CHUONG 2 — PHUONG TRINH, HE PHUONG TRINH

A. KIEN THUC CAN NHO
g Al C NG VE PH NG TRINH %%

1. KHAI NIEM PHUONG TRINH MQT AN

Dinh nghia: Cho hai biéu thirc f(x) va g(x) ciia cing bién sé x.

1. Ménh dé chira bién x dang f(x) = g(x) dwoc goi la phwong trinh mét an; x
goi la dn s6 (hay an) ciia phirong trinh.

2. Ngodi cdc diéu kién dé hai biéu thire f(x) va g(x) ¢ nghia, doi khi x con phdi
thod man thém nhitng diéu kién khdc nita. Ta goi chung cdc diéu kién dy la
diéu kién xdc dinh ciia phwong trinh f(x) = g(x).

3. 86 xo0goi la nghigm ciia phuong trinh f(x) = g(x) néu né thoa mian PKXP ciia
phirong trinh va ménh dé f(xo) = g(xo) la diing.

4. Viéc tim tdt ca cac nghiém cua phwong trinh goi la gidi phwong trinh. Noéi
cdch khac, gidai mot phwong trinh la tim tdp nghiém cua phwong trinh do.

& Cha y:

1. Heé thirc x = m (véi m 1a mot s6 nao do) ciing 1a mot phuong trinh. Phuong trinh
nay chi rd rang m 13 nghiém duy nhét ciia no.

2. Ta thuong ki hiéu tip nghiém cta phuong trinh 13 T. Phuong trinh ¢6 thé c6 mot
nghiém, hai nghiém, ..., nhung ciing c6 thé khéng c6 nghiém nao (tic 1a T = &) thi
ta goi 1a vo nghiém, phuong trinh ¢6 T = R thi goi la nghiém diing véi moi x.

3. Nhiéu truong hop, ta khong the tinh duogc gia tri chinh xac cua nghi¢m, hoac bai
toan chi yéu céu tinh gia tri gan dang cta nghiém (v6i do chinh xac cho trudce). Gia
tri d6 goi 1a nghiém gan dung cia phuong trinh.

2. PHUONG TRINH TUONG PUONG

Dinh nghia: Hai phiwong trinh fi(x) = gi(x) va f2(x) = gx(x) co cung mot tdp nghiém
la hai phwong trinh twong dwong. Khi do, ta viet:
fi(x) = gi(x) & Hi(x) = g2(x).

& Chu ¥:  Khi muén nhin manh hai phuong trinh ¢6 cing diéu kién xac dinh D
va tuong duong voi nhau, ta noi:
"Hai phwong trinh tuong dwong trong diéu kién D"
hodc "Véi diéu kién D, hai phuong trinh la twong dwong véi nhau".

Dinh nghia (Phép bién doi twong dwong): Cdac phép bién doi khong lam thay doi tap
nghiém cua phuong trinh duoc goi la cdc phép bién doi twong dwong.
Phép bién doi twong dwong bién mét phuong trinh thanh phirong trinh
twong dwrong voi no.
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Dinh li 1: Cho phwong trinh f(x) = g(x) véi DKXD D, h(x) la mét'biexu thirc xdc dinh
voi moi X thoa man diéu kién D (h(X) co thé la hang s0). Khi do, voi diéu
kién D, phuong trinh f(x) = g(x) twong dwong véi moi phuwong trinh sau:

a. f(x)+ h(x)=g(x) + h(x).
b. f(x).h(x) = g(x).h(x) néu h(x) # 0 véi Vx € D.
H¢ qua: Véi PKXP ciia phwong trinh ban dau thi:
a. (Quy tdc chuyén vé): f(x) + h(x) = g(x) < f(x) = g(x) — h(x).
b. (Quy tdc rit gon): f(x) + h(x) = g(x) + h(x) < f(x) = g(x).
3. PHUONG TRINH HE QUA
Dinh nghia: Cho phwong trinh fi(x) = gi(X) cd tdp nghiém T. Phuong trinh £2(x) = 2:(X)
co tap nghiém Ta dwoc goi la hé qud cua phuong trinh f1(x) = gi1(X) néu
T cTa

Dinh li 2: Khi binh phirong hai vé ciia phwong trinh, ta dwoc phwong trinh hé qua
cuia phwong trinh dd cho:

f(x) = g(x) = £(x) = g°(x)

& Chii y: 1. Néu hai vé cia mot phuong trinh luén cung ddu v6i moi x thoa man
DKXD ciia phuong trinh thi khi binh phuwong hai vé cua nd, ta duoc
phuong trinh twong duong.
2. Néu phép bién dbi mot phuong trinh dan dén phuong trinh hé qua
thi sau khi tim dugc nghiém cta phuong trinh h¢ qua, ta phai thir
lai vao phuong trinh da cho dé phat hi¢n va loai nghiém ngoai lai.
4. PHUONG TRINH NHIEU AN
Dinh nghia: Cho hai biéu thirc f(x,y,...) va g(x, z,...).
1. Ménh dé chira cc‘ic 7bié'g1 dang %, y,...) = g(x, Z,.. .) duoc goi la
Pphwong trinh nhiéu an an; x, y, z,... goi la cac an so cua phwong trinh.

2. Cdc sé X = X0, Y = Y0, Z = 2, ... thoa man DKXD cua phwong trinh va
ménh dé f(xo, yo,...) = g(Xo, Zo,...) la dung thi b (Xo, yo, 2o,...) diroc
goi la mot nghiém cua phwong trinh.

II. PHUONG TRIiNH BAC NHAT VA BAC HAI MOT AN

1. PHUONG TRINH BAC NHAT MOT AN

Vai yéu cau "Gidi va bién ludn phuong trinh ax + b= 0" ta s& thuc hién nhu sau:
Viét lai phuong trinh dudi dang:
ax = -b. (1)
Ta xét hai truong hop:
Truong hop I: Néu a = 0 thi:
(1) 0=-bb=0.
Vay, ta dugc:
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= Néu b =0, phuong trinh nghiém ding véi moi x € R.
= Néu b # 0, phuong trinh v6 nghiém.
Trwong hop 2: Néu a = 0 thi:

(Hex= _b , ttrc 12 phuong trinh ¢6 nghiém duy nhat.
a
Két luan:

= V&ia =0, phuong trinh c6 nghiém duy nhat x = —E.
a

= Véia=b=0, phuong trinh nghi¢m dung véi moi x.
= Véia=0vab=#0, phuong trinh vd nghiém.
2. PHUONG TRINH BAC HAI MOT AN
Vi yéu cau "Gidi va bién ludn phirong trinh ax*> + bx + ¢ =0 (1)" ta s& thuc hién
nhu sau:
Truong hop 1. Véi a = 0 thi phuong trinh c¢6 dang:
bx+c=0<<bx=-—c. (2)
a. Néub =0 thi:
2)<=0=-c<c=0.
=  Néu ¢ =0, phuong trinh nghiém ding véi moi x € R.
= Néu ¢ # 0, phwong trinh v6 nghiém.
b. Néub =0 thi:

2)ex= —% : phuong trinh ¢6 nghiém duy nhat.

Truong hop 2. Véi a # 0 ta tinh biét thirc:
A =b? — 4ac (hoic néu b = 2b' thi tinh A' = (b')? — ac).
a. Néu A <0 (hodc A' < 0) thi phwong trinh (1) vé nghiém.
b. Néu A =0 (hodc A' = 0) thi phuong trinh (1) c6 nghiém kép:

X0 = _b (hoac xo= —E)
2a a

c. Néu A >0 (hodc A' > 0) thi phwong trinh (1) c¢6 hai nghiém phan biét:

—b+JA ATINIY
2a

X12= (hoac xip= ———).
a

Két luan:

=  Véia=b=c=0, phuong trinh nghi¢m dung véi moi x € R.
= Véia=b=0vac#0,phuong trinh vo nghiém.

= Véia=0vab=0,phuong trinh c6 nghiém duy nhit x = —%.
=  Véia=0vaA<0, phuong trinh vo nghiém.

1

= Véia=0vaA=0, phuong trinh c6 nghi¢m kép xo= _ZL (hoac xo= _Y ).
a a
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= Voéia=#0vaA>0,phuong trinh c6 hai nghi€ém phan biét:

—b+ —_bh'+ '

b——*/X ( hodc x12= &).
2a a

X1,2=

3. PINH LI VI-ET

Dinh li: Néu phuong trinh ax® + bx + ¢ =0, vdi a = 0 c6 hai nghiém x; va x» thi:

S=x,+X,=——

c
P=x,x,=—
a

H¢ qua:
1. Néua+b+c=0, phuong trinh ax’> + bx + ¢ = 0 ¢6 2 nghiém:
x, =1
C -
X, =—
a

2. Néua-—b+c=0, phuong trinh ax? + bx + ¢ = 0 ¢6 2 nghiém

X\ =—

& Chii y: Trudce khi ap dung dinh 1i Viét can tim diéu kién dé phuong trinh c6
hai nghiém:
a=0
= .
A'>0
DPinh li Viét dugc su dung dé:
Tim hai s6 biét tong va tich cua chiing.
Tinh gia tri ctia cac bi€u thirc doi xtiing gitta cac nghiém.
Tim h¢ thuc lién h¢ gitra cac nghiém khéng phu thude vao tham so.
Xét dau cac nghiém.

Tim diéu kién dé cac nghiém ctia phuong trinh thoa man diéu kién K.
Ung dung khac.

III. MOT SO PHUONG TRINH QUY VE PHUONG TRINH BAC NHAT
HOAC BAC HAI

a. Phuong trinh chtta an & mau.

S R

b. Phuong trinh chira 4n trong dau gia tri tuyét doi.
c. Phuong trinh chira an dudi dau can.
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IV. PHUONG TRINH VA HE PHUONG TRINH BAC NHAT NHIEU AN
1. PHUONG TRINH BAC NHAT HAI AN

Dinh nghia: Phwong trinh bdc nhdt hai dn la phiwong trinh ¢6 dang:
ax +by=c
trong do:

= a, b, clahdng sé va a, b khéng dong thoi bang khong.

» X,y lad haidn sé.

M&i phuong trinh bac nhat hai an déu c6 vo s6 nghiém. Tap hop cac nghiém cua
phuong trinh duge biéu dién trén mat phang toa do 1a mot dudng thang, goi la duong
thang ax + by = ¢ (mdi diém cia dudng thang ax + by = ¢ biéu dién mot cip nghiém
(X, y) cia phuong trinh).

= Néua= 0,b# 0thi duong thang d6 la do thi ham s6 bdc nhat:

a

=——x+—.
b b

» Néua=0,b=0 thi duong thang dé la do thi ham so y =

c|o

dé la dwong thiang song song véi Ox néu ¢ # 0, tring véi Ox néu ¢ = 0.

= Néua=0,b=0 thi duong thang dé cé dang x = hd

a
dé la dwong thang song song véi Oy néu ¢ #0, tring véi Oy néu ¢ = 0.

® Chiiy: 1. Puong thing x = < khong phai 1a d thi ham sé.
a
2. Véi yéu cau giai phuong trinh ax + by = c, ta thuong thuc hién ba
cong viée:
= Bién doi dé chi ra mot vai nghiém cu thé cua phuong trinh.
= Viét dugc cong thirc nghiém tong quat cia phuong trinh.
= Bicu dién nghi¢m cua phuong trinh trén mat phang toa do.
2. HE HAI PHUONG TRINH BAC NHAT HAI AN
Dinh nghia: Hé hai phwong trinh bdc nhat hai an cé dang:

a,x+b,y=c,
a,x+b,y=c,

Khi @0, dat:
D =aib, — asbi, Dx = c1b2 — c2b1, Dy = c1a2 — car.
Ta co:

a. NéuD # 0 thi hé c6 nghiém duy nhit (x, y) = (

D)
"D
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b. NéuD =0 thi:
- Néu Dy # 0 hodc Dy # 0 thi hé phuong trinh v6 nghiém.
- Néu Dy = Dy = 0 thi hé c6 v6 s6 nghiém (xo, yo) thoa man phuong
trinh a;x + b1y = ci1.

V. HE PHUONG TRINH BAC HAI HAI AN
a. Hé phuong trinh trong d6 ccé mot phuong trinh bac nhat: Ding phuong phép thé.
b. H¢ phuong trinh ma mdi phuong trinh trong hé khong thay d6i khi thay thé
dong thoi x boi y va y boi x: Dung phuong phéap dat an phu S =x +y; P =xy.

B PHUONG PHAP GIAI CAC DANG TOAN LIEN QUAN {

§1. PAI CUONG VE PHUONG TRINH

Dang todn 1: Céc bai toan mé dau vé phwong trinh
Phuong phap ap dung
Str dung kién thirc trong phan "Kién thire can nhé".
Thi du 1. Tim tdp nghiém cua phwong trinh VX +J-x =x+1.
&5 Gidi
Nhan xét rang:
= V6ix=0thi VT =0 con VP =8, do d6 x = 0 khong l1a nghiém.
»  V&ix<O0thi vx khong xac dinh.
= V&ix>0thi V- x khong x4c dinh.
Vay, phuong trinh c6 tap hop nghiém T = .

& Nhin xét: Loi giai cua thi du trén duogc trinh bay theo kiéu logi ddan. Tuy
nhién, cac em hoc sinh hin s& thic méc " Tai sao lai biét cdch
thuc hién nhu vay ?". Cau tra 101 duoc léy ra tur thuat toan chung
khi thuc hién cong viéc giai phuong trinh, bao gdm cac budc:
Budc 1: Dit didu kién c6 nghia cho cac biéu thic trong phuong trinh.
Buoc 2: Giai phuong trinh.

Va ¢ déy, khi thyc hién budc 1, ta can c6 diéu kién:
x>0va—x2>20<x=0.
Tir do, viéc giai phuong trinh trong budc 2 chi can thir véi x = 0.

Thi dy 2. Gidi cac phwong trinh sau:
a. Jx—1=4/5-2x. b. ‘x—2|=2x—1.

&5 Gidi

a. Ta co thé lua chon mot trong ba cach trinh bay sau:
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Cach I: (St dung lugce do gidi phwong trinh trong thi du 1): PKXD ctia phuong trinh 1a:

x—=120 x=1 5 5
= 51<x<==D=][1, =1].
5-2x>0 XSE 2 2

Véi x € D, bang cach binh phuong hai vé phuong trinh ban dau, ta nhan duoc
phuong trinh tuong duong la:
x—1=5-2x<3x=6&x=2eD.
Vay, phuong trinh ¢6 nghi¢ém x = 2.
Cdch 2: (S dung phép bién doi tirong dwong): Ta co:

3x =6
Jx—1 = /5-2x <:>x—1=5—2x20<:>{x ox=2.

x—120
Vay, phuong trinh ¢6 nghi¢m x = 2.
Cdch 3: Ta co:
Vx—1=+5-2x =>x-1=5-2x=3x=6<x=2.
Thir lai, véi x =2 phuong trinh cé dang:
V2-1=4/5-22 < 1=1, dung.
Vay, phuong trinh ¢6 nghiém x = 2.

b. Ta c6 thé lya chon mot trong ba céch trinh bay sau:
Cach 1: (Su dung phép bién doi tuwong duwong): Ta co:

2x-120 .
5 , & 2 & 2 &ox=1.
(x-2)> =(2x—1)

X2:1 X=i1
Vay, phuong trinh ¢6 nghi¢m x = 1.
Cdch 2: Ta co:
x—2=2x-1 x=-1
[x-2]=2x-1= =N .
x—2=—(2x—1) =1

Th lai:
= Vi x =—1 phuong trinh c6 dang:
|-1-2| =2(-1)- 1 & 3 =-3, mau thuin.
* Véix =1 phuong trinh ¢6 dang:
[1-2|=21-1<1=1, ding.
Vay, phuong trinh c6 nghi¢m x = 1.

Thi dv 3. Gidi cac phuwong trinh sau:
2 _ 2,
X o2 2. b X X3 o3,

AJx =2 2x =3
&5 Gidi
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a.

Ta’c()];)=(2;+oo). .
Bién doi phuong trinh vé dang:
=0 (loai
)(2—4)4—22)4—2(:))42—5x=0<::>{X (Oal).
x=5
Vay, phuong trinh ¢6 nghi¢m x = 5.
Tacd D :(%; +ooj.
Bién ddi phuong trinh vé dang:
=0 (loai
3 —x—3=2x -3 2’ —3x =0 | X0 Uoa)
x =3/2 (loai)

Vay, phuong trinh v6 nghiém.

Dang toan 2: Phuwong trinh hé qua va hai phuwong trinh twong dwong

Phuong phap ap dung
Cho hai phuong trinh
f(x, m)=0 (1)
gx, m)=0 (2)
1. Xéc dinh tham so dé phuong trinh (1) 1a hé qua cua phuong trinh (2) (ndi cach
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khac “Pé moi nghiém cia (1) ciing la nghiém cia (2)”), ta thuc hién theo céac
budce sau:
Budc 1: Diéu kién can
* (idi va tim nghiém x = xo cta (1).
= Pé phuong trinh (1) 12 hé quéa ciia phuong trinh (2), trudc hét can
X = Xo cling 1a nghiém cua (2), tuc la:
g(x0, m) =0 = m = my.
=  Viy m = mp chinh 14 diéu kién can.
Budc 2:  Diéu kién dii
= Vi m = my, ta dugc:
(1) & f(x, mo) = 0 = nghiém cua (1)
(2) & g(x, mo) = 0 = nghi¢m cua (2)
= K¢t luan.
Xac dinh tham sb dé (1) va (2) tuong duong, ta lya chon theo hai huéng sau:
Huong 1: Néu (1) & (2) déu giai duoc.
Ta thuc hién theo cac budc sau:
Buoc 1: Giai (1) dé tim tap nghiém Dy,
Giai (2) dé tim tap nghiém D».
Bude 2: Thiét 1ap diéu kién dé D = D,.
Huong 2: St dung phuong phap diéu kién can va du
Buéc 1:  Diéu kién can
=  (iai va tim nghiém x = x¢ cua (1).
=  Pé phuong trinh (1) & (2) twong dwong, trudc hét can
X = Xo cling 1a nghiém cua (2), tuc la:



g(x0, m) =0 = m = my.
*  Vay m=mp chinh la diéu kién can.
Butc2:  Diéu kién dii
= V&im=my, ta dugc:
(1) & f(x, mo) = 0 = nghiém cua (1)
) (2) © g(x, mo) = 0 = nghiém cua (2)
= K¢t luan.
Thi du 1. Cho hai phwong trinh:
Jx+1-2=0, (1)
x? —2mx —m? -2 =0. )
Tim m dé moi nghiém cua (1) ciing la nghiém ciia (2).
&S Gidi
Bién doi (1) vé dang:
Vx+1=2 @x+1=4x=3.
Do d6, dé moi nghiém cua (1) ciing 13 nghiém cua (2) diéu kién 1a x = 3 ciing la
nghiém cua (2), tic 1a:
9—6m-m-2=0cm’+6m—7=0 @{mzl .
m=-7
Vay, voi m = 1 hodc m = —7 thoa man diéu kién dau bai.

& Nhdn xét: Nhu viy, trong 101 giai ca thi du trén ta d3 khong st dung mau
phuong phéap diéu kién can va du bai cac 1y do sau:
1 Phuong trinh (1) khong chira tham sd.
2 D& dang tim duoc tat ca cac nghiém cia (1) va phép thir cac

nghiém d6 vao (2) don gian.

Trong nhiing truong hop mdt trong cac ly do trén bi vi pham céc
em hoc sinh nén thyc hién dang mau diéu kién can va da dé giai.
Trong trudong hop (1) ¢d chira tham sb ta can chi ra dwoc mot
nghiém tudng minh cta (1) dé tim dugc diéu kién can cho m. Cu
thé ta di xem xét vi du sau:

Thi du 2. Cho hai phuong trinh:

xX>—(m+2)x+m+1=0, (1)
X =2 -mx-m’+3=0. )
Tim m dé moi nghiém cua (1) ciing la nghiém cua (2).

&S Gidi
Piéu kién can: Nhan xét rang voi moi m phuong trinh (1) ludn ¢6 nghiém x = 1.

Do d6, d& moi nghiém cua (1) ciing 1a nghiém cta (2) trude hét can x = 1 ciing 1a
nghiém cua (2), tirc 1a:
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1-2-m-m*+3=0om’+m-2=0 @[mzl .
m=-2
D6 chinh 1a diéu kién can cua m.
Piéu kién di: Ta lan luot:
= Véim= 1, ta duoc:
(Hhex*-3x+2=0<x=1hoicx=2.
Qoex*-2x-x+2=0x-1)x*-x-2)=0<x==*1 hoiicx =2.
suy ra moi nghiém cua (1) cling 1a nghiém cua (2), ttc m = 1 thod man.
* Véim=-2, ta duogc:
(Hhex*-1=0sx==1.
Qex-2¢+x-1=0ox-DHE*-x+1)=0=x=1.
suy ra x = —1 khong 1a nghiém cua (2), trc m = -2 khong thoa man.
Vay, voi m = 1 thoa min diéu kién dau bai.

§2. PHUONG TRINH BAC NHAT
VA BAC HAI MOT AN

Dang toin 1: Phuong trinh bic nhat mjt 4n

Phuong phap ap dung

1. Véi bai toan "Gidi va bién luan phwong trinh bdc nhat mot an" chung ta st dung
kién thirc da biét trong phan 1y thuyét.

