PHAN II: HINH HOC
CHUONG 1 — VECTO

A KIEN THUC CAN NHO §e§
I. CAC PINH NGHIA

LKIEN THUC CAN NHO
1. VECTOLAGI?
Vécto 1a mot doan thiang c6 dinh huéng:
» Mot dau duge xac dinh la goc, con dau kia 1a ngon.
»  Hudng tir goc dén ngon goi 1a hudng cta vécto.
» Do dai clia doan thang goi 12 do dai cha vécto.

2. VECTO KHONG
Dinh nghia: Vecto khong la vecto ¢é diém ddau va diém cudi tring nhau.
Nhu vay, vécto khong, ki hiéu 0 1a vecto co:

* DPiém g6c va ngon tring nhau.
* Do dai bang 0.
3. HAI VECTO CUNG PHUONG
Hai vecto AB, CD goi la cung phuong, ky hiéu:
- AB//CD
AB // CD <& , .
A,B,C,Dthanghang
4. HAI VECTO CUNG HUONG, NGUOC HUONG
a. Hai vécto AB, CD goi la ciing huéng , ky hiéu:
— an — | AB/CD
AB™MCD o | . :
| haitia AB,CD cung huéng
b. Hai vécto AB, CD goi la nguoc huéng, ky hiéu:
[AB//CD

ABTL CD & | . :
| haitia AB,CD nguogc huéng

5. HAIVECTO BANG NHAU
Hai vécto AB, CD goi la bing nhau, ky hiéu:
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II. TONG CUA HAI VECTO
Dinh nghia: Tong ciia hai vecto a va b la mot vécto duoc xdc dinh nhu sau:
= Tiwmot diém tiry ¥ A trén mdt phdng dung vecto AB = a.
»  Tidiém B dung vecto BC = b.
»  Khi dévécto AC goi la vecto tdng ciia hai vecto a va b, ta viét

AC=2a +b.

Tir dinh nghia trén ta duoc quy tdc ba diém:
AB + BC = AC, véi ba diém A, B, C bt ki.

Tinh chdt ciia phép cong vécto
Véi moi vécto é, b va E,ta co:

Tinh chdt 1: (Tinh chit giaohodn): a + b= b + a.
Tinh chdt 2: (Tinh chat két hop): (a + b)+c =a +(b + ¢).
Tinh chdt 3: (Tinh chét cia vecto khong): a + 0 =0 +a = a.

Quy tdc hinh binh hanh:

AB + AD = AC, v6i ABCD la hinh binh hanh.
Ta c6 "Néu M la trung diém doan thing AB thi MA + MB = 0".
Ta c6 "Goi G la trong tam AABC thi:

GA + GB + GC =0,

MA +MB +MC =3MG, YM. + GB + GC = 0".

I1I. HIEU CUA HAI VECTO
1. HAIVECTO POI NHAU

Hai vécto AB, CD goi 1a d6i nhau, ky hiéu:
. AB=CD

AB=-CD &< __  __.

ABT{ CD

2. HIEU CUA HAI VECTO

Dinh nghia: Hiéu ciia hai vécto a va b, ki hiéu a — b, la tdng ciia vecto a va
vecto doi cia vecto b, nghia la:
a—-b=a+(-b)
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Phép ldy hiéu cuia hai vecto goi la phép trir vecto.
Dé dung vecto a — b khi biét cic vecto a va b ta ldy diém A tuy ¥, tir d6 dung

vectd AB =a vd AC = b,khid6 CB =a - b.

b B - -

a ’ N

/ A > C
, b ,
Tur ciach dung trén ta dugc quy tac hiéu hai vecto cung goc:
AB - AC = CB, v6i ba diém A, B, C bat ki.

Tinh chdt ciia phép trix vécto
a—-b=coa=b+c.
IV. TiCH CUA MOT VECTO VOI MOT SO

Dinh nghia: Tich cia vecto a véi mét s6 thuc k la mot vecto, ki hiéu ka dugc xdc
dinh nhu sau:

a. Vectoka cing phuong véi vecto a va sé :
»  Cing hudng véi vecto a néuk > 0.
= Nguoc hudng véi vecto a néuk < 0.
b. C6do dai bing |k|.|a|.
Phép ldy tich cia mot vecto voi mot s6 goi la phép nhdn vecto véi sé (hodc phép
nhdn s6 vdi vecto).
Tt dinh nghia trén ta c6 ngay cac két qua:
l.a=a, (-1).a =—a.
1. TINH CHAT CUA PHEP NHAN VECTG VI S6
Vé6i moi vécto a, b vacic s thuc m, n, ta co:
Tinh chdt 1: m(n.a) = (mn).a.
Tinh chdt2: (m+n).a =m.a +n.a.
Tinh chdt3: m(a + b) =m.a +n.b.
Tinh chdt4: ma =0 < a = 0 hoacm=0.
2. PIEU KIEN DE HAI VECTO CUNG PHUONG
DPinh li 1 (Quan hé giita hai vecto ciing phuong): Vecto' b cing phuong véi vecto
a = 0 khiva chi khi ton tai s6'k sao cho b =ka.
Hé qud: Piéu kién cdn va du dé ba diém A, B, C thdng hang la ton tai so’k sao cho
AB =kAC.
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3. BIEU THI MOT VECTO QUA HAI VECTO KHONG CUNG PHUONG
Dinh li 2 (Phdn tich mét vecto thanh hai vecto khdc 0 khong cung phuong): Cho
hai vecto a va b khdc 0 va khong cing phuong. Véi moi vecto ¢ bao gio
ciing tim dugc mot cdp s6 thuc m, n duy nhdt, sao cho:
¢ = ma + nb.
V. HE TOA PO
1. VECTO
Cho 2 diém M, (x;; y1), Mi(x2; y2) thi MM, = (x2— X1; Y2 = 1)
2. CACPHEP TOAN VECTO
Neéu ¢6 hai vecto v, (X1; y1) va v, (X2; y2) thi:
X1 = X2
Y1=Y2 .
(i) v,//v, & =2
X2 ¥
(iii): v, + Vv, = (X1 + X2; Y1 + y2).
(iv): vV, = V, = (X1 — X233 y1 — y2).
(v): kv, (xi; y1) = (kxi; kyr) , k e R.
(vi): av, + BV, = (axi + Bxz; oy + By2).
3. KHOANG CACH

@:%:@@{

Khoang cach d gitta hai diém M;(x;; y1) va Mi(x2; y2) 1a do dai cha vecto MM, ,
dugc cho boi:

d=IMM,I| = \/(Xl —X2)2 +(y, _Y2)2 .

4. CHIA MOT POAN THANG THEO MOT TI SO CHO TRUGC
biém M(x; y) chia doan thang M;M, theo mot ti s6 k (tic 1a W = km ) duoc
xac dinh bdi cac cong thiic:
x, —kx,
1-k
y, —ky, -
1-k
Pac biét néu k = —1, thi M 12 trung diém ctia doan thing MM, , khi d6 toa do cta
M dugc xac dinh boi:

y:

BERRES
2

Yty
y 2
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5. BA DIEM THANG HANG
Ba diém A(x; y1) , B(x2; y2) va C(x3; y3) thang hang khi va chi khi:

AC//AB & 221 = B70h
X, =X Y= %

B PHUONG PHAP GIAI CAC DANG TOAN LIEN QUAN

@
§ 1. VECTO
Dang toian 1: MG dau vé vecto
Thi dy 1. Cho AOAB vuong cdn voi OA = OB = a. Hdy dung cdc vecto sau dady
va tinh dé dai cua chiing:
OA + OB, OA - OB, 30A +40B
216& +2508, oA -20B.
4 4 7
25 Gidi
a. Véi 2@1 dir& thit tu;cﬁa hinh vuong OACD, ta c6 ngay: o A
OA + OB = OC, theo quy tac hinh binh hanh.
T d6, suy ra:
|OA + 0B | =|0C|=0C=aV2.
b. Tacé 6 ngay: B
C
OA — OB = BA, quy tic hiéu hai vecto ciing goc
quy g8 o A A

= |0A -0B|=|BA|=BA=aV2.
c. Dédung vecto 30A +40B ta lan luot thuc hién:
* Trén tia OA ldy diém A; sao cho OA; = 30A.
* Trén tia OB ldy diém B, sao cho OB, = 40B.
=  Dung hinh chit nhat OA,C,B;.
Tu do, ta co:
30A +40B = OA, + OB, = OC, B, C

— [30A +40B | = | 0C | =0C, = JOA? +C,A? =5a.

d. Thuc hién tuong tu cau c), ta dung duoc vecto % OA +2.50B va

I%ﬁ +2508 | = 24
o . 4 — 3= .
e. Thuc hién tuong tu cau c), ta dung duogc vecto ” OA — rl OB va
| 14OA ——OB | = a\/6073.
7 28
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Thi du 2. Cho AABC déu cé canh bdng a. Tinh d¢ dai vecto tong AB + AC .
&5 Gidi

Goi M la trung diém BC, 14y diém A, d6i xtng v6i A B A
qua M, ta c6 ngay ABAC Ia hinh binh hanh, suy ra: :

AB + AC = AA.
|AB+AC|—|AA|—2AM2I av3. A
& Chu y: V6i céc em hoc sinh chua nim viing kién thiic vé tong cla hai vecto
thi thuong két luan ngay rang:
|AB +AC | = | AB | + | AC | =a+a=2a.

