CHUONG 4 — GIGI HAN

A KIEN THUC CAN NHO §%§
I. DAY sO CO GIOIHAN 0

1. PINH NGHIA DAY SO CO GIGI HAN 0

Dinh nghia: Ta noi ddy sé (u.) o gidgi han la 0 (hay c6 gidi han 0) néu moi s6 hang
cua ddy so déu co gid tri tuyét doi nho hon mot s6 duong nho tuy y cho
trudc ké tix mot s6 hang nao dé trd di.
Khi d6, ta viét:

lim(u_) =0, viét tit Ia lim(u,) = 0 hodc limu, = 0 hodc u, — 0.

Nhdn xét:
1. Dy s (us) ¢6 gi6i han 0 khi va chi khi ddy s6 (| ua | ) c6 gidi han 0.
2. Day s6 khong d6i (u,) v6i u, = 0 ¢6 gidi han 0.
2. MOT SO DAY SO CO GIOI HAN 0 THUONG GAP
Tu dinh nghia, ta c6 cac két qua:

a. liml =0. b. lim L =0. c. lim L =0.

n Jn Vn

Dinh Ii I: Cho hai dy s6 (un) va (Vo). Néu | un| < v v6i moi n va limv, = 0 thi limu, = 0.

Pinh Ii 2: Néu |q| < 1 thi limq" = 0.

II. DAY SO CO GIOI HAN HUU HAN

3. PINH NGHIA DAY SO CO GIGI HAN

Dinh nghia: Ta néi day so (u,) co gidi han la sé thuc L néu lim(u, —L) =0.
Khi d6, ta viét: o

lim(u, ) =L, viét tat 1a lim(u,) = L hoac limu, = L hoac u, — L.

4. MOT SO PINH Li
Dinh li 1: Gia st limu, = L. Khi dé:
a. lim|u| = [L| valimg/u, = VL.

b. Néuu,>0véimointhiL>0valim \Ju =+/L.
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DPinh li 2: Gia st limu, = L, limv, = M va ¢ 1a mot hang so. Khi dé:
a. Cac day so (un + Va), (Un — Va), (Un.Vn) Va (cu,) c6 gidi han va:
= lim(u, + vo) =L + M.
= lim(u,—vy) =L - M.
*  lim(u,.vn) = LM.
= lim(cu,) =cL.
b. Néu M = 0 thi day so (%J c6 gidi han va lim

n

w _ L
\%

n

5. TONG CUA CAP SO NHAN LUI VO HAN
Vi cép s6 nhan (u,) c6 cong boi q thoa man | q | <1 thi:

S=Ll1+ll2+... =u—.
I-q

III. DAY sO cO GIOI HAN VO CUC
1. DAY SO COI GIOI HAN +00
Dinh nghia: Ta néi ddy s6 (u,) co gidi han la +oo néu moi s6 hang ciia dday so déu lon
hon mot s6 duong lon tuy ¥ cho trude ké ti mot s6"hang nao doé trd di.
Khi do, ta viét:
lim (u, ) = o0, viét tat 1a lim(u,) = 400 hodc limu, = +o0 hodc u, —> +oo.
Tur dinh nghia, ta c6 cac két qua:
a. limn = +oo.
b. lim 4/n = +co.
c. limi/n = +oo.
2. DAY SO CO GIOI HAN —©
Dinh nghia: Ta néi ddy s6 (u,) ¢6 gidi han la —oo néu moi s6 hang ciia day s déu
nhd hon mot s6"am tuy y cho trudc ké' tie mot s6 hang nao dé tré di.
Khi d6, ta viét:

lim (u ) =—oo, viét tét 1a lim(u,) = —0 hoac limu, =—o0 hodc u, — —oo.

n—-+oo

Nhdn xét: Néu limu, = —oo thi lim(—u,) = +oo.

& Cha y:

1. Céc day so c¢6 gidi han +oo va —oo duoc goi chung la cac day so ¢ gidi han vo cuc
hay dan dén vo cuc.

2. Day s6 c6 gidi han la s6 thuc L dugc goi 1a day so c¢6 gidi han hitu han.
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3. MOT VAI QUY TAC TIM GIOI HAN VO CUC

Quy tdc 1: Néu limu, = +o0 va limv,, = Foo thi lim(u,.vs) dugc cho trong bang sau:

limu, limv, Lim(un.vn)
+00 +00 +00
+00 —00 —00
—00 +00 —Q0
—00 —00 +00

Quy tac 2: Néu limu, = oo va limv, = L # 0 thi lim(u,.v,) dugc cho trong bang sau:

limu, Dau ctia L lim(uy,.vy)
+00 + +00
+00 — —0
—o0 + —0
—0 — +00

o - . N e .. u
Quy tac 3: Néu limu, = L # 0, limv, = 0 va v, # 0 v6i moi n thi lim — dugc cho trong
Vﬂ
bang sau:
e 2 pd 9 . u
Dau cua L Dau cua v, lim —2
v
n
+ + +00
+ — —0
— + —o0
— — +00

4. MOT SO KET QUA

n

. <;. N .
a. llmq— =+oovahm—n =0,véiq>1.

n

n k

2, A 7z . ~ . n P N N A A A
Mo réng: Ta c6 hmq—k = +oo va lim—, v6i g > 1 va k la mot s6 nguyén
n
duong.
b. Cho hai day s6 (un) va (V).
= N&u u, < v, v6i moi n va lim u, = +oo thi lim v, = +o0.
un

= Néulimu,=L e Rvalim|v,| =400 thi lim — = 0.
A%

n

= Néu lim u, = +00 (hoac —o) va lim v, = L € R thi lim (u, + va) = +o0 (hoac —oo).

185



IV. DPINH NGHIA VA MOT sO DINH LI VE GIOI HAN CUA HAM SO
1. GIGI HAN CUA HAM SO TAI MOT PIEM

Dinh nghia 1 (Giéi han hitu han): Gid si (a; b) la mot khodng chita diém xo va 'y =
f(x) la mot ham sé xdc dinh trén mot khodng (a; b), cé thé trir & mot
diém xo. Ta néi ham so f(x) cé gidi han la sé thuc L khi x dan dén x,
(hodic tai diém Xo) néu véi moi s6 ddy s6 (x») trong tdp hop (a; b\{Xo}
ma lim x, = Xo ta déu cé lim f(x,) = L.
Khi do, ta viét:
lim f(x) = L hoac f(x) —» L khi x — Xo.

X—=>X0
Tur dinh nghia, ta c6 cac két qua:
1. lim ¢ =c, vdi ¢ 1a hang s6.

X—)XU

2. Néu ham s6 f(x) xdc dinh tai diém x, thi lim f(x) = f(xo).

X=X
Dinh nghia 2 (Giéi han vo cuc): Gid sit (a; b) la mot khodng chita diém xova 'y =
f(x) la mot ham s6 xdc dinh trén mot khodng (a; b), cé thé triv & mot
diém xo. Ta néi ham so f(x) cé gidi han vé cuc khi x ddn dén xo
(hodic tai diém Xo) néu véi moi s6 ddy sé (xn) trong tdp hop (a; b\{Xo)
ma lim X, = Xo ta déu cé limf(x,) = +oo.
Khi d6, ta viét:

lim f(x) = £oo hoac f(x) — Foo khi x — Xo.

X—)XO
2. GIOGI HAN CUA HAM SO TAI VO CUC
Dinh nghia 3: Gid sit ham s6'y = {(x) xdc dinh trén khodng (a; +). Ta néi ham sé
f(x) ¢6 gidi han la s6 thuc L khi x ddan dén +oo néu voi moi so' dday so
(Xn) trong khodng (a; +o0) ma lim X, = +oo ta déu cé lim f(x,) = L.
Khi d6, ta viét:
lim f(x) = L hoac f(x) —» L khi x — Xo.
@& Cha y: Cic giGi han lim f(x) = L, lim f(x) = £oo, lim f(x) = oo dugc dinh
nghia tuong tu.
Ta c6, cac két qua sau véi s6 nguyén duong k bat ki cho truée:

. .
1. limik =0. 3. Xlirgox = 400,
’ . X + 00 néukchan
i l = 4 11m X = ] :
2. lim - =0. lim o ek
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3. MOT SO PINH Li VE GIGI HAN HUU HAN
Dinh li 1: Gid sit 1lim f(x) =L va lim g(x) =M (L, M € R). Khi do:
X=X X—=>X0
a. lim [f(x) £ g(x)] =L+ M;
X—)XO
b. lim [f(x).g(x)] = L.M;
X—=>X0

Dic biét, néu ¢ 1a hang s6 thi lim [c.f(x)] = cL;

X=X
¢. NeuM#0thi fim 1 = L&
X=X g(x) M
Pinh li 2: Gid si lim f(x) =L € R. Khi dé:

X=X

a. lim [fx)] = |L|;
X—)XO

b. lim y/f(x) = VL;

X=X

c. Néuf(x)>0véi thiL>0va lim f(x) = VL.

X=X
Dinh li 3: Gid su f(x), g(x) va h(x) la ba ham s6 xdc dinh trén mot khodng (a; b)
chita diém xo, ¢6 thé trir  mot diém xo. Néu f(x) < g(x) < h(x) véi moi x € (a; b\{Xo}
va lim f(x) = lim h(x) =L thi lim g(x) =L.

X—>X( X—X( X—=X(
@ Chi y: Cic dinh Ii 1, dinh I 2, dinh 1i 3 vin ding khi thay x —> xo bdi x —> Foo,

V. GIOI HAN MOT BEN
Dinh nghia 1 (Gidi han phdi): Gid siw ham s6 {(x) xdc dinh trén mot khodng (Xo; b)
(xo € R). Ta néi ham sé {(x) cé gidi han phdi la sé thuc L khi x ddn
dén xo (hodc tai diém Xo) néiu véi moi s6’ ddy sé (xn) trong khodng (Xo; b)
ma lim X, = Xo ta déu c¢é lim f(x,) = L.
Khi d6, ta viét:

lim f(x) =L hodc f(x) - L khi x —» x;.

X*)XO

Dinh nghia 2 (Gidi han trdi): Gid si ham s6 f(X) xdc dinh trén mot khodng (a; Xo)
(x0 € R). Ta néi ham s {(x) cé gioi han trdi la so thuc L khi x dan
dén xo (hodic tai diém xo) néu véi moi s6 ddy so (x») trong khodng (a;
Xo) ma lim x, = Xo ta déu ¢6 lim f(x,,) = L.
Khi d6, ta viét:
lim (x) = L hodc f(x) — L khi x — x; .

XX()
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Dinh Ii: Diéu kién can va di dé lim f(x)=L1a lim f(x) = lim f(x) =L

X=X xﬁxg X—>X()
& Cha y-
1. Céc gidi han lim f(x) = 200, lim f(x) = 200 dugc dinh nghia tuong tu.
xﬁxg X—X()

2. Dinh 1i van ding véi giGi han vo cuc.

VI. MOT VAI QUY TAC TiM GIOI HAN VO CUC
Quy tac 1: Néu lim f(x) = foo va hm g(x) =L # 0 thi lim [f(x).g(x)] dugc cho

X—=>X(0

trong bang sau:

Xlirpo f(x) Dau clia L Xlirpo [f(x).g(x)]
+00 + +00
+00 — —©
—00 + —00
—00 - +00
Quy tac 2: Néu lim f(x) = L # 0, lim g(x) = 0 va g(x) # 0 v6i moi x # Xo thi
X—)XO X—)XO
lim —= fx) duoc cho trong bang sau:
X=X g(X)
Diucial | Diuciag | fim 1
au cua au cua g(x —
§ )
+ + +00
+ - —00
— + —o0
- - +00
& Chuy:
1. Néu 11m f(x) =0 va f(x) # 0 v6i X # Xo thi lim
x=x0 | f(X) I

2. Néu hm |f(x)| =+oo thi lim
xoxo | f(X) I

VII. CAC DANG VO PINH
Khi tim gi6i han clia mot ham s, ching ta ¢6 thé gip céc trudng hop sau:

1 1im Y% v u(x) = 0va v(x) — 0.
v(X)

2. 1im 2% v6i u(x) > o va v(x) = o,
v(Xx)

3. lim[u(x) — v(x)] véi u(x) — o va v(x) —> oo,
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4. lim[u(x).v(x)] véi u(x) — 0 va v(x) — co.

Ta goi la cic dang vo dinh dang % x , 00 —o00, 0.00, ...
0

VIII. HAM sO LIEN TUC
1. HAM SO LIEN TUC TAI MOT PIEM

Dinh nghia 1: Cho ham s6'y = f(x) xdc dinh trén khodng (a, b). Ham s6 'y = f(x)
dugc goi la lién tuc tai diém xo € (a, b) néu :
lim f(x) = f(Xo).
X—X(
Néu tai diém xo ham s6 y = f(x) khong lién tuc, thi dugc goi 1 gidn doan tai xo va
diém xo dugc goi 12 diém gidn doan clia hAm s6 y = f(x).

@ Chu y 1: Ham s6 y = f(x) dugc goi 1a lién tuc tai diém xo néu ba diéu kién sau
duoc dong thoi thoa man :
(i)  f(x) xac dinh tai x.

(ii) lim f(x) ton tai.
X—=>X(0

(i) lim fx) = f(xo)

X—>X0

Ham s6 y = f(x) gi4dn doan tai diém xo néu mot trong ba diéu kién trén
khong dugc thoa man.