2. V&i bai toan "Tim diéu kién dé phuong trinh bdc nhdt mét an ¢é nghiém thoa
man diéu kién K" chung ta thyc hién nhu sau:
Gia sir diéu kién cho an s6 ( néu can) 1a K, khi d6 ta c6 DKXD 1a tap D.
Bién dbi phuong trinh vé dang:

ax = —b. *)
Khi do:
(1). Phuong trinh (1) c¢6 nghiém duy nhat:
a=0
= .
{x =-b/aeD
(2). Phuong trinh (1) c6 nghiém:
a=b=0
< | [a=0
x=-b/aeD

(3). Phuong trinh (1) c6 nghiém Vx € D thuong ta c6 diéu kiéna=b =0,
(4). Phuong trinh ban dau vo nghiém:
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a=0&b=#0
& | |a#0
x=-b/agD

& Chui y: Trong nhiéu truong hop cac em hoc 1én trinh bay doi héi cua bai toan
thong qua cac budc giai bién luan.

Thi dv 1. Gidi va bién ludn phiong trinh sau theo tham s6 m:
m?x + 6 = 4x + 3m.
&S Gidi
Bién ddi phuong trinh vé dang:
m’x + 6 =4x + 3m < (m? — 4)x = 3m - 6. (*)
Xét cac truong hop:
Truong hop 1: Néum? —4 =0 < m = + 2. Khi do:
(¥ ey = M6 __3

m2>—-4 m+2
Truong hop 2: Néum? —4=0< m==+2. Khi do:
) 0.x =0 (lu6n dung)
0.x=-12 (voly)
Két luan:

= Khim # * 2, phuong trinh c6 nghi¢m x =

) m+2"
= Khi m =2, phuong trinh v6 s6 nghiém.
= Khi m = - 2, phuong trinh v6 nghiém.

& Nhdn xét: Trong thi du trén, ta thdy ton tai diy du cac kha ning dugc minh
hoa trong bai toan téng quat, tuy nhién s& ton tai nhimg bai toan
la mot truong hop dac biét:

» Hésda=0 voi moi gia tri cua tham s6, khi d6 ta két luan ngay
tinh duy nhat nghiém ctia phuong trinh.
» Hé s a=0 vdi moi gia tri cua tham s6, khi do ta bién luan

cho b.
Thi dv 2. Gidi va bién ludn phwong trinh sau theo tham sé a, b:
Xxta  Xx-a _ 2

b—a b+a a’-b>’
&5 Gidi
Piéukiéna =+ b.

Viét lai phuong trinh duéi dang:
—(a+b)(x+a)+(a-b)(x—a)=2< -bx=2a’+1.
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Khi do:
=  Véi b =0, phuong trinh v6 nghiém.

a’+1

=  Véib # 0, phuong trinh c6 nghiém x = —

Thi du 3. Xic dinh tham sé dé phwong trinh sau cé tdp hop nghiém la R :
m?(mx — 1) =2m(2x + 1).
L5 Gidi
Ta bién doi phuong trinh vé dang:
(= 4m)x = m’ + 2m. (*)
Diéu kién dé (*) co tdp hgp nghiém la R 1a:
{mS —-4m=0 {m =0
=

2m+m’=0 m=-2"

Vay, v6i m = 0 hodc m = -2 phuong trinh c6 tap nghiém 1a R.
Thi dv 4. Xic dinh m dé phwong trinh sau cé nghiém:
m?(x — 1) =4x — 3m + 2 v&i x > 0.
&S Gidi
Ta bién d6i phuong trinh vé dang:
(m’—4)x =m’-3m +2 < (m—2)(m + 2)x = (m—2)(m — 1).
Phuong trinh ¢6 nghiém véi x > 0 dicu ki¢n la:

m-2=0
m-2%0 {m>1
Ry 5
— m<—
m-—1 50
m+2

Vay, voi m > 1 hodc m < —2 phuong trinh ¢6 nghiém thoa man diéu kién dé bai.

Dang toian 2: Phuong trinh béc hai mdt in

Phwong phap ap dung

1. Véi bai toan "Gidi va bién ludn phwong trinh bdc hai mét an" ching ta sir dung
kién thirc d4 biét trong phén 1y thuyét.

2. V&i bai toan "Tim diéu kién dé phuong trinh bac hai mot an ¢é nghiém thoa man
diéu kién K" chung ta thyc hién nhu sau:
V&1 phuong trinh:

ax*+bx +c=0.
dé tim diéu kién cta tham sd sao cho:

. ) N a=b=0&c=#0
Dang 1: Phuong trinh v6 nghiém <
az0& A<0

Dang 2: Phuong trinh nhan moi x 1am nghi¢m < a=b=c=0.
Dang 3: Phuong trinh c6 nghiém:
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a=b=c=0
< |la=0&b=0.
az0&A20

: =0&b=0
Dang 4: Phuong trinh c6 nghiém duy nhat < 4 .
az0& A=0

Dang 5: Phuong trinh c6 hai nghiém phan biét:
{a =0
= .
A>0
Thi du 1. Gidi va bién lugn cdac phwong trinh:
mx? —2mx +m— 1 = 0.
L5 Gidi
Xét hai truong hop cia m.
Truong hop 1: V&i m = 0, ta dugc:
(1) & —1 = 0, mau thuan = phuong trinh v6 nghiém.

Truong hop 2: Véim # 0, ta cd A'=m.
a. NéuA' <0< m <0 thi phuong trinh (1) v nghiém.

b. Néu A'>0 < m > 0 thi phuong trinh (1) ¢6 hai nghiém phan biét:

mi\/a

m

X1,2=

Két luan:
* V61 m <0, phuong trinh vo nghiém.
=  V&i m > 0, phuong trinh ¢6 2 nghiém phan biét:

mi\/a
—m .

X12=
& Cha y:
1. Chung ta c6 thé trinh bay bai toan trén bang bang, nhu sau:
m | a| A Két luan
% V6 nghiém.
0010 Vo nghi¢m.
+
o C6 hai nghiém phan biét x;2= mym .
+00 m

(1)
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2. Dua trén tinh chit dic thu cua phuong trinh chung ta c6 thé thuc hién bai toan
nhu sau:
Bién dbi phuong trinh vé dang:
mx*-2x+1)=1omEx-1)y>*=1.
Nhan xét rang:
= V61 m <0, phuong trinh vo nghiém.
=  Véim >0, ta duoc:

x—1 o1 <:>x—1—+— <:>x—1+—
U Jom Jm
3. Néu bai toan chi yéu cau bién luan theo m s6 nghiém cta phuong trinh thi chung
ta co thé sir dung phuong phap dd thi, cy thé:
Bién d6i phuong trinh vé dang:
m(x>-2x+1)=1.
Nhan xét rang:
= V61 m =0, phuong trinh vd nghiém.
= Véim =0, ta duoc:

x2—2x+1=l.
m

tir 46 v& d0 thi ham s6 y = x* — 2x + 1 1di suy ra két qua bién luan.
Thi dv 2. Cho phwong trinh:
mx? —2(m—2)x+m-3=0. (1)
a. Tim m dé phuong trinh c6 nghiém.
b. Tim m dé phwong trinh co hai nghiém phdn biét.

&5 Gidi
a. Ta xét hai truong hgp cua m:
Truong hop 1: Véim =0
DHed4x-3=0c=x= %
Trwo‘ng hop 2: Véim#0thi A'=(m—2)>~m(m-3)=4-m
Pé (1) conghibm & A'>0=4-m>0om< 4
Vdéy, v6i m < 4 phuong trinh ¢6 nghiém.
b. De¢ phuong trinh c¢6 hai nghiém phan biét diéu kién la:
0
4 = m =0 < 0#m<4.
A'>0 4-m>0
Vay, v6i 0 # m < 4 phuong trinh c¢6 hai nghiém phan biét.

Thidy 3. Chitng minh rang véi moi m phuong trinh sau luén cé hai nghiém phén
biet:

x?=2(m-1)x-m>-m-1=0.
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&S Gidi
Ta c6 thé lya chon mot trong ba cach trinh bay sau:
Cach I: Tacé:
15

A=m-1P’+m’+m+1=2m>-m+2=2(m- %)2+? >0, Vm

= phuong trinh c6 hai nghiém phan biét.
Vay, véi moi m phuong trinh luén c¢6 hai nghiém phan biét.
Cach 2: Ta co:
A=m-1 +m*+m+1=(m-17>+m+ %)2+ % >0, Vm
= phuong trinh c6 hai nghiém phén biét.
Vay, v&1 moi m phuong trinh ludn c¢6 hai nghiém phan biét.
Cach 3: Ta co:
ac=-m’-m-1=-(m+ l)2— 3 <0, Vm
2 4
= phuong trinh c6 hai nghiém phan biét x; <0 <xo.
Vay, v&i moi m phuong trinh luén c¢6 hai nghiém phan biét.

Thi du 4. Chiing minh rang véi a* + b* > 0 phwrong trinh sau luén cé nghiém:
2 2
a b
X x—1
&S Gidi
Diéu kiénx # 0, 1. ‘ (*)
Bién doi phuong trinh vé dang:
fx)=x*—- (1 +a’>+b})x+a’=0. (1)
Ta co:

A=(1+a>+b?)*—4a’=(1 +a’>+b>—2a)(1 +a’+b’>+2a)
=[b+ (@~ 1’][b’ + (a+ 1)°] > 0.
Vay (1) ludén c6 hai nghiém phan biét xi, xa.
Ta di kiém tra diéu kién (*), ta co:
f(0)=a’va f(l)= - b’
Do a, b khong dong thoi bang 0 nén it nhit mot trong hai gi tri f(0) va f(1) khac 0.
Vay, phuong trinh luén c6 nghiém.

Thi du 5. Cho hai phwong trinh:
xX>+ax+b=0 (1)
x>+cx+d=0. (2)
Biét rang ac > 2(b + d). Chitng minh rang it nhdt mét trong hai
phuwong trinh co nghiém.

&5 Gidi
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Goi Ay, Aw) theo thir tyr 12 biét sé cia phuong trinh (1) va (2), ta co:
A(l)z a.‘2 —4b A(z): 02 —4d.
Nhan xét rang:
A+ Apy= a?—4b+c?—4d
=(@*+c?)—4(b+d)>2ac—4b+d)>4b+d)-4b+d)=0.
S A+ A2 0
& [t nhat mot trong hai Aq), Aw) khong 4m
& [t nhat mot trong hai phuong trinh c6 nghiém, dpem.

& Nhgn xét: Trong 10 giai ciia vi du trén, ching ta da sir dung két qua:
A + B >0 < ton tai mot s6 khong am.

Ngoai ra, chiing ta con c6:

1. NéuA +B <0 < ton tai mot s6 am.
Két qua nay duoc sir dung dé chimg minh "it nhdt mét trong
hai phwong trinh vo nghiém ".

2. Néu A.B <0 < hai sé trai dau.
Két qua nay duoc sir dung dé ching minh "Chi c6 mét trong
hai phwong trinh co nghiém ".

3. Néu A.B >0 < hai s6 cung déu.
Két qua nay dugc st dung dé chimg minh "Hodc cd hai
phwong trinh dé c6 hai nghiém phén biét hodc ching cing vo
nghiém".

Thi du tiép theo, s& minh hoa lai phuong phap giai bai toan bang

cach 1ap phuong trinh.

Thidvy 6. Hai nguoi quét san. Ca hai nguot cing quét san hét 1 gio 20 phut, trong
khi néu chi quét mot minh thi nguwori thir nhadt quét hét nhiéu hon 2 gio so
Voi nguoi thir hai. Hoi méi nguoi quét san mot minh thi hét mdy gior?
&5 Gidi
Goi x (gid) 1a thoi gian nguoi thir nhat quét san mot minh (x > 2).
Khi do, x — 2 (gio) la thoi gian ngudi th hai quét san mot minh.
Trong 1 gio:

PN S [P
=  Nguoi thir nhat quét duge — (sén)
X

= Nguoi thir hai quét duge —— (san).
X —_—
Vi ca hai nguoi cung quét san hét 1 gid 20 phit = % gio, nén trong 1 gio lam

duqc% (san).

Ta c6 phuong trinh:
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— x>2
Lo b3 272 L3 50 4x+8-0 & x=4.
X X—=2 4 xX(x—=2) 4
Vay, thoi gian ngudi thir nhat quét sin mot minh 1a 4 gid, do d6 nguoi thi hai
quét mot minh hét 2 gio.

Dang todn 3: Sir dung phwong phap dé thi gidi va bién luin phuwong trinh
bac hai mét an
Phuong phap ap dung
Ta biét rang ham sb:
y=ax’+bx+c,véiaz0
duoc goi la Parabol (P), c6 db thi:

a<( a>0
V“ _b/2a N4 V:aX2+bX+C
Om.mé X
—b/2a >
Ofxi X2 x
v=ax?+bx +c g

S6 nghiém ctia phuong trinh ax’ + bx + ¢ = 0 chinh bang s6 giao diém cua do thi
parabol y = ax® + bx + ¢ véi truc hoanh.

Pé bién luan theo tham s6 m, sb nghiém ciia phwong trinh:

ax’+bx+c=m

ta xét vi tri twong d6i ctia duong thang (d): y = m v6i Parabol (P): y = ax’ + bx + c.

Nhu vay, trong truong hop tong quat ta thyc hién theo cac budc sau:

Bude 1:  Chuyén phuong trinh ban dau vé dang:

ax* + bx + ¢ = g(m).
Busc2: V& (P):y=ax?+bx +c.
Buoc 3:  Khi d6, s nghiém cua phuong trinh bang s6 giao diém cua duong
thang (d): y = g(m) v6i Parabol (P): y = ax’ + bx + c.
Buoc 4: Bang viéc dich chuyén dudng thing (d) song song voi Ox ta s& nhan
duoc két luan tuong tng.

Bude 5:  Két luan.

& Chui y: Phuong phap ndy to ra dic biét hidu qua voi yéu cdu vé nghiém thudce
(a; B) cho trude.
Thi du 1. Bién ludn sé giao diém ciia parabol (P): y = x> — 3x + 1 véi duong
thang (d): y=x+m+ 1.

L5 Gidi

S6 giao diém cua (P) va (d) ding bang s6 nghiém ctia phuong trinh:

X! =3x+1l=x+m+1ex*-4x-m=0

vt (P1): y=x>-4x
/ (dv):
2 o) 59
ON_| ~ x



SxP-4x=m 2)
Khi d6, sb nghiém cia phuwong trinh 1a sé giao
diém cta Parabol (P1): y = x*> — 4x va duong thang
(d):y=m.
Ta duogc:
= Véim < -4, phuong trinh vo nghiém, tic 1a (P) khong ct (d).
. V@i m = —4, phuong trinh c6 nghiém kép xo= 2, tirc 1a (P) tiép xuc véi (d) tai
diém M(2; -1).
* Véim > -4, phuong trinh c6 hai nghiém phén biét, tic la (P) cét (d) tai hai
diém phan biét.
Thi dv 2. Cho phwong trinh:
x2+4x-m=0,
Xdc dinh m dé phuwong trinh:
a. Co nghiém thuoc khoang (-3; 1).
b. Co dung mot nghiém thuoc (-3; 1).

c. C0 hai nghiém phdn biét thuoc (-3; 1). Ya
&5 Gidi (P)
Viét lai phuong trinh duéi dang: 5
x? +4x =m.

Khi d6 s6 nghiém trén tap D = (=3; 1) coa
phuong trinh 13 s giao diém cta duong thang
(d): y =m v&i Parabol (P): y = x? + 4x trén D.

Dua vao d0 thi ham sb, ta th?iy:

a. Phuong trinh c6 nghi¢m thuoc D

4\ -
& 4<m<s. (d)\\m

3 =D 1

v

®)
>

b. Phuong trinh c6 mdt nghi¢m thude D
& -3<m<5. N
c. Phuong trinh c6 hai nghiém phan biét thuc D
& 4 <m<-3.

4

Dang toan 4: Cac uwng dung cia dinh li Vi—ét
Ung dung 1: Nhim nghiém ciia phwong trinh bic hai
Phwong phap ap dung 7 i
Trudce tién, chung ta can hiéu rang " Chi thuc hién nham nghiém cua mot phwong
trinh bdc hai trong trueong hop no cé nghiém nguyén hodc mot nghiém nguyén con
mot nghiém hiu ti ", o .
bé lam 10 dugc y tuong chu dao ciia phuong phép nay, chiing ta bat dau lai bang
thi du v&i phuong trinh:
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x>—x—12=0.
Ta co:

X, +x, =1
XX, =—-12=-34

-12=-1.12=1.(-12) =-2.6 =2.(-6) =-3.4 =3.(-4)
trong cac cap s trén, ta chon dugc cap (<3,4) vi-3 +4=1=x; + xo.
Tt danh gia d6, suy ra phuong trinh c6 hai nghiém x; = -3 va x, = 4.
Nhu vay, dé thuce hién viéc nhim nghiém (néu c6 thé) cho phuong trinh:
x*+bx+c=0
ta thuc hién theo cac budc:
Budc 1: Thiét 1ap hé thirc Viét cho cac nghiém x; va xa:

X, +Xx, =-b
X, X, =¢c
Bude 2: Thuc hién phép phan tich ¢ thanh tich cta hai thira s6 ¢ =m.n.
V61 moi cap thitra s6 phan tich duogc, ta tinh ngay m + n, khi do:
a. Néum + n = -b, chuyén sang budc 3.

b. Néum + n # —b, thuc hién lai budc 2.
Buoc 3:  Vay, phuong trinh c6 hai nghiém la x; =m va x; =n.

G do:

& Nhdn xét: 1. Thuat toan trén c6 tinh dieng va duoc hiéu nhu sau:

= Néu tim dugc mdt cip (m, n) thoa man diéu kién m + n=—b
thi dimg lai phép thir va dua ra 101 két luan.
= Néu cic cip (m, n) déu 'khong thoa mén thi dung va trong
truong hop nay dugc hiéu 1a khong nham duoc nghiém.
2. Chung ta da biét hai truong hop ddc biét cia phuong trinh
ax>+bx +c=0 la:

. Néua+b+c=0thiphu0ngtr‘1nhcénghiémx1=1V€1X2=3.
a
= Néua—b+c=0 thi phuong trinh c6 nghiém x; =—1 va xo =

C

a
Thi du 1. Trinh bay cach nham nghiém cho cac phwong trinh sau:
a. —x*—13x+48=0. b. 3x>+3x-18=0.

C. lx2—2x+3=0.
4

&S Gidi

a. Viét lai phuong trinh dudi dang:
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x>+ 13x —48=0.

Khi do:
X, +x, =-13 .
ma 3+ (-16) =-13.
X,.X, =48 =3.(-16)

Vay, phuong trinh ¢6 hai nghiém x; =3 va x, = -16.
b. Viét lai phuong trinh dudi dang:
XX +x-6=0.
Khi dé:
X, +x, =-1 .
ma2+(-3)=-1.
X,;.X, ==6=2.(-3)

Véy, phuong trinh c¢6 hai nghiém x; =2 va x, = -3.
c. Viét lai phuong trinh dudi dang:

x> —8x+12=0.
Khi do:
X, +x,=8 .
ma2+6=_8.
X,.X, =12=2.6)

Vay, phuong trinh c6 hai nghiém x; =2 va x, = 6.

& Nhdn xét: Thi du trén, dugc néu ra véi muc dich khuyén cach em hoc sinh
hay thyc hién viéc chuyén doi phuong trinh ban dau vé dang don
gian nhat trude khi thyc hién cong viéc nham nghiém dé tranh
dugc nhiing sai so6t khong dang co.

Ung dung 2: Tim hai sé biét téng va tich ciia chiing

Phuwong phdp dap dung

Neéu hai s0 u va v co:

u+v=_S
uv=P
thi u, v 1a nghiém cua phuong trinh
> —St+P=0. (1)
& Chii y: Néu (1) c6 hai nghiém t1, t» (diéu kién S? — 4P > 0) thi ta duoc:
u=t & v=t,
u=t, &v=t,
Thi du 1. Tim hai canh cua mot manh vuwon hinh chit nhdt trong hai truong hop:

a. Chu vi la 94,4m va dién tich la 494,55m>.
b. Hiéu cua hai canh la 12,1m va dién tich la 1089m?>.

&S Gidi
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a. Goi x vay la hai kich thudc cua hinh chit nhat, ta co:
2(x+y)=94,4 - x+y=472
Xy = 494,55 Xy =494,55
Suy ra, x va y 1a hai nghi¢m cta phuong trinh:
=315
X2- 472X +49455=0c 1° T O
y=15,7m
Vay, hinh chit nhat c¢6 chiéu dai 1a 31,5m va chiéu rong 14 15,7m.
b. Taco:
x—-y=12,1 (x>y)
xy =1089 '
Suy ra, x va —y la hai nghi¢ém cta phuong trinh:
x ~39,6 x ~39,6
= .
—y=-27,5 y=27,5
Vay, hinh chit nhat c¢6 chiéu dai 1a 39,5m va chiéu rong 1 27,5m.

X2—12X+1089=O<:>{

Ung dung 3: Tinh gid tri ciia cdc biéu thive doi xirng giiva cic nghiém
Phuong phap ap dung
Biéu thire do1 xting gitra cac nghiém x; va xo cua phuong trinh
ax’+bx+c=0
1a biéu thuc c6 gia tri khong thay doi khi ta hoan vi x; va xa.
Ta co6 thé bi€u thi dugc cac bicu thuc doi xing gitra cac nghiém x; va x, theo S
va P, vi du:
e X +x)=(x1+x)?-2x1x2=S%-2P.
o« L l_x*x 8
X, X, XX, P
e X’ +x)=(x1+x2)’ —3xix2(x1 + x2) = S* — 3SP.
L1 xi+x5  S*-2P
X; X5 X; X5 p?
Thi du 1. Tim m dé phwong trinh:
x> +2m+1)x+2m+3=0
cO hai nghiém X1, x2. Khi do hay lap phwong trinh co hia nghiém la
—2X1 va —2xo.