Dang toan 2: Ching minh mét d%lng thuc vecto
Phuong phdp dap dung
Ta lua chon mot trong cac huéng bién déi sau:
Huéng 1:  Bién d6i mot vé thanh vé& con lai (VT = VP hodac VP = VT). Khi d6:
» Néu xudt phdt tlr v€ phic tap ta can thuc hién viéc don gian biéu

thic.
»= Néu xudt phat tir vé don gian ta can thuc hién viéc phan tich
vecto.
Hudng 2:  Bién ddi dang thic can ching minh vé mot dang thitc da biét 1 luon
ding.

Huong 3:  Bién ddi mot dang thic vecto di biét 1a luon diing thanh ding thic
can ching minh.
Huong 4:  Tao dung céc hinh phu.
Khi thuc hién cdc phép bién déi ta sir dung:
*  Quy tic ba diém:
AB = AC + CB.
*  Quy tic hinh binh hanh: Véi hinh binh hanh ABCD luén ¢6:
AC = AB + AD.
» Hiéu hai vecto cung goc
AB - AC = CB.
* Tinh chét trung diém: Vé6i diém M tuy y va I 12 trung diém ctia AB ludn co6:
Mi = %<m + MB).
» Tinh chit trong tam tam giac: V&i AABC c6 trong tam G ta c6:
GA + GB + GC = 0.
MA + MB + MC =3MG, v6i M tuy y.
=  Céc tinh chit ctia phép cong, trir vecto va phép nhan mot s6 véi mot vecto.
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Thidu 1. Cho bon diém A, B, C, D. Chiing minh ring AB + CD + BC = AD.
&5 Gidi
Ta c6 thé trinh bay theo ba cdch sau:
Cdch 1: St dung quy tac ba diém, ta c6:
VT =(AB + BC)+ CD = AC + CD = AD, dpcm.
Cdch 2: St dung quy tac ba diém, ta c6:
VT = AB +(BC + CD)= AB + BD = AD, dpcm.
Cdch 3: St dung quy tac ba diém, ta c6:
E=A—C+C—D:E+§Z+C—D,dpcm.
Cdch 4: St dung quy tic ba diém, ta co:
E:E+ﬁ):ﬁ+B_C+C—D,dpcm.

@ Nhdn xét: Viéc trinh bay thi du trén theo bon cich chi mang tinh chat minh
hoa cho nhiing y tudng sau:

1. Véi cach 1 va cdch 2, chiing ta gom hai vecto ¢6 "diém cudi
ciia vecto thit nhdt trung véi diém ddu ciia vecto thit hai" tir d6
stt dung chiéu thuan ctia quy tac ba diém.

2. Vi cach 3 va céch 4, ching ta str dung chiéu ngugc lai cta quy
tic ba diém, cu thé "vdi mot vecto AB bdt ki chiing ta déu cé thé
xen thém vao giita mot diém tuy y dé tr dé phan tich duoc vecto

AB thanh téng ciia hai vecto''.

Thi du 2. Cho 4 diém A, B, C, D. Chiing minh ring AB + CD = AD + CB.
Giai
Ta c6 thé trinh bay theo cdc cdch sau:

Cdch 1: Ta co:

VT=(AD + DB)+ CD = AD + CD + DB = AD + CB = VP.

Cdch 2: Ta cé:

VT=(AC + CB)+ CD =AC + CD + CB = AD + CB = VP.

Cdch 3: Bién déi tuong duong biéu thitc vé dang:

AB — AD = CB - CD < DB=DB, diing = Diéu phéi chiing minh.

Cdch 4: Bién déi tuong duong dang thitc vé dang:

AB —CB = AD - CD < AB + BC = AD + DC < AC = AC, luon diing,

& Nhdn xét: 1. Dé thuc hién ching minh ding thic vecto da cho chiing ta lua
chon huéng bién déi VT thanh VP va hai cdch gidi trén déu c6
chung mot y tudng, cu thé bang viéc lua chon vecto xudt phat
12 AB ta c6:

» Trong cich 1, ta y thic duoc rang cin tao ra su xuat hién
clia vectd AD do d6 ta xen vao diém D.
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» Trong cich 2, ta y thic duoc rang can tao ra su xuat hién
cua vecto CB do do ta xen vao diém C.
2. T nhan xét trén han cic em hoc sinh thdy duoc thém riang con
c6 4 cach khac dé gidi bai todn, cu thé:
= Hai cach véi viéc lua chon vecto xudt phatla CD .
» Hai cich theo huéng bién déi VP thanh VT.

Thi du 3. Cho M va N ldn luot la trung diém cdc doan thing AB va CD. Chiing
minh rdang:
2MN = AC + BD = AD + BC.
L5 Gidi A M L
a. Ta c6 thé trinh bay theo cac cach sau:
Cdch 1: Ta c6 phan tich:
AC = AM + MN + NC, (1)
BD = BM + MN + ND. @) b N ¢
Cong theo v& (1) va (2) véiluuy AM + BM = 0 va NC + ND = 0 (vi MvaN
1an luot 1a trung diém cdc doan thang AB va CD), ta duoc:
AC + BD =2MN, dpem. (*)
Cdch 2: Ta c6 phan tich:
MN =MA + AC+CN, 3)
MN =MB + BD + DN, 4)

Cong theo v& (3) va (4) v6i luu y MA+MB=0 va NC+ND=0 (vi M va N lan
luot 12 trung diém céc doan thang AB va CD), ta duoc:
2MN = AC + ﬁj,dpcm.

b. Tacé:
AC + BD = AD + DC + BC + CD = AD + BC, dpcm. (%)

Tir (*) va (¥%) ta dugc dang thic can chitng minh.

Thi du 4. Cho O la tdm ciia hinh binh hanh ABCD. Chitng minh rdng vdi diém M
bdt ki, ta co:
MO :i(m +MB +MC + MD).

&S Gidi

Ta cé:

MA + MB + MC + MD
=MO + OA + MO + OB + MO + OC + MO + OD
=4MO +(OA + OC)+(OB + OD )=4MO

@i(m+M—B+M—C+W):M—O,dpcm

274



@ Chu y: Cac em hoc sinh hdy trinh bay thém cdch bién déi VT thanh VP.
Thidu 5. Cho AABC. Goi M, N, P ldn luot la trung diém ciia BC, CA, AB.
Chiing minh rdng:
AM + BN + CP = 0.
L5 Gidi
St dung quy téc trung diém ta bién déi:
VT = % (AB+AC) + % (BA +BC) + % (CA +CB)

= l(A—B+ﬁ+A—C+C—A+BﬁC+C—B),dpcm.

2
Thidu 6. Cho AAB,C, va AAB,C, ldn luot c6 trong tam la Gy, Ga. Chitng minh rdng:

AA, + BB, + CC, =3GG,.

&S Gidi

Vi Gi, Gy 1a trong tam cac AABiC, va AA:B,C,, ta cé:
GA, +GB, +GC, =0. (1)
G,A, + G,B, +G,C, = 0. Q)

Mat khéc, ta co:
AA, = AG, + GG, + G,A,. (3)
BB, = BG, + GG, + G,B,. @)
CC, = CG, + GG, + G,C,. (5)

Cong theo v€ (3), (4), (5) va st dung céc két qua trong (1) va (2), ta duoc:
AA, + BB, + CC, =3G,G, , dpcm.

Thi du 7. Cho AABC. Goi M la trung diém cua AB va N la mot diém trén canh
AC, sao cho NC = 2NA. Goi K la trung diém ciia MN.

a. Chiing minh rdng AK = i@ + é AC.

b. Goi D la trung diém ciia BC. Chiing minh rdng KD = i AB + % AC.
&S Gidi
a. Tu gia thiét ta nhan thay:
AB=2AM . . AC=3AN . S
... & AB=2AM; .., __. < AC =3AN.
ABTT AM ACTT AN
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Vi K Ia trung diém MN nén:
— 1, — — 11—
AK =—(AM + AN =——AB+ AC— AB+—ACd
2( ) 2(2 3 ) 4 6 pem
b. ViD la trung diém BC nén:
AD = —(AB + AC)
tir do, suy ra:

m:@—ﬁ:?@+ﬁp€ﬁﬂ%ﬁriﬁ+%m@m

Dang toin 3: Xac dinh diém M thoa mét dgng thic vecto cho truéc
Phuong phap ap dung
Ta bién ddi dang thiic vecto cho truée vé dang:
OM = v,
trong d6 diém O c6 dinh va vecto v da biét.
Thi du 1. Cho AABC déu noi tiép duong tron tam O.
a. Chimg minh ring OA+0OB+0C=0.
b. Hay xdc dinh cdc diém M, N, P sao cho:
OM = OA+O0OB; ON = OB+0C; OP = OC+OA.
&S Gidi
a. Vi AABC déu nén O chinh 1a trong tam AABC, do do6 ta ¢4 ngay: A

OA +0B+0C=0.
b. Goi Ay, By, C; theo thit tu 12 trung diém cta BC, AC, AB. M (‘
= Dung hinh binh hanh AOBM bang viéc lay diém M '}
d6i xtng v6i O qua Ci, ta c6 duogc OM = OA +OB. B
»  Cic diém N, P duoc xdc dinh tuong tu.
Thi du 2. Cho AABC. Hay xdc dinh diém M thod man diéu kién:

MA — MB + MC = 0. (*)

C

&5 Gidi

Bién déi (*) vé dang: A M
BA + MC = 0 & MC = AB
< ABCM 1la hinh binh hanh.