& Chu y 2: Néu st dung gidi han mot phia thi :
1. Néu lim f(x) ton tai va lim f(x) = f(Xo) thi ham s6 y = f(x) duoc
X—X( X—X(
goi 12 lién tuc trdi tai diém x.
2. Néu lim f(x) tontai va lim f(x) = f(Xo) thi ham s6 y = f(x) dugc

X—=x0 X—=X{
goi 12 lién tuc phdi tai diém x,.

3. Ham s6 y = f(x) lién tuc tai diém xo <> lim f(x) = lim f(x) = f(x).
X—>X() X=X

Pdc trung khdc ctia tinh lién tuc tai mét diém
Cho ham s6 y = f(x) xdc dinh trén (a ; b). Gia su xo va x(X # Xo) l1a hai phan tu
cua (a; b).
» Hiéux — Xo, ki hiéu 1a Ax (doc 1a den - ta x), duoc goi 1a 56 gia ciia doi so tai
diém xo. Ta cé :
AX = X — Xo& X = Xo + Ax.
» Hiéuy—-yo = f(x) — f(xo), ki hiéu 1a Ay, dugc goi la sd gia tuong iing cia
ham s6'tai diém xo. Ta cé :
Ay =y — yo =1(x) — f(xo0) = f(xo + Ax) — f(X0).
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Ddc trung : Dung khai niém s gia, ta c6 thé dac trung tinh lién tuc cia ham s6 y = f(x) tai
diém xo nhu sau:

Dinh li 1. Mot ham s6'y = f(x), xdc dinh trén (a; b), la lién tuc tai xo € (a; b) néu va
chi néu lim Ay =0.
Ax—0
Chitng minh.
That vay, taco :
lim f(x) = f(x0) < lim (f(x) — f(x0)) =0 & 11m Ay = 0.
X—=>X(0 X—=>X(0

2. HAM SO LIEN TUC TREN MOT KHOANG

Dinh nghia 2: Ta c6 :
1. Ham s6'y = f(x) duoc goi la lién tuc trong khodng (a, b) néu né lién tuc tai
méi diém ciia khodng dé.
2. Ham s6'y = f(x) duoc goi la lién tuc trén doan [a; b] néu né
= Lién tuc trong khodng (a; b),
" lim f(x) =f(a) (lién tuc bén phdi tai diém a),

X—a
= lim f(x) = f{b) (lién tuc bén trdi tai diém b).
x—>b~
& Chuy:
1. D6 thi cia mot ham s6 lién tuc trén mot khoang 1a mot "dudng lién" trén
khoang do.

2. Khi ta n6i ham s6 y = f(x) lién tuc ma khong chi ra trén khoang nao thi c6
nghia 12 ham s6 lién tuc trén tp xac dinh cta no.

3. CAC PINH Li VE HAM SO LIEN TUC

Dinh li 2. Tong, hiéu, tich, thuong (véi mdu khdc 0) cua cdc ham o' lién tuc tai mot
diém la ham so'lién tuc tai diém doé.

Dinh li 3. Cdc ham s6 da thiic, ham s6 hitu ti, ham so luong gidc la lién tuc trén tdp
xdc dinh cua chiing.

B PHUONG PHAP GIAI CAC DANG TOAN LIEN QUAN
®

§ 1. GIGI HAN DAY sO®

Dang todn 1: D&y s6 c6 gi6i han 0

Thi du 1. Chiing minh rdng cac day sé (u,) sau ddy cé gidi han O:
a. up= ! . b. u,= SaLLL
n+1 n+4
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&5 Gidi

a. Tacé:
! < l va liml =0,
n+1 n n
tr d6, suy ra diéu can chiing minh.
b. Tacé:
simn} 1L atim ! =0,
n+4 n+4 n n

tir d6, suy ra di€u can chiimg minh.
& Nhdn xét: Nhu vay, dé ching minh cic ddy s6 trén c6 gi6i han 0 ching ta da sir
N P | O |
dung phép danh gia dé khang dinh u, < — vakét qualim— =0.
n n

Thi dy 2. Chiing minh rang day sé (u.) vdi s6 hang tong qudt u, = («/n + —\/H)
c6 gioi han 0.

&5 Gidi

Ta cé:

1-n 1 1 1
An+1—-4/n = n+ = < < —
An+1+4/n An+1+4/n 24/n A/n

1
valim— =0,
Jn

tr d6, suy ra diéu can chiing minh.
@ Nhdn xét: Nhu vay, dé ching minh cic diy s6 trén c6 gidi han 0 ching ta da

st dung phép danh gid dé khang dinh u, < L va limL =0.

Vn Vn

Thi du 3. Chiing minh rdng day so (u,) voi s hang tong qudt u, = cos :n) co gioi
’ 4
han 0.
&5 Gidi
Ta cé:

| costom) | o L (L} vatim[ L] =0,
40 4 \4 4
tr d6, suy ra diéu can chiing minh.

& Nhdn xét: Nhu vay, dé chimg minh cic ddy s6 trén c6 gi6i han 0 ching ta da sir
dung phép danh gid dé khang dinh u, < ¢" va limg® =0 véi |q| < 1.
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Dang toan 2: Su dung dinh nghia chirng minh rang lim u, = L
Phuong phap ap dung
Ta di chitng minh lim(u, — L) =0.

Thi du 1. Chiing minh rdng:

2
a. lim3r1 1:g. b. hmn2+n =1.
2n+1 2 n’+1

&S Gidi

a. batu,= —— , ta ¢6 nhan xét:

) 2n+1 )
lim (o — ) = lim(22=L — 3y _jim =2 =,
2 2n+1 2 2n+1

tue d6 suy ra limu, = %

2

n-+n A
b. Datu,= — , ta c6 nhan xét:
n° +1
2
. ,n" +n . n-—1
lim (—; —1)=lim — =0,
n° +1 n” +1

tir d6 suy ra limu, = 1.
Thi dy 2. Chiing minh rang:

. =D" _
hm{ % +2} =2.

&5 Gidi
(-n"

¥n

lim (u, —2) =1lim

biatu, = + 2, ta c6 nhan xét:

D"
= O’
¥n

tie d6 suy ra limu, = 2.

Dang toan 3: Tinh gi6i han cua day so6 bang cac dinh li vé giéi han
Phuong phdp dap dung

Pua day s6 cin tim gidi han vé dang tong hiéu, tich, thuong ctia nhitng diy s6 ma
ta da biét gidi han.

Ta c6 cac két qua sau:

1. limc = c, v6i ¢ 1a hing so.

2. Két qua trong dinh Ii 1.

3. Ké&t qua trong dinh Ii 2.
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Thi du 1. Tinh cdc gioi han sau:

a. lim2*L b. lim2
3n-—1 n -2
&5 Gidi
a. Taco:
1 ) !
1+— Iiml+lim—
. n+l . n n_ 1
lim = lim = =
3n-1 32 lm3—lim— o
n n
b. Ta co:
l—i liml—limi
— 2 2
limn ! = lim2—1_ = n n :9:0.
n>-2 2 ) .2 1
1-— hml—hm—2
n n

& Nhdn xét: Nhu vay, dé tinh cic gi6i han trén ching ta da thuc hién phép chia ci
tlr va mau cho bac cao nhat ctia n va st dung két qua lim%k =0
v6i k > 0.
Thi dy 2. Tinh cdc gioi han sau:
Jo 11 el
hrl i e

a. lim

&5 Gidi

a. Chia ca t va mau cho n, ta duoc:

1+1
[ 2 Vit 2
im0t

n+l 141

n
b. Chia ca tr va mau cho n?, ta duoc:

/ 1
3 N
. n’+nin’ +1 . I+ 1+n3
lim———— = lim =2.

nvn® +1+1 1 1 1
+—5+—
n°~ n

Thi dvu 3. Tinh cdc gioi han sau:

a lim /4n + sin(nm) . b, lim3/8n + cos(nm) .
n n
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&5 Gidi

a. Tacé:
lim /4n+sm(nn) — lim. 4+ s1n(nn) \/— =2 vili sm(nn) -0
n n
b. Tacé:

1im3/w =1im3/8 + cos(nm) \/— =2, vi lim cos(nT) 0.
n n n

@ Nhdn xét: Nhu vay, dé tinh cdc giGi han trén ching ta di thuc phép tich
thanh cac giéi han nho.

Thi du 4. Tinh cdc gioi han sau:
n n n+l
a. lim -4 . b. lim#.
n—o ] + 4" n—o 305 4 40
&S Gidi
a. Ta bién doi:
o 1y 1imuj -1
— n n—oo0
lim = lim4— = = -1

now ] 44" now 1 n
ot lim(l) +1
4

b. Ta bién doi:

| 3y S R e e
e S L .\ 4 _ e 4

=1 — =] = =

lim
n—>w0 302 4 4" e 3n n—oo n n
3. +1 2] +1 im3/>] 41
4 4 4

n—»owo

& Nhdn xét: Nhu vay, dé tinh cdc gi6i han trén chiing ta da thuc hién phép chia ca
tlr va mau cho co s6 cao nhét va str dung két qué limg" = 0 véil ¢ < 1.
Thi du 5. Tinh cdc gioi han sau:
a. lim(\/n+1—\/g). b. lim(vn®+n —n).
1 . An?+1-+n+1
d. lim

n+2-2n+1 ' 3n+2

&5 Gidi
a. Ta thuc hién phép nhan lién hop:

1-n 1
llm\/F \/_ = lim——— n+ = lim———— =0.
( ") Jn+1++/n Jn+1++/n
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b. Ta thuc hién phép nhan lién hop:

2 2
lim(n? +n —n) = lim e = n i !

n
c. Ta thuc hién phép nhan lién hop:
3.2,
1 - AB3n+2++2n+1_ . \n p?
:hm =llm
Bn+2—42n+1 n+1 141
n
d. Ta thuc hién phép nhan lién hop:
1m\/n2+ —a/n+1 — i n’-n
3n+2 Gn+2)Wn? +1+/n+1)
- 1
= lim n

2 T 1 1) 3
(3+n)(\/1+I12 +\/n+nz}

& Nhdn xét: Nhu vay, dé tinh cdc gi6i han trén trude tién ching ta can sir dung

phép nhan lién hop dé khir dang oo — oo va

o0 — 00
31 .3
Thi dy 6. Tinh gidi han lim 221"
> n*+1-n
&S Gidi
Ta thuc hién phép nhan lién hop:

hmn+3\/1—n3 i (m*+1-n)Wn®+1+n)

”_’“’\/n2+1—n n_’°°(n2+1—n2)[ n\/l n +\/(1 n)]

. n“+1+n . \/
= lim = lim

n—>o n2 _ n%/l
Thi du 7. Tinh cdc gioi han sau:

L= lim l+a+a’+..+a"
Hw1+b+b2 b’

<1.

_n3 +V(1—n3)2 n—o 3\/7 J[_lj

=0.



&5 Gidi
Ta bién doi:
L= qig (rata’ . +a)d-a)(i-b) _ lirn(l—a“”)(1—b)
7 (14 +b> +..+b)(I=b)(1-a) > (1-b"")(1-a)

_1-p I-lima™ oy
l-a 1-limb™" 1-a

n—ow

@ Nhdn xét: Nhu vay, dé tinh gi6i han trén chiing ta cin st dung kién thic vé
khai trién nhi thitc Niuton.

Dang toin 4: Tinh téng ciia cAp s6 nhan lui vo han
Phuong phdp dap dung

Str dung cong thic:
Y

S=u+w+... = ,v6i |ql < 1.
I-q
Thi du 1. Tinh téng cdc téng sau:
_ n
a. S:1+l+l+... b. S:—1+L— ! +...+( D + ...
2 4 10 10° 10"
25 Gidi
a. Xét cap sO nhan (u,) cé u; =1 va cong boi q = % < 1, ta duoc:
s= W -1 _o
l-q 1_1
2
a0 . 1 D" . N 1
b. Dayso -1, —, ..., 1a mot cip sO nhan cé u; =—1 vacong boiq=—-——.
10 10" 10
Tur d6, suy ra:
limS= —L = _—11 -1
l-q , 1 1
10
Thi du 2. Biéu dién cdc sé'thdp phdn vé han tudn hoan sau dudi dang phdn so:
a. 0,444.. b. 0,2121.... c. 0,32111....
&S Gidi
a. Nhan xét ring:
4 4 4
0,444...=0,4+0,04 +0,004... = — + — +

— +
10 100 1000
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x4 44 N o e Kl TN . 4
trong do, cic 6 —, —, ——. ... 1a mot cdp soO nhan lui vo han cé u; = — va cong
10 100 1000 10
. 1
boiq=—.
1 10
Twr d6, suy ra:
4
0444, = W - _10 _ %
1-q l—jé 9
10
b. Nhan xét rang:
0,2121...=0,21 + 0,0021 + ... = 2L + 2
100 10000
. .21 21 VR R T ) 21
trong d6, cic s6 —, ———,. ... |a mot cap s6 nhan i vo han c6 u; = — va cong
100~ 10000 100
. 1
boiq=—.
1 100
Twr d6, suy ra:
21
02121..= - 100 _ 21
1-q I—L 99
100
c. Nhan xét rang:
0,32111...=0,32 + 0,001 + 0,0001... =0,32 + L + L +
1000 10000
1

A

trong do, cac so

, ——, ... lamot cap s6 nhan i vo han c6 u; = .
1000 10000 1000 10
Ttwr d6, suy ra:

1
032111.. =032+ % = 32 , 1000 _ 28
I-q 100 ,_ 1 900

10

Dang toan 5: Day s6 c6 gidi han vo cuc

Thi du 1. Tinh cdc gioi han sau:

a. lim(n*-n+1). b. lim(-n’+n+1).
&S Gidi
a. Taco:

lim(n® =n+ 1) = lim[n3(1 — + + ) = 400
n
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b. Taco:

lim(—n? + n + 1) = lim[-n*(1 — 1_ Lz) = —0.
n n

Thi dvy 2. Tinh cdc gioi han sau:
a. lim+/2n*-3n-8. b. limy1+2n-n".
&S Gidi
a. Taco:
. 2 . 2 3 8
lim+2n° —3n—-8 =1lim,|n (2————2) = +o0.
n n
b. Tacé:
limi/1+2n—-n’ :limi/n3(%+%—l) = —o0,
n n
Thi dvu 3. Tinh cdc gioi han sau:
a. lim(v2n+1-+/n). b. lim@Wn?+n+2-+vn+1).
c. lim !
. \/n+2 —\/n+1 ’
&S Gidi
a. Ta thuc hién phép nhan lién hop:
1
NN 2n+1-n n+1 1+H
lim(v2n+1—-+/n)=I1im =lim = lim——————
( ) V2n+1++/n V2n+1++/n 2 1 1

b. Taco:

2
lim(\/n2+n+2—\/n+1):lim n+l
\/n2+n+2 +4/n+1

1
1+—
=lim n = 40
\/1+1+2 . \/1+1
Il2 113 Il4 Il3 Il4
c. Tacé:
lim ! =lim(Wn+2 ++n+1) =+oo.
Vn+2-+Jn+1
Thi dv 4. Tinh cdc gioi han sau:
a. lim(2n + cosn). b. lim(%n2 — 3sin2n + 5).
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&S Gidi
a. Taco:
2n +cosn > 2n — 1 valim(2n — 1) = +oo
tu do, suy ra:
lim(2n + cosn) = +co.
b. Tacé:
%nz —3sin2n + 5 > %nz +2va lim(%n2 +2) =+
tur do, suy ra:

lim(%n2 — 3sin2n + 5) = +o0.

Thi du 5. Chitng minh rang néu q > 1 thi limq® = +oo.
Ap dung tim gidi han ciia cdc day s6 (un) vdi:
2 Un= -1 b uy =203
2" —1
&S Gidi
Ta c6:
. . 1
limg" = lim — = — =40
(1/q) 0
a. Tacé:
n 1+ S
. . I .. 3n
limu, = lim =lim——— =+x
2" -1 (2 "o
3 3n
b. Tacé:
. . a2y
limu, = lim(2" — 3") = lim 3 (gj - 1} = —o0,
T
ncos—
Thi dy 6. Cho hai ddy s6 (u,) , (Vo) vOi U, = T VA Va= — n
n”+1 n-+1

a. Tinh limu,.
b. Chitng minh rang limv, = 0.

&5 Gidi
a. Taco:
limu, = lim =0

n°+1
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b. Ta co:

Y
ncos— n n
0 < valim—— =0,
n” +1 n”+1 n”+1

tir d6, suy ra diéu can chiing minh.

§2. G161 HAN HAM SO

Dang toin 1: Sir dung dinh nghia giéi han cua ham soé tim giéi han

Phuong phdp dap dung
St dung cédc dinh nghia 1, dinh nghia 2, dinh nghia 3.
Thi du 1. S dung dinh nghia gigi han ciia ham so, tim cdc gidi han sau:
a. lim 2 b. lim 2 .
x—=+0 x — ] xot0 3x 4]
&5 Gidi
a. bat f(x) = 2
x—1
V6i moi diy s6 (Xa) ma X, # 1 v6i moi n va lim x, = 40, ta c6 f(X,) = 2 T
.
Do dé:
lim 2 =lim 2 __ . 2 =0.
ot x —1 x, -1 limx, -1

b. batf(x) = L
3x

+1
e N | L 2
Véi moi diy so(xn)maxn;t—g v6i moi n va lim x, =40, ta ¢ f(X,) = 3 .
X, +
Do do:
lim 2 . lim 2. : 2 =0
xo0 3x +1 3x,+1 3limx +1
Thi dvy 2. Sir dung dinh nghia gigi han ciia ham s6, tim cdc gidi han sau:
2
o i 2L b lim 22
ol x—1 ol xT +3x7 +3x+1
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&5 Gidi

2 —
a. Patf(x)= 2x" -3x+1
x—1
V6i moi day s6 (Xn) ma X, # 1 v6i moi n va lim x, = 1, ta cé:
2 J—
f(Xn) — M = 2Xn_ 1.
Do dé:
2 —
nn}zx—?”l‘“ — lim(2x,— 1) = 2lim xs— 1 =2~ 1 = 1.
X—> X_
b. Dit f(x) = 2x +2

x> +3x2+3x+1°
V6i moi day s6 (Xn) ma X, # —1 véi moi n va lim x, = —1, ta c6:
2x, +2 2

f(xn) = = .
(%) XD +3x2+3x, +1  (x, +1)°

Do dé:

. 2x +2 . 2 2

lim — > =1lim - = — ~ =+
=1 x7 +3x" +3x+1 x,+1D (limx_ +1)

Thi du 3. S dung dinh nghia gigi han ciia ham so, tim cdc gidi han sau:
a. lim 3X+2 . b. lim (x.sinl)
X—2 X _1 x—0 X
&S Gidi
a. Patf(x)= 22
Vx -1
e e N e e o ., 3 +2
V6i moi day s0 (Xn) Mma X, # 2 v6i moi n va lim x, = 2, ta cé f(x,) = —== .
x, —1
Do dé:
. 3x+2 . 3x_+2 3limx, +2 3.2+2
lim —— =1 L = L = =8.

N N o N e S W

b. batf(x) = x.sinl .
X

I T N e a1 . .1
V6i moi day s6 (Xn) ma X, # 0 v6i moi n va lim x, = 0, ta c6 f(x,) = Xp.5in— .
Xn

Nhan xét rang:

|f(xn)| = |Xn.sinL | < |xn| va lim |Xn| =0 nén lim f(x,) = 0.
X

n
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Do dé:
lin(} f(x) = ling (x.sinl] =0.

X

Dang toan 2: Ching minh ring lim f(x) khong ton tai

X*)XO
Phuong phdp dap dung

Ta thuc hién theo cdc budc sau:
Budc 1:  Chon hai day sO {x»} va {ya} v6i

*  Xx,—> Xo khi n— o0, khi d6 dénh gid f(x,) ——=— L.

*  y,—> Xo khi n— oo, khi d6 dénh gid f(y,) ——=— L.
Budc 2:  Nhan xét rang L # L.
Budc 3: Vay, gi6i han lim f(x) khong ton tai.

X—X()

Thi du 1. Chiing minh rdng cdc gidi han sau khong ton tai:
a. lim cosx. b. lim sinx.
X — +0 X ——00
&5 Gidi

a. Dat f(x) = cosx. Chon hai day s6 {Xa} va {ya.} véi:
= X, =2nT = X,—> +00 khi n— o va ta duoc:

f(xn) = cos(xn) = cos(2nm) — 2% 5 1.
"y, = g + n = yy,—> +oo khi n— oo va ta duoc:
f(yn) = cos(ya) = cos (gﬂmj —2® 5 0.

Vay, gi6i han lim cosx khong ton tai.

b. bat f(x) = sinx. Chon hai day s6 {X.} va {y.} v6i:
" X, =-N7T = X;—> —oo khi n—> o va ta dugc:

f(xn) = sin(x,) = sin(-nm) —222 5 0.

T
"y, = E — 2nn = y,—> —o0 khi n— oo va ta dugc:

f(yn) = sin(yn) = sin (g— 2nnj _no® .

Vay, gi6i han lim sinx khong ton tai.
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& Chu y: V6i céc ham s6:
» f(x) = cosax chung ta thuong chon hai day s6 {x.} va {y»} voi:

2nt T N7
Xn=—— Vayp= —+—.
a 2a  a
» f(x) = sinax ching ta thuong chon hai day s6 {X.} va {y.} v6i:
nmw . T 2nm
Xn = — Va yn = — + .
a 2a a

Dang toin 3: Dung cac dinh li vé gi6i han va giéi han co ban dé tim giéi han
Phuong phdp ap dung
Ta Iya chon mat trong hai cich:
Cdch 1: DPua ham s6 can tim gidi han vé dang téng hiéu, tich, thuong ctia nhitng
ham s6 ma ta da biét giGi han.
Ta c6 cac két qua sau:
1. lim ¢ =c, vdi ¢ 1a hang s0.

X—=>X(

2. Néu ham s6 f(x) x4c dinh tai diém xo thi lim £(x) = f(xo).
X—=>X0

. kK _
3. lim— =0, 5. limxt =oe.
X .+ |+ néukchidn
N 6. limx" = L
4. lim— =0. x>0 —oo néukleé

X—>—0 X
Cdch 2: St dung nguyén li kep giita, cu thé:
Gia st can tinh giéi han cia ham s6 lim f(x) (hoac lim f(x)), ta thuc

X—=X()

hién theo cac budc sau:

Budc 1:  Chon hai ham s6 g(x), h(x) thoa man:
g(x) < f(x) <h(x).

Buéc 2:  Khang dinh:
lim g(x) = lim h(x) =L
(hodc lim g(x) = lim h(x) =L).

Budc 3:  Két luan:
lim g(x) =L (hodc lim f(x)=1L).
X—X() X—>»00

@ Cha y: Ching ta con st dung cic két qua sau:
1. Néu lim |f(x)| =0 thi lim f(x) = 0.
X—=X(

X—=X(

2. Gia s f(x) va g(x) 1a hai hAm s6 xdc dinh trén khoang (a; b) c6 thé trir
diém xo € (a; b). Néu lim f(x) =0 va |g(x)| <M véi x e (a; b\{xo}
X—=>X(

(trong d6 M 1a mot hang s6) thi lim [f(x).g(x)] = 0.
X—)XO
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Thi du 1. Tinh cdc gioi han sau:

a. lim (x* + x). b. lim—
x—3 x>l x —1

&5 Gidi
a. Taco:

lim (x> +x)=32+3=12.

x—3
b. Taco:

) 1

lim = —— =+,

olx—1 1-1

@ Nhdn xét: Nhu vay:
»  V6i ham so f(x) xdc dinh tai di€ém x, thi gi6i han ctia n6 khi
X—>Xo ¢O gid tri bang f(xo).
e 1 L fx) N N ) .
=  VG6i ham so ﬁ c6 f(xo) # 0 va g(xo) = 0 thi gi6i han cua n6
g(X
khi x—>xo ¢6 gid tri bang oo.

RiCY)

Trong truong hop v6i ham so
g(x)

c6 f(xo) = 0 va g(xo) = 0 (tic
c6 dang %) ching ta can st dung cdc phép bién déi dai s6 dé khir

dang % , va thong thuong la 1am xuat hién nhan tir chung (x — Xo).

Thi dy 2. Tinh cdc gioi han sau:
- x’ -1 _ Jx+8-3
a. lim . b. lim———.
x=l x —1 =l x°4+2x -3
L5 Gidi
a. Taco:
2
lim X =L = i EEDEED e = 2,
x>l x —1 x—1 x—1 x—1

b. Taco:
. AJx+8-3 ) x—1
11m2— = lim
x>l x= +2x —3 L ((x+8+3)(x—1)(x+3)
: 1 1
lim = —.
L (X +8+3)(x+3) 24
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@ Nhdn xét: Nhu vy, v6i ham s6 f(x) khong x4c dinh tai diém x, thi chiing ta
can khtr dang vo dinh d6 (néu c6 thé), va & day:
» Trong cau a), ching ta st dung phép phan tich da thic thanh
nhan tir d€ khir nhan tir x — 1.
= Trong cau b), ching ta st dung phép nhan lién hop dé khir
nhan tr x — 1.

Thi dv 3. Tim cdc gioi han sau:
b. limx(2—lj. b. lim ‘/;_3.
x—0 X x—9 Ox — X2
&5 Gidi
a. Taco:

lim X(Z—lj = lim 2x—-1)=-1.

x—0 X x—0
b. Taco:
Wx-3 0 Jx-3 . 1 1
lim =lim —=—]lm —=———
x9 9x — x> x>9 X(9-x) 9 x(x +3) 54

hoic ¢6 thé trinh bay theo céch:

s (R 1

li = lim - lm—— = ——

x>9 9x —x?  x9 x(9—x)(\/;+3) 9 x(\/;+3) 54

Thi dv 4. Tim cdc gioi han sau:
: x*+1 . 3x%—x+7
a. Iim ———. b llm _—
x>0 X°—x—1 x—>-o  2x3 —1
&5 Gidi
a. Chia ca tir va mau cho x2, ta duoc:
1
) x> +1 _ 1+F
lim ——— = lim 1.
x—o X°—x—1 X_)wl_l_i
X x°
b. Tacé:
3 1 N 7
W oxtT o x
li X = lim XX X =0
X—>—00 2X3—1 X —>—00 1
2-3
X
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Thi du 5. Tim cdc gioi han sau:

Vx® +2 . x®+2

a. lim ——— b. lim

X—>+00 3)(3_1 ) X—>—00 3X3—1 )
&5 Gidi
a. Taco
1+—
x0+2 . X 1
lim = lim = —
X—>+0 3X3—1 X—>+00 3_i 3
%3
b. Tacd
6 - 1+l
X +2 . x6 1
lim = lim =__
X—>—00 3X3 -1 X—>—00 3_i 3
<3
Thi dy 6. Tim gici han lim (x+x* +..+x" - ).
x—>1" 1-x
&S Gidi
Ta co:
N lim [x(1-x")—n]
lim (x + x> +...+x" — n )= lim x=x") n:"*r. = —o0,
x—>1" I-x xo1° 1-x lim (1-x)
x—1"

& Cha y: Vi du tiép theo s& minh hoa viec st dung nguyén 1y kep giita.