&5 Gidi
Trudc hét ta can di im m dé phuong trinh ¢ hai nghiém x; va x la:
A>20om+1P-2m-320em>-220s |m| 22, (%)
Khi d6, phuong trinh ¢6 hai nghiém xi, x2, thoa man:
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S=x,+x,=-2(m+1)
{szl.x2:2m+3 '

Ta co:
=2X, —2X, ==-2(x; +X,) =4(m+1)
{(—2)(1).(—2)(2) =4x,.X, =4(2m +3)

do do —2x; va —2x» 1a nghiém cua phuong trinh:
t?—4(m+ 1)t +42m + 3) = 0.

ﬂgﬂlﬂgﬁ: Tim hé thurce lién hé giita cac nghiém khong phu thudc vao tham 0
Phwong phap ap dung

bé tim hé thuc lién h¢ gitra cac nghiém khong phu thudc vao tham so (gia st
tham s0 1a m), ta thuc hié€n theo cac budce sau:

Buoc 1: Tim diéu kién cia m dé€ phuong trinh c6 hai nghiém xi, x»

az0
& .
{A' >0
Buoc 2: Ap dung dinh 1i Viét, ta dugc:
{xl +x, =f(m)

XX, = g(m)
Bue 3: Khirm tir hé (I) ta duge hé thic can tim.

W)

& Chi y: Trong nhiéu truong hop, viéc khir tham sb tir hé (I) can st dung céc
hang dang thire, dic biét 1a cac hang diang luong giac, cu thé:
a. sin’a+ cos’a = 1. b. tana.coto = 1.

—. d. 1+cotfa=——.
COS O Sin- A

c. 1+tan’a=

Thi du 1. Cho phwong trinh:
x?—2(m+1)x-m+1=0.
Tim hé thurc lién hé giita hai nghiém x| va X2 cua phwong trinh ma
khong phu thuoc vao m.
L5 Gidi
Trudc hét ta can di tim m dé phuong trinh ¢ hai nghiém x; va x la:
A>0m+1)P+m-1>20om’+3m>0&m e (—0;-3]U[0;+0).
Khi @9, ta co:
{xl+x2=2(m+1) {X1+X2=2m+2 +
=

= X1+ X2 +2x1X2 = 4.

XX, =1-m 2x,X, =2-2m

Vay, ta dugc xi + X2 + 2x1x2 = 4 1a hé thirc can tim.

Thi dy 2. Cho phwong trinh:
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x? — 2xsino + cosa, — 1 = 0.

a. Chitrng minh rang véi moi o. phwong trinh luén cé nghiém.

b. Tim hé thirc lién hé gitta cac nghiém ma khong phu thudc vao o.
&S Gidi
a. Taco:

A' =sin’o — coso + 1 = sina + (1 = cosa) > 0, Va.
Vay, v61 moi a phuong trinh luon c6 hai nghiém.

b. Gid st x1, X2 12 hai nghiém ctia phuong trinh, ta c6:

X, +

. . X .
Xl + X2 =2sino sInoL = 21 72 sin? ateos’ a=l X
2 =

coso=X,.X, +1

+ X
2

1

2
2} +xixe+ 12 =1

X,.X, =cosa —1
d6 chinh Ia hé thirc can tim.

Ung dung 5: Xét diu cdc nghi¢m ciia phwong trinh béc hai
Phuong phap ap dung )
Dung dinh 1i Viét ta c¢6 thé xét dau dugc cac nghiém x; va x» cua phuong trinh
~ax’+bx+c=0,
dya trén ket qua:
» NéuP=-‘<0eo phuong trinh ¢6 hai nghiém trai du x; < 0 < xa.
a

=  Neéu:

A>0 .
{P 0 < phuong trinh c6 hai nghiém cung dau.
>

A>0
P >0 < phuong trinh c6 hai nghiém duong 0 < x;<x..
S>0

A>0
P >0 < phuong trinh c6 hai nghiém am x;<x» <0.
S<0

& Chiy: 1. Ciing tir ddy, chung ta thiét 1ap duoc diéu kién dé phuong trinh
¢6 cac nghiém lién quan t&i dau.
2. Néu bai toan yéu cau " Xét ddu cac nghiém cta phuong trinh
tuy theo gi tri ciia tham sé ", chung ta st dung bang sau:

m|A| P S Két luan

—00

65



mj /\
-
my ™~
+00
Thi du 1. Tup theo m hdy xét dau cic nghiém ciia phwong trinh:

&S Gidi

Ta di x4c dinh céc gia tri:

A'=(m-2y-mm-3)=4-m, S

Ta c6 bang tong két sau:

mx>—2(m—-2)x+m-3=0.

_ 2(m—2)’ P m—3.
m m

m |[A'|P|S Dau céc nghiém
- Phuong trinh ¢6 2 nghiém thoa man 0 < x; < X,
+ |+ |+
|| I~ ) . T
0 TN, Phuong trinh c6 nghiém x = 3/4
+ | - | - Phuong trinh ¢6 2 nghiém x; <0 <x» vaxs <
sl
2 0 Phuong trinh ¢ mot nghiém x;.2 = +1//2
. — < Phuong trinh ¢6 2 nghiém x; <0 < x; va x> [x1]
3 o Phuong trinh ¢6 hai nghiém x; =0 va x> = 2/3
+ |+ | F Phuong trinh ¢6 2 nghiém thod man 0 <x; <x
4 Phuong trinh ¢6 nghiém kép x = 1111>0
ol R Phuong trinh v6 nghiém
+00

Thi dy 2. Cho phwong trinh:
x> =2(m+ 7)x + m* -4 =0.
Xac dinh m dé phuong trinh:

66

a. Co hai nghiém tradi dau.

b. C6 hai nghiém duwong.

c. C0 hai nghiém cung dau.




&S Gidi
a. Diéu kién dé phuong trinh c6 hai nghiém trai dau la:
P<0om’-4<0<-2<m<2. ,
Vay, véi —2 <m < 2 phuong trinh c6 hai nghiém trai dau.

b. Diéu kién dé phuong trinh c6 hai nghiém dwong 1a:
A'>0 14m+53>0
P>0 & {m’-4>0 <me [—ﬁ; —2) U (2; o).
S>0 2(m+7)>0 14

Vay, véim e [—%; —2) U (2; +oo) phuong trinh c¢6 hai nghiém duong.

c. Diéu kién dé phuong trinh c6 hai nghiém cung dau:
A'>0 14m+53>0
& &S me [—2;—2)u(2; +00),
P>0 m’—4>0 14

Vay, véim € [- %; —2) U (2; +o0) phuong trinh ¢6 hai nghiém ciing dau.

Ung dung 6: Tim diéu ki¢n dé cdc nghiém ciia phwong trinh bic hai thod man
diéu kién cho trudc
Phuong phap ap dung
Ta thuc hién theo cac budc sau: i
Buoc 1:  Tim di€u kién cta tham s6 d€ phuong trinh c6 nghiém xi, X2

az0
= .
A'>0
Budce 2:  Ap dung dinh 1i Viét, ta dugc:
{X] +x, =f(m)
XX, = g(m) .
Buoc 3:  Biéu dién diéu kién K thong qua (1).
Thi du 1. Cho phwong trinh 3x> — 2(m + 1)x + 3m — 5 = 0. Xdc dinh m dé

phirong trinh c6 mét nghiém gap ba nghiém kia. Tinh cdc nghiém
trong trueong hop do.

W)

L5 Gidi
Theo dinh ly Viét, ta c6:
x1+x2=§(m+1) e

3m -5
2
3 (2)

Theo diéu kién dé bai, ta c6: x; = 3x2 (3)

X;.X, =
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Pé phuong trinh ¢6 2 nghiém phan biét, diéu kién la:
A'=(m+1P*+15-9m =m?’-7m+ 16 >0, Vm € R.

Tur (1) va (3), ta co:

m+1

(4)

4X2=§(m+1)<:>X2=

m+1

Tir (3) va (4), ta co: x1 = (5)

Thay x1, x2 6 (5) va (4) vao (2), ta dugc:
m+1 m+l1 _ 3m-5
6 2 3
em’-10m+2l=0em=3vm=7.
Ta co:

& m+ 172 =43m - 5)

= Khim=3thixi=2vax;=

= Khim=7thixi=4vax;=

W W

Thi dy 2. Cho phwong trinh:

(m+2)x*—2(m—1x +m—2=0.
a. Tim cac gia tri cua m dé phuwong trinh co 2 nghiém phan bié¢t cung

ddu.

b. Xdc dinh m dé tong binh phwong cdc nghiém cia phwong trinh
bang 3. ‘

c. Xdc dinh m dé phuong trinh co hai nghiém X1, X2 thoa man X1 —X2| =
2.

&5 Gidi

a.

b.
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Diéu kién dé phuong trinh ¢6 hai nghiém phan biét cung dau 1a:
{ 5-2m>0

A'>0 5
= - < m e (- -2)uU (2, =).
P>0 m-2_5 ( )( 2)

m+2
Vay, véim e (—o0: —2) U (2; %) phuong trinh thod man diéu kién d& bai,

Piéu kién dé phuong trinh ¢6 hai nghiém:
m+2#0
e
Khi @9, ta co:

& 2#m< 2
2



_2(m-1)

X, +X,
m+2
m-—2
X,.X, =
m+2
Ta co:

3= x>+ x = (x1 +X2)* — 2X1X2 = 4(‘“_1)22 _p M2
(m+2) m+2
< m’+20m =0 m=0hoicm=-20.
Vay, c6 hai gid tri cia m phuong trinh thod man di€u ki¢n.
c. Taco:
|1 — x| 2o -x=4o X+ —4xx=4
Am-1° ,m-2
(m+2)* m+2
om’+6m-1=0om=-3£410.
Vay, voim =-3 £ /10 thoa man dé bai.

— 4 &5 4m - 1P - Am-Dm + 2)=4(m + 2F

Thi dv 3. Tim m dé phwong trinh x>+ 2mx + 4 = 0 ¢6 hai nghiém x1, 2. Khi do:
a. Tinh theo m gid tri cac biéu thirc E = \/XT+ X,,F= </Z+</Z
b. Xdc dinh m sao cho x| +x; <32.

2 2
c. Xdc dinh m sao cho (i] + (ﬁJ >3.

X, X
&5 Gidi
Diéu kién dé phuong trinh ¢6 nghiém
A>0om*—4>0s |m| >2. (*)
Khi d6, ta co:
X, +X, =—2m
X,.X, =4
a. Taco:

E’= (\/XT+\/§)2 =X1 + X2+ 2/x,X,
=2m+22=4-2m>0véi (*) suy ram <-2

=FE=+v4-2m.
F = (A\‘/XT’L%/Z)2 = Jx %, F24xx, = J4-2m +244
= F=JV4-2m+2¥4.

b. Taco:

2 2 2
4 4 _ 2 2 2,2 2.2
X +X, —(X1+X2) - 2X,X, —[(x]+x2) —2X]X2:| - 2X,X,
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Do do:
X{+x3 <32 (mMm?-24)-24* <32 m-40<32
om<2e |m| <6+42.

Két hop voi diéu kién (*), ta dugc:

—6x/5£m<—2
_2<m£6\/§ ‘

c. Taco:
_J R H i axdx | xiexd
X, X, X[ X) xix;

Do do
2 2 2

%J + (%) >3 m1_640 >3 o m’>88 o |m| > 2\/5,thoémén

(*)-

Ung dung 7: Ung dung khic
Phwong phap ap dung
Trong muc nay ta di tng dung dinh li Viét vao viéc:
Dang 1: Lap phuong trinh dudng thang di qua hai diém A(xa; ya), B(xs; ys) thudc
Parabol (P): y = ax* + bx + ¢ cho trudc, khi d6 ta thuc hién theo cac budc:
Buoc 1:  Gia sir phuong trinh duong thang (AB): y = kx + m.
Budc 2:  Phuong trinh hoanh dé giao diém cua (AB) va (P) la:
ax’+bx+c=kx+meax’*+(b-k)x+c-m=0.
Budc 3:  Taco xa va xg la nghi¢ém cua phuong trinh va theo Viét ta dugc:
k—b

X, tXg =

k
a5 { — phuong trinh (d).
c—m m

X, Xp =
a

Dang 2: Lap phuong trinh tiép tuyén cua Parabol (P) tai diém M(xwm; ym), duge
thuc hién tuong tu nhu trén bang cach thay xa = xg = xm.
Thi du 1. Cho Parabol (P) co phwong trinh:
(P):y=x%*+3x+2.
Goi A va B la hai diém thuéc (P) ¢é hodanh d¢ lan luwot ld 1, 8.
a. Ldp phiong trinh dwong thang AB.
b. Ldp phwong trinh tiép tuyén véi (P) tai A.
L5 Gidi
a. Ta co thé trinh bay theo hai cach sau:
Cdch I: (Cach giai thong thuong): Tir gia thiét, ta duoc A(1; 6) va B(8; 90).
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Phuong trinh dudng thang AB duoc cho boi:

A(1;6 — _
@A) {BAWO gy X2 Y26 Ry 1ox—y—6=0.
qua B(8;90) 8—1 90-6
Cach 2: (Ung dung dinh 1y Viét): Gia sir phuong trinh duong thing (AB) c6 phuong trinh:
(AB): y=ax+b.

Phuong trinh hoanh dé giao diém cua (AB) va (P) la:
x*+3x+2=ax+box*-(@-3)x+2-b=0
Ta c6 xa = 1 va xg = 8 la nghiém ctia phuong trinh va theo Viét ta dugc:

X, +Xp=a-3 9=a-3 a=12
= = .
X,.Xg=2-b 8=2-b b=-6
Vay, phuong trinh (AB): y = 12x - 6=0.
b. Gia st phuong trinh tiép tuyén tai A 13 (d): y = ax +b.
Phuong trinh hoanh d¢ giao diém cia (d) va (P) la:

x> +3x+2=ax+beox*-(a-3)x+2-b=0. *)
Ta c6 xa = 1 1a nghiém kép cua (*) (x1 = x2 = 1) va theo Viét ta dugc:

X, +Xz=a-3 2=a-3 a=5
<~ = .
X, Xg=2-b 1=2-b b=1

Vay, phuong trinh tiép tuyén (d): y = 5x + 1.

§3. MOT SO PHUONG TRINH QUY VE PHUONG TRINH BAC
NHAT HOAC BAC HAI

Dang todn 1: Giii va bién luan phwong trinh chira 4n & miu
Phuwong phap thuc hién
Ta thuc hi€n theo cac budc:
Bugc 1:  Pat diéu kién co nghia cho phuong trinh, khi d6 ta c6 DKXD 1 tap D.
Budc 2: Bién ddi phuong trinh vé dang bac nhét hodc bac hai, rdi thuc hién giai
no.
Bude 3:  Két luan.

Thi du 1. Tim m dé phwong trinh sau vé nghiém:
X—-m , x—2

+ 2. 1
x—1 x+1 M
&S Gidi
Dicu kién x = %1.
Viéet lai phuong trinh dudi dang:
(m+2)x=4-m. (2)
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Ta xét hai truong hop:
Trwong hop 1: Néum + 2 =0 < m = -2 thi:
(2) & 0x = 6, mau thuin = phuong trinh v6 nghiém.
Trwong hop 2: Néum — 2 # 0 < m = 2 thi:
Q) o x=2-m
m+2
Do d6 (1) v nghiém
4—-m _ 1 hode 4—-m
m+2 m+2
Vay, voi m = -2 hodc m = | phuong trinh ban dau vo nghiém.

= =-lm=1.

@ Chii y: Trong 1o gii trén chiing ta trinh bay theo cic budc ctia bai toan giai
bién ludn, tuy nhién cling c6 thé trinh bay dudi dang:
Dicu kién x # 1.
Viét lai phuong trinh dudi dang:

(m+2)x=4-m. (2)

Phuong trinh (1) vo nghiém

{m +2=0

4-m=0
m m=-2
< [m+2#0 < :

4-m 4-m
=1v
| lm+2 m+2

Tuy nhién, cach trinh bay kiéu nay c6 thé khién mot vai em hoc sinh
thay phuc tap. Do vay, néu bai toan yéu cau " Tim diéu kién cua tham
50 dé phuong trinh co nghiém ( hodc vo nghiém ) " tot nhat cac em hay
trinh bay theo cac budc cua bai toan giai bién luén.

Thi du 2. Tim m dé phwong trinh sau cé nghiém duy nhdt:
x+1 _ x+2

x—1 x-m’ M)
&S Gidi
Tép xac dinh D= R\{1, m}.
Viét lai phwong trinh dudi dang:
mx =2 -—m. ) (2)
Do d6 (1) c6 nghiém duy nhat:
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m=0 m # 0 m=0
2—-m
Sx£El © ]l < {m=1 S me{-2,0,1}.
m
X #m 2—m m?>+m-2%0
#m

m .
Vay, véim = R\{-2, 0, 1} phuong trinh (1) c6 nghi¢m duy nhat.
Thi dy 3. Cho phwong trinh:
a_ b
X —’)b X—a
a. Tim a, b de phuong trinh co hai nghiém phdn biét.
b. Tim a, b dé phuwong trinh co nghiém.

=2, (1

&S Gidi
Diéu kién:
x—a#0 X#a
= .
{x—biO {xib
Bién ddi phuong trinh vé dang:
a(x—a)+tb(x—b)=2(x—-a)(x—Db)
o f(x)=2x>-3@+b)x+a’+2ab+b*=0
Taco A=9(a+b)’—8(a’+2ab +b*) = (a +b)*> 0, Va, b.
a. Dbé phuong trinh (1) c6 hai nghiém phén biét dicu ki¢n la:
A>0 (a+b)*>0
fa)20 < {b*—abz=0 < a=0,b=0vaa=zb.
f(b)#0 a’—ab#0

*)

)

Vay, véia#0, b # 0 va a#xb. phuong trinh cé hai nghiém phan biét.
b. Pdp s6: Vi moi a, b khong dong thoi bang khong.

Thi dv 2. Gidi va bién lugn cac phwong trinh:
1 _a-b n a+b

X+ — .
X a+b a—-b

&S Gidi
Diéu kién:
x#0
x#0
a+b=20 & .
{aiib
a—-b=#0
Viét lai phuong trinh duéi dang:
(@*-b)x* —2(a’ + bH)x + a’ - b’ =0.

(1
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Via#1b < a? —b*#0, ta di tinh biét thiuc A' = 4a’b*> 0.
. =0&b=0
Trueong hop 1: Néu A' = 0 < 4a2b? =0 = | .
a#z0&b=0
e Voia=0vab =0, phuong trinh (1) c6 nghi¢m kép xo= — 1.
e Voia=0vab=0,phuong trinh (1) c6 nghiém kép xo = 1.
Triwong hop 2: Néu A'> 0 < 4a’b> >0 < a=0vab=0.

Phuong trinh (1) ¢6 hai nghiém phan biét x1 = 2 =2 vax, = 20
a+b a—-b

Két luan:

* Vi a = tb, phuong trinh v6 nghiém.

= Véia=0vab =0, phuong trinh c6 nghiém kép xo = — 1.

= Voéia=0vab=0,phuong trinh c6 nghi¢m kép xo = 1.

= Véia=#0vab=#0vaa=#zb, phuong trinh c6 2 nghiém phan biét:
a-b a+b

vaxy = .

a+b a—-b

X1 =

Dang toan 2: Phwong trinh tich
Phuwong phdp thiec hién
Gia st can di "Gidi va bién ludn phuong trinh (a1x + bi)(axx + b)) = 0", ta thuc hién
theo cac bude: o
Buoc 1:  Bién doi phuong trinh ban dau vé dang:
a,x+b, =0 (1)
sz +b,=0 (2)

Buoc 2:  Giai va bién luan (1).

Buoc 3:  Giai va bién ludn (2). . ) )

Bugc 4:  Keét luan: Trong budc nay cac em hoc sinh can biét cach két hop cac
truong hop da xét trong ca hai bude 1 va bude 2 dé co duogc 101 két
luan day du va tuong minh.

Thi dv 1. Cho phuong trinh:
x> —2mx>+m*’x +m-1=0.

Xac dinh m deé:

a. Phuong trinh co dung 1 nghiém.

b. Phwong trinh co 2 nghiém phan biét.
Phwong trinh co 3 nghiém phan biét.
Phwong trinh co 2 nghiém am phan biét.
Phuwong trinh co 3 nghiém dwong phdan biét.

® oo

&5 Gidi

Viét lai phwong trinh duéi dang:
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(x-Dx2-C2m-1x-m+1]=0

o {le . )
gx)=x"-C2m-Dx-m+1=0 )

a. Dé phuong trinh c6 dung 1 nghiém diéu kién 1a:

A, <0 4m* -3<0
(2)vonghiém 3
_ . Sl [(A =0 4m2_3:0<:>|m|<—.
(2)c6énghiém kép bang 1 £ 2
g(1)=0 3-3m=0

Vay, v6i [m|< g thoa man diéu kién dau bai.
b. Dé phuong trinh c¢6 hai nghiém phén biét diéu kién 1a:
{(2) c62 nghiém phan biét va 1nghiémbang 1 - {Ag >0vag)=0

(2)c6nghiém kép khacl Ag =0vag(l)=0

{4m2—3>0 {4m2—3>0
3-3m=0 3-3m=0
@mzlhoacmziﬁ.
4m*-3=0 4m’ -3=0
3-3m#0 3-3m#0

Vay, voi m=1 hodc m = i? thoa man diéu kién dau bai.
c. Dé phuong trinh c6 ba nghiém phén biét diéu kién 1a:

A, >0 {4m2—3>0 |m|>£
o =N ) .

