thiét ta gia su Elip (E) c6 phuong trinh

2 2

X"y .
(E): —+=—=1, véi a<b.
a’ b’
* Do dai truc 16n bang 26 <> 2b =26 < b = 13.
2,2
» Tamsaie= 2 _c _Jl3-a S al= =25,
b 13
Vay Elip (E) c6 phuong trinh:
2 2

EB): =+ =1
25 169

Thi du 2. Ldp phuong trinh chinh tdc ciia elip, biét:
a EmuﬁqmuﬁcménMaxwvaN@,J§)

b. mmamwn@uwhEeJ§ﬂﬁ@m&maL%?w@nmmdm
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&S Gidi
a. Gia st Elip (E) c6 phuong trinh:
XZ y2
(B —+=—=1.
a’ b’

. ViMe(E)<:>]%:1<:>b2 =0.

. ViN(3,—£)e(E)@%+ﬂ=1@a2=25.
5 a~ 259
XZ y2
Vay, Elip (E) c6 phuong trinh: ng?:l'
b. Gia st Elip (E) c6 phuong trinh:
X2 yZ
E): L +¥ =1,
a’> b’
= Vi (E) c6 mot tieu diém Fi(—+/3 , 0) nén :
c =43 ca-b=3. (1)
V3 13
= ViM(, —)e(BE)e —+—=1. 2
( 5 ) € (E) R ()
Giai hé phuong trinh tao bdi (1) va (2) ta duoc a’> = 4 va b> = 1, suy ra:
X2 y2
E)y —+—=1.
E) 4 1

Thi du 3. Cho diém A(3, 3) va duong tron (C) cé phuong trinh:
C):x+ D +y*=16va(C): (x—1)*+y*=1.
Goi M la tam duong tron (C) di dong tiép xic voi (Cy), (Cy). Tim quy
tich diém M, biét:
a. (C) tiép xiic trong voi (Cy) va tiép xiic ngoadi voi (C,).
b. (C) tiép xiic trong vdi cd (C)) va (C).
&5 Gidi —Ban doc tw vé hinh
Xét duong tron (Cy), (C), ta duoc:
Tam O, (-1;0 Tam O, (1;0
(e 1AM QRO oy, JTam 0.0
Bkinh R, =4 Bkinh R, =1
a. Gia sit M(x, y) la tam va R 1a ban kinh duong tron (C) ti€p xuc trong véi (Cy) va
ti€p xuic ngoai vai (C,), ta duogc:
R, —R =MO,
R, +R =MO,
Vay tap hop cac diém M thuoc Elip (E) nhan O, O, lam tiéu diém va c¢6 do dai
truc 16n bang 5.

:>MO1+M02=R1+R2=5.
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» Xdc dinh phuong trinh cta Elip (E): Vi Oy, O, thuoc Ox va déi xing qua O nén
phuong trinh cua (E) ¢6 dang:
2 2

X* y L
E): —+<-=1,v610<b<a.

trong do:

2a=5<a= 2

2’

2

b? =a’-c’= 25 _ (90, :2_5_1:2.

4 2 4 4

X2 2
Vay tap hop cdc diém M thuoc Elip (E) ¢6 phuong trinh 2574 2?/4

b. Gia st M(x, y) la tam va R 1a ban kinh duong tron (C) ti€p xtc trong véi ca (Ci)
va (), ta duoc:
R, —-R = MO,
R-R, =MO,
Vay tap hop cic diém M thuoc Elip (E) nhan Oy, O, 1am tiéu diém va c6 do dai
truc 16n bang 3.
»  Xac dinh phuong trinh cta Elip (E)
Vi Oy, O, thugc Ox va doi xing qua O nén phuong
trinh cua (E) c6 dang:
2 2

Xy .-
E) —+==1,v610<b<a.

= MO; + MO, =R;-R>=3

trong do:

a=3<a= E

2°

2

b2=a2_C2=2_ % :2-1:2

4 2 4 4

2 2
Vay tap hop cic diém M thudc Elip (E) ¢6 phuong trinh 9/ 5y/4

Dang toan 3: Vi tri tuong d6i ciia diém, dudng thing va elip.
Phuong phdp thuc hién
1. DE xdc dinh vi tri tuong d6i ctia diém M(xm, ym) v6i Elip (E):
X2 y2
(E): . ~+ e 1.
Ta thuc hién theo cic budc:
Buoc 1:  Xac dinh phuong tl’ch cta M dai véi Elip (E) la:

YM

/ M/E) = —— + .
a’ b’
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Budc 2:  Két luan:
»  NéuAye<l < M nim trong Elip.
*  NéuAwe =1 < M nim trén Elip.

*  NéuAye>1 < M nim ngoai Elip.

@& Chuy:
1. Ta c6 cac két qua sau:
* Né&u M nim trong (E) = khong ton tai ti€p tuyén cta (E) di qua M nhung khi
dé moi dudng thang qua M déu cit (E) tai 2 diém phan biét.
* Néu M nam trén (E) = ton tai duy nhét 1 ti€p tuyén cua (E) di qua M
(phuong trinh ti€p tuyén c¢6 dugc bang phuong phap phan doi toa do).
» Néu M nim ngoai (E) = ton tai hai ti€p tuyén cta (E) di qua M.
2. Bing viéc xét hé phuong trinh tao bdi (E) va (d), khi d6 s6 nghiém cta phuong
trinh bing s6 giao diém cua (d) va (E).
3. Vi hai Elip (E,) va (Ez) c6 phuong trinh:

2 2 2 2
X° y . X° y

(E): —+—==1va(Ey): —+—=1.
aj by a, b

Néu (E)) N(E2) = {A, B, C, D} thi

a. ABCD la hinh chit nhat.

b. Phuong trinh dudng tron ngoai ti€p hinh chit nhat ABCD la duong tron (C)
tam O ban kinh R = OA c6 phuong trinh:

ata;(bj —b3)+bib3(a; —aj)

(O):x*+y2=
’ 307 —aib3
Thi du 1. Cho diém M(1, 1) va Elip (E) cé phuong trinh:
X2 y2
E)y —+—=1.
E) 9 4

a. Chitng minh rdang moi duong thang di qua M luon cdt (E) tai hai
diém phan biét.

b. Ldp phiong trinh duong thdng (d) qua M va cdt Elip trén tai hai
diém A, B sao cho MA = MB.

&5 Gidi
a. Nhan xét rang:
; 1113 N ,
PwE = —+— = —<1 < M nam trong Elip
9 4 36

do d6 moi dudng thang di qua M luén cat (E) tai hai diém phan biét.
b. Nhan xét ring dudng thing (d) khong thé song song vé6i Oy, do dé gia st (d) c6
hé s6 goc k, ta dugc:

y=kx-D+1od):y=kx-k+1. ()
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Toa do giao diém A, B cuia (d) va (E) 1a nghiém clia hé phuong trinh :
4x* +9y* =36
{y =kx—-k+1
< (4 +9kH)x? — 18k(k — 1)x + 9k* — 18k — 27 =0 ()
Phuong trinh (2) luon ¢6 hai nghiém phan biét xa, Xg thoa man:
_18k(k —1)
449K
Ok? —18k —27
4 +9k*
Theo gia thi€ét MA = MB

=4x>+9(kx —k +1)>=36

Xa TXg

X, Xp =

@XA+XB:2XM©M :2<:>k:_£_
4+ 9k 9
Thayk:—g vao (1), ta dugc dudng thang (d): 4x + 9y — 13 = 0.

Thi du 2. Xét vi tri tuong doi ciia duong thang (d) va Elip (E) , biét:
2 2
a. (d):x—y-3=0va(E): XT+yT:1‘

2 2
b. (d):2x +y—5=0va (E): XT+%=1.

2 2

c. (d):2x —y=0va (E): X?+y—:1.

8
&S Gidi
a. Xét hé phuong trinh tao bdi (E) va (d):
2 2
YA s eye5=0 )
x—-y—-3=0

Phuong trinh (*) vo nghiém < (d)N(E) = {T}.
b. Xét hé phuong trinh tao boi (E) va (d):

{9){2 +4y* =36

= 25x2—40x+64=0©X=§:>y:2
2x+y-5=0 5 5

Vay (d) tiép xuc véi (E) tai diém M(g ,%).
c. Xét hé phuong trinh tao boi (E) va (d):
4x2+y2:8 x=1 M|(172)
= .
2x-y=0 M, (-1,-2)
Vay, ta dugc (A)N(E) = {M, M,}.

= x2:1<:>{
x=-1
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2 2

Thi du 3. Cho diém M(I; —%) va Elip (B): *-+%-~1. Lap phuong trinh duong
thang (d) qua M cdt (E) tai hai diém phan biét A, B sao cho:

a. M la trung diém AB. b. AB=420.
Tuw do, ldp phuong trinh duong tron duong kinh AB trong méi truong hop.

&5 Gidi
a. Nhan xét ring dudng thang (d) khong thé song song vé6i Oy, do d6 gia sir (d) c6
hé s6 goc k, ta dugc:
y:k(x—l)—%@(d):Zy:2kx—2k—l. (1)
Toa do giao diém A, B cua (d) va (E) 1a nghiém ctia hé phuong trinh:
2 2
XA =8 e (Qkx—2k— 1) =8
2y =2kx -2k —1
< (1 +4kH)x? — 4k(k + Dx + 4k + 4k -7=0 ()
Phuong trinh (2) luon ¢6 hai nghiém phan biét xa, Xg thoa man:
.. (¢ $3)
AR aak?
4K +4k -7
1+4k*
Theo gia thi€ét MA = MB

X, Xp =

1+4k 2

<> XA+ X = 2XM =
Thay k = % vao (1), ta duogc phuong trinh dudng thang (d): x —y —2 =0.
b. Vo nghi¢ém do AB 16n hon d¢ dai truc chinh.
& Chu y: Véi cau a) ta c6 thé sit dung cdch giai khac nhu sau:
Lay A(Xo, Yo) € (E), vavi Bdoi xing véi A qua M nén B(2 — xo; —1 — yo). Khi do:

{xﬁ +4y(2) =8

= toa do ctia A, B.
Xg—Yo=2

Lap phuong trinh dudng thang qua A va B.
Thi du 4. Cho 2 Elip (E:) va (Ez) c¢6 phuong trinh:

X2 y2 X2 y2
E): —+Z-=1va (E)): —+Z—=1
(E) ) (E2) T

a. Chimg minh rang (E) N(Ex) = {A, B, C, D} va ABCD la hinh chit nhdt.
b. Ldp phuong trinh duong tron ngoai tiép hinh chit nhdt ABCD.
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&S Gidi
a. Tu hinh v€ suy ra ngay (E:) N(E») = {A, B, C, D}
Nhan xét rang A, B, C, D d6i xiing qua O va
AB//CD//Ox, AD//BC//Oy
= ABCD la hinh chit nhat.
b. Hinh chit nhat ABCD ndi ti€p trong duong tron (C) tam O
ban kinh R = OA.

Toa do diém A(xa, ya) 1a nghiém clia hé phuong trinh: L ;
2432 B -
4x% +9y* =36 A~ 55 92 '
{ & = R2=x} +y; =

x'+16y' =16 |2 _28 T
boss
Vay, phuong trinh dudng tron di qua A, B, C, D c6 phuong trinh:
92
C): x>+y?=——=.
© Y =1

@ N\
I)o_‘l\)\ B <

|
N

Dang toin 4: Diém va elip
Phuong phdp thuc hién
Véi Elip (E) c6 phuong trinh:
2 2
Xy
By —+—=1.
a’ b’
Ta lwa chon mot trong hai cich sau:

Cdch I: Ta thuc hién theo cac budc:
2 2

Buse 1: Lay diém M(xo, yo)e(E) = ~% + Z—g =1.
a
Budc 2: Dua vao diéu kién K ¢6 thém dugc diéu kién cho X, yo. Tl d6 suy ra toa
do diém M.
Cdch I: Ta thuc hién theo céc budc:
Budc 1:  Chuyén phuong trinh Elip vé dang tham so:

X =asint
(E): , te[0, 2m).
y=Dbcost
Budc 2: Diém Me(E) = M(a.sint, b.cost).
Budc 3: Dua vao diéu kién K ¢6 thém dugc diéu kién cho X, yo. Tir d6 suy ra toa
d6 diém M.
@ Chi y: Ta can luu ¥ céc trudng hop sau:
1. Néu diém phai tim thod man diéu kién vé ban kinh qua tiéu di€ém ta st dung cong
thic tinh ban kinh qua tiéu diém theo toa do diém do6 la:
X,

CX, .
FM=a+ —%vaFM=a- —%.
a a
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2. Néu diém phai tim thod man diéu kién vé géc ta dua bai todn vé xét hé thic luong
trong tam giac.
3. Néu diém phai tim la giao cua Elip v6i mot dudng khéc ta xét hé phuong trinh
tuong giao dé tim toa do giao diém.
2 2

Thi du 1. Cho Elip (E): %H%:l.