Thi du 7. Gid sit ham so' {(x) xdc dinh trén mot khodng chita diém x = 0 va thod
- | f(x L . . .
man ) <Mvoi moi x #0. Tinh hng f(x).
X X—>
Ap dung:
. .1 . —sin
a. limxsin—. b. lim u
x>0 X Xx—2® X + 81N X
&S Gidi
o o [T(X) . .
Tt gia thi€t |—— < M v6i moi x # 0 suy ra:
X

lfx) | <M. |x]| va lim x| =0= lim f(x) = M.0 = 0.
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a. V6i moi x # 0 thuoc 1an can ctia diém 0 luon c6:

1
X.8In—|

<|x| & x <xsin- <[« va tim(x) = timl« =0.
X X x—=0 x—0

. .1
Vay, ta dugc limxsin— =0.
x—0 X

b. Ta c6: v6i moi x # 0 thuoc 1an can cta diém 0 luon c6:

sinx| 1 1 <sinx< 1 Vx % 0
X _|x| x|~ x x| ’
. 1 .1
lim(——)= lim — =0.
X—>0 |X| x—)oc|x|
Vay, ta dugc:

1_sinx
. X—sinX .
lim ——= = lim —%*— =1.
e X+sinx o xow g SINX

X

Dang todn 4: Tinh gi6i han mot bén cua ham s6
Phuong phap ap dung
Str dung cac dinh nghia véi lu y:
= x—> x; duoc hidu 1a x = xo v x > Xo (khi d6 | x = xo| = x = x0).

* x — x, duogc hiéu 1a x — xo va x < x¢ (khi d6 | x = xo| =Xg — X).

Thi du 1. Ap dung dinh nghia gidi han phdi va giéi han trdi, tim cdc gidi han sau:
a. lim +x-1. b. lim (vV/5-x +2x).
x—1F x—5"
&S Gidi

a. Taco ngay:

lim vx-1 =0.

x—1*

b. Ta cé ngay:

lim (W5-x +2x) =10.

X5~

& Nhdn xét: Nhu vay, néu ham s6 f(x) xdc dinh tai diém xo thi giéi han mot bén
ctia n6 khong khéc so véi han tai xo.

Thi dv 2. Ap dung dinh nghia gidi han phdi va gidi han trdi, tim cdc gidi han sau:
a. lim b. lim
xs1t X —1 o1 X—1
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&5 Gidi

a. Taco ngay:

lim = +o0,
x—>1T X—l
b. Ta cd ngay:
lim = —o0,
xo1" X—l
Thi du 3. Tinh cdc gidi han sau (néu co):
a. lim |3X_6|. b. lim |3X_6|. c. lim I3X_6|.
x—=2t X —2 x—2~ X—2 x—2 X—-2
&5 Gidi
a. Taco:
fim X700 o iy 202 323
x=2t X —2 x—=2" X —2 x—2"
b. Ta co:
fim X200 oy 230 o (3=
x—2" X -2 Xx—2" X—-2 x—2"
c. Tucaua)vab), ta thay:
fim X200 L g X0 g X0 ong ton tai.
x—2" X -2 x—>2~ X—2 x—2 X—-2
Thi dvy 4. Tinh gici han lim m
x—1" XZ —X3
&5 Gidi
Ta co:
. VI-x+x-1 _
Iim —— = 1 - lim ———
x—1" ‘[ ,/ —X x—1" —X
= lim —— — lim i=1.

x—>1" ‘/XZ x—1" ‘,XZ

Dang toian 5: Giéi han cua ham so kép
Phuong phap ap dung
Cho ham s6
f(x) = f,(x) khi. X < X, .
f,(x) khi x 2 x,
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D¢ tinh gidi han hodc x4c dinh gia tri clia tham s6 dé ham s6 ¢ gidi han khi x— xo,
ta thuc hién theo cac budc sau:
Buoc 1:  Tinh gidi han cic gidi han:
lim f(x) = lim f,(x) =L;; lim f(x) = lim f,(x) =Lo.

X—>X() X—=X() XX XX

0
Budc 2:  Khi do:
» Néu lim f(x) = lim f(x) =L < lim f(x) = L.
X‘)XO

xaxs X—X()
*  Pé ham s6 ¢6 gidi han khi x— xo diéu kién la:
L, = L= Gid tri clia tham so.
Thi dy 1. Cho ham so:

—x+1khi x<0
fx)=14 , ) .
x“+1khix>0

Tinh cac gioi han lim f(x) va lim f(x).
x—0" x—0"
&5 Gidi
Tacé:
limf(x) = lim(—x+ 1)=1,
x—0" x—0"
limf(x) = lim x>+ 1)= 1.
x—0" x—0"

Vay, ta dugc:
limf(x) = limf(x) = 1 = lingf(x) = 1.
x—0" x—0" X—>

Thi du 2. Cho ham so':

x+akhi x<0
fx)=14 , ) .
x“+1khix>0

Tim a dé ham so' cé gidi han khi x — 0.
&5 Gidi
Taco:
)}L%;f(x) = )}Ln()l (x+ a)=ava }Lrg{f(x) = }Lnol x*+ )= 1.
Ham s6 ¢6 gidi han khi x—0
= li_)r%);f(x) = li_g)}f(x) Sa= 1.

Vay véia= 1taco 1in%f(x) = 1.
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Dang toan 6: Mot vai quy tac tim gittoi han vo cuc

Thi du 1. Tinh cdc gioi han sau:

a. lim (3x® =5x%+ 7). b. lim v2x*—=3x+12.
&S Gidi
a. Taco:

lim 3x*-5x2>+7) = lim x’ [3 —§+13j = (—0)?.3 = —o0.
X X

X—>—00 X—>—00

b. Taco:

lim x> /2—%+% = (+00) /2 = +o.
X—>+00 X X

& Nhdn xét: Nhu vay, v6i ham s6 dang:

f(X) = aX" + a1 X" "'+ ...+ a2
. . n n-1
= Xlirirgcf(x) = Xlirgo(anx +a, X +...+a0)

= lim x"| a +—an_l +...+—a° =(to)".a
n
X" !

X—>*too X
Thi dy 2. Tinh cdc gioi han sau:
3 4
a. lim 222 b. lim “—=
x—+0 x° 4] X—>—00 1—2X
&5 Gidi
a. Taco:
5
55 1-—=
1 = X = 400
XLIEO X2 +1 X—>+0 l i
X X3
1 1 1 1 .
vi lim [1—%) =1 va lim (—+—J =0va —+—>0 voi x > 0.
X—>+o0 x—>+o| x X X X
b. Tacd
SR x’ 1—% 1—%
lim = lim X = lim X =4
xo-0 | —2x X—>—00 2( 1 2 x—>—0 | 2
S 2T
X X X X

[N

Vi lim‘/l—%zl va 1im[i2—3)=0 va L—%>0 vol x < 0.
X—>—0 X x—=-o| X X X X
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Yiduw lz Tinh cdc gioi han sau:

a. lim 2X+1. b. lim 2X+1.
x—2* X—2 x—2" X—2
&5 Gidi
a. Taco:
. 2x+1
lim = +0o0,
x=2" x =2
vi lim(2x+1)=5va limx-2)=0vax—-2>0v6ix>2.
x—2" x—2"
b. Taco:
. 2x+1
lim = —00,
x»2" X =2
vi lim(2x+1)=5valimxX—-2)=0vax—-2<0véix<2.
Xx—2" Xx—2"
Thi dvu 3. Tinh gioi cdc han sau:
. 2 2x +1 . 5
a. lim = . lim > .
=1 (x=1)" 2x-3 -l (x = 1)(x" =3x+2)
&S Gidi
a. Tacé:

) 2 2x +1 . 2 2+1
lim = =1lim s | =
o1 (x—=1)" 2x-3 =1 (1-1)" 2-3

b. Ta co:
) 5 . 5
lim 5 =lim > =
SLX=1)(x"=3x+2) =1 (x=1)"(x=2)

lim
x—1

1-172"1-2

+00.(=3) = —o0.

5 5

= +a0.(=5) =—0.

& Nhdn xét: Trong 15 giai ctia vi du trén, & cau b) néu cdc em hoc sinh khong

bién doi ham s6 vé dang

(x-1)*(x-2)
duoc lim > =+00
x—1 (1 — 1)
Thi du 4. Tinh cdc gioi han sau:
a. lim [l—izj b. lim (
x>0 \ X X x—2"
&5 Gidi
a. Ta bién déi:
11
X X2 X2

thi s& khong thé khang dinh

1 3 1
x—=2 x*-4)
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Vilim(x —1)=-1 va limx®>=0va x*>> 0 véi x # 0 nén:
x—0 x—0

. (1 1 J
lim ——— | =—.
x—0 X X

b. Ta bién déi:
1 1 x+l

x-2 x’-4 x*-4
Vi lim (x+ 1) =3 va lim (x? —4)=0vax*—-4 <0 v6i x <2 nén:

Xx—2 x—2"

Dang toan 7: Tinh giéi han dang %
Phuong phap ap dung
Ban chat cua viéc khir dang khong xac dinh % 12 1am xuat hién nhan tir chung dé:

= Hoic la khir nhan tir chung dé dua vé dang xac dinh.
* Hoac dua gi6i han vé dang giGi han co ban, quen thudc da biét r6 két qua
hoac céach giai.
Ghi chu:
= Néu phuong trinh f(x) = 0 c6 nghiém X, thi f(x) = (x — X0).g(X).
= Lién hop cta biéu thiic:

JVa-bla+a +b.

Va — b lava ++b.
Ya —blaYa? +bia + 2
Ya +b1a Va2 —bia + 2

Thi du 1. Tinh cdc gioi han sau:
3 2 _
a. lim 5 b. lim X — X1
x—>2 x% -4 x—1 x—1
&S Gidi
a. Taco:
3_ _ 2 2
limx2 8 _ im(X 2)(x”+2x+4) - lim X" +2x+4 —3
22X -4 x2 (x=2)(x+2) x=2 X +2
b. Ta co:
2 J— J—
x—1 x—1 x—1 x—1 x—1
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& Nhdn xét: Nhu vay, v6i gi6i han dang:
Jim L&)
X—Xg g(X)
trong dé f(x), g(x) la cac ham da thic nhan x = x¢ lam nghiém.
Khi dé:
lim ) = lim —(X_Xo)fl ) = lim —f' ) =
X% g(x) X=%o (X_Xo)gl(x) X=%o gl(X)
i 50O )
% g (X) g2.(xy)
v6i diéu kién f(x,) + g;(x,) > 0.

Thi dvy 2. Tinh cdc gioi han sau:
. 2x7+5x-3 . 2x7+5x-3
a.  lim ————. b. lim ————
>3 (X +3) x>(-3)" (X +3)
&S Gidi
a. Taco:
2
im 2x +5x2 3 ~ lim (2x l)(x2+ 3) - lim 2x —1 = too,
=3 (x4 3) =3 (X+3) >3 X+3

b. Ta co:

2x>+5x -3 im 2x-D(x+3) _ y 2x —1

m 3 2 m
=3 (X +3) =) (X+3) D" X +3

& Chu y: Tiép theo, ching ta s& sit dung phuong phap khir nhan t&r chung nhu
trén cho cdc ham s6 khdc, cu thé 1a ciac ham so luong gidc, khi d6
can nhé lai céc phép bién déi luong giéc.

Thi dy 3. Tinh gioi han:

1-sin2x — cos2x

lim - .
x=0 ] +8In2xX — cos2x
&5 Gidi
Ta co:
I-sin2x —cos2x _ (I—cos2x)—sin2x _ 2sin® x —2sinx.cosx
1+sin2x —cos2x (1 —cos2x) +sin2x 2sin” X + 2sin X.cos X
_ sinx—cosx
sinX + cos X
Do d6 :
1—sin2x — cos2x . sinX —cosXx
lim - = lim —— =-1.
x>0 1+ sin2X —cos2X x>0 SinX + COSX
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Nhdn xét: Nhu vay, dé tinh c4c gi6i han trén ching ta da cin t6i cdc phép

bién déi lugng gidc dé khir nhan tir 0/0.