(2) c6 2 nghiém phan biét khac 1 <
g()=0 3-3m=#0

m # 1

Vay, véi me (—oo; - ?J U (? - oo] \{1} thoa man diu ki¢n dau bai.

d. Dé phuong trinh c6 hai nghiém 4m phén biét diéu kién la:
(2) c6 2 nghiém am phan biét

A>0  [4m*-3>0  [jm[>3/2 5
& Sg<0<:> 2m-1<0 < im<1/2 <:>m<——3.
P >0 I-m>0 m<1

Vay, voi m < —g thoa mén diéu kién dau bai.
e. Dé phuong trinh ¢ ba nghiém duong phén biét diéu kién 1a:

(2) c6 2 nghiém duong phan bi¢t khac 1
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A,>0 fam*-3>0  |jm|>+/3/2
S, >0 2m—1>0 m>1/2 3

& = = < —<mc<1.
P >0 1-m>0 m<1 2

g0 (3-3m=0 m#1
A e \/g 5 ~ A A A ]
Vay, voi 7<m<1 thoa man diéu kién dau bai.

& Nhin xét: Loi giai cua thi du trén dd miéu ta phuong phap co ban dé "Gidi
va bién lugn mot phwong trinh bdc ba".

Dang toan 3: Phuwong trinh trung phuong
Phuwong phap thuc hién
Dé giai va bién luan phuong trinh:
ax*+bx*+c=0 (1)
ta thuc hién cac budc:
Buoc 1: Ditt=x"voidicukignt>0.
Budc 2: Khi d6, phuong trinh dugc bién doi ve dang:
at’ + bt + ¢ =0. (2)
Bugc 3:  Khi do: )
a. Phuong trinh (1) c6 nghiém duy nhat
< (2) conghiém t; <0 =1t.
b. Phuong trinh (1) c6 hai nghi¢m phan bi¢t
< (2) co nghiém t; <0 <t,.
c. Phuong trinh (1) c6 ba nghi€ém phan biét
< (2) co nghiém 0 =1t; <ta.
d. Phuong trinh (1) c6 bon nghiém phan biét
< (2) co nghiém 0 =1t; <t.
@ Chii y: 1. Cac danh gia trén nhan duoc théng qua nhan xét néu phuong trinh
(2) c6 nghiém to > 0 thi phuong trinh (1) c6 nghiém x =+ \/a .

2. Cling thong qua nhan xét nay chung ta thiét 1ap dugc diéu kién
cho nghiém t cua phuong trinh (2) trong truong hop bai toan yéu
cau diéu kién nghiém x cua phuong trinh (1), thi du:

X1<X2<X3< 1 <2<X4<:>—\/E <—\/E < \/E <1<2< \/g
S0<t<1<4<t.
Thi dv 1. Cho phuong trinh:
Cxt = (m+2)x* +m=0. (1)
Tim m dé phuong trinh:
a. Co nghiém duy nhat.
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b. Co hai nghiém phan biét.
c. Co ba nghiém phan biét.
d. Co bon nghiém phan biét.
&5 Gidi
batt=x’véi dicukignt>0.
Khi d6, phuong trinh dugc bién doi vé dang:
ft)y=t* —(m+2)t+m=0.
a. Phuong trinh (1) c6 nghiém duy nhat
< (2)conghitmt1<0=t < {SSO = {m+2£0
P=0 m=
Viy, khong ton tai m thoa man diéu kién dau bai.

b. Phuong trinh (1) c6 hai nghi¢m phan biét
< (2)conghiémti <0<ty < ac<0<m<0.
Vay, v6i m < 0 thod man dic¢u kién dau bai.
c. Phuong trinh (1) c6 ba nghiém phan biét
A>0 m’+4>0

< (2)conghitm 0=t <t < {P=0 < im=0 < m=0.

S>0 m+2>0
Viy, voi m = 0 thoa min diéu kién dau bai.
d. Phuong trinh (1) c6 bon nghiém phan biét
A>0 m’+4>0

< (2)conghiem 0 <t <tr ©<P>0<<m>0 < m>0.

S>0 m+2>0
Vay, voi m > 0 thoa min diéu kién dau bai.
Dang toan 4: Phuong trinh hdi quy
Phuong phdp thuc hién 7
Dang 1: (Phuong trinh hoi quy): D€ giai va bién luan phuong trinh:
ax*+bx’ +ex? +bx+a=0
ta thuc hién theo cac budc:

, vO nghiém.

)

(1

Bude 1: Nhan xét rang x = 0 khong phai 1a nghiém cua phuong trinh. Chia ca

hai vé ctia phuong trinh cho x?#0, ta duoc:

a(x* + iz)+b(x+ l)+c=0.
X X

, . | 1
Buoc 2: Datt=x+—,d1euk1¢nt225uyrax2+—2=t2—2.
X X

Khi d6, phuong trinh (2) c6 dang:
Q)= at? +bt+c—-2a=0.

)

)
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Buoc 3: Khi do:
a. Phuong trinh (1) ¢6 nghiém, ta sir dung phuong phéap gian tiép, tirc 1a
"Tim diéu kién dé (3) vo nghiem hodc gd hai nghiem déu thudc (-2;2)".
b. Phuong trinh (1) c6 nghi¢m duy nhat
= (3) c6 nghiém t = 2 hodc t = -2 = tham s.
Thu lai.
¢. Phuong trinh (1) c6 hai nghi¢m phan bié¢t < (3) c6 nghiém
[t =2 &t, =2
t,<-2<t,<2.
| —2<t <2<t,
d. Phuong trinh (1) c6 ba nghiém phan bi¢t < (3) c6 nghiém
[t <t,=-2
2=t <t,
e. Phuong trinh (1) c6 bén nghiém phan biét < (3) c6 nghiém
[2<t, <t,
t,<t, <=2

|t <-2<2<t,

Dang 2: (Phuwong trinh phan hoi quy): Dé giai va bién luan phuong trinh:
ax*+bx’ +cx*—bx+a=0 (1)
ta thuc hién theo cac budc:
Buoe 1: Nhan xét rang x = 0 khong phai 1a nghiém cta phuong trinh. Chia ca
hai vé cua phuong trinh cho x> # 0, ta dugc:

a(x2+i2)+b(x—l)+c20. 2)
X X
Budc 2: Datt=x—l,suyraxz+i2 =t +2.
X X

Khi d6, phuong trinh (2) ¢6 dang at® + bt + ¢ +2a = 0. 3)

& Chi y: 1. Véi phuong trinh phan hdi quy trén khong hé c6 diéu kién cho an
phu t, tirc 1a véi mdi nghiém to ctia (3) ta ludn c6 hai nghiém phan
biét x1, x2 cho (1).
2. Phuong phap dugc mé rong tu nhién cho dang phuong trinh:
ax*+bx*+cx>+dx+e=0

2
r s A A ., o~ € d
co cac hé s6 thod man — = (E) , ez0.
a

Khi d6, ta sir dung an phu t= x + %l, va trong truong hop bd
X
>Otac()diéukiént22\/%.
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Thi dv 1. Cho phuong trinh:
x*+mx® - 2(m? - x> +mx +1=0. ()
a. Giai phwong trinh voim = 1.
b. Tim m dé phuong trinh c¢6 ding 2 nghiém phan biét.
c. Tim m dé phwong trinh co 4 nghiém phan biét.
L5 Gidi
Nhan xét rang x = 0 khong phai 1a nghiém cua phuong trinh. Chia ca hai vé cua
phuong trinh cho x?# 0, ta duoc:
X2+ mx — 2(m? — 1)+m.§ + iz

=0 X+ iz)+m(x+ l)—2m2+2=0.
X X X

< | T 1
Patt= x + —, didu kién | t| >2,suyrax’ + — =t - 2.
X X

Khi d6, phuong trinh c¢6 dang:
f(t) = + mt — 2m? = 0. (2)
a. Véim =1 thi (2) c6 dang:
1t1>2

?+t-2=0 < t=—2<:>x+l = Do x=-1.
X

Vay, v6i m = 1 phuong trinh ¢6 nghiém x =—1.
b. Phuong trinh (1) cé dung hai nghiém phan biét
t, =-2vat, =2

< (3) c6 nghiém thoa man
t, <-2<t,<2hodc -2<t <2<t,

[(£(2)=0 4+2m-2m’ =0 m’-m-2=0

{f(_Z):() 4-2m-2m>=0

{f(2)>0 4+2m-2m’ >0 m’-m-2<0 l<m<2
= = =

f(-2)<0 4-2m-2m’><0 m’+m-2>0

{f(2)<0 {4+2m—2m2<0 {mz—m—2>0

m>+m-2=0

2<m<-1

f(=2)>0 4-2m—-2m>>0 m’+m—-2<0

Vy, voi 1<|m|<2 thod man diéu kién dau bai.
c. Phuong trinh (1) c6 bén nghiém phan biét
< (3) c6 nghiém thoa man:
2<t,<t, hodc t, <t, <=2 (¥)
Ll<—2<2<t2 (k%)

Nhan xét yﬁng phuong trinh (2) ¢6 ac = —2m? < 0 nén (*) khong thé xay ra.
Khi do, dé co (**) dieu kién la:
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c>|m|>2.

2=
f(-2)<0 4-2m-2m’° <0 m’ +m-2>0

Vay, voi |m| >2 thoa man diéu kién dau bai.

{f(2)<0 {4+2m—2m2 <0 {mz—m—2>0
=

Thi du 2. Cho phuwong trinh:
x*—mx® - 2x>+mx+1=0. (1)

a. Giai phuwong trinh voi m = 3.

b. Tim m dé phicong trinh c6 ding 2 nghiém phan biét.

c. Tim m dé phirong trinh c¢é 4 nghiém phdan biét.
L5 Gidi

Nhan xét rang x = 0 khong phai 1a nghiém cua phuong trinh. Chia ca hai vé cua
phuong trinh cho x?# 0, ta duoc:
1 1

X*-mx-2+m— +— =0 (x*+ Lz)—m(x—l)—2=0.
X X X X

1 1

batt= x— —,suyrax’+ — =t +2.
X X

Khi d6, phuong trinh c6 dang:

t=
ft)y=t> —mt=0 c{ 0

t=m
Véit=0, ta duoc:

x—l:0:>x2—1:0 < x =1,
X

a. V6im =3 ta duoc:

=3 x— L =3ox-3x-1=-0cx= 31;/3
X

3+413

Vay, voi m = 3 phuong trinh c6 bon nghiém x = +1 vax = 5

b. Phuong trinh c6 dung 2 nghiém phén biét diéu kién 1a m = 0.
c. Phuong trinh c6 4 nghiém phan biét diéu kién 1a m # 0.
Dang toan 5: Phwong trinh (x +a)(x +b)(x +c)(x +d)=m, véia+b=c+d
Phwong phap thuc hién
Ki hi¢u phuong trinh ban dau 1a (1), ta thuc hién theo cac budc:
Buoc 1:  Viet lai phuong trinh dudi dang:
[x*+(a+bx+ ab]:[x2 +(c+d)x+cd]=m. (2)
Budc 2: Ditt=x>+ (a+b)x + ab, dicu kién

2
> 820 (hna -2
4 4a

Suyrax’+(c+d)x +cd=t—ab+cd.
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Khi d6, phuong trinh (2) c6 dang:
t(t—ab+cd)=m <2 — (ab—cd)t —m=0. 3)
Buoc 3:  Khi do:
a. Phuong trinh (1) c6 nghiém

—b)? <
< (2) c6 nghiém thod man t> — % =0 [ <a

b. Phuong trinh (1) c6 nghiém duy nhét
< (2) conghiém t1 <t = a.
¢. Phuong trinh (1) c6 hai nghi¢ém phan bi¢t
t, =t
<> (2) ¢6 nghiém thod man {a <h=h
t, <a<t,
d. Phuong trinh (1) c6 ba nghi¢m phan biét
< (2) co nghiém o =t <t.
e. Phuong trinh (1) c6 bdn nghiém phan biét
< (2) co nghiém a <t <to.

Thi du 1. Cho phwong trinh:
X(x —2)(x +2)(x+4)=2m. (1)
Giai phwong trinh voi m = —6.
Tim m déphwong trinh vo nghiém.
Tim m dé phicong trinh c6 ding mét nghiém.
Tim m déphwong trinh co hai nghiém phdn biét.
Tim m dé phirong trinh c6 ba nghiém phdn biét.
Tim m dé phwong trinh c¢é bon nghiém phdn biét.

SRR

L5 Gidi
Viét lai phuong trinh duéi dang:
(x> +2x)(x*+2x — 8) =m.
Patt=x>+2x + 1, diéu kién t > 0, suyrax’+2x=t—1vax’+2x-8=t-09.
Khi d6 phuong trinh trén c6 dang:
t-Dt-9)=2m<f(t)=t* - 10t + 9 - 2m = 0. ()
a. Vo1 m=-6, ta duoc:

t
(D¢3€—1m+21=0c>[

Ta lan luot:
= Véit=3, taduoc:

+

_1_\/5.

*+2x+1=3x+2x-2=0=x12= 5

= Véit=7,taduogc:



XH2x+1=7Tox>+2x-6=0=x34=

2
_1+43 1447

Vay, véi m = —6 phuong trinh ¢6 nghi¢m 1a x;,2 = 5 Va X3,4 = 5
b. Phuong trinh (1) vo nghiém khi:
(2)vonghiém *)
{(2) c6hainghiém nho hon 0 (**)'
Nhan xét yéng phuong trinh (2) ¢6 S = 10 > 0 nén (**) khong thé xay ra.
Khi do, d€ co6 (*) diéu kién la:
A’<O<:>25—(9—2m)§0<:>2n}+ 16<0 << m<-8.
Vay, véi m < —8 thod man diéu kién dau bai.
c. Phuong trinh (1) c6 diing 1 nghiém khi:
A'>0
(2) c6 nghiém thoa man t; < t, =0 < < f(0)=0, v6 nghiém.
S<0
Vay, khong ton tai m thoa man diéu kién dau bai.
d. Phuong trinh (1) c6 hai nghiém phan biét khi:
o {A':O {2m+16:0
(2)cénghiém képlénhon0 m=-8
. . S>0 < | [10>0 & .
{(Z)Céhamghlém t, <0<t, {m>9/2
P<0 9-2m<0
Vay, voi m = -8 hogc m>% thoa mén diéu kién dau bai,
e. Phuong trinh (1) c6 3 nghi¢m phan bi¢t khi:
A'>0 2m+16>0
(2) conghiem 0=t <t < {f(0)=0 < <9-2m=0 < m:%
S>0 10>0
Viy, v6i m = % tho man didu kién diu bai.
f.  Phuong trinh (1) c6 4 nghiém phan biét khi:

A'>0 2m+16>0
(2) conghitm 0 <t <t <> {P>0 < 19-2m>0 <:>—8<m<%.
S>0 10>0

Viy, voi —8<m <% tho mén didu kién diu bai.
Dang toan 6: Phwong trinh (x +a)* + (x +b)*=¢
Phuwong phap thuc hién

Ki hiéu phuong trinh ban dau 1a (1), ta thuc hién theo cac budc:
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Buoc 1: Patt=x+ %,suyra:

a—-b
Xt+ta=t+——
2

a-b’
2
Khi do, phuong trinh c6 dang:

2 4
20+ 12[ 220 e of3Zb) — ¢ )
2 2

Budc 2: Ditu=t didukiénu> 0.
Khi d6, phuong trinh c6 dang:

2 4
22+ 12[ 220 w4 of32R) ) 3)
2 2

Bude 3:  Chuyén diéu kién cia bai toan thanh diéu kién cho u.
Thi du 1. Cho phwong trinh:
(x+2*+(x+6)*=m?>-2.
a. Gidi phuong trinh voi m=+/34.
Tim m dé phuong trinh cé hai nghiém phdn biét thuéc khodng (<2;

1.

X+b=t-

(1)

&S Gidi
+6

Dg?ttt=x+2T =x+4, suy ra:

X+2=t-2
{x +6=t+2
Khi d6, phuong trinh (1) dwgc chuyén vé dang:
(=2 +(t+2=m’ -2 26" + 482 +32=m’> -2
< 2t1+ 482 —m? + 34 =0. (2)
Dt u = t*, diéu kién u > 0. o
Khi d6, phuong trinh (2) dugc chuyén ve dang:
f(u) = 2u® + 48u — m* + 34 = 0.
a. Véi m=4+/34, ta dugc:
Qo2 +48P=0=t=0=x+4=0=>x=—4.
Vay, voi m=+/34 phuong trinh ¢ nghiém duy nhat x = —4.
b. Tir gia thiét:

3)

2<x<-1© 2<x+4<32<t<3=>t'<9<u<9.
Vay, phuong trinh (1) c¢6 hai nghi¢m phan biét thudc khoang (-2; —1) khi:
(3) ¢6 1 nghiém € (0; 9) < £(0).f(9) < 0 < (34 — m?)(17044 — m?) <0
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< 34<m’ < 17044 < 34 <|m| < 24/4261.
Vay, v6i 34 <|m| < 2/4261 thoa man diéu kién dau bai.

Dang toan 7: Phuong trinh sir dung 4n phu béc hai
Thi dv 1. Gidi va bién lugn phwong trinh:
(x —a)’x*+a’x? =8(x —a)*a%, véia = 0. (1)
&S Gidi
Nhan xét rang x = a # 0 khong phai 14 nghiém cta phuong trinh, khi d6 chia ca
hai vé ctia phuong trinh cho (x — a)*# 0, ta duoc:

2,2 2 2
X2+ 2X . =8a2<:>(x+ ax] _ 2 gy
(x—a) X—a X—a
2 \? 2
<:>[ x j B 2)
X—a X—a
2
batt= X khido phuong trinh dugc chuyén vé dang:
Xx—a

t=4
t2—2at—8a2=0<:>{ &
t=-2a

= Véit=4a,ta duogc:
2

X =4a < x* — 4ax + 4a’> = 0 < x; = 2a thod mian (*).
X—a
= Vé6it= —2a, ta duoc:
2
X = _daexi+2ax—2a2=0<>x3= —at~/3a’ thod man (*).
Xx—a

Vay, phuong trinh ¢6 ba nghiém phan biét x; = 2a, x3 = at+/3a’ .

& Nhgn xét: 1. O dang ban diu, ta khong thdy sy xuét hién 4n phu, tuy nhién

dé lam xudt hién an phu ta viét lai phuong trinh dudi dang:

(x)> + [ﬂjz = 8a%.

X—a
Ta dua ra nhan xét cho 2 s hang trong vé trai ctia phuong trinh
trén dong vai tro A2 + B? ctia hing dang thic (A + B)?.
Khi d6, ta c6 duoc 2 hudng bién doi:
A*+B*=(A-B)’+2AB (hl)

{AZ +B’=(A+B)>-2AB (h2)

» Néu lya chon hudng tha nhéat:
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2 2 2 2 2 2
X2+( ax j :[X_ ax ) +2ax _[ x"—2ax +2ax .
X—a X—a X—a X—a X—a
Ta thay rang khong c6 sy xuat hién cua an phu.
= Neéu lya chon hudng thur hai:

2 2 2
2 ax ax 2ax’ x? 2ax’
X“+ = x+ - = - .
X—a X—a X—a X—a X—a

2
O day an phuy da xuat hién, do la x
X—a

Nhu véy viéc lya chon hudng bién dbi dai sé ding cho mdi phuong
trinh bac bon néi riéng va cac phuong trinh, bat phuong trinh n6i
chung 13 rét quan trong.

2. Phuong trinh trén trén c6 dang tong quat:

2.2
a“x
X2 + - =b.
(x+a)

Dang toin 8: Phwong trinh chira in trong du gia tri tuyét doi
Phu’m}g phap thyc hién i ) ) i
beé giai phuong trinh chira an trong dau gia tri tuyét doi ta co thé dung:

a.
b.
c.
d.

Dinh nghia cua gia trj tuyét di.

Binh phuong hai vé dé khir dau gia tri tuyét doi.
Tinh chat cua gia tri tuyét dbi.

An phu.

Dang 1: Vi phwong trinh:

[fx)] = lg®)| = F(x) = g*(x) < [fx) - g@LIf(x) +gx)]=0 (1)
- [f@a) =gx) ()
f(x)=-gx) @)

Nhu vay, voi phuong trinh dang trén c6 chira tham sd chung ta can thyc hién theo
cac budc:

Buoc 1:  Giai va bién luén (2).

Buoc 2:  Giai va bién luan (3)

Buoe 3: Két luan voi luu v tdp nghiém cia phuong trinh (1) 1a hop 2 tip

nghiém cua (2), (3).

Thi du 1. Cho phuong trinh:

Ix? - 2mx — 2m| = [x* + 2x|. ()
1. Giai phuwong trinh voi m = 1.
2. Tim m dé phwong trinh:
a. Vo nghiém. b. Co nghiém.
c. C6 nghiém duy nhat. d. Co hai nghiém phan biét.
e. Co ba nghiém phan biét.
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&S Gidi

o o N

Phuong trinh twong duong voi:
x> —2mx —2m =x" + 2x (m+1)x =-m |:(1’Il+1)X=_m (*)

)

x> —2mx —2m =—-x" —2x x> —(m-D)x-m=0 x =1hoac x=-m

Véim = 1, ta thdy ngay phuong trinh c6 ba nghiém phén biét x = —% , X =%1.