Tim cdc diém M thuéc Elip (E) sao cho:
a. Co toa do nguyén thuoc (E).
b. Cé tong hai toa dé dat gid tri 16n nhdt, nhd nhdt .
&S Gidi
Piém M(xo, yo)€ (E) = 7 + y8° - 1. (1)
a. Nhan xét ring néu diém M(xo, yo)€(E) = Mi(—Xo, Yo), Ma(=Xo, — yo) va Ms(Xo, —Yo)
ciing thudc (E). Do vay ta chi can xéc dinh cdc diém M, c6 toa do nguyén duong.
Xét phuong trinh (1) v6i 4n yo :
() ey, =8—-4x;.
Phuong trinh c6 nghiém
<:>8—4X(2)>0<:>0<XOS \/E =x0=1vayo=2= My1,2) € (E).
Tir My suy ra céc diém M;(—1, 2), Ma(—1, —2) va Mx(1, —2) ciing thuoc (E).
Vay (E) ¢6 4 diém My, M, My, M; ¢6 toa do nguyén.
b. Tacé:

Xo + yo)* = \/——+\/—y° <2+8 _+y_0 =10
10 SXO+y0S\/E.
dau bang xay ra khi:

X/\/_ \/_ M @,@)

Y() =4x,

yo/\/_ B R A
0 YO yozl \/ﬁ 4\/_
+_

- =1 2 8 M,(———,- —)
2 8 5
Vay, ta dugc:
- (XO + yO)Max = \/E s dat dIIOC tal M,.

" (Xo+ Yo)min = —10, dat duoc tai Ms.

2 2

Thi dy 2. Cho Elip (E): — + i—z = 1. Tir diém Ae(E) 6 toa do duong, dung hinh
a

chit nhdt ABCD noi tiép trong (E) ¢6 cdc canh song song vdi cdc truc toa
do. Xdc dinh toa do cua A dé hinh chit nhdat ABCD c6 dién tich I6n nhat.
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&5 Gidi

Ta c6 thé thuc hién theo hai cdch sau: VA
Cach 1: Gié st A(Xa, ya)€(E) vGi xa, ya>0, suy ra: A 1
yA — 1 / M »
a2 b2 . Q S\ / x
Khi dé: D C
Sascp = Soman = 4xoyo = 2ab2 24 YA <oap, —er—A = 2ab.
a b a’ b’
Vay Smax = 2ab, dat duoc khi:
YA
A A g
2 2
a b a b
= A(—, —=).
Xa _Ya V272
a b

Cdch 2: Chuyén phuong trinh Elip vé dang tham s6:

X =a.sint
(E):{ ,te[0, 2m).
y = b.cost

Piém Ae(E) va thuoc géc phan tu thi nhit = M(a.sint, b.cost), te (0, g).
Khi d6:

Sascp = Soman = 4Xoyo = 4a.sint.b.cost = 2absin2t < 2ab.
Vay, ta dugc Smax = 2ab, dat duoc khi‘

\/_\/_

sm2t—1©t—— = A(—

§4. HYPEBOL

Dang toan 1: Xac dinh cac thudc tinh cua Hypebol (H)
Phuong phdp thuc hién
Ta thuc hién theo cac budc:

Butc 1:  Chuyén phuong trinh ban dau clia Hypebol (H) vé dang chinh tic
2 2
X y y A
(H): ——=— =+1.
a’> b’
Budc 2:  Xét cac kha nang:
Khd ndng 1: Néu yAl 7 AZ\FQ\'X
2 2
X
H: - =1
a’ b

389



ta dugc:
*  (H) c6 truc thuc thugc Ox, do dai bang 2a chia hai tiéu diém
Fi(—c, 0), Fa(c, 0) v6i c® = a> + b’

* (H) c6 truc ao thudc Oy véi do dai bang 2b. X

y 4
c
= Tamsaie= —. F2
Khd ndng 2: Néu R
O
/‘-

x> y2 X
(H) > T3 = —1
a b B -\
ta dugc: F
* (H) ¢ truc thuc thuoc Oy, do dai bang 2b
chita hai tiéu diém
Fi(0, —c¢), F2(0, ¢) v6i ¢? = a? + b,
* (H) c6 truc ao thuoc Ox véi do dai bang 2a.

R . C
= Tamsaie= —.

Thi du 1. Cho Hyperbol (H): 9x*> — 16y* = 144,
a. Chuyén phuong trinh ciia (H) vé dang chinh tac. Tim toa dé cdc dinh,
toa do cdc tiéu diém, tinh tam sai, cdc duong tiém cdn cua (H).
b. Viét phuong trinh Hyperbol (H,) lién hop ciia (H). Tim cdc thudc
tinh cua (Hy).
c. Viét phuong trinh chinh tdc cua Elip (E) c6 tiéu diém trung vdi tiéu
diém ciia (H) va ngoai tiép hinh chit nhdt co sd ciia (H).

L5 Gidi
a. Dua phuong trinh Hyperbol vé dang
2 2
(H): >—-Y =1=a=4,b=3vac=5.
16 9
Tu dé:
=  Tam O(0, 0).

= Toa do cic dinh A( — 4, 0), Ax(4, 0).
= Toa do cic tieu diém Fi( - 5, 0), Fx(5, 0).

) 5
= Tamsaie= —.

=  Phuong trinh hai duong tiém canla y = i% X.

b. Phuong trinh Hyperbol (H;) lién hop cta (H) c6 dang:
XZ y2
H): —-=—=-1.
(Hp) 6 9

Cdc thudc tinh ctia (H;) va phuong trinh tham s6 ciia (H;) ban doc tu lam
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c. Gia st phuong trinh chinh tac cta Elip ¢6 dang:
2 2

(Ey§7+%7=Lv&a>b. (1)
» Tiéucuc=5<a-b*=5° 2)

* P(4, 3) 1a mot dinh cta hinh chit nhat co s& ctia (H). Dé Elip (E) ngoai tiép
hinh chit nhat co s& cua (H)
< P4, 3)e(E) < 9a% + 16b> — a’b*=0 3)
Tu (2), (3) suy ra a> =40, b*> = 15.

2 2

. . P x>y
Vay phuong trinh chinh tic (E): —+-—=1.
1y phuong ( )40 15
Thi du 2. Chuyén phuong trinh Hypebol (H): x* — 4y* = —1 vé dang chinh tdc, ti
do xdc dinh cdc thudc tinh cua né va vé hinh.
L5 Gidi
Dua phuong trinh Hyperbol vé dang:
2 2
H): LY :—lja:Lb:lw®c=i§.
1 1/4 2 2
Tu dé:

=  Tam O(0, 0).
= Toa do cac dinh B,(0, —%), B(0, %).

= Toa do céc tieu diém F’,(0, —%), F’»(0, g),
» Tamsaie= /5.

» Phuong trinh hai duong tiém can lay = i%x.

& Cha y: Trong trudng hop phuong trinh ciia (H) ¢6 dang:
Cx-)? =P _
() 0 - =,

ta thuc hién phép tinh tién hé truc Oxy theo vecto Ol véi I(a, B) thanh hé truc IXY
v6i cong thic d6i truc:

{sz—a {X=X+a
=
Y=y-B y=Y+p

ta duoc:

X* Y’
(H) a—2 - b_z =+1
tir d6 chi ra cac thudc tinh cua (H) trong hé truc IXY réi suy ra cdc thudc tinh ctua (H)
trong hé truc Oxy.
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Thi du 3. Cho Hyperbol (H) co6 phuong trinh:
(H): x> —4y*—2x + 16y + 11 =0.
a. Dua Hyperbol (H) vé dang chinh tdc.
b. Xdc dinh toa do tam, tiéu diém F1, V., cdc dinh A,, A, va cdc
duong tiém cdn cua (H).
&5 Gidi
Chuyén phuong trinh ctia (H) vé dang:
(H): (x-1)° _(y- 2)° _
4 1
Thuc hién phép tinh tién hé truc toa do Oxy theo vecto Ol véi I(1, 2) thanh hé truc
IXY, vé6i cong thirc déi truc:

X=x-1 x=X+1
=
Y=y-2 y=Y+2

-1

Khi dé:
Xy’
H): ———=-1.
) 4 1
Khi d6 trong h¢ truc IXY, (H) c6 c4c thudc tinh:
= Taml

*  Truc thuc thudc IY c6 do dai bing 2 chita 2 tiéu diém

Fi(0, —=~/5), Fx(0, </5).

* Truc 4o thudc IX c6 do dai bang 4.

= Tamsaie= —5
2

=  Phuong trinh hai duong tiém can: X = J_r%Y.

Do d6 trong hé truc Oxy, (H) cé cac thudc tinh:

= Tam I(1, 2).

*  (H) c6 truc thuc // Ox c6 do dai 2 chita 2 tiéu diém
Fi(l, =5 +2), Fx(1, 5 +2)

*  Truc 4o // Ox ¢6 do dai bang 4.

= Tamsaie= ﬁ

=  Phuong trinh hai dudng tiém can:

d):2x-y=0
x—1=tl(yo2ye | @2y :
2 (d):2x+y—-4=0
Dang toan 2: Lip phuong trinh cua Hypebol (H)
Phuong phdp thuc hién
Ta Iya chon mdt trong hai cach sau:
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Cdch I: St dung phuong trinh chinh tac ctia Hypebol
X2 y2
Hy: - -1
a’ b’
Tur d6 can tim a, b (hodc a2, b?) bang céch thiét 1ap mot hé hai phuong trinh véi 4n
a, b (hoic a2, b?).

Cdch 2: St dung dinh nghia

& Cha y-

1. Can phai can nhéc gia thiét ctia bai toan that k§ cang dé Iua chon dang phuong
trinh thich hgp. Trong trudng hgp khong cé gi dac biét, ta luon gia sit Hypebol
(H) c6 phuong trinh:

Xyt
(H): 7 +1

2. Trong nhiéu trudng hop dac thu ching ta con sit dung phuong phéap quy tich dé
xdc phuong trinh Hypebol hodc ching minh tap hop diém la Hypebol, trong
truong hgp nay nay chiing ta thuong thuc hién theo hai budc sau:

Buéc 1:  Ching minh tap hgp diém 1a Hypebol (H) bing viéc chi ra hai di€ém co
dinh A, B va M thod min [MA — MB| =2a — khong déi.

Budc 2:  Lap phuong trinh chinh téc ctia Hypebol (H) nhan A, B lam tiéu diém va
c6 do dai truc thuc bang 2a.

Thi du 1. Cho ba diém Fi(—4, 0), Fx(4, 0) va diém A(2, 0).
a. Ldp phuong trinh Hyperbol (H) di qua A va cé tiéu diém F,, F..
b. Tim toa do diém M trén (H) sao cho MF, = 2MF,.

&S Gidi
a. Vi hai tiéu diém F; va F, thuoc Ox va déi xing qua Oy nén Hypebol (H) c6 dang:
XZ y2
(H): PR =1 (1)
- Titucuc=4<a>+b*>=42 (2)
- Diém AQ2,0)e(H) < a’=4 3)
- Tu(2),3)suyraa’=4,b*=12.
X2 y2
Vay phuong trinh (H): ——-=—=1.
1y phuong (H) PRRNTS

b. Gia sit M(xo, yo) € (H) sao cho MF, = 2MFj, ta c6:
IMF, — MF,| = 2a = MF, = 2a & MF? = 4a>
S[(—4-x02+ y21=4.16 = [(4 +x0)* + y2 ] = 64 4)
Mait khac M(xo, yo)e(H)
4 12
Gidi hé tao bdi (4), (5), ta duge My( -3, — /15 ), Ma( =3, +/15).

2 2
o 2o Yo ©)
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Thi du 2. Ldp phuong trinh chinh tdc va vé hinh ciia Hyperbol biét:
a. Di qua diém M(2, 2) va méi duong tiém cdn tao véi Ox mot géc 60°.
b. Bi qua diém N(N2 , 2) va hai duong tiém cdn cé phiiong trinh y = + 2x.
c. Hai truc tring vi truc toa do va di qua 2 diém A(N6 , —1) va B4, \/6).

&5 Gidi — Ban doc tu v& hinh

a. Hyperbol (H) c6 " mdi duong tiém cdn tao véi truc hoanh mét géc 30°". Khong mat

tinh tong quat ta gia st Hyperbol (H) c6 phuong trinh:
2 2

(H): :—Z—Z—z =+1 (1)
= Diém M(2, 2)e(H) <> 4b? — 4a2 = +a°b?. )

* Tiém can cta (H) tao vdi truc hoanh mot géc 30°

o P 60’ e b=a3 3)
a

Giai hé phuong trinh tao bédi (2), (3) ta dugc a® = % vab’=8.

2 2

Vay phuong trinh chinh tic ctia Hypebol (H): ~— —¥ =1.

8/3 8
b. Gia stir Hyperbol (H) c6 phuong trinh:
XZ y2
H): —-==%1 1

( e ey
= Diém N(v/2 , 2)e(H) < 2b2 — 4a2 = +a2b? . )
= Hai duong tiém can c6 phuong trinh y = + 2x, suy ra:

<:>E=2<:>b=2a. 3)

a

Giai hé phuong trinh tao béi (2), (3) ta duoc a> = 1 va b> = 4.
2 2
Vay phuong trinh chinh tic cua Hypebol (H): XT - YT =1.
c. Gia str Hyperbol (H) c6 phuong trinh:

2 2

Xy

(H): e =+1 (D
*  Diém AV6,-1)e(H) < 6b — 2% = +a’bh? . )
*  Diém B4, 6 )e(H) < 16b* — 6a2 = +a’b? . (3)

Gii he phuong trinh tao bdi (2), (3) ta dugc a? = 4 va b = 2.
2 2

Vay phuong trinh chinh tic cua Hypebol (H): XT - y? =1.
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Thidu 3. Cho duong tron (C): x> + y* = 9. Tiép tuyén ciia (C) tai M cdt Ox tai N.
Trén duong thang vuong géc véi Ox tai N 1y diém P sao cho PN = J3MN
véi k > 0. Ldp phitong trinh quy tich cdc diém P khi M di dong trén (C).
&5 Gidi
Gia str P(x, y), ta c6:
N(x, 0), PN?= y2 va MN2= ON? — OM2= x? — 9.
Khi dé:
2 2

PN = 3 MN < PN?=3MN? & y?= 3(x2 - 9) & %—§—7=1.

