CHUONG 5 — DAO HAM

é‘ KIEN THUC CAN NHO §%§
I. KHAINIEM DAO HAM

1. MO PAU

Nhiéu bai todn ctia todn hoc, vat i, hod hoc, sinh hoc, ki thuat ... ddi hoi phai tim
giGi han dang:

i F00 = £(xy)
X=X0 X —Xp
trong do f(x) la mot ham s6 da cho cua doi so x.
Qua Dai s6 va Giai tich 11, ta da biét dinh nghia va ki hiéu ctia s6 gia doi s6 va s
gia tuong Gng cua ham so:
= SO gia d6i s6 la Ax = X — Xo.
= S0 gia tuong tng cua ham s6 1a Ay = f(x) — f(xo).
Ta s& dung kh4i niém va ki hiéu d6 dé viét cdc gidi han trén:
lim 1O =) _ oy AY

X=X X—X, Ax—>0 AX

2. PINH NGHIA PAO HAM

Cho ham s0 y = f(x), xac dinh trén (a, b) va xo € (a, b).
Gidi han, néu cé, cuia ti s6 giita so gia cua ham so va s6 gia cua doi so'tai Xo, khi
s0' gia doi so'ddn t6i 0, duoc goi la dao ham ciia ham s6'y = {(X) tai diém Xo.

Pao ham cua ham s6 y = f(x) tai xo duoc ki hiéu 1a y'(xo) hoac f'(xo):

Fixo) = lim 10~
X=>Xo X=X
ey = i AY
hodc y'(xo) = Al;TO A

3. PAO HAM MOT BEN
a. BPao ham bén trdi ciia ham s6'y = {(x) tai diém xo, ki hiéu la £'(xy ), dugc dinh
nghia la:
A _
£'(xg) = lim 2 = fim 1 =00)

Ax—0~ AX X—X( X—Xp

trong d6 x — x; dugc hiéu la x — X, va nho hon xo.
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b. Dao ham bén phdi ciia ham s6'y = f(x) tai diém xo, ki hiéu la £ '(x{)), duoc
dinh nghia la:
A f(x)—f
£'(x5)= lim =% = lim ) —1(x0)
Ax—0t AX x%xg X—Xp
trong d6 x — x{ dugc hiéu la x — xo va 16n hon xo.
Dinh li: Ham 56’y = {(x) ¢6 dao ham tai diém xo thudc tdp xdc dinh ciia né, néu va
chi néu f'(xy) va f'(x{y) ton tai va bang nhau.
Khi do, ta co:
fi(xo) = '(x5) = '(x5).
4. PAO HAM TREN MOT KHOANG
Dinh nghia:
a. Ham s6'y = f(x) duoc goi la c6 dao ham trén khodng (a, b) néu né cé dao
ham tai moi diém trén khodng do.
b. Ham s0'y =1(x) duoc goi la c6 dao ham trén doan [a, b] néu né cé dao ham trén
khodng (a, b) va cé dao ham bén phdi tai a, dao ham bén trdi tai b.

Quy woc: Tu nay khi ta néi ham s6 y =f(x) ¢6 dao ham, ma khong néi rd trén
khoang nao, thi di€éu d6 c6 nghia 1a dao ham t6n tai véi moi gia tri thuoc tap xéac dinh
ctia ham sé da cho.

5. QUAN HE GIUA SU TON TAI CUA PAO HAM VA TiNH LIEN TUC CUA HAM SO
Dinh li: Néu ham s6'y = {(x) ¢6 dao ham tai diém X thi né lién tuc tai diém dé.
& Cha y:
1. Dao lai khong diing, nghia 1a mot ham sé'lién tuc tai diém xo c6 thé khong cé dao
ham tai diém dé. Dé minh hoa ta xét ham s6 :
y =f(x) = ||
tai di€ém xo = 0, ta cé:
f(0) =0va lim f(x) = lim [x| =0.
x—0 x—0
Vay, ham s6 da cho lién tuc tai diém xo = 0.
Mat khac, ta ¢6 :

Ay =10+ A%) ~ f(0) = |ax] = 2 = 12 z{ 1 khi Ax >0
X

Ax ~1 khi Ax <0~
Do do6
. A N . A . A R R .
lim =Y =1vd lim =Y =-1= lim -2 khong ton tai
Ax—0* AX Ax—0~ AX Ax—0 AX

= ham s6 y = |x| khong c6 dao ham tai xo = 0.
2. Nhu vay, ham s6 khong lién tuc tai xo thi khong c6 dao ham tai diém do.
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6. Y NGHIA CUA PAO HAM
61 Y nghia hinh hoc
a. Tiép tuyén ciia duong cong phdng: Cho dudng cong phang (C) v mot diém co
dinh M, trén (C), M 1a di€ém di dong trén (C). Khi d6 MoM 12 mot cat tuyén
Dinh nghia: Néu cdt tuyén MM c6 vi tri gioi <
han MoT khi diém M di chuyén trén (C) va ddn
161 diém My thi duong thang MoT duoc goi la tiép T
tuyén ciia duong cong (C) tai diém Mo. Diém My Mo
dugc goi la tiép diém.
Sau day ta khong xét truong hop ti€p tuyén song song hoac trung véi Oy.
b. Y nghia hinh hoc ciia dao ham: Cho ham s6 y = f(x) x4c dinh trén khoang (a,
b) va cé dao ham tai xo € (a, b), goi (C) la d6 thi ham s6 do6.

y 4 (@)
f(xo + AX) M
f(x0) Mo
AX
f_% _
O Xo Xo+ AX X

Dinh li 1: Pao ham ciia ham so £(x) tai diém xo la hé s6 géc cuia tiép tuyén
MoT ciia (C) tai diém Mo(Xo, f(X0)).

c. Phuong trinh cia tiép tuyén:
Dinh li 2: Phuong trinh tiép tuyén ciia do thi (C) cuia ham s6'y = {(X) tai diém
Mo(xo, f(X0)) la:
y = Yo= fXo)(X = Xo)
62. Y nghia vat li
a. Vdn toc titc thoi: Xét chuyén dong thiang xac dinh bdi phuong trinh:
s = f(t), v6i f(t) 1a ham s6 c¢6 dao ham.
Khi dé, van toc titc thoi cuia chdt diém tai thoi diém to la dao ham ctia ham sé
s = f(t) tai to.
v(to) = s'(to) = f'(to).
b. Cuong do tiic thoi: Dién luong Q truyén trong day dan xéc dinh bdi phuong trinh:
Q =1(t), v6i f(t) 1a ham s6 c¢6 dao ham.

Khi dé, cuong doé titc thoi ciia dong dién tai thoi diém to la dao ham ciia ham
56 Q = 1(t) tai to.

I(to) = Q'(to) = f'(to).
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II. CAC QUY TAC TINH DAO HAM
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BANG TOM TAT

uU+v—-w)=u+v -w
(ku)' = ku', k 12 hang s6

(wv) =u'v+uv.

u) _u'v-uv' 1 V'
2| = : i
v v? v v?

y'x = y'u.ll'x.

BANG CAC PAO HAM

Pao ham cua cac ham s6 so
cap co ban

Pao ham cua cac ham s6 hop

(u =u(x))

(x*)'=o. x*!

g

L1
(&)—2&

(C)' =0 (Cla hang s6)

(u*' =o.u'.u*"!

" u'
<\/E)—2\/E

(ku)' =k.u'

(sinx)' = cosx

(sinu)' =u'.cosu

(cosx)' = — sinx (cosu)' = —u'.sinu
(tanx)' = =1 + tan’x (tanu) = —— =u".(1 + tan’v)
COS X COS u
' 1 2 ' u' ' 2
(cotx)' = ————=—(l+cot’x) | (cotu) =———— =—u'(l +cot'u)
Sin- X sSin - u
1 o
(Infx])'= — (Inju)' = —
X u
\ 1 o
(logix[)' = —— (loga|uf)' = ——
xIna ulna
(e)'= e (e¥) = u'.e"

(a*)' = a*.lna

(a%)' = u'.a%lna

lim 2 — . 1im(1+1] —e;

x—=0 X X—>00 X

1
lim(1+x)* =e.
x—0




IV. VIPHAN
1. PINH NGHIA

Cho ham s6'y = f(x) xdc dinh trén khodng (a, b) va c6 dao ham tai x € (a, b). Cho s¢
gia AX tai X sao cho X + Ax € (a, b).

Ta goi tich f'(x)Ax (hoac y'Ax) la vi phdn ciia ham s6'y = f(X) tai x ting vdi s6 gia
Ax va ky hiéu la dy hodc df(x).

Nhu vay, tacé :

dy = y'Ax, (D
hoac df(x) = f'(x) Ax. (1"
Ap dung dinh nghia trén va ham s6 y = x, ta duoc:
dx = (x)'Ax = 1.AX = AX. 2)
Vay, ta co:
dy = y'dx (3)
hoac df(x) = f'(x)dx. 3"

2. UNG DUNG CUA VI PHAN VAO PHEP TiNH GAN PUNG

Theo dinh nghia dao ham ta c6:
Fxo) = lim 2
Ax—>0 AX

Do d6, véi | Ax | dii nho thi :

f'(Xo) = % & Ay = f'(x0)Ax < f(Xo + AX) — f(X0) = f'(X0)Ax

X
& f(xo + AX) = f(X0) + f'(X0)AX
D6 1a cong thic tinh gan ding don gian nhat.

V. DAO HAM CAP CAO
1. PINH NGHIA

Gia sir ham s6 y = f(x) ¢6 dao ham f'(x).

Pao ham ctia ham s6 f '(x), néu c6, dugc goi la dao ham cdp hai ctia ham s6 f(x),
ki hiéu la y" hay f "(x).

Tuong tu, dao ham ctia ham s6 f "(x), néu c6, duoc goi 1a dao ham cdp ba cua
ham s06 f(x), ki hiéu l1a y" hay f "'(x).
Dao ham cua ham s6 f "'(x), néu c6, dugc goi 1a dao ham cdp bon cua ham s6
f(x), ki hiéu 12 y"" hay f(x)...

Téng quét, dao ham ciia dao ham cdp (n — 1) dugc goi la dao ham cdp n ciia ham
56’y =1(x), ki hiéu la y™ hay ™ (x).

Vay, ta c6:
fO(x) =[f"Dx)],véin e Z,n>2.
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2. YNGHIA CO HOC CUA PAO HAM CAP HAI
Xét chuyén dong thang x4c dinh bdi phuong trinh:
s = f(t), v6i f(t) 1a ham s6 c¢6 dao ham.

Khi dé, gia toc tic thoi cua chuyén dong tai thoi diém t la dao ham cdp hai ciia
ham so's = (t) tai t.

v(® =1£7(1).

B PHUGONG PHAP GIAI CAC DANG TOAN LIEN QUAN
®

§ 1. DPAO HAM
Dang toin 1: Tinh dao ham cta ham s6 tai mot diém — dang 1

Phuong phdp ap dung
Cho ham so:
y = f(x).

Pé tinh dao ham cta ham s6 tai diém xo, ta xdc dinh:

f(xo) = lim 10 =IX0)

X—)XO X—XO

Thi du 1. Tim 56 gia ciia ham s6'y = x* — 1 tai diém xo = 1 iing vdi s6 gia Ax, biét:
a. Ax=1. b. Ax=-0,1.
&S Gidi
Ta c6:

Ay = f(xo + Ax) — f(Xo).
a. Voixo=1; Ax =1 thi:
f(xo) =1f(1) =0, fxo+ Ax)=1(1+1)=1(2) =3,
tue d6 suy ra:
Ay =1(xo + Ax) — f(x0) =3 -0=3.
b. VéGixe=1; Ax =-0,1 thi:
Ay = f(xo + AX) — f(xo) = f(1 —0,1) — f(1) = 0,9 — 1 =-0,19.

Thi du 2. Dung dinh nghia, tinh dao ham ciia méi ham so'tai diém Xo:
a. y=2x+1taixo=2.
b. y=x*+xtaixo=1.
&5 Gidi
a. Ta c6 thé trinh bay theo hai cdch sau:
Cdch 1: Ta cé:
y'(2) = lim f(x)—f(2) — lim 2x+1-5 _

x=2 X-=2 x—2 X—=2

2.
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Cdch 2: Ta lan luot co6:
Ay = f(xo + AX) — f(x0) =2 + Ax) — f(2) = [2(2 + AX) + 1] = 5 = 2Ax,

y'(2)= lim ﬂ = lim (2Ax)=2.
Ax—0 AX Ax—0

b. Ta c6 thé trinh bay theo hai cdch sau:
Cdch 1: Ta cé:
fx)-f1) . x*+x-2

y(1)=lim————= = lim—— = lim(x +2) =3.
x=»1  x-—1 x>l x—1 x—1

Cdch 2: Ta lan luot c6:
Ay = f(xo + AX) — f(x0) =f(1 + Ax) — f(1) = [(1 + AX)? + (I + AX)] - 2
= (AX)* + 3Ax,
y'(1)= lim Ay _ lim (Ax +3)=3.
Ax—>0 AX  Ax—0
& Nhdn xét: Nhu vay, viéc tim dao ham béng dinh nghia lién quan mat thiét véi
bai toan tinh gidi han ctia ham s6. Do do, cac em hoc sinh can on lai
cac phudng phdp tinh gidi han cuing véi cac dang giGi han co ban.
Thi dy 3. Dung dinh nghia, tinh dao ham ctia ham so-

a y= X+1 tai diemxo=0. b, y=2x+7 taidiémx,= 1.
X_
&S Gidi
a. Taco:
LH+1
y'(0) = ﬁmw — limX=1_ _ |im =-2.
x>0 x-0 x—0 X x=>0x —1
b. Ta cé:
. . f(x)—-1f() . AN2x+7-3 . 2x+7-9
y'(1)=lim————= = lim——— = lim
-l x—1 x>l x—1 x>0 (x —1)(W2x +7 +3)

2
= lim——— .
x>l \2x +7 +3 3

Dang toin 2: Tinh dao ham ctia ham s6 tai mot diém — dang 2
Phuong phdp dap dung
Cho ham so:
f(x) = £, (x) khi. X # X .
f,(x) khi x = x,
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D€ tinh dao ham ctia ham s0 tai diém xo, ta xdc dinh:
fi(xo) = lim 10T _ pp fiOO=6H%0)
X=X0 X—Xp X—X( X =X,
Thidy 1. Cho ham so:
sin” x .
fx)=1 x khi x #0 tai x0 = 0.