Ta lan luot:

Khong t6n tai m dé phuong trinh vo nghiém.

V61 moi m phuong trinh luén c6 nghiém.

Phuong trinh c6 nghiém duy nhét khi m =—1.

Pé phuong trinh ¢6 2 nghiém phan biét ta 1an lugt danh gia:

= Néu-m=1tirc m=—1 thi (*) v6 nghiém, do d6 khong thoa mén.

= Néu-m# 1 ticm# -1 thi (*) c6 nghiém x = ———
m+1

= Khi d6, dé phuong trinh ¢6 2 nghiém phan biét diéu kién 1a:
L.
m+1 {—m=m+1 {m=—1/2
= .

m —-m=-m(m+1) m=0

m+1
Vay, voi m =0 hodic m = —% thoa man didu kién ddu bai.
Pé phuong trinh ¢ 3 nghiém phan biét khi:

m #1
m+1 -m#m+1 m=#=-1/2

-m=#1 & m#=-1 & im#=-1
-m#-—-m(m+1) m#=0

#-m
m+1

Viy, voi meR\ {o, - % - 1} thoa mén diéu kién dau bai.

Thi dv 2. Gidi va bién lugn phwong trinh |mx + 1| =[3x + m — 2|.
L5 Gidi

Phuong trinh dugc chuyén thanh dang:
{mx+1=3x+m—2 - {(m—3)x=m—3 (2)
(m+3)x=1-m (3)
Giai va bién luan phuong trinh (2): Xét hai truong hop:

mx+1=-3x-m+2

Trwong hop 1: Néum — 3 =0< m = 3.
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Truong hop 2: Néum — 3 # 0 < m # 3.
(2) < x = 1: phuong trinh c6 nghiém duy nht.
= (Gidi va bi¢én luén phuong trinh (3): Xét hai truong hop:
Trwong hop 1: Néum + 3 =0 < m = 3.
(3) & 0x =4, phuong trinh v6 nghiém.
Truong hop 2: Néum+3 %0 < m=#= —3.

(3) < x = 2™ . 1a nghiém duy nhit.
m+3

Két luan:
*  Véim = 3, phuong trinh nghi€ém ding véi moi x € R.
*  V6i m = -3, phuong trinh ¢6 mot nghi¢ém la x = 1.

= V&1 m # 13, phuong trinh ¢6 hai nghiémlax=1vax= I=m

m+3"
Dang 2: Voi phwong trinh:

B g(x)>0 g(x)20
f(x)] = g(x) < {fz(x) = g%(x) < {f(x) =1g(x) ®
{f(x) >0
hoiic f(x)=g(x) 1))
{f(x) <0
—f(x) =g(x)

Nhu vay, voi phuong trinh dang trén c6 chira tham sé chiing ta can thyc hién theo
cac budc:
Bude 1: Luya chon hudng bién d6i vé (I) hodc (II), rdi thuc hién viéc giai va
bién luan no.
Budc 2:  Két luan.
& Chii y: a. Néu g(x) khong chira tham sé ta Iyra chon phép bién doi (I).
b. Néu f(x) khong chira tham sb ta liwa chon phép blen dbi (II).
c. Trong trudng hop ca f(x), g(x) déu chira tham s thi tuy vao do
phc tap cua f(x), g(x) ta lwa chon phép bién déi (I) hoic (II).
Thi dv 1. Gidi cac phwong trinh sau:

|2x+5|=x2+5x+1. b. x—1 _3x+1

2x-3 |x+1|

&5 Gidi
a. Dicukién x*+5x+1+320. (*)
Bién doi phuong trinh twong duong véi:
2x+5=x"+5x+1 {x2+3x—4=0 8 {x=1
= = o
X=-

—2x-5=x>+5x+1 X2 +7x+6=0
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Vay,phuong trinh c6 hai nghiém x =1 va x = -6.
b. Tap xéc dinh D = R\{=1; %}

Bién d6i phuong trinh twong dwong véi:
x—1  -3x+1

2x -3  x+1 khi x> -1 7x* =11x+2=0 khi x >—1 @X_lli\/g
x—1 _Bx+l, o [5X-11x+2=0 khix<-1 14
2x-3 —x-

+
Vay, phuong trinh c¢6 hai nghiém x = % .

Thi dv 2. Gidi va bién lugn cdc phuwong trinh |x — 1| =mx +2m — 1.
&S Gidi
Ta bién d6i phuong trinh vé dang;
x—120
{ D
Xx—1l=mx+2m-1
X—1=mx+2m-1<& .
x—1<0
(ID
Xx—1=—(mx+2m-—1)
Ta di giai va bién luan (I)
>1
He ! .
(I-m)x=2m (¥)

Trwong hop 1: Néu 1 —-m=0<m=1.
(*) < 0.x = 2 (mau thudn) = (*) vo nghiém.
Truong hop 2: Néu ] —-m#0 < m = 1.

(*)<:>x=—2m )
1-m
2 3 1 m<1
z m m-— - A A
= Néu <ls <0< 3 = (I) vé nghiém.
1-m 1-m
m>1
e N2 s 1e 3T s b o1 = ) conghimx= 2T
—-m 1-m 3 1-m

Giai va bién luan (Il) — Hoc sinh ty lam.

Dang 3: Sir dung cdc tinh chat gid tri tuyét doi
Ta str dung céc tinh chat sau:
Tinh chdt 1: Ta co:
la+Db|=|a] + |b] < ab>0.
Tinh chdt 2: Ta co:
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>
la| +[b|=a+b < {a‘o.
b>0
Tinh chdr 3: Ta co:
>0
la|+|b|=a-be {a .
b<0
Tinh chdr4: Ta co:
l]a—b|=|a] — |b|] < b(a—b)>0.
vo1 luge do thuc hién theo cac budec:

Bude 1: Dit didu kién c6 nghia (néu can) cho cac biéu thirc trong phuong trinh.

Bude 2:  Bién d6i phuong trinh vé mot trong 4 tinh chét da biét.
Buoc 3:  Giai ( hoac bién luan) phuong trinh dai so6 nhan duogc.

Budc 4: Két luan.
Thi du 1. Gidi phuong trinh |x* — 4x + 3| + [x* — 4x| = 3.
L5 Gidi
Ta cod thé trinh bay theo céac cach sau:
Cach I: Viét lai phuong trinh dudi dang:
x* = 4x + 3| + [4x — x*| = (x> — 4x + 3) + (4x — x%)
Tinh chat 2 X2—4X+320© OSXSI.
4x-x%20 3<x<4
Vay, nghiém cua phuong trinh 1a [0; 1] U [3; 4].
Cdch 2: Viét lai phuong trinh dudi dang:
x? —4x + 3|+ [x* —4x| = (x* —4x + 3) — (x> — 4x)
inh cha X2 —4x+320 x=3 0<x<l1
Tinh chét3 ) Vs x<1 = [3; ;4'
X —4x<0 0<x<4 SX=
Vay, nghiém cua phuong trinh 1a [0; 1] U [3; 4].
Dang 4: Sir dung én phu
Thi dy 1. Cho phuong trinh [mx — 2|+ — 2 =2
|mx —2|+1
a. Giai phuwong trinh voim = 1.
b. Gidi va bién lugn phwong trinh theo m.
&S Gidi
Patt=|mx - 2|+ 1, ditukiént>1.
Khi d6, phuong trinh dugc bién doi vé dang:

t—l+%=2©t2—3t+2=0

(1)

89



=2
& |mx=3. D

mx =1

t=1 |mx -2|+1=1 |mx—-2|=0
<~ <~ f—g
t=2 |mx —-2|+1=2 |mx -2|=1

a. Vo6im =1, khi d6 (I) tuong duong voi:

Xx=2
x=3.
x=1

Vay, véi m = 1 phuong trinh ¢6 3 nghiémlax=1,x=2vax=3.
b. Ta co ngay:
= Véim=0, (I) vo nghiém < (1) vd nghiém.
= V&im=#0, (I) cé ba nghiém phan biét < (1) c6 ba nghiém phan biét.

Thi du 2. Gidi phuong trinh (x + 2)|x> — 3x| = x® — 6x* + 9x* + 2x.
&S Gidi
Viét lai phuong trinh duéi dang:
(x* = 3x)* - (x + 2)|x* — 3x| + 2x = 0. (1)

Pit t = [x* — 3x|, diéu kién t > 0.
Khi d(’), phuong trinh (1) dugc bién d6i vé dang:
—x+2)t+2x=0 3)
ta co At (x +2)* = 8x = (x — 2)%, do do:

t=x |x*-3x|=x
B)e &
t=2 |x3—3x|=2
x>0 x=0
-4x =0
s -3x=1tx & { x=\/5
x*—2x=0
< -3x=12 x=%1, x=42
-3x+2=0

Vay, phuong trinh ¢6 6 nghiém phan bi¢tx=0,x=+1,x = V2 ,X=%2.

Dang toan 9: Phuong trinh chira can
Phuwong phdp ap dung
Pé giai phuong trinh chtra 4n duéi ddu can ta c6 thé dung:
a. Dinh nghia cta gié tri tuyét doi.
b. Binh phuong hai vé dé khur ddu gia tri tuyét di.
c. Tinh chat cua gia tri tuyét dbi.
d. Anphu.

Dang 1: Voi phwong trinh:
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xeD *)

VG m) = Jg(x,m) & f(x, m) = g(x, m) 2 0 Q{f(x,m) = g(x,m)

g(x,m)cédnghia va g(x,m)>0
Jf(x,m) =g(x,m) < R .
f(x,m)=g"(x,m)

Luu ¥ ring: Diéu kién (*) duoc lwa chon tuy theo do phuc tap cia f(x, m) > 0 va
g(x, m) > 0, thi du vdi phuong trinh:

= Jx*-2mx +3

Ta lya chon phép bién doi:

m=>0 X>m
2 A 2 :
X—-m=X —2mx+3 X —2m+1)x+3+m=0

Thi dv 1. Gidi va bién lugn cdac phwong trinh:
X m X X
a. = . b =

Jx-2 Jx-2 "~ Jx+m _\/X+l.

&S Gidi

a. Ta bién di phuong trinh vé dang:

x>2
e A N

Két luan:
=  V&im <2, phuong trinh v6 nghiém.
*  V&im > 2, phuong trinh ¢6 nghiém x = m.

b. Ta bién ddi phuong trinh vé dang:
x =0 va m>0 x =0 vam>0 x =0 va m>0
= =
N X+m =+/x+1

Két luén:
=  V6i 0 <m=# I, phuong trinh c6 nghi¢m x = 0.
*  Véim= 1, phuong trinh ¢6 nghiém x = 0 hodc x > —1.
= Ngoai ra vo nghi¢m.

x+m = x+1>0 x>-1vaim=1

Thi du 2. Gidi phwong cac trinh sau:
a. J5x+6 =x—6. b. Jx+1=1-x?
&S Gidi

a. Bién d6i phuong trinh twong duong véi:

XxX—62>0 X>6 x =15
i=4 i=4 .
5x+6=(x-6)° x> =17x+30=0 x =2 (loai)

Vay, phuong trinh ¢6 nghiém x = 15.
b. Bién ddi phuong trinh twong dwong vai:
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%250 X1 x=0,x=-1
22<:> 2 < ’
x+1=(1-x%) x(x+D)(x"=x-1)=0 X=—

1- f

Vay, phuong trinh ¢6 nghitmx=0,x=-1,x= ——

Dang 2: Vi phwong trinh:
JEGm) + Jg(x,m) = yh(x,m)

f(x,m)cénghiavaf(x,m)>0

& 1g(x,m)conghiavag(x,m)=>0

f(x,m)+g(x,m) +2,/f(x,m)g(x,m) = h(x,m)

Luu y rang: Khong can h(x, m) > 0.

Thi dv 1. Giai phuwong cac trinh sau:
V3-x =+x+2+1. b. Vx+4 —Jl-x =1-2x .
&S Gidi

a. Diéu kién:
3-x>0
{ =V e p<x<3.

x+220
Bién d6i phuong trinh:
3—xXx=x+2+2Jyx+2 +t1 < JVx+2==x
x>0 x<0
& & o x=-1.
X +2=x> x=x-2=0

Vay, phuong trinh c6 1 nghiém x = —1.
b. Diéu kién:
x+4=>0
1-x20 & —-4<x<
1-2x2>0
Phuong trinh viét lai dudi dang:
JI-x +41-2x =x+4 < J1-x)(1-2x) =2x+ 1

1
2

>-1/2
2x+120 XZ—l * /
. o 5 12<:> 2 =< x=0 = x=0.
I=x)(=20=Cx+D" e 7x=0  ||x=_7/2

Vay, phuong trinh ¢6 nghi¢m x = 0.
Thi dv 2. Gidi phwong trinh \/x —1+2vx-2 — \/x —1-2Jx-2 =2.
&S Gidi
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Ta bién d6i phuong trinh vé dang;
Jox—2+1 = JWx—2-17 =1
& [Vx=2 +1]=|Vx-2 ~1|=|(Vx=2 + )= (Vx-2 = )
Dmeitd ([ T2 — )220 Vx-2 21 < x23.

Vay, phuong trinh c6 nghiém la x > 3.

& Chi y: Rat nhiéu hoc sinh giai bai nay chi thu dwoc nghiém x = 3.

Dang 5: Svr dung din phu

Thi dv 3. Gidi phwong cac trinh sau:
a. Vx2-3x+3 + Vx> =3x+6 =3. b. (x+5)2-x)=3x>+3x.
&S Gidi
a. Patt=x>-3x+3,taco:
t=(x—§)2+§2i
27 47 4

do d6 diéu kién cho an phutlat>

AW

Khi d6 phuong trinh c6 dang:

Jt +Vt+3 =3 e t+t+3+2Jt(t+3) =9 ft(t+3) =3 -t
3-t2>0 t<3 2 X=
= , & St=leox -3x+3=1<
t(t+3)=(3-1) t=1 X =
Vay, phuong trinh c¢6 hai nghiém x =1, x = 2.

b. Diéu kién:

<-3
X2+3x20<:>{x , (1)
x>0
Viét lai phuong trinh duéi dang:
x>+ 3x +34x>+3x —10=0.
Piatt= +x* +3x , diéukién t > 0. )
Khi d6, phuong trinh c6 dang:
t=2 @
?+3t-10=0< L_ s © t=2

=1
x , thoa man (1).
x=—4

< WX +3x =2<:>x2+3x=4<:>{

Vay, phuong trinh c6 hai nghiém x =1 va x = — 4.
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@ Nhgn xét: Nhu vay, trong thi du trén:
» O cau a), an phu dugc st dung v6i muc dich ha bac cho
phuong trinh.
» O cau b), an phu dugc st dung véi muc dich chuyén phuong
trinh ban dau vé phuong trinh bac hai.
§4. PHUONG TRINH VA HE PHUONG TRINH

BAC NHAT NHIEU AN

Dang toian 1: Phwong trinh bac nhit nhiéu 4n

Thidyu 1. a. Gidi phuwong trinh 4x —y = 1.
b. Tim nghiém nguyén cua phuwong trinh x — 2y = 3.
c. Tim nghiém nguyén dwong cua phuwong trinh 2x +y = 4.

L5 Gidi
a. Bién dbi phuong trinh vé dang:
y=4x - 1.

suy ra, cac cap so (0; 1), (1; 3), ...1a nghiém cta phuong trinh.
Vay, phuong trinh c6 v6 s6 nghiém, véi dang tong quat (x; 4x — 1).
b. Bién ddi phuong trinh vé dang:
S Xx=2y+3.
Dé nghiém cua phuong trinh 1a nghiém nguyén thi y phai nguyén.
Vay, phuong trinh ¢6 v6 s6 nghiém nguyén thoa man (2a+ 3, a) véia € Z.
c. Bién d6i phuong trinh vé dang:
Cy=4-2x .
beé x, y nguyén duong dieu kién la:

xe N’ xeN’ x=1
=Y = :
4-2xeN X<2 y=2

Vay, phuong trinh ¢6 duy nhit mot cip nghiém nguyén duong 1a (1; 2).

Thi du 2. Gidi va bién lugn phuong trinh:
mx + (m— 1)y =m? - 1. ()
L5 Gidi
Ta xét tirng trudng hop sau:
Trwong hop 1: Néum = 0 thi:
e lx-y=-ly=1.
Vay, tap hop nghiém cua phuong trinh 1a S = {(xo, 1), X0 € R }.
Trwong hop 2: Néu va m = 1 thi:
Nex+0y=0<x=0
Vay, tap hop nghiém cua phuong trinh 1a S = {(0; yo), yo € R }.
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Trwong hop 3: Néum =0 vam = 1.
2_ —
Khi d6 lay x = xo tuy v, ta dugc yo = ulmxo
m_

2 — —
Vay, tap hop nghiém cua phuong trinh 1a S = {(xo¢ ; ulmxo ), X0 € R}.

Dang toan 2: H¢ hai phwong trinh béc nhit hai 4an
Thi du 1. Cho hé phwong trinh:
Qa-Dx-y=1
X+@+Dy=-1
a. Xét nghiém cua hé do voia=0,a= %
b. Giai va bién lugn hé phuong trinh.
&S Gidi
a. Taco: )
= Voéia=0,hé cod vo so nghiém.
- Véia= % hé c6 nghiém (—%; -1
b. TacoD=2a’+a;Dyx=a;Dy,=-2a.
Trwong hop 1: Néu D = 0, tic la:
az0

2a’+az0< )
azx-1/2

Hé c6 nghiém duy nhit x = b vay=-— .
) 2a+1 2a+1
Truong hop 2: Néu D = 0, tlc la:
232+a=0<:>a=0h0£1ca=—%.
= Véia=0,suyraDx=Dy=0nénhéco vo ) nghiém.
= Véia= —% , suy ra Dx # 0 nén hé v6 nghiém.

Két luan:

L] V(’Yia;tOVéa;t—l,hécénghiém;Vé =— .
2 2a+1 2a+1

= Vo6ia=0,héco vo so nghiém.

. 1 .. . ‘n
= Véia= Y hé v6 nghiém.
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& Cha y: Vi bai toan yéu cau "Tim hé thirc lién hé giita nghiém X, y khéng
phu thugc vao tham 6", khi do tir hé nghiém x, y hodc tr h¢ ban
dau ta khir tham sb s& duogc hé thie can tim.

Trong nhiéu truong hop viéc khir tham s can 4p dung cac hang
dang thirc lugng giac, vi du nhu:
sin’oL + cos’o. = 1, tanot.coto. = 1,
12 —tan’a =1, —
cos” X sin” x

Thi dy 2. Gidi va bién ludn hé phwong trinh:

{x(l +cos2a) +ysin2a =sin2a

—cota=1,...

X(1+cos2a)—y.sin20 = cos2a '
Tim hé thuece lién hé giita nghiém x, y cua hé khong phu thuoc vao o.
&S Gidi
a. Ban doc ty gidi.’
b. Hudéng ddn: Viét lai hé dudi dang:
x.cos2a +(y —1)sin2a = —x
{(x —1)cos2a —y.sin2a = —x
coi cos2a. va sin2o 1am 4n ta di tinh cac D, Deosza V& Dsinza tir d6 suy ra:
= sin? 2a+cos” 20=1
{“’ e ST ey ey =L
Do chinh 1a hé thuce lién hé gitra cac nghiém khong phu thudc vao o.

Thi du 3. Tim m dé hé phwong trinh sau c6 nghiém:
mx+y=1 (1)
x+my=1 (2) . D
x+y=m (3)
&S Gidi
Xét hé phuong trinh tao boi (2) va (3):
X+my=1
: D)
X+y=m

TacoD=1-m,Dyx=1-m? Dy=m- 1.

Truong hop ' NéuD#0<=1-m#0<m# 1.
Khi d6, hé (I1) hé (IT) ¢6 nghiém duy nhitx =1+ mvay=—1.
Nghiém trén thod man (1)

m=1 (1)

<:>m(1+m)—1=1<:>m2+m—2=0<:>[
m=-2
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Truong hop 2:NéuD=0< 1 —m=0< m= 1. Khi 6 hé (I) c¢6 dang:
x+y=1,cbd vd so nghiém.
Vay, véi m = 1 hodc m = -2 hé c6 nghiém.
& Cha y: V6i bai toan yéu cau "Tim diéu kién dé hé phicong trinh c6 nghiém
thod man diéu kién cho trudc", ta co cac nhan xét sau:
D

a. VéiD =0, hé phuong trinh c6 nghiém duy nhit x = D?" vay= Fy .
b. V&i D =Dy =Dy =0, hé¢ phuong trinh c6 v6 s6 nghiém.
c. Vo1 D=0 vaDx# 0hodc Dy# 0, h¢ phuong trinh v6 nghiém.
Trong truong hop a, ¢ phai so sanh gia tri ciia nghiém s6 voi dicu
kién n€u c6 d€ nhan dugc két luan ding.
Thi dv 4. Cho hé phwong trinh:
X+ my =1
mx—y=-m
a. Chitng 6 rang véi moi m hé luon co nghiém duy nhdrt.v
b. Tim gid tri cua m dé hé co nghiem (x;y) la mot diem thugc goc
phan tw th 1.
L5 Gidi
a. Tacd:
D=m’+ 10 v6i Vm, nén hé phuong trinh ludn c6 nghiém duy nhat.
Dx = 1 _mz, Dy: 2m.