Vay quy tich cac diém M thuoc Hypebol (H)c6 phuong trinh:
2 2

Xy
H: -2 =1,
5%

Dang toin 3: Xét vi tri tuong d6i ctia diém, dudng th%mg, Elip va Hypebol
Phuong phdp thuc hién
Béng viéc xét hé phuong trinh tao bai (H) va (d), khi d6 s6 nghiém cua phuong
trinh bing s6 giao diém cua (d) va (H).
Thi du 1. Cho Hyperbol (H) va duong thang (d) cé phuong trinh:
2 2
(H): ’%%:1 va(d):x—y—-2=0.
a. Chitng minh rang (d) luoén cat (H) tai hai diém phdn biét A, B.
Tinh do dai AB.
b. Tim toa do diém C thuoc (H) sao cho:
- AABC ¢6 dién tich bang 4.
- AABC cdn tai A.
- AABCvuéng tai A.
L5 Gidi
a. Xét hé phuong trinh tao bdi (d) va (H):

2

2
¥y _ A(-6,-8
7 sl e =6, ):dédéiAB:S\/E.
B(2,0)
x-y—-2=0
X2 2
b. Lay C(xo, yo)e(H), suy ra To—y?‘):l. (D
=  Taco:
Saasc= LAB.CH < 4 = 4CHy2 < CH = — |
2 2
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Mat khéc:
I 1
22
Giai hé phuong trinh tao bdi (1), (2) — Danh cho ban doc.
* (AABC can tai A): Ta c6 thé lua chon mot trong ba cach sau:
Cdch 1: (St dung phuong trinh diéu kién): AABC cén tai A suy ra:
AB=AC < AB*= AC%. (3
Giai hé phuong trinh tao boi (1), (3) — Danh cho ban doc.
Cdch 2: (St dung phép danh gid): AABC can tai A suy ra
B, C doi xting nhau qua Ox = C — Danh cho ban doc.
= AABC vuong tai A thuc hién tuong tu cau AABC can tai A.

CH = d(C, (d)) = |xo—yo— 1] & x0—yo— 1 ==I. 2)

Thi du 2. Cho Elip (E) va Hypebol (H) c¢6 phuong trinh:
XZ y2 XZ y2
E) —+—=1va(H): ——=—=1.
E) 9 4 ) 1 4

Ldp phuong trinh duong tron di qua cdc giao diém cia hai Hyperbol.
&5 Gidi
Ta c6 (E)n(H) = {A,B,C,D} doi xiing v6i nhau qua O (bdi (E) va (E,) déu nhan
O lam tam doi xing).
Vay duong tron di qua A, B, C, D nhan O lam tam va ban kinh
R2=0A?= x} +y;.
Toa do diém A(xa, ya) 12 nghiém hé phuong trinh :

4x* +9y* =36 2=9/5
{X Y @{XA =R?>=x3 +y3 =5.

4X2_y2:4 yi=16/5
Vay, phuong trinh dudng tron di qua A, B, C, D c6 dang:
(O): x*2+y?=5.
2 2
Thi du 3. Cho Hypebol (H) : %—i]—6=1. Chitng minh rdng dién tich hinh binh

hanh tao bdi cdc tiém cdn ciia Hyperbol (H) va cdc duong thdng ké tir
mot diém trén (H) ldn luot song song véi cdc tiém cdn la mot hdng so.

&S Gidi
Goi o la géc tao boi duong duong tiém y = gx v6i truc Ox. Ta c6:

2tana. 24

4 .
tano = — vasin2a = ———— = —.
3 1+tan” o 25

Sopmo = OP.OQ.sin20. = % OP.0Q = OP.0Q = i—i Sormo
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Mat khéc:
25 144
SOPMQ = OQh1 =0OPh, = SzoPMQ = OPOthhZ = a . SOl:'MQ- E

< Sopmq = 6 khong doi.

Dang toin 4: Diém va Hypebol
Phuong phdp thuc hién

Vé6i Hypebol (H) c6 phuong trinh:
X2 y2
H): ——-—=1.
a’ b’
Ta Iya chon mdt trong hai cch sau:

Cdch I: Ta thuc hién theo céc budc:

Buoce 1:  Lay diém M(xo, yo)e(H) suy ra

X0 Yo _
2 2 °
a b

Budc 2:  Dua vao diéu kién K ¢6 thém duoc diéu kién cho xo, yo. Tlr d6 suy ra toa

do diém M.

Cdch I: Ta thuc hién theo céc budc:

Budc 1:  Chuyén phuong trinh Hypebol vé dang tham s6:

a
X=—

(H): cost , te[0, 2m)\{
y = btgt

T 37n

5,7}-

Budc 2:  Diém Me(H) = M(a.sint, b.cost).
Budc 3:  Dua vao diéu kién K ¢6 thém duoc diéu kién cho xo, yo. Tir d6 suy ra toa

do diém M.

@ Chii y: Ta can luu ¥ céc trudng hop sau:

1.

Néu diém phai tim thod mén diéu kién vé ban kinh qua tiéu di€ém ta st dung cong
thiic tinh ban kinh qua tiéu diém theo toa do diém do6 la:
biém M(x, y)e(H) luon c6:

cX R CcX ..
a. FM= — +avaFEM= — —avoix>0.
a a

cX . cX ..
b. FM= - — —avaFM= - — +av6ix<O0.
a a

Néu diém phai tim thod man diéu kién vé géc ta dua bai todn vé xét hé thic lugng
trong tam giac.

Néu diém phai tim 1a giao ctia Hypebol véi mot dudng khdc ta xét hé phuong
trinh tuong giao dé tim toa do giao diém.
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2 2
Thi du 1. Cho Hyperbol (H): X—z— Y

1. Tim diém M trén (H) sao cho do dai
FiM (tiéu diém F\( — c, 0)) ngdn nhdt, dai nhdt

&S Gidi
Lay M(Xo, yo)e(H), suy ra:
X3 Yo y
_ — a2 0 2
a—z—b—z—l < xpg=a(l+ b—2)2a = [Xo[>a.
Ta cé:
FM =20 4o~ 4aj=|-c+al=c-a
a a

Vay, FiMwin = ¢ — a, dat dugc khi M=A(-a, 0).

2 2
Thi du 2. Cho Hyperbol (H): X Y 1. Timdiém M trén (H) sao cho:
a. Coé toa do nguyén.

b. Nhin hai tiéu diém dudi mot géc 90°
&S Gidi
a. Ta chi can tim cdc cap (x, y) nguyén khong am, khi d6 cic nghiém con lai la
(X, =y), (=X, y), (-x, —y). Ta cé:
(Bx+4y)3x —4y)=144
{9# —16y> =144 . X
. SIX,yel =
X.yez 3x +4y >23x — 4y y
Vay c¢6 hai diém trén (H) c6 toa do nguyén 1a Mo( — 4, 0), M o(4, 0)

b. MF,LMF, = M thudc duong tron (C) duong kinh F|F, = 10 c6 phuong trinh
(O): x> +y?=25.

Vay toa do diém M la nghiém clia hé:

Xo Yo _
16 9
Xo+yg =1

ta dugc bon diém:

xﬂ 2) Ma(— ﬂ 3) My B4 9) 4<—£ —3>

5
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§5. PARABOL

Dang toan 1: Xac dinh cac thudc tinh cua Parabol (P)
Phuong phdp thuc hién
Ta thuc hién theo cac budc:

Buoc 1:

Buoc 2:

(P): y? = £2px hoac (P): x*> = +2py.

Xét cac kha nang:

Dang 1: Parabol (P): y> = 2px (p>0)

Chuyén phuong trinh ban diu ctia Parabol (P) vé dang chinh tic

Céc thudc tinh cua (P) gom: (] Yy
= Pinh 0(0. 0), .

= Tiéu diém F (g ,0), Y )
= Duong chudn (d): x = —g,

Dang 2: Parabol (P): y*> = —2px (p>0)
Céc thudc tinh cua (P) gom:

Parabol, nhan Ox lam truc d6i xing, d6 thi & bén phai Ox.

(P) 4@
F L

(P)
L,

= Dinh O(0. 0), -
= Tieudiém F (-2 0), y‘o p/2 X
2
= Pudng chudn (d): x = g ,
» Parabol, nhan Ox lam truc d6i xing, d6 thi & bén trai Ox.
Dang 3: Parabol (P): x> = 2py (p>0) yA .
Céc thudc tinh cua (P) gom: ) (P)
= Dinh O(0. 0), ~
.. .2 p O :(
= TiéudiémF (0, —),
iéu diem F ( 2) (d) AR
= Pudng chudn (d): y = —g ,
» Parabol, nhan Oy lam truc déi xtng, do thi ¢6 huéng 1én trén.
Dang 4: Parabol (P): x> = —2py (p>0) YA
Céc thudc tinh cua (P) gom: Llyp (M
= Dinh 0(0. 0), : R
@) X

Tiéu diém F (0, —g ),

Puong chuén (d): y =

®f ¢

’

P
2

Parabol, nhan Ox lam truc déi xing, do thi ¢6 huéng xuoéng dudi.
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& Chu y: Trong trudng hop phuong trinh ctia (P) c6 dang:
(P): (y — B)* = £2p(x — o) hodc (P): (x — a)* = £2p(y — B).

ta thuc hién phép tinh ti€n hé truc Oxy theo vecto Ol véi I(a, B) thanh
hé truc IXY véi cong thiic déi truc:

{sz—oc {X=X+a
=
Y=y-B y=Y+p

(P): Y?> =+2pX hoac (P): X? = £2pY.
tlr d6 chi ra cac thuoc tinh cua (P) trong hé truc IXY réi suy ra céc thudc
tinh cua (P) trong hé truc Oxy.

ta dugc:

Thi du 1. Chiing 10 rang phuong trinh Ax* + By = 0, véi A, B # 0 la phuong trinh
ctia mot Parabol c6 dinh O(0, 0), nhdn Oy lam truc doi xiing. Tim tiéu
diém va phuong trinh duong chudn cua Parabol dé.

L5 Gidi

Viét lai phuong trinh dudi dang:
B A
Ax?=-By & x?= e & x2=2py

d6 chinh l1a phuong trinh ctia mot Parabol ¢6 dinh O(0, 0), nhan Oy lam truc d6i

xtng. Parabol dé co6:

, B
= Tiéu diém F(0; p) = (0; —).
0;p) =( 2A)

= Phuong trinh dudng chudny = —p <>y = % .
Thi du 2. Chuyén phuong trinh Parabol (P) vé dang chinh tdc, tir dé xdc dinh cdc
thudc tinh ctia né va vé hinh, biét (P) : y* + 2y —4x -3 =0.

&S Gidi — Ban doc tw vé hinh
Chuyén phuong trinh ctia (P) vé dang:
P):(y+1)?=4x+1)
Thuc hién phép tinh tién hé truc toa do Oxy theo vecto OS véi S(—1, —2) thanh hé
truc SXY, véi cong thitc déi truc:

{X:x+1 {x:X—l
=

Y=y+1 y=Y-1
Khi dé:

P):Y?’=4X =>p=2.
Khi dé6 trong hé truc SXY, (P) c6 c4c thudc tinh:
= DinhS.
= Truc doi xiing SX chita tieu diém F(1, 0).
= Phuong trinh dudng chuén (d): X = —1.
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Do do, trong hé truc Oxy, (P) c6 cic thuoc tinh:

Dinh S(-1, —-1).

= Truc déi xiing 12 dudng thang y + 1 = 0 chia tiéu diém F(0, —1).
= Phuong trinh dudng chuén (d): x + 2 = 0.

Thi du 3. Cho ho duong cong (Py) : y* — 2my — 2mx + m* = 0.
Tim diéu kién ciia m dé (Pw) la phuong trinh mét Parabol, khi dé:
a. Tim qui tich dinh cua ho (Py).
b. Tim qui tich tiéu diém ciia ho (Pn).
L5 Gidi
Chuyén phuong trinh ctia (P,) vé dang:
(Pm): (y — m)?> =2mx
Dé phuong trinh trén 1 phuong trinh cia mot Parabon diéu kién 1a m # 0.
Thuc hién phép tinh ti€n hé truc toa do Oxy theo vecto OS v6i S(0; m) thanh hé
truc SXY, v6i cong thic ddi truc:
{X =X {x =X
&
Y=y-m y=Y+m
Khi dé:
(P): Y?=2mX = p=m.
Khi d6 trong hé truc SXY, (Pn) ¢6 cdc thudc tinh:
* DinhS.
*» Truc d6i xing SX chita tieu diém F(%, 0).

= Phuong trinh dudng chuén (d): X = —%.

Do d6 trong hé truc Oxy, (Pn) c6 céac thudc tinh:
=  Dinh S(0; m).

* Truc d6i xitng 1a y — m = 0 chifa tiéu diém F(%; m).