0 khi x =0
a. Chitng minh rang £(x) lién tuc tai x = 0.
b. Tinh dao ham, néu cé, ciia f(x) tai diém x = 0.
&5 Gidi

a. Nhan xét ham s6 f(x) lién tuc tai xo = 0, boi:

. 2 .
lim f(x) = lim SIn X lim SIX Sinx) = 0 = £(0).
b. Tacé:
— 1 2
£(0) = -0 _ . sinx _ 1.
x—0 X — x—0 X
Thi du 2. Duing dinh nghia, tinh dao ham cua ham so:
5 1 .
f(x) = X cos X X tai diém xo = 0.
0 khix=0
&S Gidi
Ham s6 f(x) xac dinh trong mot 1an can cua xo = 0.
Ta cé:
f'0)= limM = limx. cosl.
x»0 x—=0 x—0 X
Ta c6:

*  Véi moi x # 0 thudc 1an can cta diém 0 ludn cé:
|x.c0sl| <xle - X < x.cos 1 < X].
X X
= Mat khac lim (- [x|) = lim [x| = 0.
x—0 x—0
Suy ra:

limx.cosl =0=f'0)= 0.
x—0 X
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Dang toin 3: Tinh dao ham cua ham s6 tai mot diém — dang 3
Phuong phap ap dung
Cho ham s6:
f(x) = £, (x) khi' X < X, .
f,(x) khi x > x,
Tinh dao ham hoidc x4c dinh gia tri clia tham s6 dé ham s6 c6 dao ham tai
diém x,, ta thuc hién theo céc budc sau:
Budc 1:  Xét tinh lién tuc clia ham so tai diém x,.
Bucc 2:  (DPao ham bén trdi) Tinh:
f'(xp) = lim 100 = 1(xo) .
X—=X( X = XO
Budc 3:  (Dao ham bén phai) Tinh:
£1(xg) = fim {7 0),
x%xg X = XO
Budc 4:  DPanh gia hoac giai f'( xp ) = f'(x{), tit d6 dua ra 1oi két luan.
Thi du 1. Chiitng minh rdng ham so:

f(x) = {(x—l)2 néu x>0

- X néu x <0

khong cé dao ham tai diém x = 0 nhung cé dao ham tai diém x = 2.

&S Gidi

a. Tai diém x = 0, ta thay:
lim f(x) = lim (x-1)*=1, lim f(x) = lim (-x?) =0,
x—0" x—0" x—0~ x—0"

suy ra:

lim f(x) # lim f(x) = Ham s6 gian doan tai x = 0
x—=0" x—0"

= Ham s6 khong ¢6 dao ham tai diém x = 0.
b. Tai diém x = 2, ta c6:

) -f2) . x=D>-1 . x(x=2)
Iim——= = lim———— = lim = limx =2
=2 X-=2 x—2 X -2 x—2 X-—=2 x—2
tuc 1a f'(2) = 2.
Thi du 2. (Dé - 111): Dung dinh nghia tinh dao ham cua ham sé f(x) = " T ‘
’ +]x

tai diém xo = 0.

&5 Gidi
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Viét lai ham s6 dudi dang:
X

f(x) = 1+x '
X .
—— khix<0
1-x
Ham s6 f(x) xac dinh trong mot 1an can cua xo = 0. Ta c6:
*  Dao ham bén trdi cha ham s6 tai diém xo = 0.

khi x>0

X
£0-) = tim L1 O=fO _ g Iox _ o Lo
=00 x—=0 =0 X x50 =X
*  Dao ham bén phdi chia ham s6 tai diém x, = 0.
X
x—0* x—0 x>0 X x50 14 x

Nhan xétrang f'(0~) =f(0*) = 1.
Vay, ham s6 y = f(x) c6 dao ham tai diém xo =0 va f'(0) = 1.

& Cha y: Ching ta c6 thé tinh mot cach truc tiép, nhu sau:

X
£(0) = 1im =@ _ iy XL -
x—0 x—0 x—0 X x—0 1+| X |
. , . s . . x> =2|x+3]| .
Thi dy 3. (DHHH — 1997): Chiing minh rang ham sé'y = Tl lién tuc
X p—
tai x = =3 nhiing khong cé dao ham tai diém dy.
&S Gidi
Viét lai ham s6 dudi dang:
2 J— a—
X B0 i 3<xsa
=1 | 3x2—1 6 3
XE2XTD khix<-3
3x -1
2 f—
Tacé: lim f(x) = lim = —21XF31 9 _ g 3
x—-3 x—-3 3x —1 10
Do d6 ham s6 lién tuc tai x = —3.

Mat khéc:
*  Dao ham bén trdi cha ham s6 tai diém xo = —3.

f(-37)= lim fx)-1(=3) _ 13
x—>-3 X+3 100
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*  Dao ham bén phdi clia hAm s6 tai diém xo = —3.
F(-3*) = fim 10 =fE3) _ 33
x—>-3" x+3 100
Nhan xét rang f'(-37) = f'(-3*).
Vay, ham s6 khong c6 dao ham tai x = 3.
Thi dy 4. Cho ham so:
2 . <
f(x) = X khlx_l.
ax+b khix>1

Tim a, b dé f(x) cé dao ham tai diém x = 1.

&S Gidi
Dé ham s6 f(x) c6 dao ham tai diém x = 1, trudc hét f(x) phai lién tuc tai x = 1, do d6:
lim f(x) = lim fx)=f(l)<>a+b=1<b=1-a. 1)
x—1" x—>1t

*  Dao ham bén trdi cuia ham s0 y = f(x) tai diém x = 1:
— 2 —
(1) = tim IO 2Ly

=1~ x—1 xol” x—1

*  Dao ham bén phdi ciia ham s6 y = f(x) tai diém x = 1:

£'(1%) = lim w: lim ax+b-1 = lim ax+l-a-1 =a.
xo1t x—1 1t x—1 x1t x—1
Ham s6 y = f(x) c¢6 dao ham tai diém x = 1
sSf'(l)=f'(1")<a=2. 2)

Thay (2) vao (1), tadugc b= — 1.
Vay, ham s6 ¢6 dao ham tai diém x = 1, néu vichinfua=2,b=— 1.
Thi du 5. Cho ham so"
f(x) = pcosx +qgsinx kh.iXSO.
px+q+1 khix >0

Chiing to rdng vdi moi cdch chon p, q ham f(x) khong thé ¢é dao ham
tai diém x = 0.

&S Gidi
Dé ham s6 f(x) c6 dao ham tai diém x = 0 = f(x) phai lién tuc tai diém x = 0, do do:
lim f(x)= Ilim fx)=f0)<p=q+1<q=p-1. (1)
x—0" x—0*

Khi d6, ham s6 f(x) c6 dang:
pcosx +(p—1)sinx khix <0
f(x) = .
pX+p khi x >0
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*  Dao ham bén trdi chia ham s6 tai diém x, = 0:
f(x)—1(0) pcosx+(p—Dsinx—p

f'(07) = lim = lim
x—=0~ x—=0 X0~ X
(p—1sinx —p(1 —cosx) (p-Dsinx 2pxsin’ %
= lim = lim _ .

x—0" X 0" X N

4 =

g
=p-1.
*  Dao ham bén phdi ctia ham s tai diém xo = 0:
f(x)-f _
£0%) = tim 2OZIO ) PXFPIP oy oo,
x—0" x—=0 x—0" X e

Ham s6 y = f(x) c6 dao ham tai diém x = 0, néu va chi néu:
f'0)=f'0*)<p= p—1vodnghiém.
Vay, v6i moi cdch chon p, g ham f(x) khong thé c6 dao ham tai diém x = 0.

Dang toin 4: Tinh dao ham ciua ham s6 trén mot khoang

Phuong phap ap dung
Dé tinh dao ham ctia ham so:

y =f(x)
trén khoang (a, b), bang dinh nghia, ta thuc hién theo cac budc sau:

Buoc 1: Tinh Ay = f(x + Ax) — f(x).

Lap ti s ﬂ.
AX
A
Buéc2: Tim lim =Y.
Ax—0 AX

& Cha y:
1. Can luu y ring trong cdc phép tinh nay, diém x coi nhu ¢d dinh con Ax thi tién
t6i 0.
2. Néu khoang (a; b) bang doan [a; b], ta thuc hién theo cic budc sau:
Budc 1:  Tinh dao ham ciia ham s6 y = f(x) trong khoang (a; b)
Buéc 2:  Tinh dao ham bén phdi cha ham s6 y = f(x) tai diém a.
Buéc 3:  Tinh dao ham bén trdi ciia ham s6 y = f(x) tai diém b.

Thi du 1. Dung dinh nghia, tinh dao ham ciia méi ham s6 sau tai diém x, (a la
hdng so):
1
a. y=ax +3. b. y=5ax2.
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&5 Gidi

a. Taco:
f(x)—f — -2
Yxo) = lim SO TI®0) o axEImao =2
X—>X( X —Xp X—>X( X—Xp X—X(
b. Tacé:
1 > 2
f(x) — £ —ax” — —axg
y'(Xo) = lim 160 = 1xo) = lim 2 = lim —a(x+Xxg)
x=Xxg X=X X=X X —Xp x—=xo 2
= axo.
Thi du 2. Dung dinh nghia tinh dao ham ciia méi ham sé sau:
. 1 Y.
a. y= voi X # —. b. y=+3-x vb6ix<3.
2x -1 2
&S Gidi
a. Taco:
1 B 1
A — _
y' = lim ay _ lim 2x+Ax)—-1 2x-1
Ax—0 AX Ax—0 AX
. -2 2
= lim =- .
ax>0 [2(x +AX) —1]2x=1)  (@2x —1)2
b. Ta cé:
A - 3=
y=tim Y = lim J3-(x+Ax) —4/3-x
Ax—0 AX Ax—0 AX
= — lim ! -1
o0 3-(x+Ax) +43-x  243-x
Thi du 3. Duing dinh nghia tinh dao ham cua ham s6 f(x) = cos2x.
&5 Gidi

Cho x mot sO gia Ax, ta co:
Ay =f(x + Ax) — f(x) = cos2(x + Ax) — cos2x
N ﬂ _ Cos2(x +Ax)—cos2x B 2sin(2x + Ax).sin Ax

AX AX AX
Do dé:
A i .
lim =Y = lim [—25in(2x +AX). SmAx} = — 2sin2x.
Ax—>0 AX Ax—0 X

Vay, ta dugc f '(x) = — 2sin2x.
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Thi dv 4. Cho ham so-
, . 1 .
x“sin— khix #0
f(X) = X .
0 khi x =0
a. Tinh dao ham cua f tai moi xe R.
b. Chiing t6 rang dao ham ' khong lién tuc tai xo = 0.
&S Gidi
a. Ta xét hai truong hop:
= Véix#0,tacof'(x)= 2xsinl - cosl .
X X
= Vé6ix=0,taco:
f'0)= limw = lim x.sinl.
x>0 x-—0 x—0 X
Ta c6:
- V6imoi x # 0 thuoc 1an can ctia diém 0 luon c6:

ixsin—- | < [x| < — [x| < xsin+ < |x].
X X
- Matkhdc lim (~ |x)) = fim|x| =0.
Suy ra:
limx.sinl =0=f0)= 0.
X

x—0
Vay, ta dugc:
1 1
2xsin——cos— khix =0
f '(X) = X X .
0 khix=0

b. Ching té rang dao ham f' khong lién tuc tai x = 0.
biat gx) = 2x.sinl - cosl .
X X

Chon hai day s6 {xn} va {ya} Vv6i:

1 . N
" Xp= — = X,—> 0 khi n—> o va ta duoc:

2nm
1 1 n—oo
g(Xn) = 2Xp.8iIn— —cos— ———— — 1.
Xn Xn
"oy = = ya—> 0 khi n— oo va ta dugc:
T+ 2nm

n—o0 1.

f(yn) = 2yn.sinL - cosL
Yn Yn
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Tic lina g(x) khong ton tai. Suy ra:

f'(x) khong c6 gi6i han khi x—0 = { ' khong lién tuc tai xo = 0.

Dang toan 5: Sit dung y nghia hinh hoc ctia dao ham
Phuong phap ap dung
St dung cac két qua:

1. Hé s6 gbc k cua cat tuyén MN véi duong cong (C): y = f(x), bi€t M, N theo
thit tu ¢6 hoanh do 1a xu, X, dugc cho boi:

Lo AY )~y

Ax Xy — Xy

2. Phuong trinh tiép tuyén cia do thi (C) ciia ham so'y = {(x) tai diém
Mo(Xo, f(Xo)) ld

(d):y = Yo =y'(Xo)(X = Xo).

Thidu 1. Cho Parabol y = x* va hai diém AQ2; 4) va B2 + Ax; 4 + Ay) trén
Parabol dé.
a. Tinh hé so goéc cua cat tuyén AB biét Ax ldn luor bang 1; 0,1 va
0,01.

b. Tinh hé sé géc ciia tiép tuyén ciia Parabol dd cho tai diém A.
&5 Gidi
a. Goi k 1a hé s6 goc cta cat tuyén AB véGi duong cong (C), ta cé ngay:
K = Ay _ fxp)-fxp) _ 2-(4+Ay) — 4+ Ax,
Ax XA —Xp 2-2-Ax
Khi dé:
* V6iAx=1,tadugck=4+1=5.
= Vé6iAx=0,l,tadugck =4 + 0,1 =4,1.
= V6i Ax=001,tadugck =4 + 0,01 =4,01.
b. Heé s6 gbc cua ti€p tuyén cia Parabol da cho tai diém A dugc cho boi:

p— 2 —
F2)= im0 =ID i X x4 2) =4,
x—2 X — x—>2 X —2 Xx—2
Thi dy 2. Tim hé so goc cua cdt tuyén MN véi duong cong (C), biét:
a. (C):y=x*-2xva hoanh do M, N theo thit tw la xm =2, xx = 1.
2
b. (O):y= xaxrl va hoanh do M, N theo thit tu la xm =1, Xy = 3.
X

&5 Gidi

Goi k 1a hé s6 goc cua cat tuyén MN véi duong cong (C).
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a. Taco ngay:
Ay  fxy)—f(xy) _ 27=22)-(1*-2.1) _

k=— = 1.
Ax Xy — Xy 2-1
b. Tacd ngay:
P+l+1 3 +3+1
K = Ay _ f(xy)—f(xy) _ 1 B 3 _ z
Ax Xy — XN 1-3 3
Thi dy 3. Viét phuong trinh tiép tuyén ciia do thi ham so'y = x*, biét:

a. Tiép diém c6 hoanh do bang —1.
b. Tiép diém cé tung do bang 8.
c. Hé so géc cua tiép tuyén bang 3.