T d6, dé xdc dinh di€ém M ta thuc hién:

= Ké Ax//BC. B C

= KéCy// AB.

*  Giao cua Ax va Cy chinh la diém M cén tim.
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Thi dy 3. Cho AABC déu, noi tiép dudng tron tam O.
a. Hay xdc dinh céc diém M, N, P sao cho:

OM =0OA + OB,ON =OB + OC, OP =0C + OA.

b. Chiing minh ring OA + OB + OC = 0. A
&5 Gidi P M
a. Dua theo quy tic hinh binh hanh, ta 1an luot c6:
*  V6i diém M thoa man: ®)
OM = OA + OB C \/ B

— M 12 dinh tht tu ctia hinh binh hanh AOBM
— CM la dudng kinh cta (O), vi AABC déu. N
»  Véi diém N thod min:
ON = OB + OC = N la dinh tht tu cta hinh binh hanh BOCN
= AN la duong kinh cta (O), vi AABC déu.
* Vi diém P thoa man:
OP =0OC + OA = P la dinh thit tu cta hinh binh hanh AOCP

= BP la duodng kinh cta (O), vi AABC déu.
Vay, cac diém M, N, P nim trén dudng tron (O) sao cho CM, AN, BP la céc

duong kinh ctia duong tron (O).
b. Dua vao két qua cau a) va OC = MO, ta c6 ngay:
OA + OB + OC = OM + MO = MO + OM = MM = 0.

Thi du 4. Cho AABC.
a. Timdiém1sao cho 1A +21IB = 0.

b. Tim diém K sao cho KA +2KB = CB.
c. Tim diém M sao cho MA + MB + 2MC = 0.

&S Gidi
a. Ta bién déi:

0=1IA +2(JA+AB) =3IA +2AB

o IA =— %A—B suy ra diém I dugc hoan toan xéc dinh.
b. Ta bién doi:

0 =KA + KB +(KB + BC)= KA + KB + KC

< K 1a trong tam AABC.
c. GoiE,F, N la trung diém AB, BC, EF, ta c6:
0 =(MA + MC)+(MB + MC)=2ME +2MF =4MN <M=N.
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Thi du 5. Cho truéc hai diém A, B va hai s thuc o, B thod man o. + 3 # 0.
a. Chiing minh rdng ton tai duy nhdt diém I thod mdn a.IA +BIB = 0.
b. Twdé, suy ra véi diém bdt ky M, ta luén co:
aMA +BMB = (a.+ B)MI.
L5 Gidi
a. Taco:
alA +PIB=0 < alA +B(IA + AB)=0 < (a.+B)IA +PAB =0

& (a+B)Al =BAB <Al = —P— AB.
o+p
B

o+

Vi A, B ¢d dinh nén vecto AB khong déi, do d6 tén tai duy nhét diém I

thoa mén diéu kién diu bai.
b. Tacé:
aMA +BMB =o(MI + IA)+B(MI + IB)=(a+P)MI +(aIA +PIB)
= (o + B)MI, dpcm.

& Nhdn xét quan trong:
1. Néuo = =1 thidiém I chinh I trung diém cua AB.
2. Bai toan trén duoc md rong tu nhién cho ba diém A, B, C va bo ba s6 thuc a., B, y
cho trudc thoa man o + B + v # 0, tic 1a:
a. Ton tai duy nhat diém I thoa man:
alA +BIB +yIC = 0.
b. Tur d6 suy ra véi diém bat ky M, ta luon c6
aMA +BMB +vIC = (a+ B +y)MI.
va khi oo =3 =y =1 thiIla trong tam AABC.

3. Vieéc mdrong chon diém A, i= L,n va bo n s6 thuc o, i= L,n thod man Zoci #0,
i=1
xin danh cho ban doc.
4. K&t qua trén dugc sir dung dé giai bai todn:

“Cho n diém A, i = L,n va bo n s6 thic e, 1,n thod man Zoci #0. Tim s thuc
i=l1
k va diém cd dinh I sao cho ddng thiic vecto

> o, MA; =kMI, (D
i=1
thod man véi moi diém M.”
Phuong phdp gidi
Vi (1) thoa man véi moi diém M, do d6 ding véi M = I, khi d6:
S o, TA =kii = 0. )

i=1
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*  X4c dinh duoc diém I tir (2).
=  Tir(2), suy ra
S o, MA, = Yo, M. 3)
Tu (1) Vél:(l3), suy ra: a
Yo, Mi =kMi k=Y,
i=1 i=1

Thi dy 6. Cho tit giac ABCD, M la diém tuy y. Trong méi truong hop hay tim s6
k va diém cé'dinh 1, J, K sao cho cdc dcfng thitc vecto sau thod man voi
moi diém M.
a. 2MA + MB =kMI.
b. MA + MB +2MC =kMIJ.
c. MA + MB + MC +3MD =kMK.

&S Gidi

a. Vi (1) thoa man véi moi diém M, do dé ding véi M = I, khi d6:

21A + 1B =kII = 0. (1.1)
= Tu(1.1), ta duoc:

2IA +(IA + AB)= 0 < IA =—— AB = xdc dinh duoc diém L

W | —

= Tu(1.1), ta duoc:
2MA + MB = (2 + 1)MI =3 MI. (1.2)
Twr (1) va (1.2), suy ra:
3MI =kMI <k =3.
b. Vi (2) thoa man véi moi diém M, do d6 ding véi M = J, khi do:
JA + JB +2IC =kJJ = 0. 2.1)
= Goi E la trung diém AB, tir (2.1), ta duoc:
2JE +21]C = 0 < J 1a trung diém cua CE.
= Tu(2.1), ta duoc:
MA + MB +2MC =(1+1+2)MJ =4MJ. (2.2)
T (2) va (2.2), suy ra:
4MJ =kMJ < k=4,
c. Vi (3) thod man véi moi diém M, do dé ding v6i M = K, khi do:
KA + KB + KC +3KD =kKK = 0. (3.1)
= Goi G latrong tam AABC, tir (3.1), ta duoc:
3KG +3KD = 0 < K Ia trung diém ctia GD.
= Tu(3.1), ta duoc:
MA + MB + MC +3MD =6MK. (3.2)
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Twr (3) va (3.2), suy ra:
6MK =kMK <k =6.

@ Chu y: Bai toan tim diém c6 thé dugc mé rong thanh bai toan tim tap hop
diém (qui tich). Véi c4c bai toan qui tich ta cin nhé ring:
1. NéuIMA | =IMBI, véi A, B cho truéc thi M thuoc dudng trung truc
cua doan AB.
2. IMCI|=klIABI, véi A, B, C cho trudc thi M thuoc dudng tron tam C,
ban kinh bang k.AB.
3. Néu MA =kBC, véi A, B, C cho truéc thi
a. Véik € R diém M thuoc dudong thang qua A song song v6i BC.
b. Vé6ik € R*diém M thuoc nira dudng thing qua A song song véi
BC theo huéng BC.
c. V6ik € R~ diém M thudc nira dudng thang qua A song song véi
BC nguoc huéng BC .

Thi du 7. Cho AABC, tim tdp hop nhitng diém M thod man:
a. MA +kMB —kMC = 0. (1)
b. (1-k)MA + MB —kMC = 0. (2)
&5 Gidi

a. Tabién déi (1) vé dang:
MA =k(MC — MB) < MA =kBC
< M thudce dudng thing qua A song song véi BC.
b. Ta bién doi (2) vé dang:
MA + MB —k(MA + MC) = 0. 3)
Goi E, F theo thit tu 12 trung diém ctia AB va AC, ta dugc:
(3) < 2ME - 2kMF = 0 < ME =kMF
< M thudc duong trung binh EF ctia AABC.

Dang toin 4: Bi€u dién mét vecto thanh t6 hop vecto
Phuong phdp dap dung

Ta Iya chon mat trong hai huéng:

Huong 1:  Tu gia thi€t xac dinh duoc tinh chat hinh hoc, r6i tir d6 khai trién
vecto can biéu dién bang phuong phép xen diém hodc hiéu cua hai
vecto cung goc.

Huong 2:  Tu gia thiét thiét 1ap duoc moi lién hé vecto gilta cdc doi tugng, r6i
tlr d6 khai trién biéu thitc nay bang phuong phap xen diém hoic hiéu
ctia hai vecto cung goc.
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Thi dv 1. Cho doan thing ABva diém I sao cho 21A +31B = 0.
a. Tim so'k sao cho Al =k AB.

b. Chiing minh rdng véi moi diém M ta cé6 MI = % MA

MA + > MB.
5

&5 Gidi

a. Bién doi gia thiét:

0 =21A +31B =51A +3(IB — [A)=—5Al +3AB < Al = % AB.