= Phuong trinh dudng chuén (d): x + % = 0.
a. Qui tich dinh cua ho (Py,).
=0
S: {X =x=0.
y=m
Vay qui tich dinh cta (Pr) thudc truc tung.
b. Qui tich tiéu diém cta ho (Py,).

m
F: X_? >y=2x=2x-y=0.
y=m

Vay qui tich tiéu diém clia (P,) thuoc dudng thang 2x —y = 0.
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Dang toan 2: Lip phuong trinh cua Parabol (P)
Phuong phdp thuc hién
Ta Iya chon mdt trong hai cach sau:
Cdch I: Stt dung phuong trinh chinh tac ctia Parabol
(P): y* = 2px hoac (P): x* = 2py.
Tur d6 cin tim a, b (hoac a2, b?) bang céch thi€t 1ap mot hé hai phuong trinh véi 4n
a, b (hoac a2, b?).
Cdch 2: Sit dung dinh nghia
Buoc 1: Lay diém M(x, y)e(P) ¢6 tiéu diém F va dudng chuan (d).
Buéc 2:  Chuyén MF = MH thanh biéu thic giai tich nho:
MF? = (x — xp)* + (y — yrp)? va MH = d(M, (d)).
Budc 3:  Thu gon.

@& Chuy:

1. Can phai can nhic gia thiét clia bai toan that k§ cang dé lua chon dang phuong
trinh thich hop. Trong truong hgp khong cé gi dac biét, ta luon gia st Parabol (P)
c6 phuong trinh:

(P): y* = 2px.

2. Trong nhiéu trudong hop dic thu ching ta con st dung phuong phép quy tich dé xac
phuong trinh Parabol hoic chiing minh tap hop diém 1a Parabol.

Thi du 1. Viét phuong trinh Parabol (P) c¢é dinh la goc toa dé va di qua diém

A(2,2).
L5 Gidi
Parabol (P) ¢6 dinh O c6 phuong trinh
(P): y* = 2px hoac (P): x* = 2py.
Truong hop 1: Néu phuong trinh cta (P): y* = 2px.
Vi Ae(P),suyrad=4p<p=1.
Khi d6 phuong trinh Parabol (Py): y* = 2x.
Truong hop 2: Néu phuong trinh cua (P): x* = 2py.
Vi Ae(P),suyrad=4p<p=1.
Khi d6 phuong trinh Parabol (P,): x2 = 2y.
Vay ton tai hai Parabol (P;) va (P,) thoda man diéu kién dau bai.

Thi du 2. Cho diém F(3, 0).
a. Ldp phuong trinh Parabol (P) c6 tiéu diém F va dinh la goc toa do.
b. Mot diém ndam trén Parabol (P) c¢6 hoanh do x = 2. Hay tinh
khodng cdch tix diém dé tdi tiéu diém.
c. Qual(2,0) dung duong thdng (d) thay déi luon cdt Parabol (P) tai
hai diém A, B. Chiing minh rang tich sé khodng cdch tix A va B t6i
Ox la mot hdng so.
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&S Gidi
a. Parabol (P) c6 tiéu diém F(3, 0) va dinh O(0, 0) suy ra:
(P): y* = 2px.

Tacé§:3:>p=6.

Vay, phuong trinh Parabol (P): y? = 12x.
b. Véidiém M(2, y) € (P) luon c6:

FM:X+§:2+3:5.

c. Puong thiang (d): a(x —2) + by =0 di qua L.
Toa do giao diém A(xa, ya) va B(xs, ys) ctia (P) va (d) 1a nghiém hé:
y* =12x
a(x-2)+by=0"
Phuong trinh tung do giao diém cua (P) va (d) c6 dang:
ay? — 12by + 24a = 0. (1)
Tur do, ta cod
12b
Yaty¥pg=—7"
a .
Ya-Yg =24
Khoang cach tir A va B dén truc Ox theo thit tu la:
hi =1yal, ha = |ys|.
Nhan xét tich
hi.hy = |ya.ys| = 24 — khong déi.

Dang toin 3: Vi tri tuong d6i ctia diém, duong thezmg va Parabol
Phuong phdp thuc hién
1. Xét vi tri twong doi chia diém M(xo, yo) v6i Parabol (P) : y> = 2px, ta thuc hién
theo cac budc:
Budc 1:  Xac dinh phuong tich cia M d6i véi Parabol (P) 1a :
Pyspy = Yo — 2PXo.
Budc 2:  Két luan:
= Néu Py/p)<0 < M nam trong Parabol.
= Néu Py/p) =0 < M nam trén Parabol.

= Néu Py/p)>0 < M nam ngoai Parabol.

& Chu y: Ta c6 cdc két qua sau:
*  M(x,y)e mién trong cha (P) = qua M khong thé ké dugc tiép tuyén t6i (P).
»  M(X, y)e mién ngoai cia (P) = qua M ké duogc 2 tiép tuyén téi (P).
* M(X,y) ndm trén (P) = qua M ké dugc mot ti€p tuyén t6i (P).
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2. Xét vi tri tuong doi ctia duong thang véi Parabol bang viéc xét hé phuong trinh
tao bdi (P) va (d), khi d6 s6 nghiém ctia phuong trinh béng s6 giao diém cua (d)
va (P).
Thi du 1. Cho Parabol (P): y* =4x va (d): 2x -y —4 =0.
Tim cdc diém Me(d) dé tir do:
a. Khong ké duoc tiép tuyén nao tdi (P).
b. K¢ duoc mot tiép tuyén toi (P).
c. Ké duoc hai tiép tuyén toi (P).
&5 Gidi
Vé6i mbi diém M(xo, yo)(d), ta c6:
2X0—y0—4=0<:>y0=2X0—4.
Pyvi/py = Y5 — 4%0 = (2x0 — 4)? — 4x0 = 4 x§j — 20x + 16.
a. Dé tir M khong ké dugc ti€p tuyén ndo t6i (P)
& Py py<0 < 4x5 — 20x0 + 16<0 < 1<xo<4.
Vay, tap hop céc diém M(xo, yo)e(d) c6 hoanh do thod man 1<xo<4 khong ké
duoc ti€p tuyén nao téi (P).
b. Dé tir M ké dugc mot tiép tuyén t6i (P)

M,(4.4)

Vay, ton tai hai diém M;(1, —2) va Mx(4, 4) thuoc (d) tir d6 ké dugc mot tiép
tuyén t6i (P).
c. Dé tir M ké duoc hai ti€p tuyén t6i (P)

2 Xo =1 M, (1,-2)
< Pyypy =0 4x5 —20x0+ 16 =0 < . _4:>
0=

) X, <1
= PM/(P)>O = 4X0 - 20X0 + 16>0 =
X, >4
Vay, tap hop céc diém M(xo, yo)e(d) c6 hoanh do xoe(— oo, 1) U4, + o) ké duoc
hai ti€p tuyén t6i (P).
Thi du 2. Cho Parabol va duong thang (d,) ¢é phuong trinh:
P):y=x*-2x+2, (d):x-y-1=0.
Ldp phuong trinh duong thdng (d) ciing phwong voi duong thang (di) va
cdt (P) tai 2 diém phdn biét A, B sao cho AB = 4.
L5 Gidi
Puong thang (d) cting phuong vé6i dudng thang (d;) c6 phuong trinh:
(d:x-y+C=0.
Toa do giao diém A(xa, ya) va B(xs, ys) ctia (P) va (d) 1a nghiém hé:
y=x"-2x+2
x—y+C=0 .
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Phuong trinh hoanh do giao diém ctia (P) va (d) c6 dang:
x>=3x+2-C=0. (D)
DPé (1) ¢6 hai nghiém phan biét diéu kién 1a:

A20©9—4(2—C)20<:>C2—%.

Tu do, ta co:
X, +X;=3
{XA X, =2-C’
Vi gia thiét AB = 4, ta dugc:
16 = (xa — xp)* + (ya — yB)* = (Xa — xp)’ + [(xa + C) = (xg + O)]?
=2(xa — xB)* = 2[(xa + xB)*> — 4xaxp] = 2[9 —4(2 - C)] =2(1 + 4C)

< 1+44C=8<C= %
Vay, dudng thing (d) c6 phuong trinh x — y + % =0.

Thi du 3. Cho Parabol (P): y* = 4x. Mot duong thang bdt ky di qua tiéu diém ciia
(P) cdt (P) tai hai diém phdn biét A va B. Chitng minh rdng tich cdc
khodng cdch tir A va B dén truc cua (P) la mot dai luong khong doi.

25 Gidi

Parabol (P) ¢6 tiéu diém F(1, 0).
DPuong thing (d): ax + by + ¢ = 0 di qua F(1, 0) c6 dang:
(d):ax +by—a=0.
Toa do giao diém A(xa, ya) vd B(xg, ys) ctia (P) va (d) la nghiém hé:

y2 =4x
{ax +by—-a=0 .
Phuong trinh tung do giao diém cta (P) va (d) c6 dang:
ay’ + 4by —4a =0. (1)
Tu do, ta cod
4b
YatyYs = T
Yayp =—4
Khoang cach tir A va B dén truc Ox theo thit tu la:

hi = |yal, ho =ys|.
Nhan xét tich

hi.hy, = |yA.yB| =4,
Vay, tich cdc khoang cach tir A va B dén truc cta (P) 1a mot dai lugng khong doi.
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Thi du 4. Cho Parabol (P) va Elip (E) co phuong trinh:
2 2
(P): y = x> — 2x va (E): %+YT=1.

a. Chitng minh rdng (P) cdt (E) tai bon diém phdn biét A, B, C, D.
b. Ldp phuong trinh duong tron di qua cdc giao diém dé.

&5 Gidi
a. Xét hé phuong trinh tao bai (P) va (E)
2 2
X" +9y° =9
{ i M
y =X~ —2x

= x2+9(x*-2x)>=9
Sf(x)=9x*-36x3+37x*>-9=0. (1)

Ta c6:
f(-1)=73>0,f(0)=-9<0,f(1)=1<0,{2)=-77<0,f3)=81>0

Do dé:

= f(—1).f(0) < 0 = phuong trinh (1) c6 mot nghiém thuoc (-1, 0).

=  {(0).f(1) < 0 = phuong trinh (1) c6 mot nghiém thudc (0, 1).

= f(1).f(2) < 0 = phuong trinh (1) c6 mot nghiém thudc (1, 2).

=  {(2).f(3) < 0 = phuong trinh (1) c6 mot nghiém thudc (2, 3).

Vay, phuong trinh (1) cé 4 nghiém phan bié¢t < (d)~(P) = {A, B, C, D}.

b. Tu hé (I), ta duoc :

> +9y* =9
e — 9x2 4+ 9y? — 16x — 8y —9 =0
8(x* —2x) =8y
8 ., 4., 161
SE-=)P+(y-—)Y=—. 8
( 9) (y 9) a1 (*)

Nhan xét rang toa do ctia A,B,C,D cuing thoa man (*).
Vay, phuong trinh dudng tron di qua A, B, C, D ¢6 dang:

k= Sty 161
O R e

Dang toin 4: Piém va Parabol.
Phuong phdp thuc hién
Vi Parabol (P) c6 phuong trinh:

(P): y* = 2px.
ta thuc hién theo cac budc:

Bute 1: Ly diém M(xo, yo)e(P) = y3 = 2pxo.
Budc 2:  Dua vao di€u kién K ¢6 thém duoc diéu kién cho xo, yo.
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@ Chii y: Ta can luu ¥ céc trudng hop sau:
1. Néu diém phai tim thod man diéu kién vé ban kinh qua tiéu di€ém ta st dung cong
thic tinh ban kinh qua tiéu diém theo toa do diém do6 la:

MF = xo+ L.
2

2. Néu diém phai tim thoa man diéu kién vé géc ta dua bai toan vé xét hé thitc lugng
trong tam gidc.
3. Neéu diém phai tim 1a giao ctia Parabol v6i mot dudng khdc ta xét hé phuong trinh
tuong giao dé tim toa do giao diém.
Thi du 1. Cho Parabol (P): y = x*. Mot géc vuong & dinh O cat Parabol tai A, va
As. Hinh chiéu ctia Ay va A lén Ox la B, va B..
a. Chimg minh rang OB,.OB, = const.
b. Chiing minh rang A\A luén di qua mot diém co dinh.

&S Gidi
a. Gidslt Aie(P) = Ai(xo, X))
Khi do: y P)
- Bi(xo, 0) = OB = [xq|. A, I
- Phuong trinh dudng thang (OA)): y = XXo. A
- Theo gia thi€t OA,LOA, R
I »
=> phuong trinh dudng thang (O A,): y = L B, O B x
X0
- Toa do cta A, 1a nghiém hé phuong trinh:
1
y = x> X=——
Xo 1 1
Ay 1 = Ax = Ao(——, —2)
y=——"X 1 Xy Xg
Xo Yy=-—7
X0
1 1
- Bz(——,O)DOB2=|——|.
X0 X0
Vﬁy OB1.0B2 = 1
b. Ta lan luot co:
»  Phuong trinh (A;A>) dugc xac dinh bai:
1 1
X+— Y
(A1 Ay — 20 = 0
1 , 1
X0 +— X9 — —
X X0
< (A Az):xxf) +(1—y)x§ —xXp=0. (1)
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* Ta di chiing minh A;A; luon di qua mot diém c6 dinh.
That vay gia st I(x, y) 12 diém c6 dinh ctia ho dudng thang A A,
. o x=0 x=0
< (1) ding véi moi xo < = < 10, 1).
1-y=0 y=1
Vay (AjA,) luon di qua mot diém c6 dinh 1(0, 1).