&5 Gidi
Trudc tién, ta di tinh dao ham ctia ham s6 y = x*:
A . +Ax)® - x° .
y'= lim &Y = gim SEAOTTXT i 3x? 4 3xAx + A%) = 3%

Ax—0 Ax Ax—0 AX Ax—0
a. Tai diém c6 hoanh d6 bang —1 phuong trinh ti€p tuyén c6 dang:
d):y—-yD=yHx+1) (d): y=3x +2.
b. Trudc tién, tiép di€ém c6 tung do yo = 8§ thi:

Xp =8 & x0=2.
Do d6, phuong trinh tié€p tuyén cé dang:
(d):y—-8=y2)x-2)= (d): y=12x — 16.
c. He s6 gbc cua ti€p tuyén bang 3, suy ra:
3x2 =3 xj =1 & xo=4#1.
Khi dé:
= Tai xo = 1 phuong trinh ti€p tuyén c6 dang:
)y —y(D = y(DHx = D) & (dy): y = 3x - 2.
= Tai xo =—1 phuong trinh ti€p tuyén c6 dang:
(da):y— (D= yEDIx - (=Dl <= (da): y=3x + 2.

Vay, ton tai hai ti€p tuyén thoa mén diéu kién dau bai.

Thi dy 4. Viét phuong trinh tiép tuyén cua duong hypebol y = 1 :
X

. A 1 . 4 s N A 3
a. Taidiém (5 2]. b. Tai diém c6 hoanh dé bang —1.
A o A e 7z ? A A N 1
b. Biét rang hé so goc cua tiép tuyén bang e
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&5 Gidi

Trudc tién ta di tinh dao ham cua ham so6:

- Ax
A 1 1
y'= lim 2 = fim XA L 1
Ax—>0 AX  Ax—0 AX Ax—0 X(X + AXx) x2

a. Tai di€ém (% 2) phuong trinh tiép tuyén c6 dang:

1 1 1
d)y—-—=y(-)x—- =)< (d): y=—4x+4.
(d):y 5 Y(Z)( 2) (d):y
b. Tai diém c6 hoanh do bang —1 phuong trinh tiép tuyén c6 dang:
(d):y —y(-1) = y(-Dlx— (D] & (d): y =—x ~ 2.
c. Heé s6 goc cua ti€p tuyén bang 3, suy ra:
_Lz N Xg =4 < X = 2.
X{ 4
Khi do:
= Tai xo = 2 phuong trinh ti€p tuyén c6 dang:
' 1
(da):y—y@2)=y@)(x-2) = (da):y = I xt L.
= Tai xo = —2 phuong trinh ti€p tuyén c6 dang:
, 1
(da):y—(=2)= ¥y (DIx - (D] = (da): y = X L.

Vay, ton tai hai ti€p tuyén thoa mén diéu kién dau bai.

Thi du 5. Cho duong cong (C):y = x .
Viét phuong trinh tiép tuyén cua duong cong (C):
a. Biét rang hé so géc cua tiép tuyén bang 1.

b. Biét rdng tiép tuyén song song voi duong thang (A): x — 4y +3 =0.

&5 Gidi

Hémsc‘)’y:\/; coy' = !

2Jx

a. T diéu kién hé s6 géc cua ti€p tuyén bang 1, ta duoc:

! :lcﬁ:lcx:l.

24/x 2 4

Khi d6, phuong trinh ti€p tuyén c6 dang:

1 1 1 1 1
(d).y—y(z)—l.(x—Z)@(d).y—a—x—zc)(d).y—x+ 7

b. DPudng thang (A) c6 hé s6 goc k = i
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Tiép tuyén ctia (C) song song véi dudng thing (A) nén c6 hé s6 géc k = i ,do dé:

1

2x

Khi d6, phuong trinh ti€p tuyén c6 dang:
d:y-y4d)= %.(x—4)<:>(d): 4y-2)=x-4d):x-4y+4=0.

=%C>f=2<:>x=4.

Dang toan 6: Tinh dao ham cua cac ham sé
Phuong phap ap dung
St dung bang cac dao ham va bang cac quy tac.

Thi du 1. Tinh dao ham ciia méi ham sé sau (ava b la hang so):
a. yzlx4—lx3+lxz—x+a3. b. y=%.
4 3 2 (x“=x+1)
&S Gidi
a. Taco ngay:
y=x-x*+x-1.
b. Viét lai ham s6 dudi dang:
y=(x2—x+ D)=y =-52x - D(x2—x + 1)*6:—52(2"—_1)6.
x"—=x+1
Thi du 2. Tim dao ham cua cdc ham s6 sau:
a. y=3x>(8—3x%). b. y=(x+ DX+ 2)(x +3).
&5 Gidi

a. Ta c6 thé thuc hién theo hai cach sau:
Cach 1: Viét lai ham s6 dudi dang:
y = 24x% - 9x’.
Khi do:
y' = 120x* — 63x°.
Cdch 2: Stt dung cong thic tinh dao ham ctia mét tich, ta co:
y' = 15x%8 — 3x%) — 3x°.6x = 120x* — 63x°.
b. Ta c6 thé thuc hién theo ba cach sau:
Cdch 1: (Sit dung quy tdc cho ham s6 dang y = u.v.w): Ta c6:
y' =[x+ Dx+2)(x+3)]
=X+ D'E+2)E+)+E+DHE+2)'E+3)+ X+ DH(x+2)(x + 3)
=1l.x+2)x+3)+x+1).1.x+3)+x+DHx+2).1
=3x2+ 12x + 11.

268



Cdch 2: (Sir dung quy tdc cho ham s6 dang y = u.v): Viét lai ham s duéi dang c6:
y=(x>+3x+2)x +3)

suy ra:
y=[x*+3x+2)x +3)] = (x> +3x + 2)(x + 3) + (X2 + 3x + 2)(x + 3)'
=2x+3)E+3)+ (x> +3x+2).1 =3x>+ 12x + 11.

Cdach 3: Viét lai ham s6 duéi dang co6:
y=x>+6x>+11x+6

suy ra:
y' = x>+ 6x2+ 11x + 6)' =3x2+ 12x + 11.
Thi du 3. Tim dao ham cuia cdc ham s6 sau:
2 y= 2x b y= 5x -3
. x> -1 . X2 x+1
&S Gidi
a. Taco:
L 2(xP -1 -2x2x  —2x7 -2
(x% = 1)? x2-1?
b. Tacé:
y,__5(x2+x+1)-—(2x+—1)(5x—3)__—5>;2+6x+8
2 +x+ 1) < +x+1)?
Thi dy 4. Tim dao ham cuia cdc ham s6 sau:
1
a. y= . b. y=x+ xvx + L.
xvx
&S Gidi

a. Viét lai ham s6 duéi dang:

, 3 3
=x Moy =—x2 =—

1
Y= x/x 2 2X2\/;'

b. Viét lai ham s6 dudi dang:

y:x2+x3/2+1:>y':2x+%X1/2:2x+%\/;.

Thi dy 5. Tim dao ham cuia cdc ham s6 sau:

2
a. y=+2-5x-x". b, y= > Ly

X

25 Gidi

a. Taco ngay:

' (2—5X—X2)' —5-2x
y

o2osx—x 22-5x—x

269



b. Ta c6 thé thuc hién theo cdc cach sau:
Cdch I: Ta cé:
AL o (x40
yie X 3 x2 B x* -1 _ x* -1
2\/x2+1 2\/X2+1 2% x> +1 2\/x3(xz+1)

X X X

Cdch 2: Viét lai ham s6 dudi dang:

x*+1 x> +1 v
y: =

X X

PO LS C R | [X2+lj_m_ x2 -1
2 X’ X 20 (x2 +1)
Thi dy 6. Tim dao ham cuia cdc ham sé sau:

1+x X

a. y= . b, y= ——.
J1=x a2 — x2

&5 Gidi
a. Taco:
1+x
Ji-x+———2
yv: 2‘\/1—X — 3_X
1-x (l—x)\/l—x
b. Taco:
<2
Va? x>+ 2 5
y,: az—x2 _ a
a2 —x2 (az_xz)\/az_xz

@ Cha y: Dé tinh dao ham ciia ham s y = [f(x)| trén mién E sao cho f(x) # 0 ta
lua chon mot trong hai céch sau:
Cdch I: Thuc hién theo cac budc sau:
a. Viét lai ham s6 duéi dang y = +/f*(x) .
b. Ta dugc:
, ') f'(x).f(x)
\/fz(x) [f(x) | .

Cdch 2: Thuc hién theo cac budc sau:
Buoc 1: Viét lai ham s6 dudi dang:
B f(x) v6if(x)=0
B {— f(x) v6if(x)<0’
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Buoc 2: Ta duoc:

. f'(x) voif(x)>0
Y TP ) véi fx) <0

Thi du 7. Tinh dao ham ciia ham s6'y = |x — 1] tai cdc diém x # 1.
&S Gidi
Ta c6 thé lua chon mot trong hai cdch trinh bay sau:
Cach 1: Viét lai ham s6 duéi dang:
y=qx-17.
Ta duoc:
y = 2x-1.(x-1)  x-1 _ {1 véi x> 1
2’()(—1)2 Ix—11
Cdch 2: Viét lai ham s6 dudi dang:
x—1 v6ix>1
y =

-1 v6ix<l’

1-x véix<l
Ta duoc:
, 1 véix>1
y = L. .
-1 véix<l1

Dang toan 7: Tinh dao ham cua cac ham s6 luong giac
Thi du 1. Tim dao ham cua cdc ham s6 sau:
a. y=5sinx — 3cosx. b. y=sin(x*-3x +2).

L5 Gidi
a. Taco ngay:

y' = 5cosx + 3sinx.
b. Tacd ngay:

y'=(x2 = 3x + 2)".cos(x? — 3x + 2) = (2x — 3).cos(x* — 3x + 2).

Thi dy 2. Tim dao ham cuia cdc ham s6 sau:
a. y=cosv2x+1. b. y =sin3x.cos5x.
&5 Gidi

a. Taco ngay:

y'= (\/2X+1)'.sin\/2x +1 =#.sin\/2x +1 = —M.

242x +1 V2x +1

b. Ta c6 céc céach thuc hién sau:
Cdch 1: Ta congay y’ = 3cos3x.cos5x — 5sin3x.sin5x.
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Cdach 2: Ta bién déi:

1, . . 1
y=5(51n8x—s1n2x) = y’=5(8c058x—20052x) =4c0s8X —cos2X.

Thi du 3. Tim dao ham cuia cdc ham s6 sau:

a. y= J1+2tanx . b. y=tan3x — cot3x.
&5 Gidi
a. Taco:

2
(2tanx)' 3 cos? x 3 1

_2\/1+2tanx _2\/1+2tanx _coszx\/1+2tanx.

b. Ta c6 cac cach thuc hién sau:

Cdch I: Ta c6 ngay:
, 3 3 3 3 12

2 ) =" 2 1 a2 .
cos"3x sin"3x  sin” 3x.cos” 3x Lin2ex S0 6x
4
Cdch 2: Ta bién doi:
sin3x  cos3x  sin’3x —cos’3x 2cos6x
= - = = d =—= = — 2cotbx
cos3x sin3x cos3x.sin 3x sin 6x
= yie 12
sin?6x
Thi du 4. Chiing minh rdng ham s6 sau c¢6 dao ham khong phu thuoc x:
y = sin®x + cos®x + 3sin*x.cos’x.
&5 Gidi

Viét lai ham s6 duéi dang:

y = (sin’x + cos’x)? — 3sin’x.cos?x(sin’*x + cos’x) + 3sin’*x.cos’x = 1.
Khi do:

y' = (1) =0.
Vay, ham s6 c6 dao ham khong phu thudc x.

@ Nhdn xét: Nhu vay, néu cic em hoc sinh khong thuc hién viéc don gian ham
sO trudc khi 14y dao ham thi s€ phai thuc hiém nhiing phép bién
déi khéc, cu thé:

y’ = 6sin’x.cosx — 6¢0sX.cosx + 3(2sinx.cos’x — 2sin’x.cosx)
= 6 sinx.cosx(sin*x — cos*x + cos’x — sin’x)
= 6 sinx.cosx[(sin’x — cos’x)(sin’*x + cos’X) + cos’X — sin’x|
= 6 sinx.cosx(sin’x — cos’x + cos*x — sin’x) = 0.
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Thi du 5. Tinh dao ham ciia ham so-
1 1)1 11 1 L
Y= 4|=+= —+—1/—+—cosx voi x € (0; m).
2 2\2 2V2 2
&5 Gidi

Bién d6i ham s6 vé dang:

X 1 X
Dodéy' =(cos—) =——sin—.
y=( 8 ) 8 8
Dang toan 8: Ping thitc, bat diang thitc chira dao ham

Thi du 1. Chiing minh rdng:
a. Ham s6'y = tanx thod man hé thiic y' —y* — 1 = 0.
b. Ham so'y = cot2x thod man hé thicc y' + 2y* +2 = 0.

&S Gidi
a. Trudc tién, ta co:
y'= 1
COS2 X .
Khi do, ta co:
1 2 1 2 1 l
y -y —-1= S— —tan’x — 1= T~ 5 =0, dpcm.
COS X COS X COS X
b. Trudc tién, ta co:
y'=- =
sin?2x
Khi do, ta co:
' 2 — 2 — 2 2 —
y'+2y +2=— S +2c0t2x +2=— +—— =0.
sin“ 2x sin“2x  sin“2x
Thi du 2. Cho ham so f(x) = 2cos*(4x — 1). Chitng minh rdang véi moi X ta cé
| f'(x) | <8.Tim gid tri ciia x dé ddng thitc xdy ra.
&S Gidi
Ta co:

f'(x) =—16sin(4x — 1).cos(4x — 1) = —8sin(8x — 2).
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Suy ra:
|£(x)| = [8sin(8x —2) | = 8]sin(8x —2)| <8,
d4u dang thitc x4y ra khi:

sin(8x—2)=lc>8x—2=g+2kn<:>X: + — + ke Z.

L1, ke
16 8’
Dang toian 9: Phuong trinh, bat phuong trinh chita dao ham

Phuong phdp dap dung
Bai toan thuong duoc dat ra dudi dang:
"Cho ham s6'y = (x), hdy gidi phuong trinh g(y, y') =0"
Khi dé, ta thuc hién theo cac budc:
Buoc 1: Tinh dao ham y'.
Buéc 2:  Chuyén phuong trinh g(y, y') = 0 vé phuong trinh dai s6 thong
thuong dé gidi.
Yidgl: Tim cdc nghiém cua phuong trinh sau:
a. £(x)=0vdi f(x) = §x3 _ X% —6x - 1.
. 1, 5 3.,
b. f'(x) =-5v0i f(x) = ZX -X’ - EX - 3.