2
Vay, véi moi m h¢ luén c¢6 nghi¢ém duy nhét ! 2m ; 22m ) .
m-+1 m”+1

b. Dé nghiém (x; y) 1a mot diém thudc gdc phan tu thi I, didu kién 1a:
2

- >0 ) 2
2 —
m2+1 <:>1m>0<:>m<1<:>0<m<1‘
2m 2m >0 m>0
——>0
m” +1
Vay, voi 0 <m < 1 thoa mén diéu kién dau bai.
Thi du 5. Cho hé phuwong trinh:
(m—-2)x+2y=m
2m-Dx-y=2m+5"
a. Tim hé thuc lién hé gitra nghiem X,y khong phu thuéc vao m.
b. Khi hé co nghiém duy nhat, tim me 7 dé hé co nghiém nguyén.
&5 Gidi

a. Huong dan: Tt hé thic vé nghiém:
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5m+10

X=—

Sm—4 - Sm(x—-1)=4x+10 N 5(x—1):4x+10
_2m-10 m(Sy+2)=4y+10 Sy+2  4y+10
YT 4 5m

& 21x =35y +75=0.
Do 1a hé thuc lién hé¢ gitra nghiém x, y ciia h¢ khong phu thudc vao m.
14

b. Tir cong thirc nghiém x, ta bién ddi x =1+ .
Sm—4

Khi d6, dé x nguyén diéu kién 1a 5m — 4 phai 1a wdc cta 14 (tc bang 1, £2, +7,
+14) tir do ta lap bang:

Sm—4 | -1 -2 =7 —14 1 2 7 14
m loai loai loai -2 1 loai loai loai
X 0 15
y -1 8

Vay, ta nhan duogc:
=  V6im = -2 thi h¢ c¢6 cap nghiém nguyén 1a (0; —1).
=  V6im=1 thi h¢ c6 cap nghi€ém nguyén 1a (15; 8).

Dang toian 3: H¢ ba phuwong trinh bic nhit ba 4n
Thi dv 1. Gidi cac hé phwong trinh sau:

X+3y+2z=8 2x =3y +x=-7
a. {2x+2y+z=6. b. {—4x+5y+3z=6.
3Xx+y+z=6 Xx+2y—-2z=35

&S Gidi
a. Ki hiéu cac phuong trinh cta hé theo thu tu 1a (1), (2) va (3), khi do:
= Khirzgita(l) va(2),taco: 3x+y=4.
“4)
= Khuzgitta (2) va (3),taco: x —y=0. (5)
» Khoygitta(4)va(5),taco:x=1=y=1=2z=2.
Vay, hé phuong trinh c6 nghiém (1; 1; 2).
b. Ki hi¢u cac phuong trinh cua hé theo thur ty 1a (1), (2) va (3), khi do:

= Khirz gitia (1) va (2), ta dugc: 10x — 14y = —27. 4)
=  Khirz gitta (1) va (3), ta dugc: 5x —4y =-09. (5)
] Khl"Ixgifra(4)Ve‘l(S),tadu()rc:y=E:>x=—E :>z=—£.
2 5 10
A A . 3.3 13
Vay, nghiém cua hé phuong trinh: (—g ; 5 ; —E).

Dang toian 4: Ung dung ciia h¢ phuwong trinh bic nhit hai 4n
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Dang 1. Uhg dung hé phwong trinh bdc nhit hai dn dé xdc dinh vi tri twong
doi ciia hai dwong thing
Cho hai dudng thang (d;) va (d2) c6 phuong trinh tong quat:
(d):Aix+Biy+Ci =0; (d2): Aox + Boy + G2 =0.
Tuy theo gi tri cta tham sé hdy xac dinh vi tri twong ddi cua (d)), (d2), ta thuc
hién theo cac budc sau:

Buoc 1:  Thiét 1ap hé phuong trinh tao bai (d) va (dz) 1a:
Ax+By+C, =0 o Ax+B,y=-C, ‘ O
Ax+B,y+C,=0 Ax+B,y=-C,
Budc2:  Bang viée bién luan (I) ta c6 dugc vi tri tuong dbi cua (di) va (dy), cu thé:
= Néu (I) v6 nghiém < (di) // (da).

. . D
= Néu (I) c6 nghiém duy nhét < (di)"(d2) = {M(%, gy )
= Néu (I) c6 v6 s nghiém < (d)) = (dy).

Thi du 1. Cho a®> + b> > 0 va hai dwong thang (dv) va (d2) ¢ phwong trinh:
(di):ax +by=a+b; (d2):bx+ay=a-b.
a. Xdc dinh giao diém ciia (d1) va (do). ,
b. Tim quy tich toa d¢ giao diém khi a, b thay doi.

&S Gidi
a. Xét hé phuong trinh tao bdi (di) va (dz):
ax+by=a+b
: @
bx+ay=a-b

Te}c()Dzaz—bzr; Dx=a2‘—2ab—b2;Dy=a2+b2.

beé (di) va (d2) cdt nhau diéu kién la:
Heé (I) ¢6 nghiém duy nhit < D # 0 < a’ — b # 0 < a # +b.
c e .z [a’=2ab-b* a’+b’

Khi do, giao diém lal( SR _sz.

b. Viét lai hé (I) dudi dang:
{a(x—1)=b(1—y) L x-1_1-y
a(l-y)=b(x+1) -y x+1
Vay, quy tich giao diém I khi a, b thay d6i thudc duong tron x> + y? = 2.

oSxP+y =2,

Dang 2. Ung dung hé phwong trinh béc nhdt hai dn dé xét hai phwong trinh
bdc hai co nghiém chung
Thuc hién theo cac budc sau:
Buoc 1:  Xét h¢ phuong trinh tao boi 2 phuong trinh bac hai:
ax’+bx+c, =0
a,x’ +b,x +c, -0

)
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Budc 2: Ditx? =y, ta dugc hé:

P {blx +a,y=c, . an

b,x+a,y=c,

Buoc3: DE2 phuong trinh ¢6 nghiém chung trude hét (IT) phai c6 nghiém thoa
min x* =y, ta c¢6 diéu kién la:

{Dio
2
(D,/D) =D, /D.

D=D =D, =0
Budc 4:  Thu lai.
Thi dv 1. V6i gia tri nao cua m thi 2 phwong trinh sau co nghiém chung:
2x2+mx—1=0va mx>—x+2=0.
L5 Gidi
Céc phuong trinh da cho c6 nghiém chung < khi h¢ sau c6 nghi€ém:
2x* +mx—-1=0
mx’-x+2=0

bit x* =y, ta dugc hé:

mx+2y=1
X-my=2
TacoD=-m>-2;Dx=-m—-4;Dy=2m - 1.
ViD;tO,Vm,hécénghiémduynhétx= r112+4 vay= 1—22m'
m” +2 m” +2

Do x* =y, nén ta phai co:

m+4 2_ 1-2m 3 _ _
5 = — om +tom+7=0&m=-1.
m”+2 m”+2

Vay v6i m = —1 hai phuong trinh c6 nghiém chung la x = 1.

Dang 3: Ung dung h¢ phwong trinh bic nhit hai dn dé bign ludn gid tri nhé
nhat cia biéu thivc hai én
Vi yéu cau bién luan gia tri nho nhét cia
F = (aix + by + ¢1)* + (ax + bay + ¢2)?
Ta thuc hién theo cac budc sau:
Budc 1:  Xét hai dudng théng:
(di): aix+ by + c1 =0va (d2): axx + bay + c2 = 0.
Vay gia tri nho nhat ciia F tuy thudc vao vi tri trong ddi cia (di) va (da).
Budc 2:  Xét h¢ phuong trinh tao boi (di) va (d2) c6 dang:
ax+by=-—c
{azx +b,y=-c,
Xéc dinh céc gia tri D, Dy, Dy.
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Budc 3:  Xét hai truong hop:
Truwong hop 1: Néu D # 0 thi:

X

. D

Hg c6 nghiém duy nhat x = vay= Hy .
Khi d6 (di) ct (d2) do d6 minF = 0.

Truong hop 1: Néu D =0, dat t = aix + by + c1, ta dugc:

F=2t2+At+BZ—%.

Vay minF:—%,datduockhit=—% :alx+bly+clz_%

Budc 4:  Két luan:
D

» V61D #0, minF =0, dat duoc khi x = I]?)* Véy=3y.

* Véi D =0, minF = —% , dat duoc khi x, y thudc dudng thang co

phuong trinh a;x + b1y + ¢1 = —%.

Thi dv 1. Hay bién luan gia tri nho nhat cia biéu thirc sau theo tham s6 a:
F=(x+y-2)\+(x+ay-3)%.
&S Giai
Xét hai dudng thing

(di):x+y—-2=0va(d):x+ay—-3=0.
Vay gi4 tri nho nhat ciia F tuy thudc vao vi tri trong ddi cia (di) va (da).
Xét hé phuong trinh tao bai (di) va (dz) co dang:
{x +y=2

X+ay=3"
Ta co:
1 1 1 2
D= =a-1,Dx= =2a-3, Dy = ‘=1.
a a 3
a. NeuD#0ea-120ca=1.
H¢ ¢6 nghiém duy nhat:
x= 273 ay= Ll — (d1) ¢t (d2) do d6 minF = 0.
a— a—

b. NeuD=0=a-1=0<a=1.
Véia=1,suyraDx=-1=%0, hé vd nghiém.
Khi d6 (di) // (d2) do do:

F=(x+y-2+(x+y-3)>
batt= x+y -2, ta dugc
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F=t2+(t—1)2=2t2—2t+12%.

Vay, ta dugc minF = % , dat duoc khi:

t=%©x+y—2=%©2x+2y—5=0.
Két luan:
*  Véia=# 1, minF =0, dat duoc khi x = 2a- vay= Ll
a— a—

= Voia=—-4, minF = %, dat dugc khi x, y thod man 2x + 2y — 5 =0.

Dang 4: Ung dung khdc ciia hé phwong trinh bic nhit hai in
Thi du 1. Hay xdc dinh tdt ca cdc gid tri ciia a, b sao cho nghiém cia bat phiong
trinh |x —2a+ 1] <b+ 1 1a doan [-2; 5].
L5 Gidi
1. Néub+1<0< b<-1 thi bat phwong trinh v nghiém.
2. Néub+12>0< b>-1 thi bit phuong trinh dugc viét lai dudi dang:
-b-1<x-2a+1<b+l<=2a-b-2<x<2a+b+2.
Vay dé nghiém ctia bat phuong trinh 1a doan [-2; 5] diéu kién can va du la:
{2a—b—2:—2 {2a—b=0 {a=3/4
= = .
2a+b+2=5 2a+b=3 b=3/2

Viy, via = % vab= % thoa mén diéu kién dau bai.
§5. HE PHUONG TRINH BAC HAI HAI AN

Dang toan 1: Giii h¢ gom mdt phwong trinh bic nhit va mdt phuong
trinh bac hai hai an

Phwong phap ap dung
Pé giai hé phuong trinh:
Ax+By+C=0 )
{ax2 +bxy+cy’ +dx+ey+f=0 (2)

ching ta c6 thé lya chon mot trong ba cach sau:
Cdch 1: (Phwong phdp thé): Ta thyc hién theo cac budc sau:
Buoc 1:  Tix phuong trinh (1) rit x hodc y rdi thé vao phuong trinh (2).
Khi d¢, ta dugc phuong trinh bac hai theo x hoac y, gia su:
f(x, m) =0. 3)
Bude 2:  Thyc hién giai (3) theo yéu ciu cua dau bai.
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Cdch 2: (Phwong phdp dé thi): Ta thyc hién theo cic budc sau:
Buoc 1: Taco:
= Tap hop cic diém thoa méan (1) thuoc duong thiang
(d): Ax+By+C=0
= Tép hop cac diém thoa min (2) v6i b = 0 thudc duong
cong (S): ax’+cy’ +dx+ey+f=0
Budce 2:  Khi d6 sb nghiém cua hé 13 sé giao diém cua duong thang (d)
voi duong (S).

@ Cha p: Khi sir dung phuong phap ndy cac em hoc sinh cin nhé lai diéu kién
tiép xuc cua duong thing (d) voi dudng tron, Elip, Hypebol,

Parabol.
Thi du 1. Cho hé phwong trinh:
x-y+1=0
2mx’ —my’ +4x+2m-3=0

a. Giai h¢ phwong trinh véim =3,
b. Tim m dé hé co nghiém duy nhat.

&S Gidi
Bién dbi hé vé dang:
y=x+1 y=x+1
=
2mx’ —m(x+1)° +4x+2m-3=0 mx’ —2(m-2)x+m-3=0 (1)
a. V&im =3, h¢ co hai cap nghiém (0; 1) va (%; %).
b. Heé c6 nghiém duy nhat, khi va chi khi (1) c6 nghiém duy nhat.
Vi phuong trinh (1), ta xét hai truong hop:
Truong hop 1: V61 m = 0, ta dugc:
3 7
Dedx-3=0x===y=—,
(1 2 =Y 7
1A LA A 5, /3.7
tuc 1a, hé c6 nghiém duy nhat (Z; Z).
Truong hop 2: Vi m # 0, dé (1) c6 nghiém duy nhat diéu kién 1a:
ANpn=0m-2-mm-3)=0 —m+4=0m=4.
Vay, v6i m = 0 hodc m = 4 hé c6 nghiém duy nhat.
Thi du 2. Cho hé phuwong trinh:
x> +y* =1
x—yzm'

Xac dinh cac gia tri cua m de:
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a. Hé phuwong trinh vo nghiém.
b. H¢ phwong trinh co nghiém duy nhat.
c. Hé phuwong trinh co hai nghiém phdn biét.

&5 Gidi

@

Bién d6i h¢ vé dang:

X’ +(x-m)* =1 - 2x* —2mx+m’-1=0 (3)
y=X—m y=X—m ‘
H¢ da cho v6 nghiém diéu kién la:
(3) vo nghiém < A'<0 < m?—2(m*— 1) <0 < |m|> /2 .
Vay, v6i |m| > /2 hé v6 nghiém.
Hé da cho c6 nghiém duy nhat diéu kién la:
(3) 6 nghiém duy nhit & A'=0 o m> - 2(m*- 1) =0 < m=++2.
Vay, véim == V2 thihé phuong trinh ¢6 nghiém duy nhat.
H¢ da cho c6 hai nghi€ém phan biét diéu kién la:
(3) ¢6 hai nghiém phan biét <> A'> 0 <> m? — 2(m* - 1) > 0 < m| < V2.
Vay, v6i |m| < /2 hé ¢6 hai nghiém phan biét.
Chii y: Khi di c6 kién thic vé phuong trinh duong thang va dudng tron
trong mit phang chiing ta c6 thé thuc hién theo cach sau:
* Phuong trinh (1) la duong tron (C) c6 tam O(0; 0), ban kinh R = 1.
*  Phuong trinh (2) 1a phuong trinh dudng thang (d).
a. H¢ vo nghiém khi:
(d) khong cit (C) < d(0, d) >R < m >1 < m|> 2.
V1+1
Vay, voi jm| > +/2 hé v6 nghiém.
b. H¢ c¢6 nghiém duy nhat khi:

, —m
d) tiép xuc (C) < d(0, d =R<:>u=1©m=i\/§.
(d) tiép xtc (C) < d(O, d) NS

Vay, véim == V2 hé phuong trinh ¢6 nghiém duy nhat.
c. Hg c6 hai nghiém phan biét khi:
(d) cat (C) tai hai diém phan biét
= d(O d)<R@ﬂ <1em|< 2.
V1+1

Vay, v6i |m| < +/2 hé ¢6 hai nghiém phan biét.

Thi du 3. Cho hé phwong trinh:
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Xx—y-m=0
{yz +2x-2m-3=0
a. Giai hé phirong trinh voi m = 1.
b. Tim m dé hé co hai cap nghiém phdn biét (x1; y1) va (X2; y2) thoa
man x; +y; = X3 +y;. (*)
&S Gidi

Bién doi h¢ ve dang:

y=X-m y=X-m
2 A 2 2 :
(x—-m) +2x-2m-3=0 X" =2(m-D)x+m" -2m-3=0
a. Vo6im =1, ta duoc:
y o Y=l )X &y
X —4=0  |x=%2 Xx=-2&y=-3
Vay, VQi m=1 h¢ ¢6 hai cap nghiém (2; 1) va (-2; -3).
b. Bién doi tiép h¢ ve dang:

y=X-m
X, =m+l&y, =1

y=X-m
S 9lx-m-1=0 & .
(x-m-1)(x-m+3)=0 X, =m-3&y,=-3
x-m+3-0
Tl’Ip 1a, véi moi m hé ludn c6 hai cap nghiém.
biéu kién (*) tré thanh:
(m+1)2+1=(m—3)2‘+9c>81}1—16=0<:>m=2.
Vay, véi m = 2 thod man dic¢u kién dau bai.

Dang todn 2: Giii hé h¢ phwong trinh d6i ximg loai I

Phuong phap ap dung
Phuong phap chung dé giai va bién luan hé dbi xtmg loai I bao gdm cac budc:
Bude 1: St dung an phy:

{Xer:S,diéukién S? 4P >0,
xy=P
Buoc 2:  Xéc dinh S va P. Khi d6 x, y 1a nghi€ém cua phuong trinh:

t? - St+P=0. (*)
Buoc 3:  Bai toan duoc chuyén vé giai va bién luan phuong trinh (*).

& Cha y-
1. Ngoai phuong phap chung dé giai hé ddi ximg loai I dugc trinh bay & trén,
trong nhiéu truong hop ta con st dung cac phuong phap:
a. Phwong phdp thé: boi rit nhidu hé dbi xtmg loai I 1a "Hé gom mét phwong
trinh bdc hai va mot phuwong trinh bdc nhat cia hai an".
b. Phwong phdp do thi.
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c. Phwong phdp diéu kién cin va dii: duoc ap dung rat t6t cho hé v6i yéu cau "
Tim gid tri ciia tham sé dé hé c6 nghiém duy nhat ". Khi @6 ta thuc hién theo
cac budc:

Buce 1: Dibu kién can
= Nhan xét rang, néu hé c6 nghiém (xo; yo) thi (yo; Xo) ciing la
nghiém cua hé, do d6 h¢ cé nghiém duy nhét khi:
X0 = Yo. (**)
= Thay (**) vao hé ta dugc gia tri ciia tham s6 . D6 chinh 1a diéu
kién can dé hé c6 nghiém duy nhét.
Budc 2:  Diéu kién du.
2. Mot s6 hé phuong trinh can st dung mot vai phép bién d6i don gian dé dua
vé dang dbi xtg loai I. Thong thuong ta st dung phép d6i bién.

Thi dv 1. Gidi hé phuong trinh:
X +xy+y’ =3
{Xy +x+y=-3 '
L5 Gidi
Pit S =x +y va P =xy, diéu kién S> — 4P > 0.
Khi d6, hé phuong trinh c6 dang:

(x+y)-xy=3 [$*-P=3 [$*—(-3-S5)=3 [S=0 vaP=-3
o = = .
P+S=-3 P=-3-S S=-1vaP=-2
= V6iS=0vaP=-3,taduoc:
{X+y=0

Xy+x+y=-3

xy=-3
khi d6 x, y 1a nghiém phuong trinh:
x, =—=/3vay, =43
£-3=0ct=+3 < | ' Y
Xz:\/5 VéYzz_\/g

= V6iS=-1vaP=-2,taduoc:
x+y=-1
Xy =-2
khi d6 x, y 1a nghiém phuong trinh:
t=1 X, =1 va =-2
o | % va 'y,
t=-2
Vay, h¢ phuong trinh ¢6 4 cdp nghiém (x1; y1), (X2; y2), (x3; y3) va (X4; ya).
Thi du 2. Cho hé phuong trinh:

t+t-2=0< .
x,=—2vay,=1
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x*+y’=m
X+y=6 '

Giai hé phwong trinh voi m = 26.

Xac dinh m dé hé vo nghiém.

Xac dinh m dé hé cé nghiém duy nhdt, xdac dinh nghi¢m do.

. Xdc dinh m dé hé co hai nghiém phan biét.