§6. BA DPUONG CONIC

Thi du 1. Bién ludn theo m hinh dang cia duong (€) cé phuong trinh:
(®): (m - 1)x*+ my’=m?* - m.
&S Gidi
Ta lua chon mot trong hai cich sau:
Cdch 1: Bién déi phuong trinh clia (¢) vé dang:

JE=1*+y° 1
x-m|  Jm’
Vay vé6i diém F(1, 0) va dudng thang (A): x = m, ta ¢6 nhan xét:
* V6im<0,thi (%) latap &.
Véi m = 0, thi (¥): x> = 0 < (): x = 0 la phuong trinh truc Oy.

m[(x - 1)’ +y]=x-m)y=

= V6i
m>0
1 < m > 1 = (¥) 1a phuong trinh cta Elip.
ﬁ <1
= Véi:
m>0
1 e 0 <m < 1 = (%) 1a phuong trinh ctia Hypebol.
N
= Véi
m>0
1 _ om= 1 = (%) la phuong trinh ctia Parabol diém (c6 dang y? = 0).
Jm

Cdch 2: Ta xét dua trén cac tinh chat dai so:
a. Viim>-m=0<m=0vm=1
= Véim =0, ta dugc:
(¢): — x> = 0 < (): x = 0 1a phuong trinh truc Oy.
* Véim =1, ta dugc:
(¢): y>=0 < (¢): y = 0 1a phuong trinh truc Ox.
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b. V6im*—- m#z0eom#0Am=1

(0: X 1.
m m-1
= Vi

>0
{m < m > 1 = (¥) 1a phuong trinh cta Elip.
m-1>0

= Véi:
m(m - 1) <0< 0<m< 1= (¢ la phuong trinh cia Hypebol.
Thi dv 2. Ldp phuong trinh cua Conic (C) ¢6 tdm sai e = %, mot tiéu diém la
F(=3; 1) va duong chudn vng vdi tiéu diém dé la (A):y +2 =0.
&5 Gidi
Véi M(x,y) € (E) ta cé:
2 2
MF N3 o L
d(M,A) |y+2] 2
e A(x +3)2 4 (y— 1] = (y + 2) < 4x2 + 3y? + 24x — 12y + 36 = 0
2 2
o &+ -2
2 8

3
D6 chinh laphuong trinh cta Elip (E).

Thi du 3. Ldp phuong trinh cia Hypebol, biét tiéu diém FQ2, —3), duong chudn
ing véi tiéu diém doé cé phiong trinh 3x —y +3=0va tdm saie= /5 .

&5 Gidi
Véi M(x,y) € (H) ta cé:
MF Jx=2) +(y+3)?
——=es
d(M,A) |3x —y+3|
J10

D6 chinh laphuong trinh ctia Hypebol (H).

= /5 ©7x2—y>—6xy +26x — 18y — 17 =0.

Thi du 4. Ldp phuong trinh ciia Parabol, biét tiéu diém F(0, 2), duong chudn iing
Vi tiéu diém dé cé phuong trinh 3x — 4y — 12 =0.
&5 Gidi
Véi M(x,y) € (P) tacé:
_ (3x—4y-12y

MF
=1 MFP=d"M, (A) & x2+ (y=2)* =
AL M, (A) &x*+(y—-2) 55

< 16x% + 9y? + 24xy + 72x — 196y — 44 = 0.
D6 chinh la phuong trinh ctia Parabol (P).
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C. CAC BAI TOAN CHON LOC
®

Vidu 1: Cho hinh binh hanh ABCD, biét tam 1(2; 2) va phuong trinh canh
(AB): 2x —y =0, (AD): 4x — 3y =0.
Lap phuong trinh cac canh BC va CD.
&5 Gidi
a. Canh BC d6i xtng v6i AD qua I, ta 1an lugt thuc hién:
Vé6i méi dém M(x, y) € (AD) = tén tai diém M;(x,, y;) € (BC) nhan I lam trung
diém, ta duoc:

x+x,=4 x=4-x,
& . D
y+ty =4 y=4-y,
Thay (I) vao phuong trinh cta (AD), ta dugc:
44-x1)-34-y)=0<=4x, -3y —4=0. (1)
4x =3y —4=0. )

Vay phuong trinh (BC): 4x — 3y -4 =0.
b. Canh CD d6i xting v6i AB qua I, ta 1an luot thuc hién:
Lay diém O(0, 0) € (AB), goi O, 1a diém d6i xing v6i O qua I = O0(4, 4).
* Vi(CD)//(AB):2x-y=0=(CD):2x -y +C=0.
" ViO,e(CD)=C=-4.
Vay, phuong trinh duong thang (CD): 2x —y — 4 = 0.
Vidu 2: Cho AABC, bié¢t A(1, 3) va hai trung tuyén cé phuong trinh la:
x=2y+1=0,y-1=0.
Ldp phuong trinh cdc canh cua AABC.
L5 Gidi
Ta c6 thé trinh bay theo cdc cdch sau:
Cdch 1: Dé c6 duoc phuong trinh c4c canh clia AABC ta di x4c dinh toa do diém B, C.
Goi A' la diém doi xiing v6i A qua trong tam G ctia AABC, khi do:

A'B//(,) A
: (d>) (dn)
A'C/I(d,)
Suy ra:
Piém B 1a giao diém cta (A'B) va (d»). C = B
Piém C Ia giao diém cua (A'C) va (d)). \\/

Vay ta lan luot thuc hién theo cac bude sau:
* Goi G la trong tam AABC, khi d6 toa do ctia G 1a nghiém cua hé:
Xx—-2y+1=0
{y—1=0
* DPiém A'la diém d6i xting v6i A qua G, suy ra A'(1; —1).

= G(1, 1).
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» Toa do diém B: Phuong trinh dudng thing (A'B) duoc x4c dinh boi:
A’ ua A'(l,—1 _
AB): {1 o @By | MG gy X2l vyl
(A'B)//(d) vtep CG(2,1) 2 1
< (AB):x—-2y—-3=0.
biém {B} = (A'B) N (d»), toa do diém B 1a nghiém hé:
x—-2y-3=0
y—1=0
* Tuong tu, ta c6 toa do diém C(— 3, — 1).
*  Phuong trinh canh AC, dugc xac dinh boi:
qua A(L,3) x-1 y-3
AC): SA0 —— =— ©(AO:x—y+2=0.
( C){qua C(-3,-1) RO -3-1 -1-3 (ACkx-y
= Tuong tu, tacod:
(AB):x+2y-7=0va(BC):x-4y-1=0.
Vay, phuong trinh ba canh ctia AABC la:
(AB):x+2y—-7=0, BC:x-4y-1=0, (AC):x-y+2=0.
Cdch 2: St dung phuong trinh tham s6 clia dudng thang
Goi (di): x =2y + 1 =0 1a trung tuyén dinh C, tacd :

= B(5, 1).

~2t-1
@y ¥ teR=CQt-1,1). A
y=t (d2) (dn)

Goi (d2): y — 1 =0 1a trung tuyén dinh B, ta ¢6 :

= C B
(do): {X Y ueR=Bu,1).
y=1
Goi G la trong tam AABC, khi d6 toa do ctia G la nghiém ctia hé:
-2y+1=0
{X y — G(1, 1).
y—1=0

Ta cé6:

Ya+Ys +Ye =3y, 3+1+t=3 u=>5 C(-3,-1)
Khi dé:
*  Phuong trinh canh (AB), duoc cho boi:
(AB): {qua A(1,3)
qua B(5,1)
»  Phuong trinh canh (AB), dugc cho boi:

(AC): {qua A(1,3)
qua C(-3,-1)

{XA+XB+XC=3XG c}{l+u+2t—1:3<:>{t=—1:>{B(5,1)

< (AB):x+2y-7=0.

& (AC): x—y+2=0.
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»  Phuong trinh canh (BC), dugc cho béi:
B(5,1
B0y 1A BED L peyx_ay 120,
qua C(-3,-1)
Vay, phuong trinh cac canh cua AABC la:
AB):x+2y-7=0,(AC):x—-y+2=0,BC):x-4y-1=0.

Vidu 3: Cho ba duong thing (d,), (d2) va (ds) cé phuong trinh:
(d):3x+4y—-6=0,(d2): 4x + 3y -1 =0, (d3): y =0.
Goi A = (di)N\(d2), B = (d3)N(d2), C = (di)N\(ds).
a. Ldp phuong trinh duong phan gidc trong ciia géc A ciia AABC .
b. Tinh dién tich tam gidc, xdc dinh tam va tinh ban kinh duong tron
noi tiép AABC.
c. Xdc dinh toa do diém M sao cho 2MB + MC = 0.
&5 Gidi
Trudc tién:
» Toa do cua A la nghiém ctia hé phuong trinh:
3x+4y—6=0 =2
Xy o T S A2 3),
4x+3y-1=0 y=3
» Toa do cua B la nghiém cua hé phuong trinh:
4x +3y—1=0 ~1/4
Y=l Ut el o),
y=0 y=0 4
» Toa do cua C la nghiém ctia hé phuong trinh:
3x+4y-6=0 x=2
=
y=0 y=0
a. Goi (da) 1a duong phan giac trong cuia géc A cta AABC.
Khi d6, diém M(x, y)e(da)

= C(2; 0).

M vu B cing phYa vii (AC) Gx+4dy- 6)(3% —6)>0
& {M vu C cingphYavii (AB) & ) (4x+3y—-1)(4.2-1)>0
d(M, (AB)) =d(M,(AC)) |3x +4y—6| |4x+3y—1]
3x+4y-6<0
& 4x+3y-1>0 &x+y-1=0.

—-(3x+4y—-6)=4x+3y-1

D6 chinh 14 phuong trinh tdng quét clia dudng thang (da).
b. Dién tich AABC dugc cho boi:

1 1 1 21
S = —d(A, BO.BC=—-.3.2- —)=— (dvdt).
AABC 5 ( ) 5 ( 4_) 2 ( )
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Gia st I(x; y) 1a tam duong tron noi ti€p AABC, khi do:

Te(d,) x+y-1=0 o
— +vVv—1=
d(I,AC) = d(I,BC) > {3XT4Y 61 o) JX+Y
J32 +42 3x+4y—-6==25y
y; >0
y>0
ex=y=+
y 5

Vay, duong tron noi ti€p AABC c6 tam I(%; %) va béan kinh bang % .

c. Gia sir M(x; y), tir hé thic:
0:3(%—x)+(2—1) 5

0 =2MB+MC=3MB+BC < 4 :>M(g;0).

0=-3y

Vidu 4: Cho hai diémA(0, 2), B2, — 2) va duong thing (d): x —y — 1 = 0. Tim trén

duong thang diém M trén (d) sao cho MA + MB nhd nhdt.
&5 Gidi
Ta c¢6 nhan xét:
tate=(-2-1)2+2-1)=-9<0= A, B khic phia v6i (d)
Ta luon co:
MA + MB> AB
do d6 (MA + MB)wmin = AB dat duoc khi:
A, B, M thang hang <> {M} = (d) n (AB).
*  Phuong trinh dudng thang (AB) dugc cho boi:

[0 32

& (AB) = =—— < (AB): 2x+y—-2=0

quaB(2,-2) (AB): 7 =7y S ABrx+y

* Toa do diémM la nghiém cua hé:

2x+y—-2=0 x =1

& = M(1, 0).
x-y—-1=0 y=0

Vay, tai diém M(1, 0) ta dugc MA + MB nho nhat.

Vidu5: Xdic dinh toa do dinh C ciia AABC, biét A2; -3), B(3; —2), trong tdm cua
AABC thuéc duong thdng 3x —y —8=0va dién tich ciia AABC bdng % .

&S Gidi
Phan tich: Goi M 1a trung diém AB, G 1a trong tam AABC.
Khi dé
—=, — —Xg =2(xg — =2(Xg —Xy) +
GC = 2MG©{XC %o = 2o =Xu) {XC Co XX
Ye = Y6 =2(¥6 = Yu) Ye =2(¥6 = Ym) Yo

Vay dé xac dinh toa do C, ta di xdc dinh toa do M, G.
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e Toa do diém M dugc cho boi: C B(3, -2)

{2XM:XA+XBDM<§, -3 H
2y =Yat+VYs 2 2 ~§
e PimG(x,y)e(d) =3x-y-8=0 (1) G .
Goi CH la duong cao cua AABC ha tur C, ta co: A2, -3)
SAABC:3C>1AB.CH:§©CH:i©CH= 3 :3\/5.
2 2 AB JB-22 +(2+37 2
Qua G dung dudng thang song song v6i AB cat CH tai Hi, khi dé:
HH, MG _ 1 oy o lego Y2
CH MC 3 3 2
Phuong trinh (AB) dugc cho boi
A(2,-3 -
AB) | AR gy X2 Y3 ARy x—y—5=0.
qua B(3,-2) 3-2 -2+3
Nhan xét rang:
d(G (AB)):HH1@M=£@|X—3/—5| -1 )
’ Vi+1 2
Twr (1), (2) ta c6 hé phuong trinh:
3x-y—-8=0
3x-y—-8=0 x=1&y=-5 G(1,-5)
S e x-y-5=1 & = .
|x—y-5=1 { x=2&y=-2 G(2,-2)
x-y-5=-1
Khi dé:

- V6i G(1, —5) thay vao (I), ta duoc C(=2, —10).
- V6i G(2, —2) thay vao (I), ta dugc C(1, —1).
Vay ¢6 hai diém C thod man diéu kién dau bai.
Vidy b: Cho ho duong cong:
(Cr):x*+y’ = (m+6)x—2m-1Dy+m+10= 0. (1)
a. Tim m dé (Cn) la mot ho duong tron. Tim qui tich tam 1.
b. Chiing minh rang tén tai mot duong thing la truc dang phuong cho
tdt cd cdc duong tron (Cy).
c. Chitng minh rang cdc duong tron cia ho (Cn) luon tiép xic vdi
nhau tai mot diém co dinh.

&5 Gidi
a. Taco:
2 2
R+broc= IO e omo10=2" >0, vm.