Vay, véi k = % thod man diéu kién du bai.
b. Bién doi gia thiét:
0 =2IA +3IB =2(MA — MI)+3(MB — MI)
©5Mi =2MA +3MB < Mi :gm +§m3,dpcm.
Thi du 2. Cho AOAB. Goi M, N ldn luot la trung diém hai canh OA va OB. Hdy
tim cdc s6'm va n thich hop trong méi ddng thirc sau day:
OM =mOA +nOB; MN =mOA +nOB;
AN =mOA +nOB; MB =mOA +nOB;

L5 Gidi 0
a. TacéngayO—M=%O—A M/\N
2 e b Py 1 A B
do d6 dang thtc OM =mOA +nOB sécém=zvén=0.
b. Tacé:
S P [ — l— 1=
MN = -~ AB = —(OB - OA)=—- OA + — OB
2 2 2 2
do d6 déng thic MN = mOA +nOB sécém=—%vén=%.
c. Tacé:
W:E+O—N:—OﬁA+E@
do d6 déng thic AN =mOA +nOB sécém:—lvén:%.
d. Tacé:

M—B:m+@:_%ﬁ+0—3

do d6 déng thic MB = mOA +nOB sécém=—% van=1.
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Thi du 3. Goi G la trong tim AABC. Ddt a = GA va b = GB. Hdy biéu thi mdi
vecto AB, GC, BC, CA qua cdc vecto a va b.
L5 Gidi
a. Sl dung quy tac hiéu cta hai vecto ciing goc, ta co ngay:
AB=GB-GA=b—a.
b. ViG latrong tam AABC nén:
GA +GB +GC =0 < GC =—GA — GB =-a — b.
c. Surdung quy tic hiéu cua hai vecto ciing goc va két qua trong b), ta c6:
BC=GC-GB=-a—-b-b=-a-2b.
d. Sirdung quy tic hiéu cua hai vecto cling goc va két qua trong b), ta co:
CA=GA -GC=a—-(-a—-b)=2a+b.
Thi du 4. Cho AABC. Goi M, N, P ldn luot la trung diém ciia BC, CA, AB. Tinh
cdc vecto AB, BC, CA theo cdc vecto BN va CP.
L5 Gidi
Ta lan luot c6:
AB = AM +MB = 3GM +(GB-GM) = 2GM + GB

=22(GB+GC)+GB = 2GB+GC = 22BN -2CP A
- _*BN-26p. P N
3 3
BC = GC—GB = —2CP + 2BN. Be—r—C
3 3

Vecto CA duoc biéu dién tuong tu AB.
Thi du 5. Cho AABC.
a. Tim cdc diém M va N sao cho:
MA — MB + MC = 0, 2NA + NB + NC = 0.
b. Véi cdc diém M va N & cdu a), tim cdc s6'p va q sao cho:
MN =pAB +qAC.
25 Gidi
a. Talan lugt thuc hién:
0 =MA — MB + MC =BA + MC =—AB + MC < MC = AB
< M la dinh tha tu cta hinh binh hanh ABCM.
0 =2NA + NB + NC =2NA +2NE, v6i E 1a trung diém BC
< NA + NE =0 < N Ia trung diém clia AE.
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b. Ta cé biéu dién:

MN = MA + AN = CB + - AE
U [ Qe g
=(AB - AC)+ —(AB + AC)=—AB — = AC.
4 4 4
Thi du 6. Cho AABC trong tam G. Goi 1 la diém trén canh BC sao cho 2CI = 3BI
va J la diém trén BC kéo dai sao cho 5JB = 2JC.

a. Tinh Al, AJ theo AB va AC.

B ou R A
b. Tinh AG theo Al va AJ
&5 Gidi
a. Taco: G
2CI=3BI ,E T
. . = =—
IC M 1B I B 1 C
< 2(AC — Al)=—-3(AB — Al) & 5Al =3AB +2AC
@Xlng—B+§R. (D)
Ta co:
5]B=2JCI . N S
. ©5JB=2JC ©5(AB - AJ)=2(AC - Al)
IBMIC
@m:sﬁa_zrc@m:gﬁa_grc. @)
b. Goi M la trung diém BC, ta c6:
AG _gm ‘% l(AB +AC)——(AB + AC). (3)
Mat khac tir hé tao boi (1) va (2), ta nhan du0’c
AB=>Al+>AIvaAC =2 Al - 2 A 4)
8 8 16 16
Thay (4) vao (3) ta nhan duogc:
AG = 22 A - L Aj.
48 16

Dang toin 5: Ching minh hai diém trung nhau
Phuong phdp dap dung
Muéhn chiing minh hai diém A; va A; tring nhau, ta Iua chon mot trong hai céch sau:

Cdch 1: Ching minh A/A, = 0.
Cdch2: Ching minh OA, = OA, vé6i O la diém tuy y.

Thi du 1. Chiing minh rdng AB = CD khi va chi khi trung diém ciia hai doan
thang AD va BC triing nhau.
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&S Gidi
Ta co:
" Néu AB = CD thi ABCD Ia hinh binh hanh. Do d6, AD va BC c¢6 trung diém
trung nhau.
" Néu AD va BC ¢6 trung diém tring nhau thi ABCD Ia hinh binh hanh. Do d6:
AB = CD
Thi du 2. Cho luc gidgc ABCDEF. Goi M, N, P, Q, R, S ldn luot la trung diém cua
cdc canh AB, BC, CD, DE, EF, FA. Chiing minh rang hai tam gidc MPR
va NQS ¢6 cung trong tam.

&5 Gidi
Goi G la trong tam cua AMPR, ta c6:
GM + GP + GR =0 (D)
Lai cé:

2GM = GA + GB, 2GP =GC + GD, 2GR = GE + GF
—2(GM + GP + GR)= GA + GB + GC + GD + GE + GF
Suy ra:
GA + GB + GC + GD + GE + GF = 0 (do(1))
Do dé:
(GA + GF)+(GB + GC)+(GD + GE)= 0
2GS +2GN +2GQ = 0< GS + GN + GQ = 0
Vay, ta dugc G la trong tam ctua ASNQ.
Tém lai, cic AMPR va ANQS c6 cung trong tam.

Dang toin 6: Ching minh ba diém th%mg hang
Phuong phdp dap dung
Mu6n chitng minh ba diém A, B, C thing hang, ta di chiing minh:
AB =kAC,k e R. (1)
Dé nhan dugce (1), ta lua chon mot trong hai huéng:
Huéng 1: Sk dung céc quy tac bién doi vecto da biét.
Huong?2:  Xéc dinh vecto AB va AC thong qua mot t8 hop trung gian.
@ Chi y: Ta c6 két qua:
“Cho ba diém A, B, C. Diéu kién cdn va du dé A, B, C thang hang la:
MC =aMA + (1 - a)MB,
Vi diém tuy y M va s6 thuc o. bdt ky .

Thi du 1. Cho AABC, Ildy cdc diém 1, J thod man 1A = 21B, 3JA + 2JC = 0.
Chiing minh rang 1J di qua trong tam G cuia AABC.
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&5 Gidi
Viét lai IA =21B du6i dang:

IA -2IB=0. (1)
Bién déi 3JA +2JC = 0 vé dang:
3(IA-10)+2(IC - 1U)=0 <3IA +2IC =51J. 2)

Trir theo vé& (1) cho (2), ta duoc:
2(IA + B+ IC)=510 < 6IG =510 < 1,7, G thing hang.

Thi dy 2. Cho AABC. Goi O, G, H theo thit tu la tam duong tron ngoai tiép, trong
tam, tryc tam cia AABC. Chiing minh rang:
a. AH =2OE, vdi E la trung diém BC. A
b. OFi = OA + OB + OC. }
c. Chitng minh rang O, G, H thdng hang.

HINS
£ Gidi N

a. Goi A; la di€ém doéi xing v6i A qua O, ta duoc:
BH//CA, cung vuong géc v6i AC . . .
) = A,BHC la hinh binh hanh

CH//BA, cung vuong géc v6i AB

= A, E, H thing hang = AH =2OE , dpcm.
b. Tacé:

O—H=O—A+E=O—A+2@=O—A+O—B+@,dpcm.

c. Taco:

oG :%(O—A + OB + OC)= L Ol < 0, G, H thing hang.

W | —

Thi du 3. Cho AABC, ldy cdc diém M, N, P thod man:
MA + MB = 0,3AN —2AC = 0, PB =2PC.
Chitng minh rang M, N, P thdng hang.

&S Gidi
Ta co:
MP = AP-AM, (1)
MN = AN-AP. 2)
Ta di tinh AP, AM, AN theo AB va AC, cu thé tir gi4 thiét:
m+m:6@m:%m§ 3)
3@—2?@:6@@:%@ 4)
PB =2PC < AB—AP =2(AC-AP) < AP = —AB+2AC. (5)
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Thay (3), (4), (5) vao (1) va (2) ta duoc:
Mﬁ:#@+ﬁﬁ—%ﬁk—%ﬁ+ﬁﬁ. ©6)

WN:%?C+@—2E’=H3—%TC. (7)

Tit (6) va (7) ta nhan thay:

MN = —%M—P < M, N, P thang hang.

Dang toan 7: Xac dinh dic tinh K cua d6i tugng S khi né thod min
mét ding thiic vecto
Phuong phdp dap dung
Phan tich dugc dinh tinh xudt phéat tir cdc dang thic vecto clia gia thiét.
Luu y t6i nhitng hé thic da biét vé trung diém cta doan thang va trong tam clia
tam gidc.