Tiép theo, ching ta s€ sir dung phuong phap khir nhan tlr chung cho
cac ham sd chifa can, cu thé:

Vi gidi han dang:

lim )2
X—Xg g(x)
trong d6 /f(x,) =a va g(xo) =0.
Khi d6, thuc hién phép nhan lién hop /f(x) + a, ta duoc:
_ _ 52
fim M= (-2
X=X g(X) X—>Xq [ lf(x) +a]g(x)
(X = x)f (X)

= lim
X=X, [\/HT) + a](X X )g1 (X)
_ f (x) _fixe)

im .
= RO +alg () 20, (%)
Phuong phéap duge mé rong cho céac gidi han:

I. V6i gi6i han lim X 72 6 Fx) =ava Ja(x) =b, ta

X=X g(x)
co:

. i -a _ i [Je(x) +bl[f(x)—a’]

1
=% Jeg(x)=b % [Jf(x) +a]lg(x) - b’]
= lim [\/ g(X) +b](X_X() )f1 (X) — [\/ g(xo) +b]f1(xo)
X% [\/ f(X) + a](X - Xo )g1 (X) [\[ f(Xo) + a]g1 (Xo)
2. V6i gi6i han lim V) =)

X=X, g(x)
g(x0) =0, ta co:

AR R _ £,00 =1, (x)
T o [JE (0 +E, (0 1g(x)
. (x—xf(x)

0 [E (%) 4 0 1(x = X,)g, (x)
lim )
=5 [ (x) + 4 (x)]g, (%)

£(x,)

[JE, (50) +E (x0)]2, (%)

, Vo (Jf(x)) = E(x,) va




3. Vé6i gi6i han lim VHO) ~yh ) L Vi Jf(x)) = JE(x,) va
X g (X) —4/g, (X)

\/gl(xo) = \/gz(xo) — Ban doc tu trinh bay.

Thi dv 4. Tinh cdc gioi han sau:
.oAx+1-1 VX + \/g
a. lim ———. b. lim —————
x—0 3_,/2X+9 x—2 ,/ — _,[3 X
&S Gidi
a. Taco:

Nx+1-1 X(3+4/2x+9) . 3+4/2x+9 3

lim =lim ——————=- =.

x=0 3—4/2x+9 X—>0 =2x(Wx+1+1) 20 —2(y/x+1+1) 2

b. Tacé:
i Jx+2 —2x ~tim Wx-1+/3-x)2-x)
2 x—1-B-x 2 (Jx+2+420)02x - 4)
Vvx—1+43-x 1

= lim =— —.
2 _D(Wx+2+42x) 4

@ Nhdn xét: Nhu vay, dé tinh dugc cic giéi han trén ching ta cn thuc hién
phép nhan lién hop cho ca TS va MS.

Thi du 5. Tinh cdc gioi han sau:
- V4x -2 o Ax=-1+Ax+1
a. lim . b. lim
x>2 x =2 x—0 \/2x+1—\/x+1
L5 Gidi
a. Taco:

%/4__2_l 4x -8

w2 x—2 e (At + Vax + 4l(x—2)

~ lim 4 =1

=2 Afax)? +2¥4x +4 3

b. Taco:

lim Ux—1+3x+1 - lim 2x(W2x +1 +4/x+1)
0 Xt L —Ax il x[3(x -1 —3Yx-Dx+ 1) +Yx+1)7]
2(W2x+1+4/x+1) 4

=lim =,

o0 x—1)? —Yx-Dx+ D +3(x+1?> 3
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Thi dvu 6. Tinh cdc gioi han sau:
\/_ \/_-i-\/X a L. x—1

a. lim voi a> 0. b. lim
x—a \/X —a’ x>l \/x +3+x° —3x
&5 Gidi
a. Taco:
lim Jx—va+ix-a lim ‘/;_‘/_Hlm VX~
x—a \/X _a x—a / 2_ x—a _
1
= lim + lim ———
X—a ('\/;+'\/_)'\/X _a X—a "X+a
— lim VX —a 1
x=a (4/x +Va)x +a \/Z Voa
b. Taco:
x—1 1
lim = lim
U213 4x3-3x 1 Jx243- 2, X =3x+2
x—1 x—1
= lim > ! = lim ! =-2.
x—1 x“ =1 x—1 Xx+1

+x-2

+x-2 —
Wx*+3+2)(x-1) VP +3+42
@ Nhdn xét: Nhu vay, dé tinh duoc cdc gidi han trén chdng ta can thuc hién
phép tdch né thanh hai giéi han nhd, tir dé6 méi c¢6 thé khir dugc
dang 9
0
Vi giéi han dang:

3/ —
lim M, trong d6 3/f(x,) = avagxo) = 0.

=xg(x)
Thuc hién phép nhan lién hop %/% + 3ff(x) + a2 ta duoc:
. m—a . f(x)—a’
XILIE) g(x) - th‘lo [M+m+az]g(x)
- lim (x=x)f (%)
= {0+ 100 +a71x = x)g, (0
i f (x) o f(x)

X=X [3’f2(x)+”f(x)+a ]gl(x) (23 +a) g](X )

Phuong phap dugc ma rong cho gidi han dang:
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1. Vi gidi han:

3[
lim M, trong d6 3/f(x,) =—avagxo) =0

X—>Xq g(X)

thuc hién phép nhan lién hop 3/f*(x,) — a3/f(x,) +a%
2. V@i cac gi6i han:
If(x) +
a. lim 3—%—; ,trong d6 3ff(x,) = F ava Ig(x,) = F b.
X—)XO g x i

b. XIEP %,trong doé Q/m = F ava /g(x,) =b.
MJF\/W trong do {/fl(xo) =7 {/fz(xo) va
SN AR
Vai(xo) = & (x,) -
L R
N B mm
trong do m =7 \/fZ(xo) va {/gl(xo) =7 %/gZ(xo) .

Thuc hién phép nhan lién hgp cho ca tlr s6 va mau s6.

+

Thi dy 7. Tinh cdc gioi han sau:
o AV2x—1+x2-3x+1 . 2401+x-38-x
a. lim > . b. lim .
ol Yx—24x>—x+1 x>0 X
&5 Gidi
a. Tacod:

V2x—1+x%=3x+1
V2x —1+x*=3x+1 - 0 x—1

lim = lim
x—1 i/x—2+x2—x+l x—1 ?{/X—2+X2—X+l
x—1
«/2x—1—1+x2—3x+2 2x-2 Lx_2
. x—1 x —1 . (W2x — 1+1)(x—1)
= lim ) =lim
x>l i/x—2+l+x - X x>l +x
x—1 x—1 R/ (x - 2)? —3x -2+1](x-1)
N S
X—>
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b. Taco:

i 2401+x —3/8—x
X

2J1+x —2+2-3/8—x
x—0 X
{2(«/1“—1) . 2—3«/8—x:|
X X

i

x—0

= lim

= lim
x—0
. { 2x X 13
= lim + = —,
o0 [xWI+x+1)  x[4+248—x +3(8-x)?]] 12
Thi du 8. Tinh cdc gioi han sau:
. 2x—1-1 . A5x+1-1
a. lim ———. b. Iim ——.
x—1 x—1 x—0 X
&S Gidi

a. Ta c6 thé lua chon mot trong hai cdch sau:
Cdch I: Tacé:
. A2x-1-1 . 2x—-1-1
lim ——— = lim
! x—1 ! [2/(2)(—1)2 +32x -1 +1)(x=1)
. 2 2
= lim —.

=l ox -1 +2x-1+1 3
Cdch 2: batt= 3J2x-1, ta duoc:

. 2x-1-1 . t—1 . 2(t=1) ) 2 2

hm—:hm;—:hm > :hmz—:—.

x>l x—1 -1 t’+1_1 L A | ol 7 +t+1 3
2

b. Patt= 5x+1, ta duoc :

_ASx+1-1 . t-1 5
lim ———— = lim — =lim ———— = 1.
x>0 X =20 7 =1 x=20 tT T+t 4+t 41
5
& Chuy: Ching ta da duoc biét t6i mot gidi han dac biét:
lim—= = 1.
x=>0  x

Tur d6, suy ra:

lim 20X _ i, SInX =lim[smx. ! j=1.1=1.

x>0 X x>0 X, COSX x>0 X COsX
Mo& rong:
sin|f(x tan|f(x -
m le va hmM:l, vO'1 f(XO) =0.
f0-0  f(x) ox f(x)
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Tuy nhién, viéc 4p dung chiing dé tim gi6i han clia ham s6 trong
nhiéu trudong hop can thuc hién cdc phép bién ddi phut hop.

Thi dy 9. Tinh cdc gioi han sau:

. 2
. sinx . 1—cos™2x
a. lim . b. lim ———.
x>0 tan 2X x>0 x8inX
&S Gidi
a. Taco:
. sinXx . sinXx X ) sinx 2x 1 1
lim =1lim . =1lim . == —.
x>0 tan2x 0\ X tan2x x>0\ X tan2x 2 2
b. Taco:
. 1—cos’2x .. sin®2x .. (sin2x sin2x) . (2sin2x
lim - =lim ——=Ilim — =lim | ——.2cosx
x—0 X SInXx x>0 xsmnx x>0 X sin X x>0 X
= 4.

& Nhdn xét: Trong thi du trén:
= O cau a), bing viéc thém vao x ching ta nhan dugc hai dang
gi6i han co ban va can luu y tan2x s€ phai tuong tung véi 2x.
= O cau b), chiing ta can st dung mot phép bién déi luong gidc
dé chuyén 1 — cos*2x thanh sin?2x. Ngoai ra, cling ¢6 thé trinh
bay nhu sau:

1 —cos®2x . sin®2x . | sin?2x  4x
| - =1l - = lim R =
x=>0  xXSinX x=0 X sinX x>0 (2x) sin X
Thi du 10. Tinh cdc gioi han sau:
. sin2x +tan3x . tanx —sinx
a. lm————. b. lim———-.
x—0 X x—0 X
&5 Gidi
a. Tacé:
. sin2x +tan3x . (sin2x tan3x . [ 2sin2x 3tan3x
lim————— =1lim + =lim + =5.
x—0 X x—0 X X x—0 2X 3x
b. Tacé:
. .. X
. 2sinx.sin’ —
. sinx(1 —cosx) 2
tanx — sinx = — = =
COSX COSX COSX
Do d6:
) . 2 X .. X
. 2sinx.sin’ = . sin® =
. tanx-—sinx _ . . 2  sinx. 2 1
lim 5 =lim 3 =lim . . - = —.
x=0 X x>0 X7 CcosX x>0 cosX X 4.(X/2) 2
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& Nhdn xét: Trong thi du trén:
= O caua), chiing ta thuc hién phép tich dé nhan duogc téng cla
hai gi6i han co ban.
= O cau b), ching ta khong thé thuc hién phép tich, bdi néu lam

nhu vay:
. tanx —sinx . (tanx sinx
lim————— =lim T
x—0 X x—0 X X
. (tanx sinx ) 1
=1lim - —=(1-1).0=0.0
x—0 X X X

hoac lim

x—0

(tanx 1 sinx 1 j
— =]loo—-l.oo=00—00
X X X X
cé hai déu 1a nhitng dang vo dinh va ching ta khong thé két

luan duoc gi.

Thi du 11. Tinh cdc gioi han sau:
cos(n COSX)
. cos4x —cos3x.cos5x .
a. lim > . b. lim
x—0 X x—0 . 2 X
sin” —
2
&5 Gidi
a. Tacé:

cos4x — cos3x.cos5X = cosdx — %(cosSx + Cc0s82Xx)

= % (2cos4x — cos8x — c0S2X) = % [(1 —cos8x) + (1 —cos2x) —2(1 — cos4x)]

= sin’4x + sin*x — 2sin?2x.

Do dé:
. cos4x —cos3xcosSx . sin?4x +sin® x — 2sin’ 2x
Iim > = lim >
x—0 X x—0 X
.2 .2 .2 .2 .2 .2
. [sin“4x sin“x 2sin” 2x . | 16sin“4x sin”x 8sin” 2x
=lim ;—t T > = lim — + —— =
=0 x X X x>0 (4x) X (2x)
=16+ 1-8=09.
b. Taco:
o . (mom RE: ] . .2 X
cos| —cosx | sin| ———cosx | sin| —(1—cosXx) sin| wsin® —
2 2 2 2 2
= =—— ==7 .
. 2 X . 2 X ., X . 2 X
sin® = sin® = sin® = msin® =
2 2
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Do do:

. . 2 X
sin| mwsin® —
2

= limg——F = 7.
x—0 .2 X
mTsin  —
2

T
COS| —COSX
(2 j

. 2 X
sin® =
2

lim

x—0

& Nhdn xét: Trong thi du trén:
= O cau a), ching ta cn st dung phép bién ddi tich thanh téng.
Va tir do, v6i viec dinh huéng bién déi TS thanh tdng cuia céc
ham s6 sin ching ta da st dung ccong thic géc nhan doéi cua
ham s6 cosin (cu thé cos2x = 1 — 2sin’x).
= O cau b), cic em hoc sinh cdn c6 kinh nghiém vé ham s6
lugng giac 1ong nhau.

tan(a + x).tan(a — x) —tan” a

Thi dv 12. Tinh gioi han L:Iin(} :
X—> X
&5 Gidi
Ta co:

sin(a + x)sin(a — x) sin” a

tan(a + x)tan(a — x) — tan’a = =
cos(a+x)cos(a—x) cos“a

cos2x—cos2a  l—cos2a _ —2cos2a(l —cos2x)
COS2X + cos2a 1+ cos2a (cos2x +cos2a)(1+cos2a)
3 —4cos2a.sin® x 3 —4cos2a s
(cos2x + cos2a)(1+ cos2a) (cos2x + cos2a)(1+ cos2a) ' '
Do dé:
) —4cos2a sin”® x —4cos2a
L= lim — = T -
x>0 (cos2x +cos2a)(l+cos2a) x (1+cos2a)

& Nhdn xét: Nhu vay, trong thi du trén ching ta da cin sit dung nhiing phép
bién déi lugng gidc phic tap hon rat nhiéu. Va cau hoi thudng
duoc dat ra & day 1a "Dinh hudng cdch thuc hién trén nhu thé
nao ?", dé tra 10i chiing ta s€ bit dau nhu sau:
= Khong thé thuc hién phép tach, boi né khong mang lai két qua
gi khi tng véi tan(a + x) can c6 a + x va tan(a — x) can c6 a — x.
Va khi d6, s& nhan dugc dang vo dinh (o0 —o0).