&S Gidi

Cdch 1: Sir dung phirong phdp chung cia hé dbi ximg loai I dé thyc hién cac yéu cau

cua bai toan.

a0 o

Bién d6i hé phuong trinh vé dang:

X+y=6

X+vy) —2xy=m
{( W -2xy=m T
X+y=6 Xy = 5

khi d6 x, y 1a nghiém ctia phuong trinh:

=0. (D

®

Véi m = 26, ta dugc:

t=5 x=5&y=1
Vay, véi m = 26 h¢ phuong trinh c6 hai cdp nghi¢m (1; 5) va (5; 1).
b. He¢ vo nghiém
< (1) v nghiem < A1) <0 m-18<0< m<18.
Vay, v6i m < 18 h¢ phuong trinh v6 nghiém.
c. Hé c6 nghiém duy nhét
< phuong trinh (1) ¢6 nghiém duy nhit < A'()=0<m—18=0<m=18.
Khi d6 hé c6 nghiém x =y = 3. )
Vay, v6i m = 18 hé phuong trinh c6 nghiém duy nhat x =y =3..
d. H¢ c6 hai nghiém phén biét
< phuong trinh (1) cé hai nghi€ém phan bi¢t < A'1y>0<m—18>0< m> 18.
Vay, véi m > 18 h¢ phuong trinh c6 2 nghiém phan biét.

t=1 —1&y=5
(1)<:>2t2—12t+1020<:>[ @{X Y

Cdch 2: Sir dung phuwong phdp thé d€ thyc hién cac yéu cau cua bai toan.
Bién d6i h¢ vé dang:
{xz +(6-x)>=m - {2);2 ~12x+36-m=0 (2)

o (n

y=6—-Xx
a. Voim =26, ta duoc:

U

1 —1&y=5
(2)<:>2x2—12x+10=0<:>{x {X Y

x=5 x=5&y=1
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Vay, véi m = 26 h¢ phuong trinh ¢6 hai cdp nghiém (1, 5) va (5, 1).
b. H¢ vo nghiém
< (2) vo nghiem < A'p) <0< m-18<0< m<18.
Vay, v61i m < 18 h¢ phuong trinh v6 nghiém.
c. Heé co nghiém duy nhét
< phuong trinh (2) ¢6 nghiém duy nhit < A'\1)=0<m—18=0<m=18.
Khi d6 hé c6 nghiém x =y = 3. )
Vay, v6i m = 18 h¢ phuong trinh c6 nghiém duy nhat.
d. H¢ c6 hai nghiém phan biét
< phuong trinh (2) c6 hai nghiém phan bi¢t < A'(y>0<m—-18>0< m> 18.
Vay, véi m > 18 h¢ phuong trinh c6 2 nghi¢ém phan biét.
Cdch 3: Sir dung phwong phép d@o thi dé thuc hién cac yéu cau b), ¢), d) cua bai toan.
Nhan xét réng voi m < 0, h¢ vo nghiém, do d6 ta xét vdi m > 0. Ta c¢o:
*  Phuong trinh (1) 12 dudng tron (C) ¢6 tdm O(0, 0), ban kinh R = v/m .
=  Phuong trinh (2) 1a dudng thang (d).
b. He¢ vd nghiém

|6
< dO,(d)>R < >+Jm < m<18.
(©. (@) Ji+1

Vay, véi m < 18 hé phuong trinh vo nghi¢m.
c. Heé co nghiém duy nhét

& (d) tip xtic v6i (C) < d(0, (d) =R < 8L = Jm o m=18.

V1+1

Khi d6, hé¢ c6 nghiém x =y = 3.
Vay, voi m = 18 hé phuong trinh ¢6 nghiém duy nhat.
d. H¢ c6 hai nghiém phén biét
& (d) cit (C) tai hai diém phan biét

151 < Jm
m < m> 18.
V1+1

Vay, véi m > 18 h¢ phuong trinh c6 2 nghiém phan biét.
Cach 4: Su dung phuong phap dzeu kién can va d @ thuce hién yéu cau c) cua bai toan.
Piéu kién can: Nhan xét rang néu hé c¢6 nghiém (xo, yo) thi (yo, Xo) ciing 12 nghiém
ctia hé, do d6 hé c6 nghiém duy nhét khi:
X0 = Yo. (*)
Khi do, hé c6 dang:

2x2 =
=M =18,
2x,=6
D6 chinh 1a diéu kién can dé hé c6 nghiém duy nhit.
Piéu kién du: V&i m = 18, ta duoc:

< dO,(d) <R <
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2 2:1 +y=6 . ,
{X Ty SQ{X Y < x =y = 3 la nghiém duy nhat.

X+y=6 xy=9

Vay, voi m = 18 hé phuong trinh ¢6 nghiém duy nhat.

& Nhdn xét: Thong qua vi du trén chiing ta da thiy duoc cac phuong phap khac
nhau dé thyc hién hé dbi xing loai I. Trong trudng hop ching ta
Ira chon phuong phap tong quat thi muc dich chinh 1a viéc xac
dinh cho duoc:
x+y=S
{xy =P
dé tir 6 chuyén hé phuong trinh thanh phwong trinh:
2 -~ St+P=0.
Thi du 3. Cho hé phuong trinh:
{xz +y’ =1
X—y=m '
Xac dinh cac gia tri cua m dé:
a. Hé phuwong trinh vo nghiém.
b. Hé phwong trinh c¢é nghiém duy nhit.
c. Hé phuwong trinh co hai nghiém phdn biét.

L5 Giai
Bién ddi hé vé dang:
—y) +2xy=1 tpoxy=1 [T YTT
(x—y)" +2xy - m” +2xy - 2
X—y=m X—y=m x(-y)= 5
khi d6 x, —y 1a nghiém cua phuong trinh:
2_
Pomt+ L =022 -2mt+m’—1=0. (1)

a. HeE da cho vo nghi¢m diéu kién la:
(1) v nghiém < A'<0 < m?>—2(m* - 1) <0 < |m|> /2 .
Vay, voi jm| > /2 hé v6 nghiém.
b. Hé di cho c6 nghiém duy nhét diéu kién 1a:
(1) ¢6 nghiém duy nhit < A'=0 < m? - 2(m* - 1)=0 < m=++/2.
Vay, véim == J2 thihé phuong trh?h ¢6 nghiém duy nhat.
c. H¢ da cho c6 hai nghiém phan biét dicu ki¢n la:
(1) ¢6 hai nghiém phén biét < A'> 0 <> m* — 2(m>— 1) >0 <> jm| < /2 .
Vay, voi |m| < +/2 hé ¢6 hai nghiém phan biét.
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Dang toan 3: Giai h¢ h¢ phwong trinh dbi xing loai II
Phuong phap dp dung ) .
Phuong phap chung d€ giai va bién luén h¢ doi xtmg loai I bao gdbm cac budc:
Buoc 1:  Tru ting v€ cua hai phuong trinh bao gi¢ cling thu dugc phuong trinh
tich.
X=y
x—-yix,y) =0 .
(x -y y) L‘(x,y):o
Budc 2:  Giai h¢ cho tirng truong hop.

& Chu y: Ngoai phuong phap chung dé giai hé ddi xung loai II dugc trinh bay
& trén, trong nhiéu truong hop ta con s dung cac phuong phap:

1. Phwong phdp diéu kién can va di: dugc ap dung rat t6t cho hé vdi yéu cau
"Tim gid tri cia tham sé dé hé cé nghiém duy nhat". Khi d6 ta thyc hién theo
cac budc:

Budce 1:  Diéu kién can
= Nhan xét rang, néu hé c6 nghiém (xo; yo) thi (yo; xo) ciing 1a
nghiém cua hé, do doé hé c6 nghiém duy nhét khi:
X0 = Yo. ) **)
= Thay (**) vao hé ta dugc gia tri cia tham so . Do chinh 1a diéu
kién can dé hé c6 nghiém duy nhat.
Buéc 2:  Diu kién du.
2. Phwong phdp do thi.
Thi du 1. Giai hé phuong trinh:
{xz —3xy =4y

y? —3xy = 4x .
L5 Gidi
Trir timg vé hé phuong trinh, ta duoc:
X
(X2—y2)=—4(x—y)<:>(x—y)(x+y+4)=0<:>{ .

y=—4-x

Ta lan luot:

= Véi x =y, h¢ phuong trinh turong duong voi:

X=y X=y X:y:O
s ) Sl = .
X" =3x" =4x x“+2x=0 Xx=y=-2

= Véiy=—4-x, h¢ phuong trinh twong duong voi:

y=—4-x y=—4-x
5 <9, ox=y=-2
X" =3x(-4-x)=4(-4-x) X +4x+4=0

Vay, hé c6 nghiém (0; 0) va (-2; —-2).
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Thi du 2. Cho hé phuong trinh:
Xy +x> =m(y —1)
Xy +y’ =m(x—1).
a. Giai hé phuwong trinh voi m = —1.
b. Tim m dé hé phuong trinh co nghiém duy nhat.
&S Gidi
Trir ting vé hé phuong trinh, ta duoc:
x2—y2=—m(x—y)<:>(x—y)(x+y+m)=0<:>{Xzy .
y=-m-—Xx

Khi do, hé phuong trinh twong duong vai:
{X 7 () hogc {y o (In)

2x> —mx+m=0 (1)

a. Voéim=-1, ta duoc:

X = = :—1
D < 2y & =y .
2x°+x-1=0 x=y=1/2

==X . z ‘A
v0 sO nghiém.

I < {

Vay, véi m = —1 hé c6 cdc nghiém Ia (—=1: —1), (- L) va {y =l=x
22 Xty ¥
b. St dung phwong phap diéu kién cin va di nhu sau:
Piéu kién can: Nhan xét rang néu hé c6 nghiém (xo; yo) thi ciing ¢6 nghiém (yo; Xo),
do d6 hé c6 nghiém duy nhat thi xo = yo. Khi do:
(1) © 2x; —mxo+m=0. (3)
Do xo duy nhit nén phwong trinh (3) ¢6 nghiém duy nhat
A3=0<m’—8m=0<m=0hoicm=8..
Do chinh 1a diéu kién can dé hé c6 nghiém duy nhat.
Diéu kién di: Ta lan luot:
=  V6im=0, hé c6 dang:
Xy +x° =0
Xy+y =0 '

Ta thiy hé c6 v sb nghiém thoa man y = —x = loai.
=  V6im=8§, hé c6 dang:
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X =
xy + x> =8(y —1) { Y

xy + x> =8(y —1) 2x* —8x+8=0
5 = X=y =
xy+y =8(x-1) y=-8-x y=—8-X
72=0

< x =y =2langhiém duy nhat.
Vay, véi m = 8 hé c¢6 nghi€ém duy nhat.

Dang toin 4: Giai h¢ phuwong trinh dang cap bac hai
Phwong phap ap dung
bé giai va bi¢n luan h¢ déng cép bac hai:
ax’+bxy+cy’ =d, (1)
a,x’ +b,xy+c,y’ =d, (2)
ta c6 thé lua chon mot trong hai cach sau:
Cach I: Thuc hién theo cac budc sau:
Buoc 1:  Khir s6 hang tu do dé dén t6i phuong trinh:
Ax*+Bxy + Cy*=0. 3)
Buoc 2:  Dat x = ty, khi do:
(3) © y’[At? + Bt + C] =0.
= Xéty=0 thay vao h¢.
= Xét AP + Bt + C =0, néu c6 nghiém to thi thé x = toy vao hé dé xét
hé véi mot an .
Cach 2: Thuc hién theo cac budce sau:
Bude 1: Tir hé khir s6 hang x? (hodc y?) d dan téi phuong trinh khuyét x* (hoic

y?), gid sir:
2
Dx2+Exy+F=O:>y=—DXE+F. (4)
X
Buge?2:  Thé (4) vao mot phuong trinh cta hé ta duge phuong trinh tring phuong an
X.

& Chii y: Vi bai toan chira tham s ta thuong lwa chon cach 2.
Thi dv 1. Gidi hé phwong trinh:

2x* +3xy+y* =15 (1)

x> +xy+2y° =8 Q2)

L5 Gidi
Ta c6 thé trinh bay theo cac cach sau:
Cdch I: Khir sb hang ty do tu h¢ ta dugc:
x? + 9xy — 22y* = 0. 3)
bit x = ty, khi do:
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y=0
By (+9t-22)=0c [ t=2
t=-11
Ta lan luot:
= Vo6iy=0,hé cé dang:
2x3=15 . .
v6 nghiém..
x’=8
= Véit=2taduocx =2y,

Qey=1s {YI = {X‘ .

y,=-1 x,="2&y,=-
= Véit=-1ltadugcx= —1ly,
@ oye L {y3—1/\/_ {X3=—1/\/ﬁ&y3=1/\/ﬁ
14 ——1/14
Vay, hé phuong trinh c6 bon cip nghiém.
Cdch 2: Nhan xét rang: néu (x, y) 1a nghiém cta hé thiy # 0.
Khir s6 hang x? tir hé ta duogc:
3y’ -1
_—

xy -3y’ =-1ox=

Thay (4) vao (2), ta dugc:
14y* — 15y + 1 =0.
Pit t =y, diéu kién t > 0, ta duoc:
t=1
G142 -15t+1=0< )
t=1/14
= Véit=1, taduoc:
v=1le |:Y1:1 1:> |:X1=2&Y1=1

Y, =~ X,==2&y,=-

= Voit= i, ta duoc:
14

, 1 |y =114 x, =-1/J14 &y, =1/14
T { — 114 L4=1/\/ﬁ&y4=—1/\/ﬁ'
Vay, hé phuong trinh c6 bén cip nghiém.
Thi du 2. Cho hé phuong trinh:
x> —xy=2 (*)
{2){2 +4xy—2y* =m .

x, =1/\14 & y, =—1/14

4)

)
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a. Gidi hé véi m= 14. b. Tim m dé hé c6 nghiém.
L5 Gidi
Nhan xét rang néu (x; y) 1a nghiém ctia hé thi x = 0 (néu trai lai (*) méau thuan).
Tu (*) suy ra:

x> =2
y=>—=. **)
X
Thay (**) vao phuong trinh thir hai cta h¢, ta dugc:
2 92
2 +4(x*-2) - u =m e 4xt-mx? - 8=0.
X
Dit t =y, diéu kién t > 0, ta duoc:
f(t)y= 4> —mt—8=0. (1)

a. Voim = 14 thi h¢ c6 nghiém (2; 1) va (-2; -1).
b. Dé hé c6 nghiém thi (1) phai c6 it nhat mot nghiém khong am, didu nay ludn
ding bdi ac =-32 < 0.

Vay, h¢ c6 nghi¢m v6i moi m.

Dang toan 5: Hé phwong trinh khéng miu muc
Phuong phap ap dung
Luoc do dé giai cac hé phuong trinh khong mau muc c6 thé duge minh hoa so bd
theo cac budc:
Budel:  Dit diéu kién c6 nghia cho hé phuong trinh.
Budc2:  Lua chon phuong phap thuc hién:
Phuong phdp 1:  Bién doi twong duong.
Phuong phdp 2:  Dit an phu.
Phutong phdp 3: DO thi.
Phuong phdp 4:  Diéu kién can va du.
Phuong phdp 5:  Danh gia.
& Chii y: Néu lya chon phuong phap dit 4n phy thi:
1. V&i hé phuong trinh khong chira tham s& co thé chi can thiét lap
diéu kién hep cho an phu.
2. Véi hé phuong trinh chita tham s phai di tim diéu kién ding cho an

phu.

Thi dv 1. Gidi cac hé phwong trinh sau:
(x-y(x*-y)=3 b 2y(x* —y?)=3x
(x+y)(x2+y2)=15. . x(x2+y2)=10y'

&5 Gidi
a. Viét lai hé phuong trinh dudi dang:
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{(x —Y ) =3 {[(x +y) —4xyl(x+y)=3 (%)
X+ +y)=15  [(x+y[(x+y) -2xy]=15
Trir theo vé hai phuwong trinh cho nhau ta dugc:
xyxty)=12=x+ty= i
Xy
Thay x +y vao (*) ta duogc:

(L]t =3exy=2=x+y=3.
Xy Xy

Khi d6 hé phuong trinh tuong duong véi:
X+y=3
xy =2
suy ra x, y la nghiém phuong trinh:
t=1 X, =Ly =2
f— .
X,=2,y,=1

t2—3t+2=0<:>{

Vay, hé phuong trinh c6 hai cdp nghiém (1; 2), (2; 1).

b. Nhén xét rang hé phuong trinh nhan x; = y; = 0 lam nghiém.
Xét cac nghiém thoa man x> + y? > 0 va nhan thay phai c6 x, y clng dau.
Chia theo vé hai phuong trinh cua hé, ta dugc:

2 2
(-]
2y(x" -y’ _ 3x - X X

x(x* +y?) 10y 1+[yj2

3
10

X
Pit t = (y/x)?, diéu kién t > 0, ta duoc:

200 - 17t+3=0<

Ta lan luot:
" Véix =2y thi:

Xx=2 =2 X, =2vay, =1
PN y<:> X y<:> 2 Y, '
y' =1 y =+l X,==2vay,=-1

= Vi X=y\/§ thi:

115



5 X_EA{/EVQ —24 i’;
X=Y\3 +TVs TS

- <~

g3 s 5I3Y
aNs BTN TS

Vay, hé phuong trinh c6 ndm cap nghiém:
(0; 0), (x2; y2), (X35 ¥3), (X4; y4) Va (Xs; ¥s)-

C. CAC BAI TOAN CHON LOQC
® %%

Vidvu 1: Giai va bién lugn phwong trinh sau theo tham 56 a, b:
a(ax + 2b%) — a? = b*(x + a).

L5 Gidi
a. Ta bién di phuong trinh vé dang:
(a’ - bP)x =a’— ab’. (**)

Ta di giai va bién luan (**)
Trwong hop 1: Néu a>—b> =0 < a’ = b’
(*) < 0.x=b*1-a)
= Véia=1=b=4=l1,thi(*) < 0.x=0(d) = (*) nhan moi x lam nghi¢m.
* Véib=0=a=0,thi(*) < 0x=0(d) = (*) nhan moi x [am nghi¢m.
= Véia=d4b,a#1vab=0,thi(*) < 0.x=>b*1-a)=0 (miu thudn) = (*) vo

nghiém.
Truong hop 2: Néu a®—b? # 0 <> a # +b.
a’ —ab”
*ex= e
Két luan:

= Véia=1vab==Il, phuong trinh nhdn moi x lam nghi¢m.
=  V6ia=b=0, phuong trinh nhdn moi x lam nghiém.
= Véia=1b,a#1vab=#0, phuong trinh vo nghiém.
a’ —ab’

=  Véi a # +b, phuong trinh c6 nghiém duy nhét x = e
a J—

Vidu2: Xdc dinh m dé phwong trinh sau vé nghiém:
(m-1Y°x=4x+m+ 1.

L5 Gidi
Ta bién d6i phuong trinh vé dang;
[(m—-1y-4]x=m+1< m-3)m+x=m+1. (*)

Diéu kién dé phuong trinh (*) v nghiém la:
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a=0

b=0

m=3.

{(m—S)(m+1)=O
= =
m+1#0

Vay, v6i m = 3 phuong trinh vo nghiém.

Vidu3: Xdc dinh tham sé dé phirong trinh sau c6 tdp hop nghiém la R :

&5 Gidi

ax—1)+b2x+1)=x+2.

Ta bién doi phuong trinh vé dang:
(a+2b-1)x=a-b+2.
Diéu kién dé (*) c6 tap hop nghiém 1a R 1a:
a+2b-1=0 {a:—
= .

{

a—-b+2=0

b=1

Vay, véi a=-1 vab = 1 phuong trinh c6 tdp nghiém la R.

Vidu4: Cho phuong trinh:
x> —4x-m=0.
Xdc dinh m dé phwong trinh:
a. Co nghiém thuoc khoang (—1; 3).
b. Co dung mot nghiém thuoc khoang (—1; 3).
c. Co hai nghiém phdn biét thuoc khoang (—1; 3).
d. Co nghiém thugc (—oo; 1)U(5; +00).
e. Co dung mot nghiém thudc khoang (—; 1)U(5; +o).
f. Co6 hai nghiém phdn biét thuéc khoang (—o; 1)U(5; 6).
L5 Gidi Ya
Viét lai phuong trinh duéi dang: (P)
x> —4x =m. S
~ Khi d6 s6 nghiém trén tp D ctia phuong trinh 1a
s0 giao diém cua duong thang (d): y = m vi Parabol
P):y=x*— 4xténD. ) d m
Dua vao do thi ham so, ta thay:
a. Phuong trinh c6 nghiém thu¢c D = (-1; 3) 1 2 3 4 /

& -4<m<S. -1 \O
b. Phuong trinh ¢6 mét nghi€ém thudc D
& -3<m<S.
c. Phuong trinh c¢6 2 nghiém phan biét thudc D
S—4<m<-3,
Phuong trinh ¢6 mét nghiém thudc D = (-0, 1)U(5, +©) <> v nghiém.
e. Phuong trinh c¢6 hai nghi¢m phan biét thudc D = (-0, 1)U(5, +0) < m > 5.

-3
4

v
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Vidu5: Gid sira, b, c la ba canh ciia mét tam gidc. Chirng minh rang phirong

trinh sau vo nghiém:
b’x% + (b? + 2 —a*)x + ¢ = 0.
&5 Gidi
Ta co:
A= (b%+c? —a?)’ —4b’c?= (b> + ¢® — a> — 2bc)(b* + ¢? — a’ + 2bc)

=[(b—c)*—a’J[(b+c)*—a’]
=(b-c-a)(b-c+a)(b+c—a)(b+c+a) <O0.

<0 >0 >0 <0

Vay, phuong trinh v6 nghiém.

Vidub: Cho ba sé dwong a, b, ¢ va phwong trinh:
X2 -2x— b _ ¢ +§=0.
b+c c¢c+a a+b 2
Chitng minh rdng phirong trinh luén c¢é nghiém, tir d6 xdc dinh diéu
kién cua a, b, c de phwong trinh co nghiém kép.

&S Gidi
Ta co:
Aol b L C 5 _ a . b L C __E.
b+c c+a a+b 2 b+c c+a a+b 2
Nhan xét réng:
a_ b . C
b+c c¢c+a a+b
A | G
b+c c+a b
1 1 1
—@+b+o)(— + —— + ——) =3
b+c c+a a+b
1 1 1 1
=—[(@atb)+(b+tc)+(ct+a)l + + -3
2 b+c c+a a+b
1
> — 33 (a+b)b+c)c+a).3 ! -3
2 (a+Db)(b+c)c+a)
9 3
=2 _3=2 *
5 5 (*)
a4 b + -—220c>N20.

b+c c+a a+b 2
Vay, phuong trinh luén c6 nghiém.
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Dé phuong trinh ¢6 nghiém kép, diéu kién la:
A’ =0 < diu dang thic xay ra tai (*)
a+b=b+c=c+a
& 1 1 1 <a=b=c.

a+b b+c c+a
Vay, vdi a =b = ¢ phuong trinh ¢6 nghiém kép x = 1.
Vidu?: Cho phwong trinh:
X 2 3-m’ 1)
m(x +1) x+2 mE+1D)(x+2)
a. Timm d‘é: phirong trinh c6 nghiém duy nht.
b. Tim m dé phwong trinh co hai nghiém phan biét.