&S Gidi
a. Trudc tién, ta co:
f'(x) =x>—4x - 6.
Khi d6, phuong trinh c¢6 dang:
x?—4x - 6=0< x =~ 5,162 hoac x ~ —1,162.
b. Trudc tién, ta co:
f'(x) = x3 — 3x% - 3x.
Khi d6, phuong trinh c¢6 dang:
X}=-3x-3x=-"5x-3%-3x+5=0=x-DEE*-2x-5)=0
<> x =1 hoac x = 3,449 hoac x = —1,449.

Yidwn2: Cho ham so'f(x) = x> — 3x* + 2. Hdy gidi bdt phutong trinh:
a. f'(x)>0. b. fi(x)<3.
&S Gidi
Trudc tién, ta c6 f'(x) = 3x% — 6x.

a. Bt phuong trinh c6 dang:
3x2-6x>0 < x*—2x>0< x>2hoidc x <0.

b. Bat phuong trinh ¢6 dang:
3x2-6x<3@x2-2x—1<0 1 -2 <x<1+42.
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Thi du 3. Gidi phuong trinh y' = 0 trong moi truong hop sau:

a. y =sin2x — 2cosx. b. y =3sin2x + 4cos2x + 10x.

C. y=cos’X + sinx. d. y=tanx + cotx.
L5 Gidi
a. Trudc tién, ta cé:
y' = 2co0s2x + 2sinx.
Khi d6, phuong trinh c6 dang:

. . T
2c082x + 2sinx = 0 < c082X = —sinX = cos(X + 5)

2x=x+£+2kn X=E+2kﬂ?
Rt = "~ ke Z.
2x = —x -~ + 2kn x=—o 8
2 6 3

Vay, phuong trinh ¢6 hai ho nghiém.
b. Trudce tién, ta co:
y' = 6c0s2x — 8sin2x + 10.
Khi dé, phuong trinh ¢6 dang:

6c0s2x — 8sin2x + 10 = 0 < 4s8in2x — 3c082x =5 & ?sin2x — %COS2X =1.

bat ? = cos2a thi % = sin2a, do d6 ta duoc:
sin2xcos2a, — sin2o..cos2x = 1 < sin(2x — 2a) = 1
©2x - 20 = g +2km < x = o+ g +km, ke Z.

Vay, phuong trinh ¢6 mot ho nghiém.
c. Trudc tién, ta c6:
y' = —2sinX.cosX + COsX = —sin2Xx + COsX.
Khi dé, phuong trinh c¢6 dang:

. . . T
—sin2x + cosx = 0 < sin2x = Cosx = sm(E - X)

2x =2 —x +2kn X:E-}-&
Rt 2 = 6 3 ke Z.
2x=n—£+x+2kn x=§+2kn

Vay, phuong trinh c6 hai ho nghiém.
d. Trudc tién, ta co:
1 1

y= - .
cos’x  sin’x
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Khi d6, phuong trinh c6 dang:

1 1 1 1
= =0 = — < tan’x = 1 < tanx = £1
Cos X sm- X CoS X s X

<:>x:iE +kn<ox= r + H,k e Z.
4 4 2
Yidud: Cho ham sé'y = mx® + x>+ x — 5. Tim m dé:
a. y' bang binh phuong ciia mot nhi thiic bdc nhdt.
b. y' ¢6 hai nghiém trdi ddu.
c. y' >0 vdi moi x.
&5 Gidi
Trudc tién, ta ¢4 y' = 3mx* + 2x + 1.
a. D€ y' bing binh phuong clia mot nhi thic bac nhat khi va chi khi:

a=0 3m=0 1
= SoSm=—.
A'=0 1-3m=0 3

Vay, véi m = % thod man diéu kién dau bai.
b. DEy' ¢6 hai nghiém trai dau khi va chi khi phuong trinh:
3mx? + 2x + 1 = 0 ¢6 hai nghiém trdi dau
< P<0&3m<0eom<0.
Vay, véi m < 0 thoa man diéu kién dau bai.
c. Déy' >0 véi moi x khi va chi khi:
3mx?+2x +1>0 Vx.
Truong hop 1: V6i m = 0 ta duoc:

1 s . .
2Xx+1>0<x> —5, khong thoa man v6i moi x.

Truong hop 2: V6i m # 0 diéu kién la:

a>0 3m >0 1
= Sm> —.
A'<0 1-3m<0 3

Vay, véi m > % thod man diéu kién dau bai.
Yidn4s Cho ham so'y = 4sinx + 3cosx + 5x. Hay gidi phuong trinh y' = 0.
&S Gidi

Ta cé:

1

y' =4cosx — 3sinx + 5.
Khi do:

y'=0< 4cosx — 3sinx + 5 =0 < 3sinx — 4cosx =5 & %sinx— %cosx =1.
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3 . 4. N 2 A
bat 5 =coso va = gsmoc, phuong trinh dugc chuyén vé dang:
sinx.coso. — cosx.sina. = 1 < sin(x —a) = 1

<:>X—oc=g+2kn<:>x:0c+g+2kn,keZ.

Vay, phuong trinh ¢6 nghiém x = o + g +2km, k € Z.

Dang toan 10: Sir dung dao ham chimg minh dang thite
Phuong phap ap dung
Ta da biét néu mot ham s& khong ddi trong khoang (a, b) thi dao ham luon triét
tiéu trong khoang dé. Dao lai ta c¢6 dinh Ii sau:
Pinh li 1. Néu ham s6'y = f{x) ¢ dao ham trong khodang (a, b) va f(x) = 0, Vx € (a, b) thi
ham s6'y = f(x) khong doi trong khodng (a, b).
Tur d6, dé thuc hién cdc dang toan:
Dang 1: Ching minh rang :
AX)=c,VxeD
Ta thuc hién theo cdc budc sau :
Budc 1:  Tinh A'(x), 16i khang dinh A'(x) =0, Vx e D.
Buoc2: Chonxoe D= A(x¢) =c.
Dang 2: Tim diéu kién clia tham s6 dé biéu thic A(x) khong phu thudc vao x.
Ta thuc hién theo cac budc sau :
Buoc 1: Tinh A'(x), 16i tim diéu kién dé A'(x) = 0, Vx.
Budc 2:  Két luan.
Thidu 1. Chitng minh rdng véi moi x ta déu co:
cos’(x — a) + sin?(x — b) — 2cos(x — a).sin(x — b).sin(a — b) = cos*(a — b).

&S Gidi
Xét ham s0 y = cos*(x — a) + sin’(x — b) — 2cos(x — a).sin(x — b).sin(a — b).
Ta co:
y'= — 2sin(x — a)cos(x — a) + 2sin(x — b)cos(x — b) +

+ 2sin(a — b)[sin(x — a).sin(X — b) — cos(x — a).cos(x — b)]
= — sin2(x —a) + sin2(x — b) — 2sin(a — b).cos(2x —a —b)
=2cos(2x —a — b).sin(a — b) — 2sin(a — b).cos(2x —a—b)=0
< Ham s6 khong déi.
Ngoai ra ta con c6 y = y(b) = cos*(a — b).
Vay y = cos’*(a—Db).
Thi dv 2. Chiing minh biéu thitc sau khong phu thudc vao x:

A =sin’(x — %n) + sin’x + sin*(x + %).
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&S Gidi
Xét ham so
. 2 . . 2
A =sin’(x — ?n) + sin?x + sin?(x + Z8).

Ta cé6:
, . 21 21 . . 2n 2n
A, = 2sin(x —?).cos(x —?) + 2sinx.cosx + 2sin(x +?).cos(x +?)
. 4 . . 4
=sin(2x — ?) + sin2x + sin(2x + ?)

= 2sin2x.cos% + sin2x = — sin2x + sin2x =0
<> Ham s6 khong déi.

Ngoairataconco A=A0) = % .

Vay A = % khong phu thuoc vio x.

Dang toan 11: S dung dinh nghia dao ham tinh giéi han ciia ham so
Phuong phdp dap dung
Gia st can xac dinh gidi han:
L= 1lim Q(x),

X—)XO
ta c6 thé thuc hién theo cic buéc sau:
Buoc 1: Xac dinh mot ham f(x) = f(xo)
Xéc dinh f*(x) = 1’(xo).
Budc 2: Khéo 1éo bién ddi gidi han trén vé mot trong céc dang:
L= hmm = f’(X(])

X=X X_XO

hoac L= Tim “0=f®0) pey = £(xg) P(xo) v6i P(xo) # o

X =X,

f(x) - (%)

- ) - f'(xy) .. .,
hoic L = lim ——— 0 = 92 véi g’ (xg) # 0.
‘ S g0-g(x) | gxg) 8 (x0)
X —X,

2 —
Thi dy 1. Tinh gidi han lim > |

x>l x —1
&5 Gidi
bat f(x) =x>-1.
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Ta cé:

f(1) = 0, f(x)=2x = (1) = 2.
Khi dé:
2
fim XL 2 gy fO=FD) £(1)=2.
x—l X—l x—l X—l

Thi dy 2. Tinh gidi han lim 25 =3

x>l x? 42x -3
&5 Gidi
Ta c6 thé trinh bay theo cdc cdch sau:
Cdch 1: (Sir dung mot ham so): Dat f(x) = x+8 —3,tac6 f(1) =0,

, 1 . 1
f'(x)= =f(1)=-—.
) 24Ux +8 ) 6
Khi dé:
lim \/2X+8—3 - lim f(x)—f(l)‘ 1 _ f’(l).l _ L
>l x*+2x -3 x> x—1 X+3 4 24

Cdch 2: (Sir dung hai ham s6): Dat f(x) = Vx+8 —3,tacé f(1) =0,
f'(x)=

1 , 1
=f1)=-.
2VX +8 M 6
batg(x)=x>+2x —3,tacéog(l)=0vag(x)=2x+2vag'(l)=4.
Khi do:
f(x)-1(1)

. Jx+8-3 ) x—1 ') 1

lim — = lim = = —.
=l x?+2x-3 = gx)-gd)  g'(1) 24
x—1

& Nhdn xét: Dé xdc dinh gi6i han trén bang phuong phap thong thudng, ta cin:
=  Thuc hién phép nhan lién hop cho vVx+8 —31a Vx+8 + 3.
»  Thuc hién phép phan tich x* + 2x — 3 = (x — 1)(x + 2).

3 —
Thi dy 3. Tinh gidi han lim Yax 22 .
X—> X —
&5 Gidi
Dit f(x) = 4x -2, ta cé:
4 ]
£f(2) = 0, fx)= —— = Q)= ~.
316x? 3
Khi dé:
3 — —
fim YA =2 _ o FO-FQ) _poy L
x—2 X -2 x—2 X =2 3
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& Nhdn xét: Dé xéc dinh gi6i han trén bing phuong phép thong thudng, ta cin thuc
hién phép nhan lien hop cho /4x —21a (/4x )* +23/4x +4.

3
Thi dy 4. (DHQG — 98): Tinh gidi han lim X X2,

x—1
&5 Gidi
bat f(x) =x*— /3x-2,tacof(1)=0,
3 3
f'xX)=3x>- —— = f'(1)= =.
®) 243x -2 M 2
Khi do6:
3
lim X —/3x-2 — lim f(x)-f({) _ i
x—1 x—1 x—1 x—1 2

& Nhdn xét: DE xic dinh gi6i han trén bing phuong phap thong thudng, ta c6
thé lua chon mot trong hai cich:
Cdch 1: Thuc hién ngay phép nhan lién hop, ta dugc:
. X —+3x-2 . x®=3x+2
lim ———— = lim
Xl x—1 = (x = 1)(x* +4/3x —2)

- lim X +xt P+ xPEx-2 3
SN
Cdch 2: Sit dung phuong phdp goi hang s6 vang, ta duoc:
X =3x-2 . xX’-1 . . 1-+/3x-2
—_— 1m m-————-—-
x—1 X_l x—1 X_l x—1 X_l
. . 3-3x 3
= lim (x> +x +1) + lim ==,
Xl ol (x=1)(1+3x-2) 2
Céc vi du trén chi mang tinh minh hoa cho phuong phap con chua
néu nén duoc tinh tién 1gi cta phuong phap. Ta tiép tuc xém xét
céc vi du sau:

\/5—X3 —3/x2+7

Thi du 5. Tinh gioi han lim

x—1 X2 _1
&S Gidi
Dat fx)=V5-x* = Ix*+7,tacéd f(1) =0,
3x° 2x 11
f'(x)=— - =f'()=——.
25-x7 3P +7) 12
Khi dé:

_ 3_3 2 _
o V5 -x 2 a7 L F0-f) 1 Fay Lo 1L
x>l x -1 x>t x—-1  x+1 2 24
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& Nhdn xét: D& xdc dinh gidi han trén, ta can sir dung phuong phap goi hing s

vang:

s =Yk s—x-2 . UxP+T-2
lim > =lim > - 11m2—
x—1 X _1 x—1 X _1 x—1 X _1

Sau d6, c6 thé lua chon mot trong hai cach:
Cdch 1: St dung phép nhan lién hop.
Cdch 2: St dung két qua:

. ANl+ax-1 a
lim —— = —.
x—0 X n

duoc chiing minh bing cach dat 4n phu t = ¥1+ax .

4 _ 5 _
Thi dy 6. (DHSP IVKhGi A — 99): Tinh gidi han lim ~-X ¥ XX22

x—1
&5 Gidi
bt f(x)= ¥2x-1+Y¥x-2,tac6f(1)=0,
1 1 7
f'(x) = + =f'(1)= —.
242x-1°  532x-1) 10
Khi dé:

. A2x—-1+1/x-2 . f(x)-f(Q) 7
lim = lim = —.
x-l x—1 = x—1 10

(x> +2001)3/1-2x — 2001

X

Thi du 7. Tinh gioi han ling
&S Gidi
Dat f(x) = (x2 + 2001) Y1=2x — 2001, ta c6 £(0) = 0,

2
£ = 2xf—2x — 282000 pg) - —@.

73(1-2x)°

Khi do:
2 711 _ _ _
im (x* +200D)3/1-2x 2001 _ im f(x) E(O) - F )= — 40702.
X—> X X—> X —

& Nhdn xét: DE xic dinh gi6i han trén bing phuong phdp thong thudng, ta cin
str dung phuong phdp goi hang s6 vang, bang cdch thém bdt P(x)
=x? + 2001 vao tir thitc 1am xuét hién gidi han dang:

Yl+ax —1

X
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Dang todn 12: Tiép tuyén cua do thi

Thidu 1. Viét phuong trinh tiép tuyén cua do thi ham so:
_1 o A o A o« 2 N
a. y= X biét hoanh do tiép diem la xo = 0.
X +

b. y=~x+2, biét tung do tiép diém la yo = 2.
&S Gidi
a. Trudc tién, ta di tinh dao ham:

o x+l=-x-1D _ 2
(x +1)2 x+1)?