Vay, v6i moi gia tri cia m phuong trinh (1) l1a phuong trinh ciia mot dudng tron,

cétémlm(m;6;m— 1) va ban kinh R = @
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Qui tich tam Iy,:
_m+6
Loy 2 . M
y=m-1
Khtr m tir hé (1), ta dugc (d): 2x —y — 7 =0.
Vay, tam I, ctia ho (Cy) thudce dudng thing (d): 2x —y — 7 = 0.
b. Gia sit M(x; y) thuoc truc dang phuong cho tat ca cac duong tron (Cn)

< Pyyc,) = Pu /(sz),le, mp va m; # my

SxXP+yP—(m +6)x —2(m;— )y +m; + 10 =
= xX2+y>— (M +6)x —2(my — 1)y + my + 10
C>(l’l’h —mz)(x+2y— 1)=0, le,mzvém1¢m2c>x+2y— 1=0.
Vay, dudng thiang x + 2y — 1 = 0 12 truc ddng phuong cin tim.
c. Ta coé thé lua chon mot trong hai céch sau:
Cdch I: V6i m; va m; bat ky (m;# my), thi:
m, +6 V5 m |
2

- mj — 1) va bén kinh R, = *E|2m2|.

(C,, ) c6 tam Ii( ;m; — 1) va ban kinh R; =

m, +6

(C,,, ) €6 tam Ix(

suy ra:

_ 2 — R, +R
L= (M) o —myy? = Bmmm | RRs
2 2 R, —R,|

Vay, céc dudng tron ctia ho (Cy) ludn ti€p xidc v6i nhau tai mot diém c6 dinh M(3; —1).
Cdch 2: Gia st M(Xo; yo) 1a diém c6 dinh ma ho (C,,) ludn di qua.
SxX2+y?-m+6)x—2m—-1y+m+10= 0, Vm
om(—x=2y+1)+x*+y’—6x+2y+10 = 0,Vm
-x—-2y+1=0 x=3
<:>{2 ) <:>{_ < M@, - 1).
X +y —6x+2y+10=0 y=-1
Nhan xét rang tam I, cia ho (Cy) luon thuoc duong thang (d) ¢ dinh di qua M.
Vay, cdc dudng tron clia ho (Cy,) luon tiép xtdc véi nhau tai mot diém cod dinh M(3; -1).
Vidu?: Cho hai diém A(8; 0); B(0; 6).
a. Ldp phuong trinh duong tron ngoai tiép AOAB.
b. Ldp phuong trinh duong tron noi tiép AOAB.
&S Gidi
a.  Chinh Ia dudng trdn dudng kinh AB, ¢6 phuong trinh (x — 4)* + (y — 3)> = 25.
b. Gia stir duong tron (C) ¢6 tam I(a, b) va ban kinh r.

Cdch 1: Tam I thuoc duong phan gidc trong cua géc AOB va phan gidc trong cua
géc ZBAO.
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Phuong trinh phan giac trong ctia géc AOB lax — y=0.
Phuong trinh canh (AB) dugc cho bai:

(AB): §+% =1 3x+4y-24=0.

Phuong trinh cac dudng phan giac cua goc BAO dugc cho bai:
3x+4y-24 vy (A):3x-y-24=0 .
(A,):3x+9y—-24=0

Jo116 1

(Az) 1a dudng phan gidc trong cua goc BAO.
Khi dé6 toa do tam I 1a nghiém hé phuong trinh:
{x—y=o =12,2).
3x+9y-24=0
Ban kinh r dugc cho bdi r = d(I, OA) = 2.
Vay phuong trinh (C): (x — 2)*+ (y — 2)* =4.
Cdch 2: Nhan xét rang:
» Tam I(a, b) thudc géc phan tu thi nhat, suy ra a, b > 0.
= (C) tiép xtc v6i OA, OB, vaya=b =r.

Ta c6 Saoas =p.r (1
trong do:

Saoas = %OA.OB =24 2)

p=%(OA+OB+AB)=12 3)

Thay (2), (3) vao (1), ta dugc r = 2.
Vay, phuong trinh dudng tron (C): (x — 2)* + (y — 2)> = 4.

Vidu 8: Cho diém M(6,2) va duong tron (C): (x — 1)* + (y — 2)* = 5.
a. Chimng tJ rdng diém M ndm ngoai (C).
b. Ldp phuong trinh dwong thdng (d) di qua M va cdt duong tron (C)
tai hai diém A, B sao cho AB = 10.
&S Gidi M
Pudng tron (C) ¢6 tam I(1, 2) va ban kinh R = /5 . B
a. Taco: A
Sicy = (6—1)>+ (2 —2)*>— 5 =20>0 < M nam ngoai dudng tron.
b. Goi H 1a hinh chiéu vuong géc cua I 1én AB, ta c6:
AB’ 10 5 J10

[H>=1A’- AH’=R’- — =5- — == o IH= —.
4 4 2 2

DPuong thing (d) di qua M c6 dang:
(d): Ax—-6)+B(y-2)=0<(d): Ax+By-6A-2B=0.
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Puong thang (d) thoa man diéu kién diu bai khi va chi khi:
|A+2B-6A-2B| _ /10

JA? +B?
Khi do:

» V6i A= —3B,taduogc (di): x — 3y =0.
= V6i A =3B, ta dugc (do): x + 3y — 12 =0.
Vay, ton tai hai dudng thang (d,), (d») thoa man diéu kién ddu bai.
Vidu9: Cho duong tron (C) cé phuong trinh :
(O):x*+y*—4x+8y-5=0.
a. Tim toa do tam va va badn kinh cua (C).
b. Viét phuong trinh tiép tuyén véi (C) di qua diém A(-1, 0).
c. Viét phuong trinh tiép tuyén voi (C) vuong géc véi duong thang
(d):3x—-4y+5=0.

d(1, (d)) = [H < & 9A’=B < A = +3B.

&5 Gidi
a. Taco ngay, tam I(2, —4) va ban kinh R = 5.
b. Vi A € (C) nén ti€p tuyén c6 phuong trinh:
XD+y.0-2x+1)+4(y+0)-5=0<=3x—-4y+3=0.
c. Goi (A) 1a ti€p tuyén cua dudng tron (C) thoa man di€u kién dau bai.
Ta c6 hai cach giai sau:
Cdch I: Tiép tuyén (A) L (d) nén c6 phuong trinh:
(A):4x+3y+c=0.
Puong thang (A) 1a tiép tuyén clia (C) diéu kién la:
4243 (el _ | {cl =21
V16+9 c, =29

d@, (A) =R <

Khi do:
»  Véic =21, ta dugc ti€p tuyén (A): 4x + 3y — 21 =0.
" Vi ¢y =-29, ta duge ti€p tuyén (Az): 4x + 3y +29 =0.
Vay, ton tai hai ti€p tuyén (d), (d2) t6i (C) thoa man diéu kién dau bai.
Cdch 2 (Hudng ddn): Gia st ti€p diém 12 M(Xo, yo), khi d6 phuong trinh tiép tuyén c6 dang:
(d:xxo+y.yo—2(x+x0) +4y+yo)—5=0

S (d): Xo—2)x+(yo+4)y —2xo+4yo—5=0 (1)
Vi M(xo, yo) € (C) nén x; +y; —4xo+ 8yo—5=0. 2)
Puong thang (d) L (A) khi va chi khi:

3.(x0—2) — 4(yo +4) = 0 = 3x0 — dyo— 22 = 0. 3)

Giai hé phuong trinh tao boi (2), (3) dé suy ra Xo va yo, tir d6 suy ra hai ti€p tuyén
(d1), (do).
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Vidu 10: Cho diém M(2; 3) va duong tron (C): x> + y*—2x —6y + 6 = 0. Ldp
phuong trinh duong thdng (d) qua M cdt (C) tai hai diém phan biét A, B
sao cho:

a. MA =-3MB. b. MA =-MB.
&S Gidi
Puong tron (C) c¢6 tam 1(1; 3) va ban kinh R = 2.
a. Ta thuc hién phép bién doi:

MA =-3MB = MA = %BA a MB :—%ﬁ
Khi dé:

Puic=—3 = MA .MB = %ﬁ.(—%ﬁ)=—%AB2<:>AB2= 16 < AB=4.
Vi (d) di qua M va cat duong tron (C) tai hai diém A, B sao cho:

quaM(2;3)
j ed X2 oY L @y-3=o.
quatam]I(1;3) 2-1 3-3

b. Tir diéu kién suy ra M 12 trung diém AB, do do:

AB=4=2R<:>(d2):{

qua M(2;3)
): &S d):1.x-2)=0=W):x-2=0.
vtpt IM(1; 0)
Vi du 11: Cho duong tron (C): (x — 1)* + (y — 2)* = 9. Xdc dinh toa do cdc dinh B,
C ciia AABC déu noi tiép trong duong tron (C), biét diem A(=2, 2).
&S Gidi
Ta c6 thé thuc hién theo ba cdch sau:
Cdch 1: Goi A; 1a diém d6i xding v6i A qua I = toa do diém Ai(4, 2).
Puong tron (C;) thoa man:
tamA, (4,2)
(Ch): .
bkinh R =3
Khi dé: (CO)N\(C) = {B, C}, toa do B, C 1a nghiém cua hé:

S (C):(x—4)P2+(y—-2)=0.

5 3\/_

(=12 +(y-2=9 _ [(x-1P+(y-2¢=9 |BG:2~
vt =9 Jex-15=0 7 s 3\/5'
(x—4) +(y—2)* =9 SERYEE)

Cdch 2: Nhan xét rang: AABC déu noi ti€p trong dudng tron (C) = tam I 1 trong
tam cua AABC.

Goi H 12 hinh chiéu vuong géc clia A len BC= Al =21H = H(% ,2).
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Phuong trinh canh BC dugc cho bai:

5

a H(=,2
@®0): 11 HG )<:>(BC):X—§=O.
vipt AI(3,0)
Khi d6 (BC)~(C) = {B, C}, toa do B, C a nghiém ctia :

oD r-2i—0  |BC.2-33)

5, — 1 2 j_
x5 T 2+,
2"

Cdch 3: Giai st AB = a, khi dé:
a\/§ 3

AH= —"—"—==-6<a’>=27.
2 4
Diém M(x, yo)€(C) sao cho AM? = 27, ta c6:

: 2 5, 33
{<x0—1)2+(y0—2)2=9 Y R T Y L
(X +2)" +(y,—2)" =27 Xp =2 C(%,2+¥)

Vidu 12: Cho diém A(2,0) va diém M di chuyén trén duong tron (C) tam O bdn
kinh bang 2. Goi H la hinh chiéu vuéng géc ciia M Ién Oy.
a. Tinh cdc toa dé giao diém P ciia cdc duong thang OM va AH theo
goc o= (0A, OM).
b. Xdc dinh va vé qui tich cua P khi m thay doi trén (C).

LS Gidi "
Duong tron (C): x> +y> =4
DPiém M(a, b)e(C) <> a> + b> = 4. (1) M
H 1a hinh chiéu vuong géc ctia M 1én Oy, vay H(O, b). A

Phuong trinh (AH) duoc cho boi: L<cy X
(AH): %% =1 < (AT): bx + 2y — 2b =0.

Phuong trinh OM la (OM): bx — ay = 0.
Toa do giao diém P 1a nghiém hé phuong trinh

bx+2y—-2b=0
. D
bx —ay=0
H¢ c6 nghiém khi
—ab-2bz0<bz0&azx-2<a=12.
a. Tacod
a=0M.cosa a=2coso
M: . < )
b=0OM.sina b=2sina
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< M(2cosa, 2sina) & P( 2coso.  2sina

coso+1 coso+1"
b. Xdc dinh va vé& qui tich ctia P khi M thay déi trén (C).
Tirhe (I), ta duoc a=—2> va b=—2Y_ 2)
2-x 2-x

Thay (2) vao (1) ta dugc phuong trinh qui tich P 1a y* = 4 — 4x.