Thi du 1. Cho AABC, ¢6 cdc canh bang a, b, ¢ va trong tam G thod man:
a.GA +b.GB +¢.GC = 0. (1)
Chiing minh rang AABC la tam gidc déu.
&S Gidi
Ta c6:
GA + GB + GC = 0 < GA =-GB - GC. 2)

Thay (2) vao (1), ta duogc:
a.(~GB — GC) +b.GB +¢.GC = 0
< (b-2).GB +(c—2a).GC = 0. (3)
Vi GB va GC 12 hai vecto khong ciing phuong, do d6 (3) tuong duong véi:
b—a=0 X
{ 7Y & a=b=c AABC Ia tam gidc déu.
c—a=0
Thi du 2. Cho tir gidc ABCD. Gid si ton tai diém O sao cho:
|OA|=|OB|=| OC|< OD |
OA+0B+0C+0D=0
Chiing minh rang ABCD la hinh chit nhdt.
&S Gidi
Ti phuong trinh thit nhét cia hé |, ta suy ra:
O la tam duong tron ngoai ti€p ti gidc ABCD. (H
Goi M, N, P, Q la trung diém cta AB, BC, CD, DA , tir phuong trinh thit hai cla
hé ta duoc:
0=0A + OB + OC + OD =20M +20P < OM + OP = 0
< M, P, O thang hang va O 12 trung diém MP. ()
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0=0A + 0B + OC + OD =20N +20Q < ON + 0Q = 0

< N, Q, O thang hang va O 1a trung diém NQ. 3)
Twr (2), (3), suy ra MNPQ 12 hinh binh hanh suy ra
» A, C,O thiang hang va O Ia trung diém AC.
» B, D, O thang hang va O 12 trung diém BD.
Do d6 ABCD la hinh binh hanh. 4)
Twr (1) va (4) suy ra ABCD la hinh chit nhat.

§2 HE TRUC TOA PO

Dang toin 1: Toa d6 vecto — Toa dé diém
Phuong phap ap dung
Ta cin nhé cac két qua sau:
1 Vé6i hai diém A(xa, ya) va B(xs, ys), ta co:
AB = (XB— XA, yB—Yya), AB= |ABI| = \/(XB _XA)2 +(¥s _YA)2 .

2 V6i hai vecto é(xl, yi1) va B(X2, y2) , ta cé:

a =xi.1 +Vyi.j,
iob e { =%
Y1=Y,
aa + BB = (ax1 + Bx2, oy1 + Py2).
Thi du 1. Trong mdt phdg toa do, cho ba diém A(=4 ; 1), B(2; 4), C2 ; -2).
a. Tim toa do trong tam AABC.

b. Tim toa dé diém D sao cho C la trong tam AABD.
c. Timtoa do diém E sao cho ABCE la hinh binh hanh.

L5 Gidi

a. Goi G la trong tam AABC, ta c6 ngay G(0, 1).

b. Gia stt D(xp, yp), khi d6 véi diéu kién C 1a trong tam AABD, ta duoc:
A+ 2+x

2= X, =8

300 S — D(8; -11).
_2_1+4+yD yp =—11

3

c. Gia st E(xg; 0), khi d6 véi diéu kién ABCE 1a hinh binh hanh, ta duoc:
x; +4=0 - {XE =—4

= E(-4; -5).
yp—1=-6 Yg =—5

ﬁ:@@{
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Thi dy 2. Cho diém M(1 — 2t; 1 + t). Tim diém M sao cho x;, +y;, nho nhat.
&5 Gidi
Ta c6:
2 2 2 2 2 1 2 9 9
Xy +¥y =1 =20+ (1 +t)° =5 -2t +2=5(t - g) + 3 > 3
suy 1a (Xoq + Yiy IMin = % dat dugc khi :
t—-—=0t= 1 :>M0(§; g).
5 55
A R 3 6 2 ~ N LN A N
Vay, diem Mo(g ; g) thoa man diéu kién dau bai.

Thi du 3. Cho ba diém A(1; 1); B(3; 3); C(2; 0).
a. Tinh dién tich AABC.

b. Hay tim tdt cd cdc diém M trén truc Ox sao cho géc AMB nhd nhdt.

&5 Gidi
a. Taco:
AB*’=4+4=28, BC’=1+9=10, CA’=1+4+1=2

= AB? + AC? = BC? < AABC vuong tai A.
Vay dién tich AABC duoc cho bai:

Saapc = %AB.AC - %Jzz 122 B+ (1) =2 (dvdo.
b. Géc AMB nhd nhat

< AMB =0°< A, M, B théng hang < AM//AB
e X TXa _ YMTYa Xy —1 - -1
Xp ~Xq Y~ Ya 3-1 3-1
Vay, diém M(0; 0) thoa man diéu kién ddu bai.

Sxv=0=>M=0.

Dang toan 2: Biéu dién vecto ¢ (c; ¢2) theo cac vecto a (as; az), b (bs; by)
Phuong phdp dap dung
Ta thuc hién theo cac budc:
Budc 1: Gidsttc =aa +pb. (1)
Buoc2:  Taco:
aa +Bb =a(a, a) + (b, by) = (aa; + Pby, 0az + Pby).
Vay (1) xay ra khi va chi khi:
{cl oa, + b, ' M
c, =aa, + b,

Gia hé (I), ta nhan duoc gia tri cua cap (o, B)
Budc 3:  Két luan.
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Thi du 4. Hay biéu dién vecto ¢ theo cdc vecto a, b, biét:
a(2;-1), b(=3;4)va c¢(-4; 7).
&5 Gidi
Giastr ¢ =oa +Pb. (1)
Ta cé:
aa +Bb=a2; —1)+B(-3;4)=Qa—3B; —o+4p).
Khi d6 (1) xay ra khi va chi khi:
—4=2a-3p a=1
{7=—0c+4[3 < {[3:2'

Vay, taduoc ¢ = a +2b.

Thi du 5. Cho bon diém A(1; 1), B(2; — 1), C4; 3) va D(16; 3). Hay biéu dién
vecto AD theo cdc vecto AB, AC
&S Gidi
Giasit AD = AB + BAC. (1)
Ta co:

AD (15;2), AB(1I; —2), AC(3;2)
= o AB + BAC =a(l; —2)+P3;2) = (o + 3; — 20+ 2P)
Khi d6 (1) xay ra khi va chi khi:

{oc+3[3=15 {a=3
= .
20 +2B=2 B=4

Vay, ta dugc AD =3 AB +4AC.

Dang toan 3: Xac dinh toa d6 diém M thoi min mét ding thic vecto,
do dai
Phuong phdp dap dung
Thuc hién theo cac budc:
Buoc 1: Gia sit M(x; y).
Buoc2: Toa do hod cic vecto c6 trong dang thic hoac st dung cong thic vé
khoéng céch giita hai diém, dé chuyén déng thic vé biéu thic dai s6.
Bugc 3: Giai phuong trinh hoac hé trén, ta nhan dugc toa do cia M.

@& Chu y: Diém M(x; y) chia doan thing M;M, theo mot tf s6 k (tiic [a MM, =kMM, )
duoc xac dinh bai cac cong thic:
x, —kx,
1-k
N~ ky,
Y 1-k
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Dic biét néu k = —1, thi M 1 trung diém ctia doan thing M;M,, khi dé toa do ctia
M duoc xac dinh boi:
T2
2
Nty
2
Thi du 1. Cho hai diém A(0; 2) va B(4; =3). Tim toa do:
a. Trung diém1 ciia AB.
b. Piém M sao cho MA +2MB = 0.

y

&S Gidi
a. Tacol(2; —% ).
b. Tu gia thiét

MA +2MB = 0 & MA —2MB < diém M chia doan AB theo ti s6 k = 2.
Do d6:

X = XA _kXB _§
M: -k 3 <:>M(§;—i).
_yA_kYB__i 3 3
YTk 3

& Chu y: Ta ciing c6 thé trinh bay theo cich: Gia st M(x; y), ta c6:
MA = (—x,2-y)
{M—B=<4—x,—3—y)
Vi MA +2MB = 0, nén:

= MA +2MB = (8 - 3x; — 4 — 3y).

X =

{8—3)(:0

= :>M(§;—i).
—4-3y=0 y= 4 33

3

Thi du 2. Cho AABC, biét A(1; 0), B(-3; —5), C(0; 3).

a. Xdc dinh toa do diém E sao cho AE =2BC.

b. Xdc dinh toa do diém F sao cho AF = CF = 5.

c. Tim tdp hop cdc diém M sao cho:

I2(MA + MB)-3MC|=IMB — MCI. (1)

&5 Gidi
a. Gia st E(x; y), khi d6 AE (x — 1;y), BC(3; 8)
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Tir dé:
< E(7; 16).