Tai diém c6 hoanh do xo = 0 phuong trinh ti€p tuyén c6 dang:
(d):y-y(0)=y'(O)(x-0) = (d):y=2x - 1.

b. Trudc tién, ta di tinh dao ham:

1
2x+2°
Tai diém c6 tung do yo = 2, ta lan luot co:
= Hoanh do tiép diém dugc cho bai:

VX+2 =2 x+2=4x=2.

=  Phuong trinh ti€p tuyén c6 dang:

@:y -y =yQ)(x -2 & ([d): y = %x ¥ %

1 vay= x?
xv2 V2
do thi ciia méi ham sé' da cho tai giao diém ciia ching. Tinh géc giita
hai tiép tuyén ké trén.

Thi dy 2. Cho hai ham s6'y = . Viét phuong trinh tiép tuyén voi

&5 Gidi

Hoanh do giao diém ctia d6 thi ciia mdi ham s6 duoc cho bdi:

1 X2 x#0 |
—= == < < x=1.
W2 A2 =1
LA s 1 . 1
= Vé6idothihamsoy = tacéy' =

X2 _XZ\/E.

Khi d6, phuong trinh ti€p tuyén tai diém c6 hanh do x = 1 ¢6 dang:

@)y - y(1) =y ()x—1) & (d): y=——=x+ 2 |

V2

2
2 3R PERTRN e X P 2X
» Véidothihamsdoy= — tacoy' = —.

V2 V2
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Khi d6, phuong trinh ti€p tuyén tai diém c6 hanh do x = 1 ¢6 dang:
1

)y -y =y()x - 1) & (d): y=x+2 — 5

Nhan xét rang KK, = —%\/_ =—1 nén hai ti€p tuyén (d,) va (dz) vuong géc
v6i nhau.

Thi du 3. Cho Parabol (P): y = x*. Goi M, va M, la hai diém thuéc (P) ldn luot
c6 hoanh dé x; = =2 va x, = 1. Hay tim trén ({P) mét dién C sao cho
tiép tuyén tai C song song vdi cdt tuyén MiM,. Viét phuong trinh tiép
tuyén do.

L5 Gidi

Trudc tién, ta co:
y' = 2x.

Goi k 1a hé s6 goc cua cat tuyén M;M, véi Parabol (), ta cé ngay:
Ay f(x)—f(xy) _ (=2)* =17
Ax x 1 — X5 21

M Ia diém tuy y thuoc dé thi, gid sit M c6 hoanh do bang a, khi do:
= Dé tiép tuyén tai M song song vdi cat tuyén MM, diéu kién la:

y'(a)=—1c>2a:—l<:>a:—%.

kK=

= Tai M(—% ; %) phuong trinh ti€p tuyén c6 dang:
@:y- =+ ) dry=—x-
Y- 5 'y .

Thi dv 4. Cho ham s6’ (C): y=x>—3x*+2.
Viét phuong trinh tiép tuyén cia do thi, biét rang tiép tuyén vuong goéc
véi duong thang (A): 3x — 5y —4 =0.
L5 Gidi
Ta c6:
y’ =3x%— 6x va hé s6 géc clia dudng thing (A) bing % .

Do d6, hoanh do tiép diém cia ti€p tuyén vé6i do thi ham s6 1a nghiém ctia phuong trinh:

=1/3
y’.E:—1©3x2—6x:—§c>9x2—18x+5:0<:> x .
5 3 x=5/3
= Véix= %,ta dugc tiép tuyén (di) cé dang:
5 1 1 5 61
d): y=->(x->2)+y(= di): y=—->x+ —.
(d):y 3(X 3) Y(3)<=>( Dy 3 Xt 5,
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= Véix= % , ta dugc tiép tuyén (d:) c6 dang:

5 5 5 5 31
d):y=->x-2)+y(=)o ) y=-x—- —.
(d): y 3(X 3) Y(3) (da): y 3 X5,
Vay, ton tai hai ti€p tuyén (d,), (d2) cta d6 thi thoa man diéu kién dau bai.
Thi du 5. Viét phuong trinh tiép tuyén ciia Parabol y = X%, biét rang tiép tuyén do
di qua diém A(0; —1).
&5 Gidi
Trudc tién, ta di tinh dao ham:
y' = 2x.
Gia slr hoanh do ti€p diém la xo, khi d6 phuong trinh tiép tuyén c6 dang:
(d): y = y(%0) = Y (xO)(X = X0) < (d): y = X3 = 2Xo(X — Xo). (*)

Vi diém A(0; —1) € (d) nén:
—1 — x3 =2x¢(—%0) & x§ =1 & xp=#1.

Khi do:

= VGéi xo = 1, ta dugc ti€p tuyén c6 phuong trinh:
d):y-12=2(x-1) < (d): y=2x-1.

= Véi xo =—1, ta dugc ti€p tuyén c6 phuong trinh:
(d):y— (=1 =2-1)(x+1) = (d): y=-2x— 1.

Vay, ton tai hai ti€p tuyén thoa man diéu kién dau bai.

Thidy 6. Cho ham sé'y = cos’x + msinx (m la tham sé) ¢6 do thi la (C). Tim m
trong moi truong hop sau:
a. Tiép tuyén ciia (C) tai diém c6 hoanh do x = 1t c6 hé s6 géc bang 1.
o » 9 ., .2 s o N A T N Y
b. Tiép tuyén cua (C) tai cac diém cé cdac hoanh dj X = 2 va X = 3
song song hodc trung nhau.

&5 Gidi
Trudc tién, ta co:
y' = —2sinX.cosX + mMcosX = —sin2x + mcosx.
a. Tiép tuyén cha (C) tai diém c6 hoanh do x = 1t ¢6 hé s6 goc bing 1 diéu kién 1a:
y'(n) =1< —sin2n + mcost =1 < m =—1.
Vay, v6i m = —1 thoa man diéu kién diu bai.

. .. e, g . . N o T T A~ s
b. Tiép tuyén cua (C) tai cac diém c6 cac hoanh do x = ) vax= 3 c6 hé s6 goc bang:

my2

oL oL oL
ki=y'(-=)=-sin(——) +mcos(——) =1+
1=y 4) (2) (4) 5

1<2:}"(£)=—Sin2—7t + mcos ~ :_ﬁ L
3 3 3 2 2
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D¢ hai ti€p tuyén song song hodc tring nhau diéu kién 1a:

K=k < m‘/_ ‘/_ (\/E—l)m——\/g—l(:)m:1+\/§.
2 1-+2

thoa man diéu kién dau bai.

. 1
Vay, v6i m = h

1-v2
1

Thidu 2. Tim giao diém ciia hai duong cong P):y =x*—x + 1 va (H): y = o
' X +

Chitng minh rdang hai duong cong dé cé tiép tuyén chung tai giao diém
cua chiing.
L5 Gidi
Hoanh do giao diém 1a nghiém ctia phuong trinh:

3
! X 0= x=0ox=0= A®; ).
X+1 x+1

Vay, hai do6 thi (P) va (H) cit nhau tai diém A(0; 1).
Ta lan luot c6:
»  Phuong trinh ti€p tuyén cta (P) tai A c¢6 dang:
(dy): y— 1= yv(p)(O).X & (dy): y=-X+ 1.
»  Phuong trinh ti€p tuyén cta (H) tai A c6 dang:
(do): y— 1= yv(H)(O).X < (dy): y=—-X+ 1.
Nhan thay (d:) = (d»), tic 1a (P) va (H) c6 tiép tuyén chung tai A.

xX*—x+1=

Dang toén 13: RUT GON BIEU THUC, CHUNG MINH PANG THUC,
BAT PANG THUC TO HOP

Yidw dz Rit gon cdc biéu thiic:
a. A=cl +2c2+..+(m-Dc"! +ncn.
&S Gidi
a. Taco:
A+x)=c +clx+C2x2+ ...+t lx" 14 Coxn, (1)
L&y dao ham theo x hai v€ cua (1), ta duoc:
n(l+x)"'=cl +2¢2x+..+@m-1)c!'x"~24+nchx"" 1, (2)
Thay x = 1 vao (2), ta duoc:
n2"'=cl+2c2 +. . +@-1D)C"! +nC? & A=n2""".

& Nhdn xét: Nhu vay, trong 10 giai cta thi du trén, ching ta da sir dung khai
trién Newton dang (1 + x)", sau d6 thuc hién phép ldy dao ham
theo x dé 1am xuat hién cdc hé s6 twong ing. Va v6i cich 1am
tuong tu, ta nhan dugc C! —2C2 + ... +n(-1)"~'c? =0.
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Thi du 1. Riit gon biéu thiic:
A=32cY +43c! +54C% +..+(@m+3)n+2)CP.
&5 Gidi
Ta c6:
A+x)"=c) +clx+Ex2+. + x4+ iy
S +x)"=x>C) + clx*+ C2x5+ ...+ CIx"+3, (1)
L&y dao ham bac 2 theo x hai v€ cua (1), ta duoc:
X2(1+x)"+nx*(1 +x)" ! =
=3x2CY +4C X +5C2xt + .+ (n+3)Clx" 2
2x(1 +x)"+nx’(1 + x)" '+ 3nx*>(1 +x)" ' +n(n— DHx}(1 +x)" 2=
=32xC% +43C! > +54C2 3 + ..+ (m+3)@n+2)Clx". )
Thay x = 1 vao (2), ta duoc:
214 4n 2™ +n(n—1)2""2 =32¢ +43c! +54C2 + ..+ (m+3)n+2)C"
S A=2"""+4n2"+n(n—1).2"%
Yidw 2: Vdinla s6 nguyén duong, chitng minh rang:
C2+2C3 +...+ (n-1Ct >mn-2)2"" "
&5 Gidi
Ta lan luot thuc hién:
*  Véi moi X, va v6i n 1a s6 nguyén duong ta co:
A+xr=c? + clx+ 2+ ..+ Cilx "4 Coxn, (1)
Thay x = 1 vao (1), ta duoc:
2= +cl+c2+..+ " +ncCh. )
» L&y dao ham theo x hai vé& ctia (1), ta dugc:
n(l+x)"'=c! +2C2x+..+ -1 ' x"24+nClx", 3)
Thay x = 1 vao (3), ta duoc:
n2"'=cl+2c2 +..+@m-1)c*! +nCn. 4)
Lay (4) — (3), ta dugc:
n2"l-2"= - Y+ Cf +..+(m-2)Ch' +(n-1)C)

&2 +2C 4.+ M-1)C" =(m-2)2"""+1>({n-2)2"", dpem.
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§2. VI PHAN
Dang toan 1: Tinh vi phan

Phuong phdp dap dung
D& tinh vi phan ctia ham s6 y = f(x), ta sit dung cong thiic:
dy = y'dx.
Thi du 1. Tim vi phdn ciia ham 56’y = sin2x tai diém x = g ting voi Ax = 0,01;
Ax =0,001.
&5 Gidi
Ta c6:

dy = y'Ax = 2sin2x.cos2x.AXx = sin4dx.Ax.

Khi d6, véi x = g ta 1an luot c6:
.- . . 4x
= V6i Ax =0,01 thidy = sm? .0,01 = -0,01.

= V6i Ax =0,001 thidy = sin% .0,001 = —-0,001.
Thi dy 2. Tinh vi phdn cia moi ham s6 sau:
a. y=x>—x+x +x+38. b. y=+ax+b.

&S Gidi
a. Taco ngay:

dy =y'dx = (x> - xVx +x +8)dx = (2x — %\/; + 1)dx.
b. Tacd ngay:

adx

dy =y'dx =(4ax+b )dx = ——.
2+4/ax+b
Thi du 3. Tinh vi phdn ciia méi ham so sau:

a. y=tan’3x — cot3x’. b. y=vcos®2x+1.

&S Gidi
a. Taco:
dy =y'dx = [6ta1213x SX 2]dx
cos“3x  sin” 3x
b. Ta cé:
dy = y'dx = —4sin2x.cos2x dx = sin4x.dx

2\/cos22x+1 _\/cosz2x+1.
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Thi du 4. Chiing minh rdang néu cdc ham sé’ u = u(x), v = v(x) c¢é dao ham tai
diém X thi tai diém dé ta cé d(uv) = vdu + udv.
&S Gidi
Ta cé:
d@v) = (uv)xdx = (u'xv + uv'y)dx = u'xvdx + uv'xdx
= v(u'xdx) + u(v'xdx) = vdu + udv.

Dang toan 2: Ung dung vi phan vao phép tinh gan ding
Phuong phap ap dung
St dung cong thiic:
f(Xo + AX) = f(Xo) + f'(X0)AX.

Thi du 1. Tinh gid tri gan diing cua 195 , cos45°30', tan29°30'".

&S Gidi
a. Xét ham so:
f(x) = 1 =fx)= —iz.
X X
Khi dé:
1
0,9995
b. Xét ham so:
f(x) = cosx = f'(x) = — sinx.
Khi do:

=f(1 — 0,0005) ~ f(1) — £(1).0,0005 = 1 + 1.0,0005 = 1,0005.

cos45°30' = f(45° + 30°) ~ £(45°) + £'(45°). % = g - % % =0,70009.
c. Xét ham so:
1

COS2 X

f(x) =tanx = f'(x) =

Khi d6:
tan29°30' = £(30° — 30') ~ f(30°) — £1(30%).30' = £(30°) — £(30°). % = 0,566.
1

4/20,3

va /215 .

Thi dy 2. Tinh gid tri gan diing ciia /4,01,

&5 Gidi

a. Xétham s6 f(x) = ¥x = F(x) = —.

2Jx
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Khi do:
V4,01 =1£(4 +0,01) ~ f(4) + £(4).0,01 = /4 + L .0,01 =2,0025.

24
b. Xét ham so:
0 = 4= = () = —
X 2Vx
Khi d6:
,/210 5 =1(20.25+0,05) = £20,25) + £(20,25).0,05 = 0.222.

c. Xét ham so:

fx) = Vx = Fx) = —

W2

Khi do:
V215 =1(216 — 1) = f(216) — f'(216).1 =6 — ﬁ =5,991.

§3. PAO HAM CAP CAO
Dang toan 1: Pao ham cap cao
Phuong phdp ap dung
Str dung dinh nghia vé dao ham cap cao.
Thi du 1. Tinh dao ham ciia méi ham s6 sau dén cdp duoc cho kém theo:

a. f(x)=x*-cos2x, fx). b. f(x) = cos’x, fO(x).
c. f(x)=(x+10)% f"(x).