Vay tap hop diém P thuoc Parabol y? = 4 — 4x trir hai diém A, B.
Vidu 13: Cho hai diém A(a; 0) va B(0; b) véi ab = 0. Goi (C) la duong tron tiép

xtic vai OX tai A va cé tam C vdi tung do yc = m (m la tham s6). Ldy

a’+b’

moi gid tri khdc 0 va khac

a. Duong thing AB cdt duong tron (C) tai giao diém thir hai la P. Xdc
dinh toa do cua P.
b. Xic dinh tam K cuia duong tron (K) tiép xiic voi Oy tai B, va di qua P.
c. Gid sit (C) n (K) = {P, Q}. Chitng minh rdng khi m thay doi PQ
Iuon di qua mot diém co dinh.
LS Gidi
Duong tron (C) ti€p xtc véi Ox tai A va c¢6 tam C véi tung d0 yc = m, suy ra
C(a, m) va ban kinh R = CA = m. Vay phuong trinh duong tron (C) c6 dang:
O): x—a)’+(y-—m)’=m?> < (C): x* + y> — 2ax — 2my + a> = 0.
a. Xac dinh toa do cua P.
Phuong trinh (AB) c6 dang:

(AB): 2+Y =1 < (AB): bx +ay —ab=0. Y4
@ b o I e
Toa do giao diém cua (AB) va (C) 1a nghiém hé phuong trinh:
bx +ay—ab=0 Q)

{(x—a)2 +(y-m)’=m’ (2) o) a X

Rt x — a ti (1) thay vao (2) ta duoc:
a Y y=0
(_BYJ +(y—-m)y=m’< (@ + by’ - 2b’my =0 < :&.
a’+b’
2 2

Thay y = azsz?:z vao (1), dugc x = 3{1_3222__111:2} .
Vay, toa do diém P(a{l - aZijr];lz } , a22bjr;12 .

b. Gia str duong tron (K) c¢6 dang:
(K): (x — 0 + (y - By =R2,
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(K) tiép xtic vé6i Oy tai B diéu kién la:

R=a
{B=b'

Khi d6 (K) ¢6 dang: (x — a)? + (y — b)> = o
Duong tron (K) di qua P, suy ra:
2b’m 2b’m a2+ b2 —2mb
all-——— | —a)?+(=—— —b)?=teog=——
( { a2+b2} ) (a2+b2 ) 2a

2 2
Vay K(M, b) va phuong trinh dudng tron (K) ¢6 dang:
a

(K): (x — 2 P+ (y-bp=(T 2=y

2+b*-2mb a’+b*>-2mb
2 2a

2,12
@(K):x2+y2—wx—2by+b2:0.
a

c. Hai dudng tron (C), (K) cit nhau tai P, Q, vay ta ¢6 hé phuong trinh :
x> +y’ —2ax—-2my+a’ =0
2 2 _
x> +y’ —M>(—2by+b2 =0
a
= (a’> — b* + 2mb)x + 2a(m — b)y —a(a’ - b*) =0
D6 chinh 1a phuong trinh (PQ).
e Gia sit M(xo, yo) 1a diém c6 dinh ma (PQ) luon di qua v6i moi m. Khi d6:
(a> — b? + 2mb)xo + 2a(m — b)yp — a(a®> — b*) =0 Vm
< 2(bxo + ayo)m + (a? — b?)xo — 2aby, — a(a’ = b*) =0 Vm

bx, +ay, =0 a(a’-b?) . b(a® —b%)
2 12 2 g2 SX0= 55— VAYo= ———5—3
(a” —b")x, —2aby,—a(a” —b")=0 a“+b a~+b
D6 chinh 1a toa do di€ém c6 dinh M ma (PQ) Iuon di qua véi Vm.
2
Vi du 14: Cho ho Elip (En): x2=2y — 2 v6i0<m < 1.
m

a. Pua phuong trinh vé dang chinh tdc, xdc dinh toa do tdm, tiéu
diém F,, Fyva cdc dinh A, A, ciia Elip.
b. Tim qui tich cdc dinh A\, A, ciia Elip khi m thay doi.
c. Tim qui tich cdc tiéu diém F,, F, ciia Elip khi m thay doi.
&S Gidi
a. Chuyén phuong trinh ctia (E.) vé dang:
(Em): mx? + y? = 2my = 0 < (En): mx? + (y — m)? = m?

2 o2
< (Em): X—+w:1.
m m
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Tinh tién hé truc toa do Oxy theo vecto OI véi I(0; m) thanh hé truc IXY, véi
cong thiic déi truc:

X=x x =X
=
Y=y-m y=Y+m

Khi d6
2 2
(E): X—+Y—2=1 vi0<m<1=m?’<m.
m m
Trong hé truc IXY, (E) c6 cdc thudc tinh:
=  Tam I(0; 0),

= 2tiéudiém Fi(—vm-m? ; 0), Fx(vm-m’ ;0),

= 2dinh Ai(—+/m ; 0), Ax(v/m ; 0).
Do d6 trong hé truc Oxy, (En) c6:
= Tam I(0; m),
»  2tiéudiém va Fi(—vm-m® ; m), F(vYm—-m’ ; m)
= 2dinh Ai(=vm ; m), Ax(+/m ; m).
b. Qui tich cic dinh A4, A,.
= Qui tich dinh A;:
{X:—\/B {0<y<1vpx<0
& .

y=m X’ =y
Vay qui tich dinh A, ctia Elip khi m thay ddi thuoc phan d6 thi ctia Parabol (P): x>
=yv6il<y<lvax<O.
» Tuong tu qui tich dinh A, thudc phan d6 thi ctia Parabol
(P):x’=yv6i0<y<1vax>D0.
c. Qui tich c4c tiéu diém F,, F,.
*  Qui tich tiéu diém Fi:
{x:— U {O<y<1vux<0 O<y<lvpux<0
= g 1 -
x2 =y — 2 a(v——m) =2
y-y =3 =7
Vay qui tich tiéu diém F; ctia Elip khi m thay d6i thuoc duong tron (C) ¢6 tam

C(0; %)bz’mkl’nhR: % voi0<y<1lvax<O.

y=m

* Tuong tu qui tich tiéu diém F, thuoc dudng tron (C) c6 tam C(0; %)bén kinh R =

%V610<y<lvéx>0.

2
Vi du 15: Cho Elip (E): X? +y*=1.Tim cdc diém M thuoc Elip (E) sao cho:
a. CO6 ban kinh qua tiéu diém nay bang 7 ldn bdn kinh qua tiéu diém kia.

b. M nhin hai tiéu diém dudi mot géc 90°.
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£S5 Gidi
Piém M(xo, yo)(E) suy ra:

X0

T"'YO 1, M
MF =a+ 20 =24 XV3 va MFz_a—CX—°_2—X°*6. )
a 2 a 2
a. Tu gia thiét ta co:
ME, = 7MF,
ME, = 7ME,

& 0= (MF, - TME)(MF, — TMF,) = 50MF,. ME,— 7(MF? + MF})
= 50MF,.MF, — 7[(MF, + MF,)? - 2MF,.MF]
= 50MF..MF; — 7(16 — 2MF,.MF,) = 64MF;.MF; — 112

= 64(2 + X°2*B )2 — onﬁ

) — 112 = 64(4 — 3X° )= 112

= 144 — 48x]

(O] 1
C>X0—+\/_ :>y0—+—

N

Vay ton tai bon diém thoa man diéu kién dau bai 1a:
1 1 1. . 1
Ml(\/g’ E)’MZ(_\/E’ E)3M3(\/§’ _E)VaM4(_\/§’_E)'

b. Ta c6 thé lua chon mot trong hai céch sau:
Cach I: Xét AMF,F,, ta cé:

FF, = ME’ + MF, — thuc hién tuong tu b).
Cdch 2: Vi M nhin F/F, du6i mot goéc vuong do dé6 M thuoc duong tron (C) duong
kinh F,F,, do d6 M Ia giao diém ctia dudng tron (C): x*> + y> = 3 va (E) c6 toa do 1a
nghiém cta hé:

x>, X = -i-i
T+y =1
x*+y* =3 y:i?
Vay tén tai bon diém thoa man diéu kién dau bai Ia:
M9(2f I) Mio( - % g
MH(M - f v Mia( - % - £)

Vidu16: Cho diém A(0; 6) va duong tron (C): x* + y* = 100. Ldp phuong trinh
quy tich tdm cdc duong tron di qua A va tiép xiic voi (C).
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LS Gidi
Xét duong tron (C), ta duoc:
©): {Tar.n 0(0,0) .
Bkinh R =10
Gia st M, 1a tam duong tron qua A va ti€p xic véi (C), ta dugce:
MA + MB=MN + MB=BN =10
Vay tap hop céc diém M thuoc Elip (E) nhan O, A 1am tiéu diém va c¢6 do dai truc
16n bang 10.
= Xac dinh phuong trinh cta Elip (E)
ViO, A thu()c Oy nén phuong trinh cua (E) c6 tam I(0, 3) c6 dang:

®): X, 0= 3) ~1,v6i0<a<b. Y
trongdo.
2b=10<b=35, 2 10 o X
a2=b2—02=25—9[021:2j =25-9=16. 10
Dodé (B): X+ 0= ;.
6 25 —10
X -3
Vay tap hop cac diém M thuoc Elip (E) 6 5

2 2

Vidu17: Cho Elip (E): %4—% =1.Tim cdc diém M thuéc Elip (E) sao cho:

a. Co tong hai toa do dat gid tri [6n nhdt, nho nhdt .

ME 3
ME, 5°
Gidi
, X2 yz
a. Piém M(xo, yo)€(B) = 0+ 20 =1 (1)
Khi do:

X y ? X2 y2
Xo+Vyo)Yl=]3."24+522 1 <(9+25) | L+22| =34
(xo+yo) [ 4 5] ( )(9 25}

—/34 SXO+y0S\/§

dau bang xay ra khi:
X0/3_3 25 M (e 3 25

-z Yo =7 Xp 1

/5 5
WIS S LT e J_4 3J:5
X() yO XO y()_ __.__
| — 4+ —=1 M( 5 )
9+25 9 25 ? \/3_4 3\/3_4

424



Vay, ta dugc:
= (Xo+ Yo)Max = V34, dat duoc tai M.
= (Xo+ Yo)Min = 34, dat duoc tai M.
b. Tur gia thiét ta c6:
MF, = 3MF,
{MFz =3MF,
< 0= (MF, - 3MF,)(MF; — 3MF)) = 10MF..MF, — 3(MF’ + MF,)
= 10MF,.MF, — 3[(MF, + MF,)? — 2MF,.MF,]
= 10MF,.MF, - 3(100 - 2MF,.MF,) = 16MF,.MF. — 300

2 2.2
— 166+ oy 5- oy _300= 16025 - %0y 300 = 100 10 %0
5 5 25
< Xp = i‘é .
8
Vay tén tai bon diém thoa man diéu kién dau bai (Ban doc tinh tiép)
2 2
Vi dy 18: Cho Elip (B): -+ _=1,vsi 0<b<a.
a~ b
1. Goi A la mot giao diém ciia duong thang y = kx véi (E). Tinh OA

theo a, b, k.
2. Goi A, B la hai diém tuy ¥ thuéc (E) sao cho OALOB.

+ khong doi, tir dé suy ra duong

OA* OB’
thing (AB) luon tiép xiic véi mot duong tron cd dinh.

b. Xdc dinh k dé AOAB cé dién tich lén nhdt, nhd nhdt. Tim gid
tri lon nhdt, nho nhdt do.

a. Chitng minh rdng

&S Gidi vA
1. Toa do A la nghiém cua hé: t
2 2
2o, e, ke Al As X
R N
z

Tur d6, suy ra
OA’= x 4y’ = a’b? . K2’  _ a’b’(1+k%)
AR AP+ A%k 4 b2 a’k’ + b

2
= OA =ab |
a’k”+b

2. Gia slr duong thang (OA) ¢ phuong trinh y = kx

2
— OA=ab,| K
a’k"+b
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Vi OA 1 OB = (OB) c6 phuong trinh:

1+k?
=ab,[———.
\a? +b’k?
c. Taco:

L, L _ @%b alebl _at+b
OA*> OB’ a’b’(1+k*) a’b’(1+k%) a’b’
d. Goi H Ia hinh chi€u vuong géc ctuia O 1én AB, khi d6:

Lot _a’+b’ . oH-__®
OH?> OA* OB’ a’b’ Jal+b?
Vay (AB) luon ti€p xiic v6i duong tron (C) tam O ban kinh R = OH ¢6:
2b2
C):x>+y’= 2 .
© y a’+b’
Ta c6:
1 1 1+k° 1+k°
Saoas = EOA.OB = Eab\/azkz e ab\/a2 e
3 a’b’(1+k?%) 0
2J@K* +b7)(@* + b’k?)
AOAB c6 dién tich nho nhét.
Ta c6:
21,2 2 2 21,2 2 2 2
\/(a2k2+b2)(a2+b2k2) < @’k +b7)+(a” +b’k") _ (@*+b)(1+k")
2 2
2
N 1+k > 2 : )
J@K +b*)@ +bk?) a’+b
Thay (2) vao (1), duoc
ab ab
P
dat duoc khi a’k? + b?> = a’ + b’k> < k = +1.
AOAB c6 dién tich 16n nhat — Dé nghi ban doc gidi.
2 2
Vidu 19: Cho Hyperbol (H): XT—yTzl. Tim toa do diém M thuoc Hyperbol

(H) sao cho:
a. C6 ban kinh qua tiéu diém nay béng 2 ldn ban kinh qua tiéu diém kia.
b. Nhin hai tiéu diém dudi mot géc 60°.
c. Do dai FIM ngdn nhdt, dai nhdt.
d. Khodng cdch tir M dén duong thang (A): x—y + 1 = 0 dat gid tri
[on nhdt, nho nhdt.
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Hudng dan
a. Ta c6 hai tieu diém Fi(—/5 , 0) va F2(+/5 , 0).
Dbiém M(xo, yo) € (H) véi x> 0, suy ra:
2 2
Xo Yo
Zo_Joy, 1
4 1 M

MF, =

*/_XO va MF, = % ~2. 2)

Tir gia thiét ta co:
ME, = 2MF,
{MFz = 2MF,
<0 =(MF, - 2MF,)(MF, - 2MF,) = SMF.MF, — 2(MF? + ME2)
= SMF..MF; — 2[(MF, — ME>)? + 2MF,.MF]
=5MF,.MF, — 2(16 + 2 MF,.MF,) = MF,.MF, — 32

J5x,

@—2) _3= g
2 2 4

=( +2).(

& Xo= i% = yo — Danh cho ban doc.

b. Xét AMFF,, ta co:
FF, = MF’ + ME, — 2MF;.MF,.cos60"
= [(MF, — MF>)? + 2 MF,.MF;] — MF,.MF,

2
\/_XO ‘(\/gzxo _2):5ﬂ_4

<20=16+ MFL.MF, & 4 =(—— 1

410
5

&Sxo=% = yo — Danh cho ban doc.
c. Tu (1) suy ra:
x§:a2(1+i)’—§)2a2:>|xo|2a.
Ta c6:
FM—| o 42 |>|—? +al=|-c+al=c—a.