. . x—-1=23 x=7
AE =2BC < =
y=2.8
Gia st F(x; y), khi do:
AF? =25 1)’ +y*=25 )’ +y*=2
@{(x )y @{(x )y’ =25

AF=CF=5<
CF’ =25 x> +(y-3) =25

x=3y—-4

10y =30y =0 y=0
<:>{ y Y e ly=3 @{

x=3y—-4

Vay t6n tai hai diém F,( — 4; 0) va Fx(5; 3) thoa man diéu kién du bai.
Gia sit M(x; y), khi do:

MA (1 - x; =y), MB (-3 = x; =5 —y), MC (-x; 3 —y)

—=2(MA + MB)-3MC =(—=x—-4;-y—19)va MB — MC =(-3; -8).
Khi do:

(D) (x—4P+(-y =192 = (3> + (-8 = (x + 4 + (y + 19> = 73.
bat I(—4; —19), ta duogc:

IM? =73 < M thudc dudng tron tam I(—4, —19), ban kinh R = J73.

x=-4&y=0 [F,(—4,0)
=

x=3y-4 x=5&y=3 E(53)

@ Nhdn xét: Nhu vay, trong vi du trén ching ta da thuc hién viéc xdc dinh diém

dua trén cdc dang thic vé vecto, do dai cho trudc. Tuy nhién,
trong nhiéu trudng hop chiing ta can di thiét lap cic dang thic d6é

dua trén tinh chat cta di€ém can x4c dinh.

thudc géc phan tu thit nhdt.

Thi du 3. Cho AABC cdn tai A, biét A(a; 3a\/7 — 37 ), B(1; 0), C(2a—1; 0) va A

a. Xdc dinh toa do cdc dinh cia AABC, biét rang p =9 (p la nita chu vi).
b. Tim toa do diém MeAB va NeBC sao cho duong thang MN dong

thoi chia doi chu vi va chia doi dién tich cua AABC.

&5 Gidi

Ta c6 toa do cdc diém:

A(a; 337 — 3v7), B(1; 0), Ca — 1; 0), y M
Tu gia thiét:

AeP@) o |20 >1
» AceP() & saxl.
3ay7 3720 I .
AB+BC+AC o 1N 3 X
» p=oo BEEEETAY g

< 28la—11+2la—11=18 < a=2hoac a =0 (loai).
Tu do: A2; 37 ), B(1; 0), C(3; 0) = AB=AC=8,BC=2.
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b. Ta cin tim diém M e AB (tiic 1a phai tim x = BM, 0 < x < 8) sao cho trén canh
BC t6n tai diém N thod man:

BN=p-x=9-x,059-x<2&7<x<9,

S _ 1 )
SAABC 2
Tt (1) ta duoc:
— :8
BMBN _ 1 xO-%) _ 1 Lo g . s 0 |* :
ABBC 2 8.2 2 x=1()

V6ix =8 =M= A(2; 34/7) va N(2; 0) 1a trung diém BC.

@ Chu y: Bai todn trén c6 dang téng quat nhu sau "Cho AABC c6 cdc canh a, b,
¢ (tuong ting voi cdc dinh A, B, C va chu vi 2p), gid suc <b < a.Tim
diem M € AB, N € BC sao cho duong thing MN dong thoi chia
doi chu vi va chia doi dién tich ciua AABC "

Phuong phdap gidi
Ta thuc hién theo cdc budc sau:

Buéc 1: Piém M e AB (tidc 1a phai tim x = BM, 0 < x < ¢) sao cho trén canh BC
ton tai diém N thod man:

BN=p-x,0<p-—x< va Sy 21.

(L
AABC 2
Buoc 2: Tu (1) ta duoc:
BM.BN _ 1 o xp=x) _ 1 < 2x*=2px+ac=0.(2)
ABBC 2 c.a 2

Giai (2) ta xdc dinh duoc x, tir d6 suy ra toa do cac diém M, N.

Buoc 3:

Dang toin 4: Vecto cung phuong — Ba diém thgng hang — Pinh ly
Menelaus
Phuong phdp dap dung
Can nh6 céc két qua sau:

4 . = - P - X
a. V&i hai vecto v, (X1, y1) va v,(X2, y2)taco v, // v, < AN

X, Y

b. Cho ba diém A(xi, y1) , B(x2, y2) va C(x3, y3), ta c6:

A, B, Cthing hang <> AC // AB « 2% = 37N
X, — X Yo=Y
Dinh Iy Menelaus: Liy ba diém M, N, P theo thit tu trén cdc canh BC, CA,
AB clia AABC. Dbiéu kién can va dii @€ M, N, P thiang hang 1a:

MB NC PA _,

C.
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Thi du 1. Trong mdt phdg toa do, cho ba diém A(=3 ; 4), B(1 ; 1), C(9 ; -5).
a. Chitng minh rang ba diém A, B, C thdng hang.
b. Tim toa do diém D sao cho A la trung diém ciia BD.
c. Timtoa do diémE trén truc Ox sao cho A, B, E thing hang.
&S Gidi
a. Nhan xét rang:
AB (4; -3) va AC(12; -9) = AC =3 AB = A, B, C thing hang.
b. Gia stt D(xp, yp), khi d6 véi diéu kién A la trung diém cta BD, ta dugc:
3 I+x,
2 Xp =—7
& = D(-7; 7).
4 — 1 + YD YD = 7
2
c. GiastE(xg, 0) € Ox, khi d6 AE (xg + 3; —4).
Tir d6, dé ba diém A, B, E thang hang diéu kién la:

23 =L o r 0
4 -3 3 3
Thi du 2. Tim trén truc hoanh diém M sao cho téng cdc khodng cdch tir M t6i cdc
diém A va B la nhd nhdt trong cdc truong hop sau:
a. A(1;2)vaB(@3;4). b. A(1; 1) va B(2; —4).
&S Gidi

a. Nhan xét A, B cling phia véi Ox.
Goi A, 1a diém doi xing v6i A qua Ox, suy ra A;(1; =2).

Goi Py = (A;B) nOx Ya B
& Ay, B, Py(x; 0) thang hang < A,B// AP, 4 N
o2 =8 ax=32p20), 2
x—-1 2 3 3

Ta cé 0O I%P/MS X

PA +PB=PA,; +PB> AB.

) , A
Vay PA + PB nho nhit < A,, B, P thiing hang < P = P,. :
b. Nhan xét A, B khéc phia v6i Ox. YA A
Goi Py = (AB)"Ox 1
< A, B, Py(x, 0) thing hang <> AB// AP, Py >
1 0 5 : 6 - 6 0 O PN 2 x
=— <x=—=Py(—;0).
x-1 -1 5 5
Ta cé 4 B

PA + PB> AB.
Vay PA + PB nho nhat khi va chi khi A, B, P thing hang < P = P,.
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@ Chi y: Thi du trén, dd minh hoa phuong phdp giai cho mot 16p bai todn cuc tri rét
quen thudc trong cic ky thi tuyén sinh vao céc truong dai hoc va cao
déng, do d6 c4c em hoc sinh cAn nim dugc phuong phép giai cho bai toin
t6ng quat nhu sau:

Bai todn: Tim trén duong thang (d): Ax + By + C = 0 diém P sao cho
tong cdc khodng cdch tix P tdi cdc diém A(xa, ya) va B(xs, ys) khong
thuéc (d) la nho nhdt "

Phuong phap

Ta xdc dinh

ta.tg = ( Axa + ByA + C)( Axp + ByB + C)
Xét hai truong hop
Truong hop 1: Néu ta.ts < 0 < A, B ngugc phia véi (d).
Ta thuc hién theo cac budc sau:
Budc 1: Goi Py = (AB)"(d), suy ra toa do Po.
Buoc 2: Tacéd PA + PB> AB.

Vay PA + PB nhé nhét khi va chi khi A, P, B thang hang <> P=P.

Truong hop 2: Néu ta.ts >0 < A, B cung phia véi (d).

Ta thuc hién theo cac budc sau:

Budce 1: Goi A; 1a diém d6i xdng véi A qua (d) , suy ra toa do A;.

Budc 2: Goi Py = (AiB)"(d), suy ra toa do Po.

Budgc 3: TacéPA +PB=PA, + PB> AB.

Vay PA + PB nho nhit <> A,,P, B thing hang <> P = P,.

Ngoai phuong phéap trén ching ta s€ con nhan dugc mot phuong phap giai

khac dugc minh hoa trong bai toan “ Phuong phdp toa do hoad ™.

Dang toan 5: Phuong phap toa d6 hoa
Phuong phap ap dung
Phuong phap toa do hoé thuong dugc st dung pho bién trong hai dang:
Dang 1: Ta thuc hién phép toa do hod cic diém trong hinh va dua bai todn hinh
hoc vé dang giai tich.
Dang 2: Lua chon cac diém thich hgp dé bién d6i bi€u thic dai s6 vé dang do dai
hinh hoc — Phuong phdp nay t6 ra rat hiéu qua dé tim gia tri 16n nhat va
nho nhat clia c4c biéu thic dai s6.

Thi du 1. Tim gid tri nhd nhdt ciia cdc ham s6'y = x> +x+1 + Vx> —x +1.
&5 Gidi

Viét lai ham s6 duéi dang:

y = Ve +x+1 + - x+1 = \/(X+l)2+§ + \/(7(_1)2+E
2 4 2" 4
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Xét cic diém A(—%; ? ), B(%; —?) va M(x; 0), khi dé:

AM = VJx*+x+1, BM=vx* —x+1,

suyraS=AM+BM > AB=1
Vay, ta dugc Smin = 1, dat dugc khi:
A, B, M thing hang < AM //AB = toa do clia M.