&5 Gidi
biéu kién:
m#=0 m#=0
x+1#0 < sx=-1. (*)
x+2#0 X # =2
Bién ddi phuong trinh vé dang:
X(x+2)-2m(x+1)=3-m?
e fx)=x = 2(m-1)x+m>~2m -3 =0 {X:m“.
x=m-3
a. Dé phuong trinh (1) c6 nghiém duy nhat diéu kién 1a:

f(-1)=0 m’ —4=0
f(=2)=0 m> +2m-3#0 [m:Zhoacm:—2
L L
{f(—l);tO m2—4%0
f(-2)=0 m?+2m-3=0

m=1lhoicm=-3"

Vay, véim € {3, +2, 1} phuong trinh c6 nghiém duy nhét.
b. Dé phuong trinh (1) c6 hai nghiém phan biét diéu kién la:
{f(—l);to {m2—4¢0 {m¢i2
= =

f(-2)=0 m? +2m—3#0 m=#lm=#3

Vay, voim ¢ {-3, £2, 1, 0} phuong trinh c6 hai nghiém phan biét.

Vidu8: Cho hai phuong trinh:
x2—mx—-2=0, (1)
x?—x+6m=0. (2)
Tim gid tri cia m dé phirong trinh (1) va phicong trinh (2) c¢6 it nhat
mot nghiém chung. Biét m la mot sé nguyén.
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&S Gidi
Gia str X0 1a nghiém chung cua hai phuong trinh, ta co:
on—mXo—2=0 (1’)
X¢* — Xo+ 6m = 0 (2%)
Lay (17) trir (2°), ta duoc:
Xo(—m+1)—2-6m=0< (1 —m)xo=6m + 2.
Ta xét hai truong hop:
Truong hop 1: V6i1 —m=0<m= 1.
Thay vao (1) va (2), ta dugc:
() e x*—x-2=0,c62nghitmx; =2vaxa= — 1.
(2) & x> —x+ 6 =0, vo nghiém.
Suy ra, m = 1 khong thod man.
Truong hop 2: Véi 1 —m# 0 < m # 1, ta duoc:
6m +2
l-m
Thay xo vao (2°), ta dwoc phuong trinh 4n m:

6m+2 : 3 6m+2
1-m

X0 =

+6m=0< 6m’+30m>+26m+2=0

I-m
& 6m’ +30m? + 24m + 2m + 2 = 0 < m(6m* + 30m + 24) + 2(m + 1) =0
omm+1)(m+4)+2m+1)=0 (m+ 1) m(m+4)+2]=0

) m+1=0 m=-1
S m+1)[m +4m+2]=0< &

m? +4m+2 =0 m =-2++/2 (loai)’

Thr lai, voim = — 1, ta co:
(1) © x>+ x -2 =0, c6 hai nghiém phan biét x; = — 2 va xo = 1.
(2) © x* —x + 6 =0, c6 hai nghiém phan biét x3 = — 2 va x4 = 3.
Vay, v6i m = — 1, hai phuong trinh ¢6 m¢t nghiém chung.
Vidu 9: Gia si phuwong trinh:
(1+m?)x®-2(m*—-1)x+m=0.
cO hai nghiém xi1, X2. Tim hé thurc lién hé gitta cac nghiém ma khong
phu thuéc vao m.

&5 Gidi
V6i gia thiét ta co:
2(m* -1) 1 m’ -1
X1+X2=1—2 E(X1+X2):1—2
+m P +m ) (I)
X, X, = m 2X, X, = 2m
" 1 4m? " 1 +m?
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Khir m tir hé (I) bang nhéan xét:
2 1\? 2
l(x1+xz)2+4(xle)2=[m i] +( 2m j =1.
4 1+m

1+m’
Viy, ta dugc (x1 + x2)> + 16(x1x2)> = 4 1a hé thic can tim.

Vi du 10: Gid sir phirong trinh ax*> + bx + ¢ = 0 ¢6 hai nghiém X, Xa. Chitng
minh rang hé thirc b> + a’c + ac? = 3abc la diéu kién can va du dé
phuwong trinh co mot nghiém bang binh phwong cua nghiém con lai.

L5 Gidi

Theo gia thiét ta dugc:

S=Xx,+Xx,=——

a
: @

P=xx,=—

Xét bicu thire:
P=(xi— x))(x2— x})=x1x2+ X, x; —(x] + x3)
= X1X2 + X12 XZ —[(xi+ Xz)3 - 3xix2(X1 + x2)]

2 3 3,2 2
0_2_{_]3_+3£.2} _ b'+ac+ac’ —3abc

3 3

Cc
==+
a a a a a

a
Vay, néu b® + a’c + ac? = 3abc thi mot trong hai thira s6 cua P phai bang 0 va

ngugc lai.

Vidu11: Xic dinh m dé phwong trinh sau c6 nghiém:

2x+m Y Xx—2m+3 .

x—1 x—1

L5 Gidi
Dicu kién x > 1. ‘ (*)
Ta bién d6i phuong trinh vé dang:

2x+m-4x-1)=x-2m+3 < 3x=3m+ 1< x= 3m 1
Nghiém trén phai thoa man diéu kién (*), tirc 1a:
Ml e3m+1>3em> 2.
3
Vay, voi % phuong trinh c6 nghiém.
Vidy 12: Voi gia tri nao cua a thi phwong trinh sau coé nghiém. Tinh gia tri cua

nghiém do.

Jx—4a+16 =2~/x-2a+4 — Jx. (1)

121



&5 Gidi
Viét lai phuong trinh duéi dang:
Jx—-4a+16 + x =2+/x-2a+4 < \/(x—4a+16)x =x-—2a

2
a
= X=—. 2
2 (2)
Thay (2) vao (1), ta dugc:
Ja? —16a+64 =2Ja> —8a+16 —Jal = a—8=2fa—-4|—Ja.  (3)
>
<:>|(2a—8)—a|=|2a—8|—|a|<:>a(a—8)20<:>{a<0.
as

2
Vay, vdi a > 8 hodc a <0 thi (1) cd nghiém va nghiém do 1a x = % .

Vidy 13: Cho phuong trinh:
Vx*=2x+m’ =[x —1|-m.
a. Giai phuwong trinh voi m = 2.
b. Giai va bién lugn phwong trinh theo m.
&5 Gidi
Viét lai phwong trinh duéi dang:

JE=1D)*+m’ -1 =[x - 1| -m.

Pit t =[x — 1|, diéu kién t > 0.
Phuong trinh twong duong voi:

t—-m=>0 >
\/t2+m2—1=t—m<:>{ - {t_m D

2 2 _ "t _ :
£ +m’ —1=(t—m) 2mt=1 (3)

a. Voim=2

t>2
D<= . 1 vO nghiém.
4

Vay, v6i m = 2 phuong trinh vo nghiém.

b. Giai va bi¢n ludn phuong trinh
= Véim <0 thi (I) vé nghiém < phuong trinh vo nghiém.
=  Véim >0, ta duoc:

t>m —>m 2m* <1 O<m<—
(I)@ | & 2m m>0 1 m>0
t=— 1 X1z —
m |t=o— x=lE-—
2m
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Két luan:

- Vo6im<0hodacm> L, phuong trinh v6 nghi¢m.

V2

- Voi0<m< %,phuo‘ng trinh c6 2 nghiém x =1+ 2L
m

Vidu14: Tim m dé phwong trinh N—x* +3x—2 = N2m+x—x> ¢6 nghiém.
L5 Gidi
Phuong trinh dugc bién dbi twong duong vé dang:
—x*+3x-22>0 {1Sx£2
=

—x2+3x—2=2m+x—x220<:>{ .
Xx=m-+1

x=m+1

Do d6, dé phuong trinh ¢ nghiém, diéu kién 1a:
l1<m+1<£2<0<m<1.

Vay, v6i 0 <m < 1, phuong trinh c¢6 nghiém.

& Chi y: Nhu vay trong 1oi giai trén ching ta dd st dung phuong phap bién
d6i tuong duong dang 1 cing véi viéc lya chon didu kién — x> +
3x —22>0, dieu nay da lam gidam dang ké d¢ phuc tap cta 101 giai.

Vidu 15: Gidi phwong trinh:

m(x/3x-2 + x-1)=4x -9 +23x> -5x +2. (1)
a. Giai phuong trinh véim = 1.
b. Tim m dé phwong trinh co nghiém.

&S Gidi
Diéu kién:
x>, (*)

Viét lai phuong trinh duéi dang:

m(+/3x—2 + Vx-1)=[(3x—2) +2/3x> =5x+2 + (x — )] - 6

om(V3x-2 +/x-1)=(3x-2 + Jx-1)*-6. ()
Pitt=/3x-2 + Jx—-1,t>1. (**)
Khi do:

Qemt=t-6<ft)=t2—mt—6=0. 3)

a. Voim =1, phuong trinh (3) c6 dang:
t=3
2-t-6=0< < Bx-2 ++/x-1=3
t=-2(I)

S3x-2+x-1+2Bx-2)(x-1) =9 JBx-2)(x-1) =6-2x
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6-2x20 x<3
= = SSx=2.
(Bx=2)(x—1)=(6-2x)’ x> =19x+34=0
Vay, nghi€ém cua phuong trinh 1a x = 2.
b. Phuong trinh (1) c6 nghiém < (3) c6 nghiém thoa man (**)
Nhéan xét rang (3) [uon c6 hai nghiém trai dau, do vay dé (3) c6 nghi€ém thoa man (**)
< (3)conghiémthodaminti <1 <<= af(l) <0< 1-m-6<0&m=>5.
Vay, véi m > 5 phuong trinh (1) c6 nghiém.
Vidu 16: Gidi va bién ludn hé phuwong trinh:
ax+by=a’ +b’
bx +ay =2ab '
L5 Gidi
Ta co:
D =a?-b?; Dyx=a(a’ - b?) ; Dy = b(a’ — b?).
Truong hop 1: Neu D # 0, tirc 1a 2> — b* # 0 <> a # +b.
H¢ c6 nghiém duy nhatx =a vay =b.
Truong hop 2: Néu D =0, ttc la:
a’—b’=0<a=bhoica=-b.
Kl}i d6 Dx = Dy = 0 nén h¢ c6 vo so nghi¢m.
Két luan:
=  Véia#=b, hé co nghiém x=avay=>b.
=  Voia=1b, h¢ co6 vo s0 nghiém.
Vidu 17: Cho hé phuong trinh:
x—my=0
mx-y=m+1
a. Giai va bién lugn hé phwong trinh.
b. Tim hé thiec lien hé gitta nghiém X, y cua hé khong phu thuoc vao m.
L5 Gidi
a. Ban doc tu th‘u’c hién.
b. Tu h¢ thirc vé nghi¢m:
m m 1

m+1 mHl o x= Y <Sx+ty-1=0.
1 1 1
y= m=—-1 ——1+1
m+1 y y

Do 1a h¢ thuc lién h¢ gitta nghiém x, y cua h¢ khong phu thudc vao m.

Vidy 18: Cho hé phuong trinh:
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2x +by =ac’ +c
bx+2y=c—1
a. Tim a sao cho véi moi b ludn tén tai ¢ dé hé cé nghiém.
b. Tim a sao cho ton tai ¢ dé hé cé nghiém voi moi b.
&5 Gidi

Trudc tién, ta co:

D=4-b% Dy=2ac’—(b-2)c+b; Dy=-abc’—(b-2)c-2.

a. Xét hai truong hop:
Truong hop I: NéuD#0 & 4 —b*#0 < b= £2. ‘
H¢ c6 nghiém duy nhat véi Va, ¢ nén khong can dat diéu kién cho a.
Truong hop 2:NéuD=0<4-b>=0<b==+2.
= Véib=2,héco dang:
2x+2y=ac’ +c
{2){ +2y=c—-1 '
Hé cénghiém@ac2+c=c— l @ac’=-1.
Do d6 c ton tai < (1) c6 nghiém theo ¢ < a <0.
= V6ib=-2, h¢ c6 dang:
{2x—2y=acz+c {2x—2y=acz+c
= .

-2x+2y=c—-1 2x=2y=1-c
Hé c6 nghiém <> ac’+c=1-c<ac’+2c—1=0.
Do do6:
¢ ton tai < (2) c6 nghiém theo ¢
=0
{21=0&c=l ,
o 2 o|laz0 wax-1
{az0& A" 20 1+a>0
Pé v6i Vb ludn 3¢ dé hé ¢ nghiém
. 4 . . <0
< (1), (2) phai dong thoi c6 nghiém < {a . 1<:> -1<a<0.
a__

Vay, véi —1 < a <0 thi véi moi b, ta ludn tim dugc ¢ dé h¢ c6 nghiém.
b. V&imoi a de ton tai ¢ d€ hé c6 nghiém védi moi b

o a<0 .
< (1) hodc (2) c6 nghiém < { N 1<:> moi a.
a Z —
Vay, véi moi a luén tdn tai ¢ dé hé co nghiém véi moi b.
Vidu19: Timm,n, p dé cd ba hé sau dong thoi vé nghiém:
{x—pyzn . {—px-l—y:m. {nx+my=1

—px+y=m  |nx+my=1" |x—py=n

(1)

)
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&S Gidi
Ki hi€u cac hé phuong trinh trén theo ths ty 1a (1), (I) va (III).
o Xéthe¢ (I), ta co:
D=1-p?% Dx=n+pm; Dy=m — np.

Hé¢ (I) vo nghiém
D=0 1-p°=0
= {Dx;«tO@ {n+pm¢0-
D, #0 m+pn#0
e Xéthé (1), tacoé D =—pm —n; Dy =m? — 1; Dy = —p — nm.
H¢ (II) vo nghiém
D=0 -pm—-n=0
<D #0s 4 m2-120
D, #0 —p-—nm=#0

e Xéthe (Il), ta cod D =—pn —m; Dy =—p —nm; Dy =n*— 1.
H¢ (III) v6 nghiém

D=0 -pn—m=0
< <D, #0&s | p-mn=0.
D, #0 n’—1£0

Nhu vay, néu hé (I) v6 nghiém thi hé (II) va (III) c6 nghiém, do do khong ton tai
m, n, p dé ca ba hé dong thoi vo nghiém.
Viduy 20: Gia sir hé phuwong trinh:
ax+by=c (1
bx+cy=a 2)
cx+ay=b 3
c6 nghiém. Chirng minh rang a> + b> + ¢ = 3abc.
L5 Gidi
Xét h¢ phuong trinh tao boi (2) va (3) c6 dang:
bx+cy=a
{cx +ay=b’
Ta co:
D =ba—c* Dy=a> - bc; Dy=b*—ac.
a. NéuD=#0 < ba—c?#0.
Hé c6 nghiém duy nhét x = @ - bg vay= il a<2: .
ba —c ba-c
Nghiém trén thod man (1) diéu kién la:
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. @ - bg +b. il a(2: =c <> a*+ b*+ ¢*=3abc.
ba—c ba—c
b. NéuD=0 < ba-c?=0.
H¢ c6 nghiém < Dx=Dy=0
¢’ —ab=0 ¢’ =abc
< {a’—bc=0<> {a’ =abc < a*+ b+ ¢*=3abc.

b’ —ac=0 b* =abc

Vay, néu hé phuong trinh c6 nghiém thi a’+ b*+ ¢*=3abc.

Vidu 21: Cho a®> + b* > 0 va hai dwong thang (dv) va (d2) ¢é phwong trinh:
(a-bx+y=1va(a®>-b>)x+ay=>b.
a. Xdc dinh giao diém cua (dv) va (da).
b. Tim diéu kién véi a,b dé giao diém dé thudc truc hoanh.

L5 Gidi
a. Xét h¢ phuong trinh tao bdi (di) va (d2):
{ (a-b)x+y=1 ‘ 0
(@’ -b*)x+ay=b

chéDsz—ab,Dx=aTb, Dy, =ab —a’.
beé (di) va (d2) cdt nhau diéu kién la:
Hé (I) c6 nghiém duy nhit < D # 0 < b>—ab #0.

Khi d6, giao diém I c6 toa do 1(—% ).

b. Piém I e Ox diéu kién la:

2
b?—ab#0 {a 0
=

2 0 b=0
b

Vay, voia =0 va b # 0 thoa man diéu kién dau bai.
Vidu 22: Cho hé phuong trinh:
x> +y =x=0
x+ay—a=0 '
a. Tim a dé hé phuwong trinh dd cho c¢6 hai nghiém phdn biét.

b. Goi (x1, y1), (X2, y2) ld cdc nghiém ciia hé di cho. Chitng minh rang:

(x2—x1)*+ (2 —y1)’< 1.
£ Gigi
Bién doi h¢ ve dang:
{(a—ay)z +y2—x=0 - {(a2 +1)y*—aRa—-1)y+a’—a=0 (3)

X =a-—ay X=a—ay
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a. He c6 2 nghiém phan biét

o : 24120
<> (3) co hai nghi¢m phan bié¢t < a0 S o<a< i
A>0 3
b. Khi d6, phuong trinh (3) c6 hai nghiém phan biét yi, y> thod man:
_a(2a-1)
e
va .
a’-a X, =a-—ay,
YIYZ = 2
a“+1
Suy ra:
ce-x1)’ + (2-y1)’ = @yi-ay)’ + (2-y))) = @+ D[ (2 +
y1)* = 4y1y2]
_ 2 _1\2
= 4a2 3a _ 1- (2az D <1, dpcm.
a +1 a“+1

Vidu 23: Gidai hé phuong trinh:
2x+y) =5(4x* —y)+6(2x—y)* =0

2x+y+ =3

2x -y
&5 Gidi
Ky hiéu phuong trinh thtr nhat cta hé 1a (*).
Diéu kién 2x —y # 0.
Chia ca hai vé ctia phuong trinh (*) cho (2x — y)># 0, ta duoc:

(2x+y]2 B 52x+y L 6=0

2x -y 2x -y
batt= 2XHy (2x +y). , ta dugc:
2x -y 2x -y

t=2

t2—5t+6=0<:>{ )
t=3

a. Voit=2, h¢ co dang:
=3

2X +y+
Y 2x -y

=2

2X +Y).
(2x+y) Ty

khi d6 2x +y,

la nghiém phuong trinh:
2x -y

w-3u+2=0<u=2hoicu=1
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2x+y=2
2x+y=2va ! =1 Y X EV
X—y 2x—y=1 17y
= = 3
2x+y=1va =2 x+y=I X, ==V
X—y 2x—y=1/2 4
b. V&it=3, hé c6 dang:
2x+y+ =3
Y 2x -y
2x+y). =3
2x -y
khi d6 2x +y, 5 la nghiém phuong trinh:
X—-y
v? —3v+ 3 =0 vd nghiém.
Vay, hé phuong trinh c6 hai cap nghiém(%, %)Vé‘l(%, %).
Vidy 24: Cho hé phuong trinh:
2x+y=4
|x=2yl=m’

a. Giai hé phwong trinh véi m = 3.
b. Tim m dé hé co hai nghiém voi hoanh do trdi dau.
&S Gidi
Bién ddi twong duong hé vé dang:
m>0 m>0
y=4-2x S y=4-2x
(x-2y)’ =m’ [x -2(4-2x)]' =m’
m=>0 m=>0
& Jy=4-2x & Jy=4-2x .
(5x—-8)’ =m’ f(x)=25x>-80x +64—m’ =0 (1)
a. Vo6im =3, ta duoc:
=4-2x —1vy v=
{y=4—2x y x=lvay=2

s —texa1l=0 || X7 Tl o 2
- x=11/5 TS YT

Vay, véi m = 3 h¢ ¢6 nghiém (1; 2) va (%; —%).

b. DE h¢ cb hai nghiém véi hoanh d6 trai dau

N , m>0
& (1) ¢6 hai nghiém trai dau < a.f(0) <0 < 64 -m? <0 < m> 8.

W)
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Vay, voi m > 8 thoa min diéu kién dau bai.
Vidu 25: Gidi hé phuong trinh:
JX+yHx-—y=4
x> +y> =128 '
L5 Gidi
biéu ki¢n:
+y=>0 >—
{X Y @{y * & —x<y<x,suyrax=0.
x—y=0 y<X
Viét lai hé phuong trinh du6i dang:
VXHY Hx -y =4 <:>{/x+y+ x—y=4

%(x+y)2+%(x—y)2=128 (x+y) +(x—y)’ =256

bat:
u=.x+ .
Y didukiénu, v 0.
V=4X-Yy
Ta duoc:
u+v=4
u+v=4 u+v=4
< S<dluv=0
{u“ +v*=256 {uv(uv -32)=0
uv =32
+v=4 +v=4
et @ hoic { " (IT)
uv=32 uv =0
= Giai (I): vo nghiém.
= Giai (II):

x+y=4
u=4&v=0 x-y=0 Xx=y=38
= =
u=0&v=4 X+y=0
Jx—-y=4

Vay, hé phuong trinh c6 hai cap nghiém (8; 8) va (8; —8).

I < .
a { x=8vay=-8
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