= Néu sir dung cdc phép bién déi thuan tuy véi ham so tang s&
khé c6 thé tao ra dugc nhan tir chung tan’x cho TS, bdi su c6
mat cta sO hang tu do tan’a.

= Tir nhan dinh trén, chiing ta khang dinh chi c6 thé lam xuat
hién nhan tir chung 1a sin’x cho TS. Tir d6, dan dén viéc bién
déi cdc ham s6 tang vé dang sin va cos.
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V5-x* =Ix*+7

x? =1

Thi dy 13. Tim A = lim F(x) vdi F(x) =
&5 Gidi

Viét lai gi6i han dudi dang:

(\/5——)8—2)—(%/@—2) ) hm[\/s_ﬁ -2 Ix? +7—2J.

AZIXIE} x*—1 x> x* =1 x* =1
Trong do6:

lim 5—x3—2_lim 5-x'—4 —lim -xX*+x+) 3

ol xP -1 TP -DE5-x+2) T x+DE5-x+2) 8

. AXP+T-2 X" +7-8

lim = lim

X—> 2_ X—>
box-l l(xz—l)li(\3/x2+7)2+23x2+7+4}

1 1

= lim = —.
X—> 2
1(i/xz+7) +2Yx2 4744 12

Vay, ta dugc:
A= L _ 1
8 12 24
& Nhdn xét: Trong 10 giai trén ta da thém bét 2 vao tir thic cia F(x). Ba cau
hoi dat ra:
(1). Tai sao phai c6s6 2 ?
(2). Taisaolailaso2?
(3). Tim s6 2 nhu thé nao ?
Tra 10i ba cau hoi d6 ta c6 phuong phép giai loai toan nay.
Tra 16i cau hoi 3: Dé tim s6 2, ta dua ra thuat todn goi s6 hang ving:
Buoc 1: Véimoi ce R taco:

Vs—x =2 +7 _ s-x'-c Ix+7-c
x* -1 x* -1 -1
Buic 2: Trong cac s6 ¢ do, ta tim s ¢ sao cho x> — 1 ciing nhan tlr
chung véi:

fix)=V5-x* —cvafh(x)=x*+7 —c.
Diéu d6 xay ra khi va chi khi ¢ 1a nghiém ctia hé:
f (D=0
=
f(+1)=0

Pap s6 ¢ = 2 1a cau tra 16i cho cau hoi 1 va 2.

c=2.
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Thi dv 14. Tinh gioi han:
V1+2x =31+ 3x

2

lim

x—0 X

&5 Gidi
Ta co:

lim V1+2x =1+43x lim VI4+2x —(x+D+(x+1)—3/1+3x
2 - 2

x—0 X x—0 X

NI+2x —(x+1) . (x+1)=3/1+3x
> + lim > .
X

x—0 X

= lim

x—0
Ta di xé4c dinh ting gi6i han:

in V1+2x —(x+1) x? 1
2

li = llm = 5

lim X SO WI2x+ (x+ DI 2

po G =e3x (x+ 1)’ —1-3x

50 XZ x—0 [(X + 1)2 —+ (X + l)m + %/(1 + 3X)2 ]X2
b X+3 =1

O(x+1)7 +(x + DT +3x +3/(1+3x)°
Vay, ta dugc:

NI+ 2x=1+3x 1 3

llrrol 2 - 9 =3

X— X

@ Cha y: Rét nhiéu hoc sinh khi gip gidi han trén chi sir dung phuong phdp
héng s0 vang.
Trong céc bai thi tuyén sinh, ching ta thudng gip yéu cau tinh gi6i
han ctia nhitng ham s6 khong méau muc (két hop dai s6 va lugng giac).

1-+/2x+1+sinx

Thi dy 15. (DPHGTVT - 98): Tinh gioi han: lim
) 0 \3x+4-2-x
&S Gidi
Ta co:
1-+/2x+1+sinx _(1—\/2X+1+sinx)_(\/3x+4—2—x)
V3x+4-2-x X ' X
1-42x+1 sinx . ,v3x+4-2
= ( + S5 )
X X X
= -2x + sinx):( 3x _ 1
x(1++/2x+1) X x(W3x+4+2)
_ -2 sinx . 3 1.

( : -
1++2x+1 X P3x+4+2

223



Do do:

. 1-+2x+1+sinx ) -2 sinx 3
Iim = lim :

( + : -
0 \Bx4+4-2-x 0 142x+1 X ABx+4+2

1)=0.

Dang toan 1: Tinh gi6i han dang i
0
Phuong phap ap dung
Dé tinh cdc gi6i han dang i , ta lwa chon mot trong cic cich sau:
[o0]

Cdch 1: (Duoc sir dung cho cdc phdn thiic dai s6'): Ta chia ca t va mau cho luy thira
bac cao nhit clia x ¢6 mat & phan thitc do.
Cdch 2: St dung nguyén 1i kep giita, ta thuc hién theo cic budc sau:
Buoc 1: Chon hai ham s6 g(x), h(x) thoa man:
g(x) < f(x) < h(x).
Buoc 2: Khang dinh:
11_1){10 g(x) = 11_1)1010 h(x)= L.

Budc 3: Kétluan limf(x) = L.

Thi du 16. Tinh cac gioi han:
2 _ 4 3
A lim 2X° +x 10. b lim X" —x"+11
x40 9 _3x3 x40 2x =7
_ 2 2 6 2 _
e lim ¢! x)(l+x)2(3+x)2 d lim X +4x°+x-2
x>0 (2-x)(3-%x)"(4—x) x>0 (x° +2)?
&S Gidi
a. Chia ca tir va mau cho x?, ta duoc :
2 1 10
2 _ « .2 .3
lim 2x"+x-10 _ lim XX~ X" _q
X—>+400 0— 3X3 X—>+00 i _3
3
b. Chia ca tir va mau cho x*, ta duoc :
| 1 11
4 3 .y
lim L‘i‘ll = lim # =400
X—>+00 2X — 7 X—>+00 i _ l
x> x4

c¢. Chia ca tlr va mau cho x5, ta duoc :

2 2
lim 1-x)1T+x)B+x) _

)

. X

x>m (2 - x)(3-x)7 (4 —x)? e 2 3 V(4 YV
1))
X
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d. Chia ca tir va miu cho x°, ta duoc:

1+—+ P 2
6 2 7t 5<%
4 -2 6
lim 2 hl 3X -H; lim XX X 1.
x>0 (X7 +2) g +%)2
X

n n-1
anx +an71X +...+3.0

Téng quat: Gia st R(x) =
&4 b, x™+b, x"+..+b,

Ta co:
oo khin>m
lim R(x) = L khin=m .
X—>00
0 khin<m
Chiing minh

1. Néun> m. Khi do:

a, ey 4 a(n)
R(O)| = [x[™m > X e ‘khi x| ddt 16n
b +%+ +:—g 2b,, '
a

= oo, néntacd limR(X) = oo.

X—>00

n
- o |
Vi 1LI£1C|X| 2b_

2. Néun= m. Khi do:

a'n—I a'0
a, +—"L 4. +2 a
R(x) = bX 7% — — khi x—>o0.
b+ m
X X
3. Néun < m. Khi dé:
an—l a0
a + +"'+7n
RO)|= —— % x - 2.
X" |y, 4 Pmet +...+b—° x| bm|
X x™
. 1 2a R L.
Vi hrnW o nl = (0,néntacéd limR(X) = 0.
x—wo | x n X—>00
Thi du 17. Tinh cac gioi han:
4 lim Vaxt +x% -1 b, lim x'+4
Coxowe 1-2x Toxom x44
&S Gidi
. N oxi g O
a. Tacé dang vo dinh —.

0

, Vo1 an#= 0 va b= 0.

khi |x| dit 16n.
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Véix >0, ta co:

4 11 2 1 1
[ro4 2 \/X (24_2_4 ‘X ‘ 2+j—j
1im%=hm lx X/~ lim A
X X —2) X(—2]
X X
x* ,’Zﬁtiz—i4 X 2+L2—i4
= lim X X - lim X X o2 _
X—>+%0 < 1_2j X—>+00 (1_2) -2
X X
b. Ta cé dang vo dinh E.V(’fix<0, ta co:
o0
14 X4(1+4) ‘xz‘ 1+i4 x’ 1+i4
| = lim = lim X = lim X
D &" X—>—00 4 X—>—00 4 X—>—0 4
x| 1+— x| 1+— x| 1+—
X X X
X 1+i4
= lim X - _»
X—>—00 4
1+—
X

& Chu y: Nhu vay, v6i dang vo dinh © 6 chia can bac chan dang trén,
o8]

ching ta thuc hién rat bac cao nhat cua x ra, tir dé6 dua ra ngoai can
vGi ddu tri tuyét doi kem theo. Khi d6, tuy thudc tinh chit am, duong
clia n6 dé bod dau tri tuyét doi nay.

Thi dy 18. Tinh cdc gidi han:
) |x|+\/x2+x ) 2x* —7x +12
a. lim—— . b. lim —.
o= x+10 xo—e - 3|x|-17
&S Gidi
a. Tac6 dang vo dinh .
(e 0]

Vi x <0, ta co:

226



b. Ta cé dang vo dinh ® Véix< 0, ta cé:
o0

x2(2—7+12j |x| 2_Z+£
.m\/2x2—7x+12:1. X X . x x°

i m =im-—-—--
o 3| x| =17 x> 3x-17 e ( 17)
x| -3-——
X
T 12
= lim x_x° :Q
X——0 _3_£ 3 ’
X

& Chi y: V6i yéu cdu tim gi6i han clia ham s6 chita can bac chin khi x tién t6i oo,

thf du tinh gi6i han lim ——
X—>0 X2 +1

cac em hoc sinh céan thuc hién:

= Xadc dinh lan lugt L, = lim va L, = lim

X X
X—>+0 [X2+1 X—>—00 X2+1

= So sénh L; va L, dé két luan vé gi6i han clia lim :
X—>00
X" +1

c6 ton tai

hay khomg.

- , L . X+2
Thi dv 19. Tinh gici han lim ———.
&5 Gidi

Chia ca tir va mau cho x, véi luu y :

5 1+i2 khix >0
X“+2 X

X - 2 '
— 1+—2 khix <0
X

Do d6 ta xét hai truong hop :

1+2
X+2 .
° lim = lim —X— = 1.
e\ x2 40 o 142/x7
2
1+—
2
e lim Xt = lim —&%_— =—1.

x>0 (240 o [142/%3

Vay, ta dugc:
X+2

X*2 L fm 22 i 2
Vx2+2 Xm0 (X242 o0 \x2 42

lim khong ton tai.
X—>+0

227



Dang toan 2: Gi6i han dang oo — o
Phuong phap ap dung
Str dung cac phuong phap da biét dé tinh giéi han dang x chiing ta tinh duoc gidi
o0
han dang oo — oo thong qua phép nhan lién hgp.
Thidy 1. Tinh cdc gioi han:

. . 1
a. lim (\/X2 +1 —X). b. lim ———.
o Xt %2 b x+1—x

&5 Gidi

a. Taco:
lim (\/x2 +1 —X) = lim ; =0.
Xt o X2 41+ X

b. Taco:

Thi dy 2. Tinh cdc gioi han:

a. lim (\/2x2+1+x). b. lim(\/x2+1+x—1).

X—>—00 X—>—00
&5 Gidi

a. Taco:

1
N+—
. 2 . X2+1 . X [ X2
lim (\/ZX +1+x) = lim ——— = lim
X—>—00 X—>—00 [2X2 +1_X X—>—00 2( 1 j
X2+ |—-x
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b. Taco:
2 _ _ 2
lim (\/x2+1+x—1)= fim XD 2x

X X+l -x+1 O+l -x+1

. 2x 2x
= lim = lim
\/x2(1+12j—x+1 |X|\/1+ > —x+1
X
~ lim 2x - lim 2x
—x, |1+ —x+1 x(— /1+12—1+1J
X X X
= lim 12 " =-1
—\/1+ =1+
X X

Thi dy 3. Cho ham so':
f(x) = VP +2x+4 — X2 -2x+4.
Tinh cdc gidi han lim f(X) va lim f(x), tir d6 nhdn xét vé su ton tai cia gidi

han lim f(x).

X—0

&5 Gidi
Taco:

lim y = lim (VX2 +2x +4 —+/x>—2x+4) = lim 4x

Xomm X o X2 +2x +4++/x7 —2x +4
=-2.

limy= lim (v/x?+2x +4 —/x? —2x +4) = lim 4x

Xt Xt o x4 2x +4 ++/x7 —2x +4
= 2.

Vay, ta thy lim f(x) # lim f(x), suy ra lim f(x) khong ton tai.

Dang toin 8: Gi6i han dang 1%, (.00, co°
Phuong phap dp dung
1. Dai v6i dang 0.00 va oo | ta chon mot trong hai cdch sau:
Cdch I: St dung phuong phap bién déi dé tan dung cdc dang gidi han co ban.
Cdch 2: St dung nguyén li kep giita, v6i cic budc:
Buoc 1: Chon hai ham s6 g(x), h(x) thoa man:
g(x) < f(x) <h(x).
Buoc 2: Khang dinh:
lim g0 lim b= L

(hoac lim g(x) = limh(x) = L).
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Buoc 3: Vay, ta dugc:
lim g(x) = L (hoac limf(x) = L).