& Chu y: V6i céc em hoc sinh chua c6 kinh nghiém giai dang toan ndy thong

thuong s€ chon ngay A(—%; %), B(%; @) va M(x; 0) va van nhan
dugc Swin = 1, tuy nhién khi d6 diéu kién cho A, B, M thelmg hang sé

vo nghiém.
Doi khi dang todn nay duoc minh hoa duéi dang tri tuyét doi.
Thi du 2. Cho ba diém A(1; 2), B(0; —1) va M(t; 2t + 1). Tim diém M thudc (d)
sao cho:
a. (MA + MB) nho nhat. b. IMA — MBI 16n nhat.
L5 Gidi
a. Taco:
MA + MB = \[(t=1) + (2t —1)> + |/t +(2t+2)’

= 5 —6t+2 + /5t +8t+4

_ mJ(t_zj WL J(Hij s
5 25 5 25

Xét cac diém Al(%; —% ); Bl(—% ;%) va Mi(t; 0).

Khi do6:
MA + MB = +/5 ( M1A| + M;B)).
Vi M, chay trén truc hoanh va A;, B; nam vé€ hai phia ctia Ox nén
(MA + MB)min << (MiA1 + MiB)min << M = (A1B1)NOx
2 19

<:>M1(£;0)<:>M(—;—
15 15 15

3]2 1 ( 4)2 4
t—=| +— — | t+=| +—
5 25 5 25
Xét cic diém Az(%; %); Ba - %; %) va Ma(t; 0).

Khi d6:
IMA — MBI = /5 IM>A, — M5B,l.

b. Tuong tu cau a) ta co:

IMA — MBI = /5
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Vi M; chay trén truc hoanh va A,, B, nim vé mot phia cia Ox nén
IMA — MBlhnax << IM2A2 — MoBolmax < Mo = (A2B2)MOx < Ma(2; 0) < M(2; 5).

L
Vidu1: Cho tir giagc ABCD. Chitng minh rang:
a. Co6 mot diém O duy nhdt sao cho:
OA + OB + OC + OD = 0.
Diém O duoc goi la trong tam cua bon diém A, B, C, D. Tuy
nhién, nguoi ta van goi quen O la trong tam ciia tit gidc ABCD.

b. Trong tam O la trung diém ciia méi doan thdng noi cdc trung
diém hai canh doi cua tit gidc, né ciing la trung diém ciia doan
thdng noi trung diém hai duong chéo cia tir gidc.

c. Trong tam O nam trén cdc doan thang noi mot dinh ciia tir gidc
va trong tdm cua tam gidc tao boi ba dinh con lai.

C. CAC BAI TOAN CHON LOC 3

L5 Gidi
a. Gia st c6 diém O; thoa man:
0=0A + OB +0C +0D
=40,0 + OA + OB + OC + OD =40,0
& 00 =0<0,=0.
Vay, ton tai mot diém O duy nhat thoa man hé thic vecto da cho.
b. Goi M, N, P, Q, E, F theo thtt tv 12 trung di€ém ctia AB, BC, CD, DA, AC, BD, ta
¢6 lan luot chiing minh:
= Ola trung diém MP (doan n6i trung diém ctia hai canh AB va CD), that vay:

0=0A + OB + OC + OD =20M +20P

< OM + OP =0 <:>Olatrungd1emMP
= Ola trung diém NQ (doan n6i trung diém ctia hai canh BC va DA), that vay:

0=0A + OB+ OC + OD = 20N+20Q
< ON + OQ =0 <> O 1a trung diém NQ.

* Olatrung diém EF (doan n6i trung diém clia hai duong chéo AC va BD), that vay:
0=0A + OB +OC +0D =0A + OC + OB + OD=20E +20F
< OE + OF = 0 < Olatrung diém EF.

c. Goi G la trong tam AABC, ta c6:
0 =0OA +OB +0C + 0D =30G + 0D =-3GO +(GD —GO)
< GD =4GO = G, O, D thang hang.

Vay, trong tam O nam trén cdc doan thang néi mot dinh cua tit gidc va trong tam

clia tam giac tao bdi ba dinh con lai.
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Vidv2: Choda gidc déun canh AiAs... A, tdm O. Chitng minh rdng:
SOA = 0.
i=1

&S Gidi
Ta c6 thé lua chon mot trong hai cdch trinh bay:

Cdch 1: Goi OA = ) OA,.
i=1
Nhan xét riang khi quay da gidc mot géc bang 2n thi:
n

* Pa gidc van khong d6i, nén ZO—AT = OA.
i=1
»  Vecto OA s& bi quay theo ciing chiéu mot géc E
n

Suy ra vecto OA c6 huéng tuy y < OA = 0, dpcm.
Cdch 2: Xét hai truong hop:
Truong hop 1: Néu n = 2k.

Khi dé, véi dinh bat ky cta da gidc déu c¢6 dinh d6i xing véi né qua O = dpem.
Truong hop 2: Néun =2k — 1.

Khi d6 céc dinh A, ..,A, chia thanh hai phan d6i xting qua truc OA,, bang cich
lap téng céc cap vecto doi xiing = dpcm.

@ Nhdn xét: Nhu vay, dé ching minh OA = 0 ta c6 thé sir dung tinh chat
"Vecto khong la vecto c6 phuong huong tuy y".

Vidu 3: Cho AABC. Goi 1 la tim duong tron noi tiép tam gidc. Chitng minh
ring a.1A +b.IB +c.IC = 0.

&S Gidi
Dung hinh binh hanh AB,IC; ¢6 AB,//CC; va AC,//BB,, ta duoc:
IA =1IB, + IC,, (1)
B, CA b A
—_——— = . b .
E Cf 2 < B, =-—IB. Q) B, G,
B, T\ 1B B Ci
IC,_BA ¢
IC BC aoIC =-S1C. @3 ¢ b
. - a
IC, TV ICB

Thay (2), (3) vao (1), ta dugc:

1A :_Eﬁ_fﬁ < a.lA +b.IB +c¢.IC = ﬁ,dpcm.
a a
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Vidué: Cho cdcdiém A,B,C,D,E.

a. Tim O sao cho OA +20B +30C = 0.

b. Tim1saocho 1A + IB + IC + ID = 0.

c. TimK sao cho KA + KB + KC +3(KD + KE)= 0.
&S Gidi
a. GoiM, N, Fla trung diém AB, BC va AC, ta c6:

0=0A +20B +30C =(0A + OC)+2(0B + OC)
=20F +40N =-2FO +4(FN — FO)

< FO = % FN, suy ra diém O duoc hoan toan xéc dinh.

b. Ta c6 thé lua chon mot trong hai c4ch trinh bay:

Cdch 1: Goi P, Q 1a trung diém CD, MP, ta c6:
0=IA+IB+IC+ID=2IM+2IP =4IQ < IQ =0
< I=Q, suy ra diém I duoc hoan toan xdc dinh.

Cdch 2: Goi G la trong tam AABC, ta cé:
0=IA+IB+IC +ID=3IG + ID =-3GI +(GD - GI)

< GI = — GD, suy ra diém I duoc hoan toan xac dinh.

N

c. Tacé:
0= KA + KB + KC +3(KD + KE)=3KG +3(KD + KE)
< KG + KD + KE = 0 < K Ia trong tam ADEG.
Vidu5: Cho AABC, M la diém tuy ¥ trong mdt phdng.
a. Chiing minh rdng vecto v =3MA —5MB +2MC khong doi.
b. Tim tdp hop nhiing diém M thod man:
I3MA +2MB —2MCI|=IMB - MC|.
&5 Gidi
a. Taco:
v =3MA —5MB +2MC =3(MA — MB) +2(MC — MB)
=3BA + 2BC, khong déi.
b. Goi I la diém thoa man hé thitc
31A +2IB —2IC = 0 = tén tai duy nhét diém 1.
Ta dugc:
3MA +2MB —-2MC =3 +2-2)MI =3MI. (1)
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Mat khéc, ta ciing c6:

MB — MC = CB. (2)
Thay (1), (2) vao hé thic cua cau b), ta dugc:

3IMII =ICBl < MI = %BC

< M thuoc dudng tron tam I, ban kinh bang %BC.

Vidu6: Cho AABC. Ldy cdc diém A e BC, Bie AC, Cie AB sao cho
AA, + BB, + CC, = 0.
Chiing minh rang hai tam gidc ABC va AiB,C; ¢é cung trong tam.
&S Gidi
Goi G, G; theo tht tu 1a trong tam cac tam gidc ABC, AB,Cy, ta c6:
GA + GB + GC = 0.
GA, +GB, +GC, =0.
Mat khdc tir gia thiét, ta co:
0 = AA, + BB, + CC,

=(AG + GG, + G,A,)+(BG + GG, + G,B,) +(CG + GG, + G,C,)

=—(GA + GB + GC)+(G,A, + GB, + G,C,) +3GG, =3GG,
& GG, =0 ©G=G..

Vidu?2: Cho AABC, diém M trong mdt phdng thod man:

MN = MA + MB + MC.

a. Chitng minh rang MN [uén di qua trong tam G ciia AABC khi M thay doi.

b. Goi P la trung diém ciia CN. Chiing minh rang MP luén di qua mot diém
c6'dinh khi M thay doi.