&S Gidi

a. Talan luot c6:
fO(x) = 4x3 + 2sin2x, fP(x) = 12x? + 4cos2x,
fO(x) = 24x — 8sin2x, f9(x) = 24 — 16c082X.

b. Talan luot c6:
f(x) = %(1 + C082X),

fO(x) = —sin2x, f@(x) = —2cos2x,

fO(x) = 4sin2x, fP(x) = 8cos2x, fO(x) = —16sin2x.
c. Talan luot co:

fO(x) = 6(x + 10)°, fP(x) = 30(x + 10)*,

fO(x) = 120(x + 10)*, fP(x) = 360(x + 10)?,

f5)(x) = 720(x + 10), fO(x) = 720, fo(x) = 0, véin >7.
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Thi du 2. Chiing minh rdng:
a. Néuy = Asin(ot + @) + B.cos(ot + @), trong dé A, B, ® va ¢ la

nhiing hang so'thi y" + o*y = 0.
b. Néuy=~2x-x> thiy’y"+1=0.

&S Gidi
a. Lay dao ham lién ti€p hai lan, ta duoc:
y' = wA.cos(ot + ¢) — oB.sin(wt + @),
y" = —0*A.sin(ot + @) — ®*B.cos(ot + ¢).
Do dé:

y" + 0%y = [-o?A.sin(ot + @) — o’B.cos(ot + )] +
+ o*[A.sin(ot + @) + B.cos(ot + ¢)]

=0, dpcm.
b. Lay dao ham lién ti€p hai lan, ta dugc:
, 2-2x 1-x

y'= =
2\/2><—x2 \/2)(—)(2
— 2-2x
" e _2\/2x—x2 (I_X) _(2X_X2)_(1_X)
y = =
2x —x’ (2)(—)(.2)\/27(—742
-1
(2x—x2)\/2x—x2'

2

Do d6:

" 3 -1
vy + l:(\/2x—x2) ‘(2x—x2)m+l =0, dpcm.

Thi du 3. Tinh dao ham cdp hai ctia ham s6'y = x 1+ x> .

&5 Gidi
Ta co:
2 2
y' = /—1+x2 + X _ 1+2x ’
\/l-l—x2 \/1+x2
v 1+2x% ) _ AxV1+x* —(1+2x*)x(1+x*)™"? _ (3+2x*)x
\/l+x2 1+x* (1+x7)"? ’

Thi dv 4. Gid sit ham so' f(x) xdc dinh va cé dao ham cdp hai khi x < Xo. Xdc dinh
cdc sé'a, b, ¢ dé ham so"
f(x) khix <x,
F(x) = ) ,
a(x—x,) +b(x—x,)+c khix > x,

ciing ¢6 dao ham cdp hai.
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&5 Gidi
Tru6c hét ham s6 F(x) phai ¢6 dao ham cdp 1 tai diém x¢ <> cdc dao ham mot
phia tai diém lién tuc xo clia ham F(x) phéi bing nhau.
Bdi vay can c6:
f(x0) = c (tinh lién tuc ciia ham F(x)).
lim f(x, +Ax) —1(x,)

Ax—0~ AX

=f (xg) =b,tiiclAF '(Xo) =b .

Ti€p theo, d€ c6 dao ham cap hai can co6:
F'(xy +Ax)-F'(x,) _ F'(x, +Ax) - F'(x()

lim lim
Ax—0~ AX Ax—0* AXx
o lim f(x, +Ax)—f (x,) . 2aAx +b-b _ 9a.
Ax—0" AX Ax—07 AX
Vay, diéu kién la:
1 . .

a= 5 f (xy),b=f(x,) vac=1(xo).
Dang toan 2: Y nghia ctia dao ham cap hai
Thi du 1. Vdn toc ciia mot chdt diém chuyén dong duoc biéu thi béi cong thiic v(t) =

8t + 3t%, frong dé t > 0, t tinh bang gidy (s) va v(t) tinh bang mét/giay
(m/s). Tim gia toc ciia chdt diém:
a. Tai thoi diém t = 4s.
b. Tai thoi diém ma van toc ciia chuyén dong bang 11.
L5 Gidi
Cong thic tinh gia toc clia chat diém tai thoi diém t duoc cho boi:
a(t) = v'(t) = 8 + 6.
a. Tai thoi diém t = 4s, ta duoc:
a(4) = V(4) = 8 + 6.4 = 32m/s2.
b. Tai thoi diém ma van toc ctia chuyén dong bang 11, ta c6:

t>0
8t+3%=11<3t2+8t—-11=0 = t=1.

Khi dé, ta c¢6 gia t6c clia chat diém duoc cho boi:
a(l)=v'(1) =8 + 6.1 = 14m/s>.
Thi dv 2. Mot chdt diém chuyén dong cé phuong trinh:
S=t-3¢-9t+2
trong dé t > 0, t tinh bdng gidy (s) va S tinh bang mét/giay (m/s).
a. Tinh vdn toc tai thoi diémt = 2.
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b. Tinh gia toc tai thoi diém t = 3.
c. Tinh gia toc tai thoi diém van toc bang 0.
d. Tinh vdn toc tai thoi diém gia toc bdang 0.
&5 Gidi
Trudc tién, ta lan lugt c6:
= Van toc tai thoi diém t dugc cho bai:

S'=3t2-6t—09.
= Gia toc tai thoi diém t dugc cho boi:
S"=6t-6.
a. Van toc ctia chuyén dong khi t = 2s dugc cho bi:
S'(2) = —9my/s.

b. Gia t6c ctia chuyén dong khi t = 3s duoc cho bai:
S"(3) = 12m/s%.

c. Thoi diém van toc triét tieu dugc cho boi:

t=—1 loai

t=3

tlr d6, suy ra gia toc tai thoi diém van toc triét tiéu duge cho boi:
S"(3) = 12m/s%.

d. Thoi diém gia tdc triét tieu duoc cho boi:
6t—6=0<t=1

tlr d6, suy ra van toc tai thoi diém gia toc triét tiéu dugc cho bai:
S (1) =—12m/s.

3t2—6t—9=0<:>t2—2t—3:0©[

Dang toin 3: Tim cong thic dao ham cap n
Phuong phdp dap dung
V6i ham s6 y = f(x), dé tim duoc cong thic f(x) ta thuc hién theo c4c budc sau:
Budc 1: Tinh f'(x), f'(x) (d6i khi can tinh t6i f9(x), f*(x)).
Budc 2: Du dodn cong thitc tdng quat f™(x).
Buéc 3: Chiing minh cong thic du dodn biang phuong phép quy nap.
& Chuy:
1. Can nhd cédc cong thic co ban sau:
a. ™™ =m(m-1)..(m-n+1).x"""

b. (sinx)® = sin(x + ng).
c. (cosx)™ = cos(x +ng).

n . . .
2. Cong thiic Lepnit: Néu u va v 1a cdc ham kha vi n lan thi (uv)® = Y C, u®.v® 9,
i=0
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Thi du 1. Chitng minh rdang vdi moi n > 1, néu f(x) = cosx thi f*(x) = cosx.

&5 Gidi

Ta di ching minh bang phuong phap quy nap.

= Véin=1,taco:
f)(x) = —sinx, fP(x) = —cosx,
fO(x) = sinx, f¥(x) = cosx.

Tic 1a, cong thic ding véin = 1.

= Gia slr cong thic ding véi n =Kk, tic la:
f*(x) = cosx.

= Ta chitng minh cong thic ding véi n =k + 1, tic l1a chitng minh:
fé+9(x) = cosx.

That vay:
f#+I(x) = —sinx, f#+2(x) = —cosx,
ik +3)(x) = sinx, fék+9(x) = cosx, dpcm.

Vay, ta duge f*V(x) = cosx.
Thi du 2. Cho ham sé6'y = sinx. Chitng minh rdang y™ = sin(x + ng).
&S Gidi

Ta chiing minh bang quy nap.

= Véin=1,tacdy =cosx = sin(x + g) ding.

» Gia su cong thic ding v6i n =k, tdc 1a y® = sin(x + kg ).
= Ta chiing minh cong thic ding véi n =k + 1, tic 1a chiing minh:
y&+D = gin[x + (k + 1)%].
That vay:
y®&+ D = [y®]' = [sin(x + kg)]’ = cos(x + kg) = sin(x + kg + g)

= sin[x + (k + 1)%].

Vay, ta dugc y™ = sin(x + ng).
Thi du 3.
a. Cho ham s6 f(x) = tanx. Tinh f*(x) véin=1, 2, 3.

b. Chiing minh rdang néu f(x) = sin’x thi f*V(x) = -2~ '.cos2x.
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&5 Gidi

a. Ta lan luot c6:

1

fO(x) = — =1+ tan’x,

cos” x

2t
fP(x) = a121x = 2tanx.(1 + tan®x) = 2tanx + 2tan’x,

cos” x

2 2

F9(x) = 2 N 6tan“x _ 2+6tan x.

COoS X 0082 X 0082 X

b. Trudc tién, ta vi€t lai ham s6 dudi dang:
f(x) = %(1 — COS82X).

Ta di chiing minh bing phuong phéap quy nap.

= Véin=1,taco:
fO(x) = sin2x, fP(x) = 2cos2x,
fO(x) = —2%.sin2x, fP(x) = —23%.cos2x.

Ttc 1a, cong thic ding véin = 1.

»  Gia slr cong thic ding véi n =Kk, tic la:
fH(x) = —2% 1 cos2x.

= Ta chitng minh cong thic ding véi n =k + 1, tic l1a chitng minh:
f+9(x) = —2%+3 cosDx.

That vay:
fék+D(x) = 2% sin2x, e+ 2(x) = 2%+ 1 cos2x,
fH+I(x) =—2%+25in2x,  fU*H(x) = -2%*3 cos2x, dpem.

Vay, ta duge f¥(x) = -2~ 1.cos2x.

. . » 1 , N L , N W
Thidv 4. Cho ham s6'y = — . Tinh dao ham cdp n cua ham so.

X
&5 Gidi
Ta c6:
y'=x")'=(Dx7? y'=(DE2)x7 = ()22l
YO = (—1)(=2)(=3)x* = (=1)3.31.x731 .
Du dodn y® = (-=1)".n!.x """,
Ta di chitng minh du dodn trén bang quy nap — Ban doc tu lam.
& Chu y: Nhu vay, ching ta di 1am quen duoc véi viéc xéc dinh cong thic tinh

dao ham cap n cua mot s6 ham co ban. Viéc ma& rong cac cong thic
d6 dua trén két qua cua dinh Ii sau:

Pinh li: Ching minh rang néu ham s6 f(x) ¢6 dao ham cap n, thi:
[f(ax + b)]™ = a"fW(ax + b).
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Thidy 5. Cho ham s6'y = . Tinh dao ham cdp n cuia ham so.

2x +1
&5 Gidi
o 2 . 222 o 223
Tt T Y T T o
Du doan:
W (=D"2"n!

@x + D!
Ta di chitng minh du dodn trén bang phuong phap quy nap.
= Véin=1,taco:
. (=p2a1 2

x + 1! 2x +1)2

dang.

(-Dk .2k k!
2x + )
= Ta di ching minh (2) ding v6i n =k + 1, tic 1a chiing minh:
yoeD = D2k + 1)
(2x + k2

»  Gia st cong thiic ding vé6in =k, tic 1a y® =

)

That vay:
O 1 SISO IS B
(2x +1)k*! O Lex s

2k+1) | _ (=DM 28 (k4 1)
(2x + K2 (2x + 1)k

= (—1)k2%k! {—
Vay, ta dugc:

w _ (=D"2"n!
2x + )™

. N 1 . N o P
Thi dy 6. Cho ham s6'y = —————— . Tinh dao ham cdp n ciia ham so.

X" =3x+2
L5 Gidi
Tru6c hét ta dua ham s6 vé dang thuan tién dé 14y dao ham, ta co:
1 ~ 1 __A , B _(A+Bx-A-2B
x?-3x+2 (x-2)(x-1) x-2 x-1 (x=2)(x-1)

y =
Suy ra:

A+B=0 A=1
= .
-A-2B=1 B=-1

, dpcm.
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Do d6 ham s6 dugc viét lai duéi dang y =

X—2 x—1
Tir d6 ta du doan két qua la:
1 1
® =D"n!l.——— - (-D)"nl. —
y ( ) (X_2)1’H—] ( ) (X_l)l’H—]

=(-1D".nl. ! - - ! |-
(X _ 2)1’1+ (X _ 1)n+
Ta di chiing minh du dodn trén bang phuong phap quy nap — Dé nghi ban doc tu lam.

Thi dy 7. Tinh dao ham cdp n cia ham so'y = sin’x, tir dé suy ra dao ham cdp n
ciia ham s6'y = cos’x.
&S Gidi
Nhan xét rang:
o . T, , : n
(sinx)' = cosx = sin(x + 5) va (cosx)' = — sinx = cos(X + 5 ).
Do dé:

. 1 1 . T
=sin’x = —(1 — cos2x) = —[1 4 sin(2x — —=)].
y 2( ) 2[ ( 2)]
1 . T T .
=L osin2x - &+ T = sin2x,
y 5 sin(2x 5 2) sin2x

y" = 2sin(2x + g) va y® = 2%in(2x + 2.%),
Du doan:
y™ =2""Isin[2x + (n — 1).2]-

Ta chiing minh du dodn trén bang phuong phép quy nap — Dé nghi ban doc tu lam.
Tir hing dang thic:
cos’x + sin’x = 1 = hédng s6

= (cos2x)® = — (sinx)® = — 2"~ Isin[2x + (n — 1).%].
Thi dy 8. Cho ham s6'y = sin’x. Tinh dao ham cdp n ciia ham so.
&S Gidi

Tru6c hét ta dwa ham s6 vé dang thuan tién dé 14y dao ham, ta c6:

y= isinx - lsin3x.

4 4
Tir d6 ta du doan két qua la:
3. i 1 . b
™ = Zgin(x +n—) — —.3"sin(3x + n—).

y 1 ( 5 ) 1 ( 5 )

Ta chiing minh du dodn trén bang phuong phap quy nap — Dé nghi ban doc tu lam.

Thi du 2. Cho ham sé'y = sinax sinbx. Tinh dao ham cdp n cia ham sé.
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&5 Gidi
Tru6c hét ta dwa ham s6 vé dang thuan tién dé 14y dao ham, ta c6:
y= %[cos(a —b)x — cos(a + b)x].
Tir d6 ta du doan két qua la:
y(“)=% {(a—D)" .cos[(a—b)x + ng] — (a+b)" .cos[(a+b)x + ng] ).
Ta chiing minh du dodn trén bang phuong phap quy nap — Dé nghi ban doc tu lam.
Thi dy 10. Cho ham sé'y = x.cosax. Tinh dao ham cdp n ciia ham so.
L5 Gidi
Str dung cong thitc Lepnit , ta du doan két qua la:
y® = xa".cos(ax + ng) + Cla"~!cos[ax + (n — l)g ].
Ta chiing minh du dodn trén bang phuong phép quy nap — Dé nghi ban doc tu lam.