2. Dai v6i dang 1° can nhé céc gidi han co ban sau:

1 X
lim (1+x)* = e, lim (1+lj = e.
x—0 X—>0 X
Viéc 4p dung ching dé tim gi6i han cia ham s6 trong nhiéu trudng hop can thuc
hién céc phép bién doi phu hop.

Thi dy 1. Tinh gidi han lim (X +1),|— -
x—=>(-1*" X —
&S Gidi
Ta c6:
. 3 X . 2 X
lim (x* +1),/— = lim (x+1)(x" —x+1),[—
x—>(-1)* X" =1 x> x -1
2
= lim (xz—x+1) )((Xz_+1)= lim (X2—X+1) x(x+1) =0.
x>(-1)" x" -1 x>(-1)* x—1
1
Thi dy 2. Tinh gioi han L = 1irré (1+sin3x)* .
&5 Gidi
Ta bién doi:
l 1 Asin3x 1 Asin3XA
(I+sin3x)* = (I1+sin3x)s"* * = (1+sin3x)sn3x 3=
Do do:
1 1 _sin3x_
lin(} (1+sin3x)* = 1in& (1+sin3x)sin3 3x = = g3,

§3. HAM SO LIEN TUC

Dang toin 1: Xét tinh lién tuc ciia ham so6 tai mot diém — Dang 1
Phuong phdp dap dung
Cho ham s0:
f; (x) khi x #x
ey = {10 K X=X
f5(x) khi x =x,
Dé xét tinh lién tuc hoidc x4c dinh gia tri ciia tham s6 dé€ ham s6 lién tuc tai diém
Xo, chiing ta thuc hién theo céc budc sau:
Buoc 1: Tinh gi6i han:
lim f(x) = lim f,(x) = L.

Budc 2:  Tinh f(x0) = fa(Xo).
Budc 3:  Danh gia hoac giai phuong trinh L = f5(X), tir d6 dua ra két luan.
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Thidu 1. a. Xér tinh lién tuc ciia ham so'y = g(x) tai Xo = 2, biét:
3

X =8

———néux =2
gx)=9x=-2 .

5 néux =2

b. Trong biéu thiic xdc dinh g(x) ¢ trén, can thay s6'5 bdi s6 nao dé
ham s6'lién tuc tai xo = 2.

&5 Gidi
a. Taco:
x> -8
g2)=5, lim g(x) = lim = lim (x2+2x + 4) = 12,
X2 x>2 X—=2 x—2

nhu vay, ta dugc lirré g(x) #g2).
X—>

Vay, ham s6 gian doan tai diém xo = 2.
b. Néu thay 5 bing 12 thi hs sé& lién tuc tai di€ém xo = 2.

Thi du 2. Xét tinh lién tuc ciia ham s sau tai diém xo = 1:
x* -1
——khix#1
f(x)=14 x-1 .
x+a khix=1
&S Gidi
Ham s6 xac dinh v6i moi xe R.
Ta c6:
2
f()=a+1, limf(x) = lim x o1 lim (x + 1) =2,
X—> X— X j— X—
Vay, ta c6:
= Néu:

2=a+lea=1ef(l)=2=limf(x).
thi ham s0 lién tuc tai diém xo = 1.
= Neéu:
2za+loazlaf(l)£2= lin}f(x),

thi ham s6 gi4n doan tai diém xo = 1.

Dang todn 2: Xét tinh lién tuc ctia ham so tai mot diém — Dang 11
Phuong phap ap dung
Cho ham s6:
f(x) = f,(x) khi. X <X .
f, (x) khi x 2 x,,
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Dé xét tinh lién tuc hodc xdc dinh gi4 tri ca tham s6 dé ham s6 lién tuc tai diém
Xo, ching ta thuc hién theo cic budc sau :
Buoc 1: Tinh f(Xo) = fz(Xo).
Buoc 2:  (Lién tuc trai) Tinh :
lim f(x) = lim f;(x) =L.
X—X() X—X(
Dénh gid hoac giai phuong trinh L; = f(xo), tir d6 dua ra 10i két luan vé
lién tuc tréi.
Budc 3:  (Lién tuc phdi) Tinh :
lim f(x) = lim f,(x) =L,.

X—X{) X—x§

Dénh gid hoac giai phuong trinh L, = f2(xo), tir d6 dua ra 10i két luan vé
lién tuc phai.
Budc 4: Danh gia hoac giai phuong trinh L, = L, tir d6 dua ra 16i két luan.

Thi du 1. Chiing minh rang:

a. Ham so:
2 .
x+1)° voix<0 ., g0
f(x) = ( ) gidan doan tai diém x = 0.
x2+2 v6ix>0
b. Moi ham so-
vii x <1
g(x)= Vx-3 vd h(x) = Xl‘z
—— viix>1
. e . ? yd X
lién tuc trén tdp xdc dinh cua né.
&5 Gidi
a. Ham so6 x4ac dinh véimoix € R.
Ta c6:

lim f(x) = lim (x>+2)=2va lim f(x) = lim x + 1)’ =1
x—0" x—0" x—0" x—0"
= lim f(x) # lim f(x).
x—07" x—0"
Tic 12, ham s6 gidn doan tai diém x = 0.
b. Ham s6 xac dinh v6i moi x € R.

Trudc tién, ta thay ham s lién tuc véi moi x = 1.
Xét tinh lién tuc ctia ham s tai diém xo = 1, ta c6:

lim f(x) = lim [—lJ =-1va lim f(x) = lim ! =-1,
x—1* x—1* X x—1 x—>1" X —
f(1) = -1,
— 1im f(x) = lim f(x) = £(1)
x—1* x—=1"

Tic 12, ham s6 lién tuc tai diém x = 1.
Vay, lién tuc trén tap xac dinh cta no.
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Thi dy 2. Cho ham so:
2
X -3x+2 khix £1
f(x) = [x —1] .

a khi x =1
a. Tim a déf(x) lién tuc trdi tai diém x = 1.
b. Tim a dé{(x) lién tuc phdi tai diém x = 1.
c. Timadéf(x) lién tuc trén R.

&S Gidi
Ta co:
x—2 khi x>1
f(x)=4a khix=1 .
2-x khi x<1

a. DEé f(x) lién tuc trdi tai di€ém x = 1 <> lim f(x) ton tai va lim f(x) = f(1).
x—1"

x—1"
Ta c6:
limf(x) = lim(2—-x)=1vaf(l)=a.
x—>1" x—1"

Vay, diéu kien a a = 1.
b. Dé f(x) lién tuc phai tai diém x = 1 <> lim f(x) ton tai va lim f(x) = f(1).
x—1* x—1*

Ta cé:
limf(x) = lim (x —2)=—-1vaf(l) =a.
x—1* x—1*

Vay, diéu kién la a =—1.
c. Ham s0 lién tuc trén R truGe hét phai c6
limf(x) = limf(x) < 1 =—1 (mau thuan).
x—1" x—1*

Vay, khong ton tai a d€ ham s6 lién tuc trén R.

Dang toan 3: Xét tinh lién tuc cua ham s6 trén mot khoang
Phuong phdp dap dung

Dé xét tinh lién tuc hodc xac dinh gid tri cha tham s6 dé ham s6 lién tuc trén
khoang I, ching ta thuc hién theo cic budc sau :

Budc 1:  Xét tinh lién tuc ctia ham s6 trén cac khoang don.

Buéc 2:  Xét tinh lién tuc ctia ham s6 tai cdc diém giao.

Bude 3:  Két luan.
Thi du 1. Chiing minh rang:

a. Ham so'f(x)=x*—x*>+2liéntuctrén R.
3
x” —1

x2+1

b. Cdc ham s f(x) = x* — x + 3 va g(x) = lién tuc tai moi

diemx € R.
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&5 Gidi
a. Ham s0 f(x) 1a ham da thtc nén no lién tuc trén R.
b. Ta lan lugt c6 nhan xét:
= Ham s6 f(x) 1a ham da thic nén no lién tuc trén R.
»  Ham s6 g(x) la ham phan thiic nén né lién tuc trén tap xac dinh (tic la trén R ).

Thi dy 2. Chiing minh rang:
a. Ham so' f(x) = \J8—2x> lién tuc trén doan [-2; 2].
b. Ham so'f(x) = \2x —1 lién tuc trén nita khodng {%, ooj .
L5 Gidi
a. Ham s6 xac dinh trén doan [-2; 2].
Véixo € (—2; 2), ta co:

lim f(x) = lim V8-2x> = \/8-2x =f(xo).

Vay, ham s6 lién tuc trén khoang (-2; 2).

Ngoai ra, su dung gigi han mot bén, ta ching minh dugc:
= Ham s6 f(x) lién tuc phai tai diém xo = —2.

= Ham s6 f(x) lién tuc tréi tai di€ém xo = 2.

Vay, ham s6 lién tuc trén doan [-2; 2].

b. Ham s6 xdc dinh trén nira khoang {%, ooj .

) 1 .
Véixo € (E’ ooj, ta co:

lim f(x) = lim v2x—1 = {/2x, -1 =f(xo).

X=X X=X
R - , 1
Vay, ham s0 lién tuc trén khoang (5, oo}.
Ngoai ra, st dung giéi han mot bén, ta chiing minh duoc:

z . 92 . . o2 1
* Ham s0 f(x) lién tuc phai tai diém xo = 5

Vay, ham s6 lién tuc trén nira khoang [%, ooj .

Thi du 3. Chiing tJ rang ham so sau lién tuc trén R :
f(x) = XCOS% khi x # 0.
0 khi x =0
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&S Gidi
Ham s06 f(x) lién tuc v6i moi x # 0.
Xét tinh lién tuc cha f(x) tai diém x = 0.
Taco:

1
COS—
X2

|
x.cos—1 = Ixl.

2
X

Mat khac £(0) = 0.

Do d6, 1irro1 f(x) = f(0) = ham s6 lién tuc tai diém x = 0.

1 . 1
<Ixl= -IxI < Xcos — < x| = lim [x.cos—) =0.

X x—0 X2

Vay ham s6 lién tuc trén toan truc s6 thuc R.

Thi dy 4. Xét tinh lién tuc ciia ham sé sau trén toan truc so':

2 .
f(x) = X" +X kh1x<1.
ax+1 khi x>1
&S Gidi

Ham s6 xdc dinh v6i moi xeR.
1. Khix<1,tacéf(x)=x>+xnénham so lién tuc véi x < 1.
2. Khix > 1, tacé f(x) = ax + 1 nén ham so6 lién tuc v6i x > 1.
3. Khix=1,tacd:

lim f(x) = lim (x> +x)=2

x—1" x—1"

limf(x) = lim(ax + 1)=a+ 1.

x—1" x—1"

f(l)=a+ 1.

Do d6 :
« Néua=1thi limf(x) = lim f(x) = f(1) = 2, do d6 ham s6 lién tuc tai xo = 1.
x—1" x—1"

= Néua=1thi lim f(x) # lim f(x), do d6 ham s6 gian doan tai xo= 1.
x—0" x—0"
Két luan :

- Néua=1, ham s0 lién tuc trén toan truc so.
- Néua=# 1, ham s6 lién tuc trén (— oo, 1) (1, + o0) va gidn doan tai xo = 1.

Dang toin 4: St dung tinh lién tuc cia ham so chitng minh phuong trinh c6
nghiém
Phuong phap ap dung

Cho phuong trinh f(x) = 0, dé chiing minh phuong trinh ¢6 k nghiém trong [a, b],
ta thuc hién theo cac budc sau:

235



Budc I1: Chon ciac s6 a < Ty < T, < .. < Tk-1 < b chia doan [a, b] thanh k
khoang thoa man :

f(a).f(T,) <0

£(T,_,).£(b) <0

Budc 2:  Két luan vé s6 nghiém clia phuong trinh trén doan [a, b].

Thi du 1. Chiing minh rang phuong trinh xX* + x — 1 = 0 ¢6 nghiém trén khodng
(-1; D).

L5 Gidi

Xét ham s0 f(x) = x>+ x — 1 lién tuc trén R . Ta c6:

f(-1).f(1)=-3.1=-3 <0,
Vay phuong trinh ¢6 it nhat mot nghiém trong khoang (—1; 1).

Thi du 2. Chiing minh rdang phuong trinh x*cosx + x.sinx + 1 = 0 ¢6 it nhdt mot
nghiém thudc khodang (0; ).
&5 Gidi
Xét ham s0 f(x) = x’cosx + x.sinx + 1 lién tuc trén (0; 7).
Ta cé:
(0).f(r) =1-n><0,
Vay phuong trinh c6 it nhdt mot nghiém trong khoang (0 ; 7).

Thi du 3. Chiing minh rang phuong trinh x* + x + 1 = 0 ¢6 it nhdt mot nghiém dm
lon hon —1.

&5 Gidi

Xét ham s0 f(x) =x* + x + 1 lién tuc trén R.

Ta c6:

f(-1).f(0)=-1.1=-1<0,

Vay, phuong trinh c6 it nhat mot nghiém trong khoang (—1; 0), do dé né cé it

nhat mot nghiém am 16n hon —1.