Vay, ta duogc FIMMm = c —a, dat dugc khi M = A (—a, 0).
d. Tacé:

- 1
d:d(M,(A)):% <d2 = |X0_y0+1|.

Ap dung bét dang thic tam gidc, ta c6:
> | [xo—yol = 11. )
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Ap dung bét dang thic gia Bunhiacopsk, ta c6:

xo=yol = |2.50 - 20 | z\/(zz—lz)(’;—(’—%) = 3. 3
Twr (2) va (3), suy ra:

D&u ' ="' xay ra khi va chi khi:

d>

2 % =2 &y !

=X =2Y, S &=
22 2 g \/g \/g .
X, Yo 4 -1

___:1 XZZ_&YZ:_

4 1 J5 NG

Thir lai: ddu bang chi xay ra tai Ma(x2, y2), do do:
V3-1
2

Dé xac dinh toa do diém H, twong ting, ta thuc hién theo cdc buéc:
—  Lap phuong trinh dudng thing (d2) qua M, va vudng géc véi (d).
—  Xdc dinh tao do giao diém H, = (d2)(d).

2 2

Vi du 20: Cho Hypebol (H): %—%z 1. Goi (d) la duong thdng qua O c6 hé sé

Mind = dat duoc tai diém M,.

gock, (d) la duong thdng qua O va vuong géc véi (d).
a. Tim diéu kién doi voi k dé' (d) va (d') déu cat (H).
b. Tinh theo k dién tich hinh thoi véi 4 dinh la 4 giao diém ciia (d),
(d") va (H).
c. Xdc dinh k dé hinh thoi dy cé dién tich nho nhat.
&S Gidi
a. Ta lan luot c6:
* Puong thang (d) qua O c6 hé s6 géc k ¢6 dang: y = kx.

*  Puong thang (d') qua O va vuong géc véi (d) c6 dang: y = —% X.

Toa do giao diém A, C cta (d) va (H) 1a nghiém ctia hé :
2 2

Xy

7_3213(9—418))(2:36 (1)
y =kx
Phuong trinh (1) ¢6 hai nghiém phan biét khi:
9-4Kk2>0 < k| < 3/2 (2)
Khi dé6:
oo 36 g = 36k’ .
A 94K 94K
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b.

C.

Toa do giao diém B, D cua (d') va (H) 12 nghiém cta hé:
X y —1

4 19 = (9K’ — 4)y* =36 3)

=——X
YTk

Phuong trinh (3) ¢6 hai nghiém phan biét khi:
9—4k2>0<:>|k|>§ @

Khi do:
2 = 36k* ayl = 36
Po9k?—4 Pookr—4°
Két hop (2) va (4), ta duoc:
—§<k<—z
2 <kl < 3 o) 2 3
2 2 3

—<k<=
3 2

@

Nhan xét:

» A, Clagiao diém cta (d) va (H) = A, C d6i xting qua O.
* B, D Ia giao diém cua (d) va (H) = B, D doi xtng qua O.
= Ngoaira ACLBD.

Vay ABCD Ia hinh thoi.

Ta co:

Sascp = 4Saa0B = 4. % .OA.OB = 2\/Xi + yzA \/XZB + yzB

36 36k* 36k* 36
= 2 2 + 2 2 + 2
9=4k> 9=4k*> Vok’-4 9k>—4
B 721+ k%)
JO—-4K*)(9k* —4)
Hinh thoi ABCD c6 dién tich nhé nhat
721+ k%)
JO—4K>)(9K* —4)

nho nhat.

Ta co:
72(1+Kk%) 72(1+ k%) _ 144

Jo- 408 -4 Lo acy o -4y 3

Vv

Vay, hinh thoi ABCD ¢6 dién tich nho nhat bang % dat dugc khi:
9-4k*=9K* -4 < k=+lI.
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Vidu 21: Cho Hypebol (H) c¢6 phuong trinh:
XZ y2
H): —-==1.
(H) e
a. Chitng minh rdng tich cdc khodng cdach tw Me(H) dén cdc tiém
cdn ciia né la mot hdng so.
b. T diém Me(H) ké cdc duong thdang song song voi hai tiém cdn va
cdt ching tai P, Q. Chitng minh rdng dién tich hinh binh hanh
OPMQ la mot hdng so.
L5 Gidi
biém Mogxo, yzo) e(H) y @)
= X—g—%ﬂ@ b2 —a’y? = a?b? (1) P
a
Phuong trinh hai dudng tiém can cta (H) la: M
{bx +ay=0

y:ihxc .
bx —ay=0

a (dn)

a. Khoang céch h; tir di€ém M t6i tiém can bx + ay = 0 dugc xdc dinh boi:

by o [0ty |

Jb? +a’ .

Khoang céch h; tir di€ém M t6i tiém can bx — ay = 0 dugc x4c dinh boi:

hy = |bX0 —ay, | )
\Vb* +a’
Do dé:
hi.h, = |on+aYO| |on_aYO| — |b2X(2)_aZY(2)| — a’b’ )
Jb>+a’> b’ +a’ b’ +a’ a’+b’

Vay, tich céc khoang cich tir diém M bat ky ctiia Hypebol (H) dén cic tiém can
ctia né 1a mot hang so.

b. Goi o 1a géc tao bdi duong dudng tiem y = Ex v6i truc Ox. Ta cé:
a

b . . 2tga 2ab
tgo. = — vasin2o = — ="

a I+tgac  a“+b

2 2
Soro = OP.OQ.sin20, = %. OP.0Q = 0P.0Q = > % Simo
a
Mat khéc:
a’+b’ a’b’
SopMQ = OQh1 = Oth f— SZOPMQ = OPOQh1h2 = . DOPMQ. sz
a

< Sormg = % khong déi.
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Vi dy 22: Cho Parabol (P): y* = 2px, p > 0. Chitng minh rang duong tron cé
duong kinh la ddy cung qud tiéu, tiép xiic voi duong chudn.

&S Gidi v A
Phuong trinh dudng thang (d) di qua F c6 dang:
(d): 2mx — 2y — mit phing = 0. Al A (p)

Toa do giao diém A(xa, ya) va B(xs, ys) ciia (P) va (d) 1a
nghiém cta hé:

y® =2px
2mx —2y-mp=0

>V

Phuong trinh hoanh do giao diém cta (P) va (d) c6 dang: B,

4m?x? — 4p(m? + 2)x + m’p? = 0. (1)
T do, tacod :
p(m’ +2)
X, +Xp = —
2
p
XpXg = 7
Phuong trinh tung do giao diém ctia (P) va (d) ¢6 dang:
my’ — 2py —mp* =0 2
Tu do, ta cod
{YA +¥g = p/m
Ya¥s = p2

=  Phuong trinh dudng tron (C) duong kinh AB:

M(x, y)e(C) & MA .MB =0
S X2+ y2— (Xa + Xp)X — (Ya + Y)Y + XaXg + yays =0.
Goi I(x1, y1) 1a tam cta duong tron (C), ta co:

2
X:XA+XB X:p(m J2r2)
I: 2 or 2m
+
y=yA YB y=£
2 m

Goi R 1a ban kinh ctia duong tron (C), ta co:

2T > +1
R? = XZA-I-X123 —(XAXB+ yAyB)= {%} < R= %

Khoang céch tir I dén dudng chuén (A): x = —g cua (P), duoc xac dinh boi:
2x, + 2 2
el tpn’+2) | pam’ 4D
2 2| m m

Vay duong tron (C) tiép xtic véi dudng chuén (A) cha (P).
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& Cha y-
1. Ta c6 thé chiing minh bang dinh nghia, thuc hién céc budc:
Budc 1:  Goi Ay, By theo thit tu 12 hinh chi€u vuong géc clia A, B 1én dudng chuin
cta (P).
Goi 1, J theo thit tu 1a trung diém ctia AB, AB.
Buoc 2: Taco:

U= %(AAI +BB)) = %(AF+BF): %AB

<> AABJ vuong tai J
<> Duong tron dudng kinh AB tié€p xic v6i duong chudn ctia Parabol
(P).
2. Dé nghi ban doc chiing minh thém cac tinh chat sau:
a. Tinh do dai FA, FB theo p, o = (Ox , OM ) v6i 0<a<2x. Tir d6 chiing t6 réing
1 1 )
—+— khong doi khi (d) quay quanh F.
FA FB g (d) quay q
b. Ching minh rang FA.FB nho6 nhat khi (d) vuong géc véi Ox.
Ngoai ra con c¢6 tich cdc khoang cach tir A va B dén truc Ox la mot dai luong
khong doi.
Vidu 23: Cho Parabol (P) va duong thang (d) c¢6 phuong trinh:
P):y*=xva(d):x-y-2=0.
a. Xdc dinh toa do giao diém A, B ciia (d) va (P).
b. Tim toa do diém C thuoc (P) sao cho :
- AABC ¢6 dién tich bang 6.
- AABC déu
c. Tim diém M trén cung AB ciia Parabol (P) sao cho tong dién tich
hai phdn hinh phdng gidi han bdi (P) va hai ddy cung MA, MB la
nho nhdt.
L5 Gidi
a. Toa do giao diém A, B ctia (d) va (P) 1a nghiém ctia hé phuong trinh:
2= A(l,-1
y=x o S AD G AR =3
x—y-2=0  |B(4,2)
b. V6iC(x, y)e(P) = C(y% y).
* AABCc6 dién tich biang 6

1 1 |[x—-y—-2| 3
& 6= —ABd(C,d)= =32 .= 2y —y-2
5 (C(d)) 5 7 2Iy y—2|
Poy-2=4 =-2 C,(4,-2
oly-y-2=4a|” 7 @{y - |62
yz—y—2:—4 y=3 C2(9,3)
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= AABC déu

AC =AB
< AB=BC=CA <
AC =BC
18=(y* =1)* +(y+1)° foyi42y—16=0
- (y-D +(y+1 o 1Y Y Y
V' -D+(y+)’ =y’ -4 +(y-2) v +y-18=0

Poy+3)(y +y-3)-4y-7=0 4y+7=0
@{(y y+3)(y* +y-3)-4y o v6 nghiemm.

y' +y-3=0 Y +y-3=0
Vay khong t6n tai diém C thuoc (P) dé AABC déu.
c.  V6i M(Xo, yo) thudc cung AB cua (P) nén:

Xo = Yé
—1<y, <2 (%)
Téng dién tich hai phan hinh phing gi6i han boi (P) va
hai day cung MA, MB la nho nhit
< AMAB ¢6 dién tich 16n nhat < d(M, (d)) 16n nhat.

Ta cé:
X0 =¥ =2] _ |¥o-y,=2|© 1
dM, d) = = = — + 1)(2 -
M, (d)) NG NG ﬁ(yO )(2 = yo)
ol 1 [y +D+@-y) T _ 92
< — = .
V2 2 8
do d6 Maxd(M, (d)) = % , dat dugc khi

1 1 1
+1=2-yoyi= —= M(—, —
Yo Yo yo= 5 (4 2)

Vay, v6i M(i , %) thoa mén diéu kién dau bai.

Vi du 24: Cho Parabol (P): y* = 2px vdi p > 0. Piém M khdc O chay trén (P). Goi
A, B theo thit tu la hinh chiéu vuéng géc cua M lén Ox va Oy. Chiing
minh rdang:

a. Duong thang qua B vuong géc véi OM luén di qua mot diém cé dinh.
b. Duong thing qua B vuong géc véi AB luon di qua mot diém cd dinh.
c. Duong thang AB luon tiép xiic véi mot Parabol cd dinh.
&S Gidi
Diém Me(P) suy ra:

2 2
M(22, yo), A(ZL, 0) va B(O, yo).
2p 2p
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a. Puong thang (d;) qua B vuong géc véi OM duoc cho béi:
qua B(0, y,) ;

. . Yo
(dy): — 2 < (d): ==X+ yo(y—yo)=0
vipt OM(z—;,yo) 2p

< (d): yg-x +2pyoy — 2py, =0,
Nhan xét {ﬁng (d1) luon di qua diém c6 dinh M;(2p, 0).
b. Duong thang (dz) qua B vudng goc véi AB duge cho bai:
qua B(0, y,) a YA

d): — N
(d) vtpt BA(&,—yO) B M
2p

(P)

& (d): L2 x—yoly —yo) =0
2p

M, M\ A

kel 4

< (da): yg-x = 2pyoy +2py, =0, /
Nhan xét ring (d») luon di qua diém c6 dinh i
MZ( - 2p, O) (Pl),',

(dy)

& Cha y: Ciing c6 thé ching minh bing céch:

Goi M; 1a dém dai xiing v6i M; qua Oy = M( — 2p, 0).

Nhan xét raing BM, L AB.

Vay dudng thang qua B vuong géc véi AB luon di qua diém c6 dinh M,
c. DPuodng thing (AB) dugc cho boi:

qua B(0, y,) . oy
(AB): P < (AB): — = 220
vtep BA ;_I.;’_yo) Lﬁ Yo~ Yo

2p
< (AB): 2px + yoy — y; =0.
*  Goi N(x, y) la diém ma (AB) khong di qua v6i moi yo, khi d6
phuong trinh 2px + yoy — y; = 0, vo nghiém y,
< phuong trinh y; — yoy — 2px = 0, vo nghiém yo<> A <0 < y? + 8px < 0.
* Ta di chiing minh (AB) ludn ti€p xtic véi Parabol (Py): y* = —8px.
That vay:
—2AC+pB*=2.2p.(-y,) +4p.y; =0.
Vay (AB) luon ti€p xiic véi Parabol (Py): y* = —8px.
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