Dang to4n 4: sir dung Pao ham c4p cao chimg minh dang thitc, bat dang
thirc t6 hop

Thi du 1. Riit gon cdc biéu thiic:
a. A=21C2 -3.2C +..+n(n-1)-1)"ch.
b. B=32c? +43c! +54¢C2 +..+(m+3)n+2)C".

&S Gidi
a. Taco:
A-xr=c) —clx+C2x>-Cx*+ ..+ (= 1)rchxn (1)
L&y dao ham bac hai theo x hai v€ cua (1), ta dugc:
—n(l -x)""'=-c! +2C2x -3C} x> +... +n(-1)"Chx" !
n(1-x)""2=2.1C2 -32C) x+... +n(n— 1)(-1)"Clx"~2. 2)

Thay x = 1 vao (2), ta duoc:
0=2.1C2 -32C +..+n(n—-D(=1)"Ct < A=0.
b. Tacé:
A+x)=c% +clx+C2x2+ ..+ Cilxn-14 coxe

S +x)"=x>c) + clx*+ C2x5+ ...+ CIx"+3, 3)
L&y dao ham bac 2 theo x hai v€ cua (3), ta duoc:
X2(1+x)"+nx3(1 +x)" " =3x2C% +4C x> +5C2 x4+ ...+ (n+3)CNx"+2
2x(1 +x)" + nx?(1 + x)"' + 3nx*(1 +x)" ! +n(n— DHx}(1 +x)" 2=
=32xC% +43C! X2+ 54C2 3+ ..+ (n+3)n+2)Cx", 4)
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Thay x = 1 vao (4), ta duoc:
2+ 4n 2" +n(n—1).2"2 =

=320% +43¢! +54C2 +..+m+3)n+2)C"
& B=2""4+4n2""+n(n-1)22

|
Vidu 1: Dung dinh nghia, tinh dao ham cua ham so:

C. CAC BAI TOAN CHON LOC 3

. . o« N T
f(x) = x* — sinx tai diém xo= — .

2
&5 Gidi
Ta c6:
x> —sinx — n—z +1
£y = im0 4
2 X2 Xx—m/2 X2 X—m/2
i 1-sinx
=1 — i .
X:rl;(x+2) + 113 - (1
2 2 X——
— 2
L, | —
L,
Ta lan luot:
= VéiL,, tacéngay L, =m. 2)
* Vi L,, bang phép déi bién t = g — X, ta duoc:
. T .ot
1—sin(——t) _ 2t.sin” —
Lo=lim—2 = fim =%t iy 2 0. (3
t—0 —t t—0 t t—0 4(t/2)

Thay (2), (3) vao (1), ta duoc f '(g) =

@ Nhdn xét: Nhu vay, trong 15i giai trén dé tinh dao ham ching ta cdn x4c dinh

gia tri cia mot gidi han dang % va ¢ day ching ta da tich n6

P(x)
(

thanh hai gii han con (bao gém ) va dang luong gidc) dé
X

dua n6 vé dang don gian hon.
Vidu 2: Tim dao ham cua cdc ham s6 sau:

a.

1 2
e — b. y= ———.
Y (x+Dvx+1 Y VX+1+4x-1
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&S Gidi
a. Viét lai ham s6 duéi dang:
! 3 3 El
y= 3 :(x+1)2:>y‘:—5(x+1)2.
(x+1)2
b. Viét lai ham s6 dudi dang:
_ 2Wx+1—-+4x-1) = Sl -vx—1.
Wx+1+dx D x+1-+x-1)
Khi dé:
, 1 1
y'= - :
24x+1  24/x-1

Viduy 3: Tinh dao ham ciia ham s6'y = \x +vx* —x+1 .
L5 Gidi
Ta c6:

y'=( x+\/x2—x+1)'= ! x+ \/Xz—x+l)'

2\/x+\/x2—x+1

1 2x —1 2WxP—x+1+2x—1

= (1+ - = .
2\/x+\/x2—x+1 2\/X -x+1 4\/X+\/X2—X+1.\/X2—X+1
Vidu &: Tim dao ham ciia cdc ham s6 sau:
sin X + cos X sin” x
a, y= TS0 b.oy= X
SIn X — COS X 1+ tan2x
&S Gidi

a. Ta c6 cdc cach thuc hién sau:

Cdch 1: Ta c6 ngay:
. (cosx —sinXx)(sinX — cosX) — (COSX + sinX)(SinX + COSX) _ B 2

(sinx — cos X)2 (sinx — cos x)2
Cdch 2: Ta bién déi:

\/Esin(erZj
y= =—tan(x+£j =>y'=- =— .
—\/Ecos(x+nj 4 cos?| x+ =~ cos2(x+nj

4 4 4

b. Ta cé ngay:

, _ sin2x(1 + tan2x) — (1 + tan 2x).sin” x
(1+ tan2x)? '
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Vidu 5: Tim dao ham cua cdc ham sé sau:
cosVx? +1

1 T

a y= ——— b.y=——,x#—+kn, keZ
N [cos

&5 Gidi

a. Taco ngay:

2
' x? +1 x? +1

y:
x> +1

_ —x(\/x2 +1sin\/x2 +1 —cosx/x2 +1)

2+ 1IWx2 +1

b. Ta viét lai:
1

y =
\Jcos® x

f [ 2 '
, 1 ( cos x ) —2sinxcosx tan x tan x
- y = = — 2 = — = = .
Jeos? x cos” X 2Jcos?x.cos’x  +Jcosix  |cosX|

Vidvu 6: Gidi cdc phuong trinh:
a. '(x) = g(x) v6i f(x) = sin*2x va g(x) = 4cos2x — S5sindx.
b. f'(x) =0 véi f(x) = 20cos3x + 12c0s5x — 15cos4x.
&5 Gidi
a. Trudc tién, ta co:
f'(x) = 6sin?2x.cos2x.
Tu do:
f’(x) = g(x) < 6sin?2x.c0s2x = 4c0s2x — 5sindx
<> 6sin?2x.c082x = 4c0s2x — 10sin2x.cos2x

cos2x =0

<> (3sin?2x + 5sin2x — 2).cos2x = 0 < 5
3sin“2x +5sin2x —-2=0

2x ="+ kn x=£+H
cos2x =0 2 4 2
. 1 | 1 .1
& [sin2x =— <> | 2x =arcsin— + 2kn <> | x =—arcsin— + km
3 3 2 3
sin2x =-2 loai 2X =1 — arcsin% +2kmn X = r_ %arcsiné + kmn

Vay, phuong trinh c¢6 ba ho nghiém.
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b. Trudc tién, ta co:
f'(x) = —60sin3x — 60sin5x + 60sindx
Tur d6:
f’(x) = 0 & —60sin3x — 60sin5x + 60sindx = 0
& sinSx + sin3x — sindx = 0 < 2sin4x.cosx — sindx =0
1

< (2cosx — 1)sindx =0 & cosx ZE

sin4x =0

T
T x=1+—+2kn
=+—+2k
et x 3 T = ke Z.

4x =kr x=k—7T
4

Vay, phuong trinh c¢6 ba ho nghiém.
Vidu?7: Choham sof(x) = —x*+3x -2 .Timm dé phuong trinh sau c6 nghiém:

2
200() = 2m+x—-x". @))

B-2x)f'(x)
&5 Gidi

Ta 6 f(x) = ——2X*3

20 —-x2 +3x-2

Khi dé, phuong trinh (1) ¢6 dang:

2
2(—x° +3x—-2)(-2x +3) :m
23-2x)W—-x%+3x-2
3 3
X;*E X;ﬁE
o V=x2+3x-2 =2m+x-x> < —xX+3x—2=2m+x—x2>0
—x24+3x-2>0

3 <x<L2
S IX#E— & 3.
2 X=m+1#—
Xx=m+1 2

Do d6, dé phuong trinh c6 nghiém, diéu kién Ia:

1<m+1<L2 0<m<l1
3 << 1
m+1#— m;tE

Vay, v6im € [0; 1]\{%} , phuong trinh c6 nghiém.
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Vidu 8: Cho ham so6'f(x) = Nx* —2x . Hay gidi bdt phuong trinh f'(x) < f(x).
&S Gidi
Trudc tién, ta co:

x—1

\/x2—2x '

Khi d6, bat phuong trinh c6 dang:

2 2
x—1 S\/E@ x°=2x>0 - x“=2x>0
\/XZ—2X 2 x2=3x+1>0

x—-1<x"-2x
x >2 hoac x <0
' J5

= 3+\/§ 3_\/5 <> x<0hoacx > 3
X = 5 hoac x <

f(x) =

Vay, bat phuong trinh cé nghiém la x < 0 hoac x >

3+\/§
5

Vidy 9: Timm d¢ phuong trinh sau nghiém diing véi moi x:
sin™x + cos™x = 1.
L5 Gidi
bat f(x) = sin™x + cos™x, khi d6 yéu ciu bai todn dugc phat biéu dudi dang:
£(x) =0, Vx (1)

fx)=1,Vx < f(%]zl )

Gidi (1): Ta duoc:
m.cosx. sin® ~ 'x — msinx.cos™ " 'x = 0, Vx
<> m.sinx.cosx(sin™ ~ 2x — cos™ " 2x) = 0, Vx
m=0 m=0
< .. m-2 m-2 And :
sin™ “x = cos™ "X, VX m=2
Ta xét ting truong hop clia m dé gidi (2):
*  Véim =0, ta duoc:
0 0
f (gj = (@] + {%} = 2, khong thoa man.

*  Véim =2, tuong tu ta dugc f(g] =1, thoa man.

Vay, v6i m = 2 phuong trinh nghiém ding v6i moi x.

Vi dy 10: (PHGTVT — 98): Tinh gici han tim |- Y2X+1*sinx
x—0 \/m _ 2 -x
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&5 Gidi
bit f(x) = 1 — /2x +1 + sinx, ta ¢6 f(0) =0,

f'x)= — \/ﬁ + cosx = f'(0)=0.
bat g(x)=+/3x+4 -2 —x,tac6 g(0)=0,
, 3 1
g(X)=W_13g(O) T
Khi dé:
f(x)-1(0)
lim 1-+2x+1+sinx _ lim x-0 _f'o _
0 3x+4-2-x =0 g(x)-g(0)  g'0)
x—0

@ Nhdn xét: Dé xac dinh gi6i han trén bing phuong phap thong thudng ta phai
thuc hién nhu sau:

1—\/2X+1+sinx_(1—\/2x+1+sinx )'(\/3x+4—2—x

= )
\/3x +4-2-x X X
1-v2x+1 sinx . V3x+4-2
=( + )i ( -1
X X X
-2X sin X 3x
= ( : —
x(1++/2x +1) X x(\3x+4+2)
-2 sin X 3
=( + ):( -1).
1++/2x+1 X V3x+4+2
Tu do
i 1 V2x +1 +smx
HO V3x+4-2-x
-2 sin x 3
=lim ( + ):( -1)=0.
=0 1 442x+1 X 3x+4+2
Vidvu 11: Tinh giéi han lim tan2x.tan(§—x).
&S Gidi
a. Viét lai gi6i han dudi dang:
tan(E— X)
hm tan2x. tan(— —X)= 11m
HZ 4 HX cot2x
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St dung hai ham s6 f(x) va g(x), trong do:

» Patf(x)= tan(g —X), ta co:

1

f(Cy=0, fx)=- = f(E)=-1.
4 cosz(ﬁ—x) 4
4
=  Pat g(x) = cot2x, ta co:
i , 2 ,, T
—)=0, X)=— =g(—)=-2
g(4) g(x) T g(4
Khi do:
n
f(x)—f(—
(x) (4)
Y Y
tan(——Xx) X—— f'(->)
lim 2 = lim 4 = 4 - %
x> Cot X x—0 T ,E
g(x) g(4) g(4)
T
N
4
Vi du 12: Cho ham 56 (C): y = — x>+ 3x> = 2. Tim cdc diém thudc do thi (C) ma

qua doé ké duoc mot va chi mot tiép tuyén voi do thi (C).
L5 Gidi
Xét diém A(a, — a® + 3a® — 2) thuoc do thi ham so.
Tiép tuyén qua A ti€p xdc véi d6 thi ham s6 tai M(Xo, y(Xo)) c¢6 dang:
(d): y=(-3x§ +6x0)(x—X0) — xp +3x§ —2.
Piém A e(d) khi:
—a’+322-2=(-3x} +6x0)(a—x0) — xj +3x§ —2
& (-3x¢ +6x0)@a—x0) +a’—3a>— xp +3x3 =0
& (-3x§ +6x0+a>+axo+ x§ —3a—3x0)(a—Xo) =0

& (2x3 +3x0+ a2+ axo— 3a)(a—x0) =0

Xp=a

< (a+2x0—3)(@a—xo)(a—xo) =0 < 3 a.
Xp =

2

Dé qua A ké dugc mot tiép tuyén véi (C) ta phai co:

3-a
a="—<a=1.
2

Vay, qua diém A(1; 0) (chinh la diém u6n cta do6 thi (C)) ké dugc mot va chi mot
ti€p tuyén véi do thi (C).
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Vidu 13: Cho ham sé'y = x> + 3x* + 3x + 5.
a. Chitng minh rdng trén do thi khong ton tai hai diém sao cho hai
tiép tuyén tai hai diém dé ciia do thi la vuong géc véi nhau.
b. Xdc dinh k dé trén doé thi cé it nhdt mot diém ma tiép tuyén tai do
vuong géc voi duong thang y = kx.

&5 Gidi
a. Taco:
y'=3x2 + 6x + 3.