&5 Gidi
a. Vi G latrong tam AABC ta luon c6:
GA + GB + GC = 0.
Tir gia thiét ta nhan duoc:
MN = MA + MB + MC =3MG.
Vay MN luon di qua trong tam G ctia AABC khi M thay dai.
b. ViPlatrung diém ctia CN nén:
W:%(M—C+M—N):%(M—C+M—A+W+M—C)

_%<m + MB +2MC)
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Goi J 12 diém thoa man:
JA+JB+2JC=0< JA +(JA + AB)+2(JA + AC)=0
©4AT = AB +2AC & Al =  AB + - AC
= ton tai duy nhat diém J c6 dinh.

Tu doé:

MP = %(M—A + MB +2M—C):%(1+1+2)W =2MJ.

Vay MP luon di qua mot diém 6 dinh J khi M thay doi.

Vidu8: Cho AABC. Ldy cdc diém A,eBC, BieAC, C,eAB sao cho:
AA, + BB, + CC, = 0.

. _CB, _ AC,
BC CA AB’
b. Xdc dinh vi tri ciia A, B, Ci dé’ AA,, BB, va CC, dong quy.

a. Chitng minh rdng

&S Gidi
a. Dat: A
BA, =aBC, CB, =BCA, AC, =yAB
Khl(}O: - C, B,
0 = AA, + BB, + CC,
=(AB + BA, )+ (BC + CB, ) + (CA + AC,) B C
—(AB + BC + CA)+ (BA, + CB, + AC)) Al
=aBC +BCA +VAB. (*)
Vi AB + BC + CA = 0 nén (*) chi ding khi va chi khi:
a=p=y< BA _CB AC‘,dpcm.
BC CA AB

b. Ban doc tu gidi.
Vidu9: Cho AABC. Ldy cdc diém M, N, P sao cho:
MB —-3MC = 0, AN =3NC, PA + PB = 0.
Tinh MP, MN theo AB va AC . Suy ra M, N, P thdng hang.

&5 Gidi
Ta co:
MP = AP-AM, (1)
MN = AN-AP, 2)

Ta di tinh AP, AM, AN theo AB va AC, cu thé tir gi4 thiét:
MB -3MC = 0 < (AB-AM) —3(AC—AM) = 0

< AM = —%E%A—c. (3)
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33—

AN =3NC < AN = ZAc 4)
ﬂ+ﬁ3:a@ﬁ=%ﬁ. )
Thay (3), (4), (5) vao (1) va (2) ta duoc:
MP = LAB + L AB->AC= AB->AC. 6)
2 2 2 2
MN = SAC — LAB. (7)
4 2

Tir (6) va (7) ta nhan thily MP = -2MN < M, N, P thing hang.
Vidu 10: Cho AABC, c¢6 cdc canh a, b, c. Goi Ay, By, C, theo thit tu la chdn cdc
duong phdn gidc trong ke tir A, B, C.
a. Tinh AA, theo AB va AC.
b. Chiing minh rdang AABC la tam gidc déu néu AA, + BB, + CC, = 0.
&S Gidi

a. Taco:
c BA BA, AA, - AB

BA, — — 1 — —

C
AC b ~b+c BA+AC BC AC-AB

o AA. - AB = AB + —° AC.
+c b+c b+c
b. Tuong tu cau a), ta duoc:
BB = - BC+-> BA=-°BC- - AB,
c+a c+a c+a c+a
oC =—° CA+-> CB=-——°"_AC- -2 BC.
a+b a+b a+b a+b
Tu do:
0 = AA, + BB, + CC,
=( b __a )AB + (— )BC
b+c c+a b+c a+b c+a a+b
b
=( - )(AC )BC
b+c c+a b+ c+a a+b
= b _a 4 c )A iy b o a ¢ N )BC
b+c c+a b+c a+b b+c c¢+a c+a a+b

Vi AC va BC la hai vecto khong cling phuong, nén dang thic trén diing khi va
chi khi:

b . a N c ¢ =0
b+c c+a b+c a+b < a=b=c<«< AABC déu.
b _a ¢ " b =0

b+c c+a c+a a+b
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Vidu 11: Cho AABC, biét A(—1; —1), B(2; 4), C(6; 1). Ldy cdc diém M, N, P trén
cdc duong thing AB, CA, BC sao cho cdc diém dé lan luot chia cdc

2 A 2 A 1
doan thang theo cdc ti s0 —1, 3 2.

a. Xdc dinh toa do cua M, N, P.

b. Chiing té rdng M, N, P thdng hang.
&S Gidi
a. Taco:

*  M(x; y) chia doan AB theo ti s6 —1 <> M 1a trung di€ém AB <> M(%; %).

* N(x; y) chia doan CA theo ti s6

N | =

@VC:—%W@2(6—x;1—y):—(—1—x;—1—y>
2(6—-x)=1 =11/3

& 6=x) +X<:> X @N(E;l).
20-y)=1+y y=1/3 3°3

* P(x; y) chia doan BC theo ti s6 2 <> C Ia trung diém BP <> P(10; —2).
b. Tacé:
— 19 7 — 19 7 T . .
MP(?;—E)&NP(?;—E):MP//NP@M,N,Pthanghang.

Vidu 12: Cho AABC, biét A(1; -3), B(3; -5), C(2; =2). Tim toa do:
a. Giao diém E cuia BC vdi phdn gidc trong ciia géc A.
b. Giao diém F ciia BC véi phdn gidc ngoai ciia géc A.

&S Gidi
Ta cé:
2 by 2 AC
AB =4+4=8vaAC=1+2:2:>k=E=2. A
a. Gia st E(x; y), theo tinh chat phan gidc trong, ta dugc:
% - 2 ECQ-x-2-y)=—2EBG-x-5-y)

F B E C
2-x=-2(03- =4/3

X (3-x) & X <:>E(i;—4).

2-y=-2(-5-y) 3

b. Gia str F(x; y), theo tinh chit phan giac ngoai, ta dugc:

y=—4

% — 2o FCQ-x—2—y)=2FBB-x; -5—7y)
2-x=2(3-x) x=4

& Rt < F(4; -8).
—2-y=2(-5-y) y=-8
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Vidu 13: Cho AABC vuéng tai A, biét A(a; 0), B(1; 0), C(a; a3 —+/3). Xdc dinh
toa do trong tam G cua AABC, biét rang ban kinh duong tron noi tiép

AABC bdng 2.
&5 Gidi
.~ 2a+1 a-1 e A
Ta c6 G(T ; ——=). V61 nhan xét:

NG
Saanc = %AB.AC = pr < AB.AC = 2(AB + AC + BC)

o Bla—1lla—11=2(a—11+ 3la—11+2la— 1)

~3+23
ola-11=2+2B | 2777 V3 .
a=—-1-23

Ta lan luot:
" V6i a=3+2+/3, ta duoc: G(

7+43 2423 )
37 37
—1-4J3 —2-23
37 B
Vay ton tai hai diém G thoa man diéu kién dau bai.
Vidu 14: Cho diém M(4; 1), hai diém A(a; 0), B(0; b) vdi a, b > 0 sao cho A, B,
M thdng hang. Xdc dinh toa dé ciia A, B sao cho:
a. Dién tich AOAB nhd nhdt.  b. OA + OB nhd nhat.
L,
OA’ OB’
&5 Gidi
Vi A, B, M thing hang
4-—a 1 4
b al
a. Ta co, dién tich AOAB dugc cho boi:

S= lOA.OBz é.
2 2

).

" V6i a= —1-24/3, ta duge: G(

nho nhdt.

=1. (1)

< AM//AB < %

Twr (1) suy ra
=4 s A1 4 o s i6e s
a b ab Jab
Vay Swin = 8, dat dugc khi:
4 1 1 a=8 A(8;0)
& =
b=2

a b 2 B(0:2)’
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b. Tu (1), ta duoc :

a:b4—b:>diéukiénb>1.
Khi dé:
0A+OB= 22 4b=—% b4zt 4p_14522 /—(b 1) +5=9.
b—1 b=l b1 b
Vay (OA + OB)min = 9, dat duoc khi:
—6  [A(6:0
i:b—1:2c> =y (’).
0 b=3  |B(0:3)
c. Taco:
I L1
+ _—2+—

OA> OB> a’> b’
Nhan xét rang:

1 1 4 1 1
P+1)(—+—)2(—+-)P=1=>— +

( )(az bz) (a b) =
1

Vay, + — IMin = L dat duoc khi:
OB 17
i+l=1 azl—7 A(1—7;0)
a b = 4 = 477,
4a=b b=17 B(0;17)

Vidu 15: Tim gid tri nho nhdt cia biéu thiic:

L

17

S= \/X2+y2+2x—4y+5 + \/szry2

&5 Gidi
Viét lai biéu thic dudi dang:
S= J(x+12 +(y=2) + J(x=3) +(y-2) .

Xét cdc diém A( - 1; 2), B(3; 2) va M(x; y), khi d6:

—-6x—-4y+13.

AM = J(x +1)> +(y=2)* ,BM = [(x=3)* +(y-2)* ,

suy ra:
S=AM+BM>AB=4
Vay, ta dugc Smin = 4, dat dugc khi:

A, B, M thing hang < AM //AB < XTH

va khi do:

S=Ix+1l+Ix=-3l=Ix+11+13-xI>2Ix+1+3-xI

dau “ =" xay ra khi
x+1DB-x)>0c-1<x<3.

Vay, ta dugc Suin = 4, dat dugc khi —1<x<3vay=2.
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