Gia sur hai diém A, B ¢6 hoanh do theo thit tu 1a xa, xp, thudc do thi, ta c6:
= Hé s6 gbc cua ti€p tuyén tai A, B c6 gia tri 1a y'(xa) va y'(Xs).
= Hai ti€p tuyén tai A va B vuong goc véi nhau
Sy'(xa)Y'(xp) = — 1 & (3x% +6xa+3)(3x5 +6xp+3) =-1
S9(xX +2xa+ D(x3 +2xp+ 1) =—1
< 9(xa + 1)*(xg + 1)> = —1 mau thuan.
Vay, trén do thi khong ton tai hai diém sao cho hai ti€p tuyén tai hai diém d6 cua
do thi 1a vuong goc véi nhau.
b. Diém M(xo, yo) thudc dé thi, ta c6:
= Heé s0 gbc cua tiép tuyén tai M ¢ gia tri 1a y'(xo).
» Tiép tuyén vuong géc v6i duong thing y = kx
Sky'(x)) =-1kBx3 +6x0+3)= — 1< 3k(xo+ 1)>=-1. (1)
Dé t6n tai it nhat mot diém M thoa man diéu kién dau bai
< phuong trinh (1) c6 nghi¢ém < 3k <0 < k <0.
Vay, v6i k < 0 thoa man diéu kién dau bai.
1
=
a. Tim phuong trinh tiép tuyén (T) ciia (76) tai tiép diém A c6 hoanh
do a (voi a+0).
b. Gid sit (T) cdt truc Ox tai diém 1 va cat truc Oy tai diém J. Chiing
minh rdang A la trung diém cua doan thang 1J. Tir dé, suy ra cdch
vé tiép tuyén (T).
c. Chitng minh rang dién tich AOIJ khong phu thudc vao vi tri cia

Vi du 14: Cho hyperbol (76) c6 phuong trinh 'y =

diém A.
&5 Gidi
a. Trudc tién, ta co:
y = :
X2 ’
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Phuong trinh tiép tuyén (T) tai diém A c6 dang:
, 1 1
M:y-y@=y@x-a=My=-—FKx-a)- o
a
b. Talan luot c6:
= Toa do giao diém I cla ti€p tuyén (T) va truc Ox 1a nghiém ctia hé phuong trinh:

y=0
=2
1 | < {X ! =122 0).
y=-—Kx-a)-— y=0

a a
= Toa do giao diém J cua tiép tuyén (T) va truc Oy nghiém clia hé phuong trinh:
x=0 x=0

2
1 1 < 2 < J0; —).
y=-gx-w-— 7 |y== a
a

a
. 2

Nhan xétrang Xi+ xy=2a=2xa va yi+y;= — =2ya
a

suy ra A 12 trung diém clia doan thang 1J.
Tir d6, suy ra cach vé ti€p tuyén (T) nhu sau:
= Trén Ox lay diém I(2a; 0).

= Trén Oy lay diém J(0; z).
a

= Noi 1J ta duogc tiép tuyén (T).
c. Dién tich tam giac OlJ duoc xac dinh bai:

S= %OI.OJ = %.|2a|. % =2 — khong phu thudc vao a.
a
Vay, dién tich AOIJ khong phu thudc vao vi tri chia diém A.

X —4m

Vidu 15: Cho ham s6’ (Hn): y = ———.
2(mx —1)

a. Chitng minh rang véi moi m # i%, cdc duong cong (Hn) déu di

qua hai diém c6 dinh A va B.
b. Chitng minh rang tich cdc hé s goc cua cdc tiép tuyén voi (Hy) tai
hai diém A va B la mot hang s khi m bién thién.

&S Gidi
a. Gia st M(Xo; yo) 1a diém c6 dinh ctia ho (Hy,). Khi d6:
yo= 0T G 9 (xayo + 2)m — xo— 2y0 = 0, ¥m
2(mx, —1)
{xoyo +2=0 {xo =-2y, {A(—z;l)
o o = .
—X,—2y,=0 (-2y,)y, +2=0 B(2;-1)

Vay, ho (Cy) luon di qua hai di€ém c6 dinh A(=2; 1) va My(2; -1).
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b. Trudc tién, ta co:
VL 4m* -1
2(mx —1)*
Khi d6, tich cdc hé s6 géc clia céc tiép tuyén vé6i (Hp) tai hai diém A va B dugc
cho bai:
kaks =y'(-2).y'(2)
4m® —1 4m’> -1 (4m’* - 1)’ 1

T 2C2m-17 2@m-17  42m+1).Cm-17 4

Vi du 16: Tim mot diém trén do thi ham s’y = . sao cho tiép tuyén tai do
X —
cung vdi cdc truc toa do tao thanh mét tam gidc ¢é dién tich bang 2.
&5 Gidi
Trudc tién, ta co:
- 1
(x=1

M 1a diém tuy y thudc d6 thi, gia st M ¢6 hoanh do béng a, khi d6 M(a; y(a)) va
phuong trinh ti€p tuyén tai M c6 dang:

(d:y-y@=y@x-a)=d:y=- ( (X a)— .
a— _
Toa do giao diém A clia tiép tuyén tai M va truc Oy nghlem cla h¢ phuong trinh:
x=0 x=0 4
= 2a—1 < A(0; 5 ).
y= y= (a—1)>2
(a —1)° -1 a-1
Toa do giao diém B cuia tié’p tuyén tai M va truc Ox 1a nghiém ctia hé phuong trinh:
y=0 —2a-1
1 <! 7 o BRa-1;0).
y=- s(x—a)———- y=0
(a—1) -1
Dién tich tam gidc OAB ducjc xac dinh bai:
B 2
s=Loaop=1 |2 12 a—1= L2z
2 2 -1) 2 (a—1)*

Dé tam gidc c6 dién tich bang 2, diéu kién la:
(2a—1)* 2a—1=2(a—1) 3
- . =2 < a .
2(a—1)* 2a—1=-2(a—1) 4

Vay, diém can tim trén d6 thi ham s6 1 M( %; —4).

Vi du 17: Riit gon biéu thiic:
A=CY +2c! +3c2 +..+nc™! +(n+1)Ch.
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&S Gidi
Ta c6:
n_ 0 1 2 -1 yn— n
(I+x)"=C) + Cyx+ Cox>+ ...+ Ch ' x"" 1+ Chx
Sx(1+x)"=xc? + x>+ 23+ ..+ V' x"+ cxnt (1)
LAay dao ham theo x hai vé& ctia (1), ta dugc:
(1+x)"+nx(1 +x)"! =
_ 0 1 2 ~1 ¢n
=C) +2C x+3C: x>+ ... +nCh ' x" T+ (n+ 1)Chx. (2)
Thay x =1 vao (2), ta duoc:
224+n2" =l +2¢! +3C2 + . +nC" ! +(n+ )P
< B=2"+n2" 1
@ Nhdn xét: Nhu vay, trong 10i giai clia vi du trén, néu cdc em hoc sinh hiéu mot
cach thu dong y tudng nhan dugc trong cau a) thi s€ thiy ling ting
v6i thic mac " Lam cdch nao dé ndang duocgid tri cia hé so'? ". Tuy
nhién, cau tra 10i lai rat don gian bsi " Dé ndng duoc hé so ta di
ndng bdc cho x " va & day ching ta da thuc hién viéc nhan ca hai v€

ctia biéu thifc vé6i x trude khi 1dy dao ham. Nhu vay, cdc em hoc sinh
c6 thé tong quat hoa dugc cho:

B¥*=kC? +(k+1)Cl +(k+2)C2 + ...+ (k+n)Ch.

Nhu vay, ching ta da biét cach giai quyét cho viéc tao ra hé so tng
v6i mbi C; va mot cau hoi duge dat ra kha tu nhién tir cic em hoc
sinh kha va gioi 1a " Chiing ta da biét ldy dao ham va da biét toi khdi
niém dao ham cdp cao do dé ham todn cé thé xdy dung ra cdc vi du

"

mai voi yéu cau ldy dao ham nhiéu ldn "
Vi dy 18: Vi n la s6 nguyén duong, ching minh rang:
a. Cy—2ChL+2°C; —..+(=Dn2"Ch=(-1)n
b. ¢l -2¢c2+3¢C - +(=D='kCK +...+(=1)"="nC" =0.
&5 Gidi
Vi moi X, va véi n 1a s6 nguyén duong ta co:
(1-xr=c? —clx+ C2x2— .+ (= DFClxk+ .+ (= 1rCnxn. (1)
a. Thay x =2 vao (1), ta dugc:
(-r=c-2¢c! +22¢2 — ... +(-1mn2"C", dpem.
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b. Lay dao ham theo x hai v€ cua (1), ta duoc:
—n(1-x)"'= -cl +2C2x+ ... +n(-1)cix" " )
Thay x = 1 vao (2), ta duoc:
0=-c! +2c2 +...+n(-1)"cC"
o cl-2¢2 +3¢ - +(=1)"="nC" =0, dpcm.
Vi du 19: Vi n la sé nguyén duong, chitng minh rdang:
a. (DHTCKT 2000): ¢! +2¢c2 +...+(n—1)c"! +nc? =n.2"" ",
b. 2.1¢2 +3.2C +...+n(n-1)C =n(n-1).2""%

L5 Gidi
Vi moi X, va véi n 1a s6 nguyén duong ta co:
A+x)=c’ +clx+ C2x2+ ..+ Cilx"— T4 Cix, (1)
L&y dao ham theo x hai v€ cua (1), ta duoc:
1l 2 1 yn— _
n(l+x)""'=C, +2C;x+..+(n—1)Ch ' x" " ?+nChx ! . 2)

a. Thay x =1 vao (2), ta dugc:
n2"'=cl +2c2 +..+(m-1)C*! +nC", dpcm.
b. L&y dao ham theo x hai v€ cua (2), ta duoc:
nn- (1 +x)""2=21¢2 +32Cx+..+n(n—1)Clx" 2 3)
Thay x = 1 vao (3), ta duoc:
n(n-1).2""2=2.1¢2 +3.2¢ +..+nn-1)C", dpcm.

Vi du 20: Vi n la s6 nguyén duong, chitng minh rdang:
(-1yctct +(=D*iet,, b+ L+ (=1"ch ¢t =0,
v61 r nguyén duong var <n.

&S Gidi
V6i moi x, va véi n la s6 nguyén duong ta co:
A+x=c? +clx+C2x2+ ..+ Cilxn— 14+ Cixn, (1)
L&y dao ham cap r theo x hai v€ cua (1), ta duoc:
nn = D=1+ D +x)" = "= Sk(k—1)..Ck —r+ )HCKxKT . )
k=r

Chia hai v€ cua (2) cho r!, ta dugc:

L= 1t —r+ (14 =7 = KEDolortD e
"’ k=r 1!
= 3 kT = Sopeh T 3)
k:rr!.(k—r)! n P k%“n .
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Thay x = —1 vao (3), ta dugc:

n n
0= Ycck-nTe ycickn* =0, dpem.
k=r k=r

Vi du 21: Vi n la s6 nguyén duong, chiing minh rang:
C2 +2C +..+ (n—-1)Ch >(n-2)2""".
&5 Gidi
Ta lan luot thuc hién:
» Vi moi x, va véi n la s6 nguyén duong ta co:
A+xr=c? +clx+C2x>+ ..+ Chlxn—14 coxn. (1)
Thay x =1 vao (1), ta duoc:
2= +cl+c2+..+ " +nch. )
= Lay dao ham theo x hai v€ cta (1), ta dugc:
n(1+x)"'=c! +2C2x+..+ (-1 ' x"24nClx", 3)
Thay x = 1 vao (3), ta duoc:
n2"'=cl +2c2 +..+(m-1c! +nCn. 4)
Lay (4) — (3), ta duoc:
n2"'-2"= —c? + 2 +..+(m-2)C" +(n- 1"
S +20 ++@-DCE =@m-2)2""'+1>(n-2)2""", dpcm.
Vi du 22: Vi n la s6 nguyén duong, chitng minh rdang:
Cl +4C2 +...+n2""'.C! =
=nd"LC) —(n-D4"2Cl +(n—-2)4"3C + ..+ (= D)Ler .
L5 Gidi
a. V&i moi x, va véi n 1a s6 nguyén duong ta c6:
A+x)=c® +clx+C2x2+ ..+ Clx =14 Cix, (1)
L&y dao ham theo x hai v€ cua (1), ta duoc:
n(l+x)—"'"=cl +2C2x+..+(m- 1) !x"—2+nclx" 1. )
Thay x =2 vao (2), ta duoc:
n3""'=C, +4C; +..+n2"-".C}. 3)
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b. Vi moi x, va véi n la s6 nguyén duong ta co:
x-1Dr=c%"—clx" "+ . +(=1)"Ch. 4)
L&y dao ham theo x hai v€ cua (4), ta duoc:
nx-1)""'=ncdx""—m-Dclx" 2+ .+ (=1 ten 5)
Thay x =4 vao (5), ta duoc:
n3" " '=n4""LC’ —(n-14"2C! +..+ (=D Lcr, (6)
Tu (3) va (6), suy ra diéu can chiing minh.
Vi du 23: Chiing minh ddng thiic:
nd""'C? —(n-14"2C! + ..+ (=D"'CM = Cl +2°CE 4L+ n2™'C]
&S Gidi
Ta co:
2x-D"=C’2x)" —=C!2x)"" + ..+ (=D"C". (1)
L&y dao ham theo x hai v€ cua (1), ta duoc:
2n(2x-D"" =2nC% 2x)"" —2(n-1C! 2x)"* +

+o.+ (=D T2cn . )

Thay x =2 vao (2), ta duoc:

n3""' =nd""'CY —(n-14"C! + .+ (=D "2C! 3)
Mat khéc, ta c6:

(1+x)"=CY+Clx+C2x* +C)x* + ..+ Cx". 4)
Lay dao ham theo x hai vé& clia (4), ta dugc:

n(1+x)"" =C! +2C2x +...+nC"x"". ®)
Thay x =2 vao (5), ta duoc:

n3""' =C! +4C2 +..+n2"'C". (6)
Tu (3) va (6), suy ra diéu can chiing minh.

Vi du 24: Vi n la so nguyén duong, chiing minh rang:

Leel +2¢2 +3¢3 4.+ nc)<nl.
n

&5 Gidi
Vi moi X, va véi n 1a s6 nguyén duong ta co:

A+x)=c% +clx+C2x2+ ..+ lxn=l 4 coxn, (1)
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LAy dao ham theo x hai vé& ctia (1), ta dugc:

n(l+x)" '=cl +2C2x+..+(m-1cix"2+nclx . )
Thay x = 1 vao (2), ta duoc:

n2"'=cl+2c2 +..+@m-1)Cc*! +nCn. 3)
Khi d6, bat dang thitc duoc chuyén vé dang:

2" l<nl.

Ta s& di chitng minh bat dang thiic trén bing phuong phap qui nap — Ban doc
tham khdo trong chui dé hodn vi.

312



	5_Dao ham
	1. Më ®Çu
	2. ®Þnh nghÜa ®¹o hµm
	3. ®¹o hµm mét bªn
	4. ®¹o hµm trªn mét khong
	5. Quan hÖ gi÷a sù tån t¹i cña ®¹o hµm vµ tÝnh liªn tôc cña hµm sè
	6. ý nghÜa cña ®¹o hµm
	6.1. ý nghÜa h×nh häc
	6.2. ý nghÜa vËt lÝ

	1. ®Þnh nghÜa
	2. øng dông cña vi ph©n vµo phÐp tÝnh gÇn ®óng
	1. ®Þnh nghÜa
	2. ý nghÜa c¥ häc cña ®¹o hµm cÊp hai