Thi du 4. Chiing minh rdng phuong trinh 2x + 63J1-x = 3 ¢6 ba nghiém phdn
biét thuoc (-7;9).
&5 Gidi
bit t = {1-x . Khi d6, phuong trinh c6 dang:
28 —6t+ 1 =0.
Xét ham so f(t) = 2t — 6t + 1 lién tuc trén R.
Ta c6:
f(=2) = =3, £(0) = 1, f(1) = -3, £(2) = 5,
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suy ra:
y- f(—2).f(0) = -3 < 0, phuong trinh c6 mot nghiém t; e(-2; 0), khi dé:
ti=d-x =>xi=1-t vated;9).
= f(0).f(1) = — 3 <0, phuong trinh c6 mdt nghiém t,€(0; 1) , khi dé:
tb=V-x =>x=1-t] vate(; 1).
= f(1).f(2) = —-15 < 0, phuong trinh c6 mot nghiém t;e(1; 2) , khi do:
ti=V1-x = x3=1-t} vatse(-7; 0).
Vay, phuong trinh ¢6 ba nghiém trén khoang (-7; 9).

Thi du 5. Chiing minh rdang voi moi m phuong trinh x> + mx* — 1 = 0 luén cé mot
nghiém duong.
&5 Gidi
Xét ham s0 f(x) = x* + mx? — 1 lién tuc trén R.
Tacéo:
f(0)= —1<0
lim f(x) = + oo, vay ton tai ¢ > 0 dé f(c) > 0,

suy ra :
£(0).f(c) < 0.

Vay phuong trinh f(x) = 0 luén c6 mot nghiém thuoc (0, ¢) < phuong trinh luon
c¢6 mdt nghiém duong.
Tong qudt: Chitng minh rdng phiong trinh:

x*+ax’+bx+c=0
luén cé it nhdt mot nghiém.

&S Chitng minh

Xét ham s0 f(x) = x* + ax*> + bx + ¢ lién tuc trén R.

Nhan xét rang:

lim f(x) = —o0, vay ton tai x; dé f(x;) <0,

X—>—00
lim f(x) = + oo, vy ton tai x» dé f(x2) > 0,
X—>+00

suy ra f(x:) f(x2) < 0.
Vay phuong trinh f(x) = 0 ludn ¢6 it nhat mot nghiém.

Dang toin 5: Str dung tinh lién tuc cua ham so xét dau ham so
Phuong phdp dap dung
Str dung két qua:

"Néu ham so'y = f(x) lién tuc va khong triét tiéu trén doan [a, b] thi cé ddu nhdt
dinh trén (a, b)".

Thi du 1. Xét ddu ham so' f(x) = Vx+4 — J1-x —J/1-2x .
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&S Gidi
Ham s6 f(x) lién tuc trén [-4; %].

Giai phuong trinh f(x) = 0, ta c6:
f(x) =0 V1-x +J1-2x = +/x+4

<
1-x>0 x<l

< <1-2x2>0 <> Xﬁl

I-x+1-2x+2{(1-x)(1-2x)=x+4 (1—x)(1-2x) = 2x +1

Xx<—

<& 2x+120 ) T &= x=0.
(1-x)1-2x)=(2x +1)’ 2x*+7x=0

Nhu vay, trén cic khoang [—4; 0) va (0; %] ham so6 f(x) khong triét tiéu, do do:

" Vif(—1)=+3 -2 = /3 <0nén f(x) <0 véi Vx e [-4; 0).

= Vi f(lJ = \/E - \/I>Onénf(x)>0vc’jiVX€(0;l].
2 2 2 2

C. CAC BAI TOAN CHON LOC

¢
. , . s e e o , (-D"tosn ,
Vidu 1: Ching minh rang ddy soé (u.) voi s6 hang tong qudt u, = i co
n’ +
gioi han 0.
25 Gidi
Ta c6:
|(—1)2 Cosn| _ | chn| < 2l < Lz < 1 W liml —o,
|n+1||n+l|n+ln n n

tir d6 suy ra di€u can ching minh.

Viduy 2: Tinh cdc gii han sau:

ST (R (AN )

b. L:Iim( ! + 2 + 3 + n—lj

ot .
n’+1 n’+1 n?+1 n° +1
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&5 Gidi

a. Ta bién déi:

. 2°-13-1 n’-1 3 2. -
L =1lim . ...n :limg.ﬁ...m=liml.mrl =
now 7 3? n®  now2? 3 n’ o2 n
b. Ta co:
1 2 -1 1
e 23 Fok 5= (1 +2+..+n-1)
n“+1 n°+1 n°+1 n”+1 n“+1
1 n(n-1) n?-n
n2+1 2 2(n% +1)
T d6, suy ra:
2
L =lim—— " _1
2n%+1) 2

Vidu3: Cho ddy s6 (u,) vdi u, = 3““ .

. . s u 2
a. Chiing minh rang —- < 3 vOi moi n.
u

N 2\
b. Chitng minh rang 0 < u, < (gj vOi moi n.

c. Ching minh rang ddy s6 (u,) ¢é gidi han 0.
&S Gidi
a. V6imointaco:
u,, _(n+l [ :n+1£2_n:%’dpcm,
u 3! 3" 3n 3n 3

n

b. Sk dung phuong phép quy nap dé ching minh — Hoc sinh tu lam.
c. Tukét qua cau b) ta co:

Uy < % Véllim2 =0,
3 3

tir d6 suy ra di€u can ching minh.
Vidu 4: Cho day so () xdc dinh bai:

N 1 ” .
u=10vau,,. = gun+3valmgln21.

1
-

a. Chiing minh rang day s6 (vy) xdc dinh bdi v, = u, — % la mot cdp

sO nhan.
b. Tim limu,.
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&5 Gidi

a. Nhan xét ring:

u _b lu 3—E
Voo = "4 _ 5" a 1, 1,
2N ) _15 5 '
! "4

tir do, suy ra (vs) 1a mot cap s6 nhan véi cong boi q = 3

b. Tir két qua cau a), ta co:

5. 1 25(1\""
Va=viq" = (u - —). = —[—j

451 415
15 251" 15
SU=Vat —="/—| +—=.
4 415 4

Tu do, ta duoc:

. Cl2s ! oas| s
limu, = lim| —.| — +—|=—.
415 4 4

Vidu5: Cho:
S=1+q+@+..,v8 |ql <1, T=1+Q+Q*+...,véi |Q| <1,
A=1+9qQ+qQ*+...
Tinh A theo Sva T.

&S Gidi
V(’)”igiéthié’t|q|<l, Q|<1suyra|qQ|<1.
Khi dé:
A O T DS BN, )
1-q S 1-Q T
A= 1 _ 1 _ ST .
1-qQ | _S-1T-1 " §+T-]
S T

Vidub: Cho mot tam giac déu ABC canh a. Tam gidc AiB,C, ¢é cdc dinh la
trung diém cdc canh cua AABC, AA:B,C, ¢6 cdc dinh la trung diém cdc
canh ciia AA\B\Cy, ..., AAy+ 1Ba s 1Cas 1 €6 cdc dinh la trung diém cdc
canh cia AABLC,, .... GOi p1, P2, - Pn VA S1, So, .S, ... theo thit tu la
chu vi va dién tich cua cdc AAB,Ci, AABC,, ..., AAB.G,, ....

a. Tim gidi han cua cdc day s6 (ps) va (Ss).
b. Tinh cdc tong:
pr+prt.a.+pat.. VASI+SH+ ..+ S0+ ...
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&5 Gidi

a. Talan lugt c6 nhan xét:
e e . 1 1 1
*=  Véiday so (pn) thip: = Epl, ps = Epz = 2—2p1,

Tir d6, ta du doan duoc:
1 3a 3a . . S
Jn-i p1= ST = o Chiing minh bang quy nap.

pn=
Do d6:

. . 3a . (1Y)
limp, = lim— = 3a.lim| —| =0.
2" 2

* V6iday so (Sy)thi S; = iSl, S5=—8= 4%81,

T d6, ta du doan duoc:
1 az\/g az\/g
31: 41’1*1 Sl = 16 411*1 = 41’1+1

— Chiing minh bang quy nap.
Do dé:

2 n+l
lim$, = lim 2 3 a23 .1imGJ =0.

4I1+1

b. Ta lan luot c6 nhan xét:
»  Day s0 (pn) 12 mot cap s6 nhan cé cong boi q = 5 <lvap = %a nén:

P1

pi+p2+...+pat..= =3a.
1-q
. L . 1 a’
= Day s0 (pn) la mot cap s6 nhan cé cong boi q = 7 <1lvaS = nén:
2
Sl+Sa+...+Sn+....:i :&.
1-q 12
Vidy?: (DHQGKS B 97): Tinh gidi han tim| /-5
: 0i B—97): Tinh gioi han lim|————.
=01 \/1—cosx
&S Gidi
Ta c6:
|1—|1+sin3x| B |1—1—sin3x| B |sin3x| B ‘3sinx—4sin3x‘
| J1-cosx | J1-cosx | J1—cosx J1=cosx
(3 —4sin” x)sinx 3 —4sin® x|\ 1 —cos® x
= ‘ ‘ = ‘ ‘ = 1+ cosx | 3 — 4sin’ .
J1-cosx J1-cosx
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Do d6:

) 1—|1+sin3x|
lIim|———
=01 /1—cosx

= lin&(\/1+cosx 13 —4Sin2X|)=3\/§.

Vidu8: Tinh cdc gioi han sau:
a. (HVNH - 98): lim —”2"_11_&
X—> X —

3
b. (PHQG — 98): lim ~—Y3*=2

x—1 X _1
&5 Gidi
a. Taco:
e V21X 1 1

x—1
YT Y~ lim = lim ————— = —.
ol x—1 Sl (x=D2x—1+/x) = 2x—1+/x 2

lim X" —=N3x-2 _ lim x®—3x+2
x>l x—1 ol (x —1)(x° ++4/3x—2)

- lim X-DE +x'+x° +x*+x-2)
xo! (x—D(x* +3x=2)
X +x X +xP+x =2
lim =
=l X’ +4/3x -2
Nhdn xét: Trong vi du trén, & cau c) dé tranh gip phai mot da thic bac 6
chiing ta c6 thé thuc hién theo c4ch:

x> —~/3x =2 x> —1+1-+/3x-2

3
=

lim =1lim
x—1 x—1 x—1 x—1
oo xX =1 .. 1-+/3x-2
=1lim +1im
x—1 X—l x—1 X—l
3-3x
=lim(x*+x+1)+1lim
i ) H‘(x—l)(l+\/3x—2)
3 3 3

=3-lim——— =3-2 = 2,

= +43x -2 22
Ngodi ra, y tudng nay con c6 tén 1a "Phuong phdp goi hing so ving"
trong viéc tim giGi han, va n6 sé dugc trinh bay & phia sau.

Vidu 9: Tinh cdc gioi han sau:
. Ux-1 Yx+x>+x+1
a. lim ———— S —

. b. lim
x—1 m +1 x—>-1 X +1
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&5 Gidi

a. Taco:
. Ix -1 . Rlx=27 =Ix-2+1](x-1) . \3/(x—22—\3/x—2+1
lim =1lim =1lim
x—1 3/X_2 +1 x—1 (SIXZ + 3 X +1)(X—1) x—1 3[X2 n 3/X +1

=1.
b. Taco:
o YxexPexal C Px+1 . OXT+X
Iim ———— = Ilim + lim
x—>-1 x+1 =>-1 x+1 -l x +1
= lim X+l flimx=lim — 1+ —1=_2
S A —Yx ) 2 oY Yk 3
Vi du 10: Tinh cdc gioi han sau:
_ Ax—-1+Yx-2 (X% +2004)31-2x —2004
a. lim . b. lim .
x—1 X—l x—0 X
&5 Gidi
a. Taco:
. P2x—1+3Yx-2 C x—1-1+4Yx-2+1
Iim = lim
x—1 X—l x—1 X—l
. 2x—-1-1 . Ux-2+1
= lim—— + lim ————.
x—1 x—1 x—1 Xx—1
bat:
4
u=+2x-1 x—1=2 !
5 < 2
v=Nx-2 x—1=v' -1
Khi do:
Y2x-1-1 2(u—-1 2
X = (:1 ): 5 vax—>1 < u—l.
x—1 u -1 (u+DH@ +1)
Ix=2+1 v+1 1 .
= — = - vax—lov— 1.
x—1 v’ +1 Vi—v +v —v+1
Vay, ta dugc:
. A2x—1+(x-2 . 2 . 1 U
lim =1lim > + lim n 3 > =—.
x—1 x—1 o (u+1D)(u"+1) vl vi—vi+v —v+1 10
b. Ta co:
i (X2+2004)\7/1—2X—2004 - I (X2+2OO4)\7/1—2X—X2—2004+X2
Xll;r(} X - Xll;r(} X
7 — J—
= lim (o + 2004 12X =Ly :—@.
X—> X

243



@ Nhdn xét: Trong vi du trén, & cau b) chiing ta da thém bét x> dé lam xudt hién
da thiic P(x) = x*+ 2004 & tir thic, tir d6 1am xuat hién dang:
lim

Vlt+ax -1 _a
x—0 n
day la diém miu chot cta loi giai.

Vidvu 11: Tinh gioi han:
Jiexai+2 4/1+§—\4/1—x

lim
! 3\/4+x \/8 X — \/1+X

b

&5 Gidi
Goi tir thitc 1a T, ta co:
T= J1+x §/1+§.4{/1+3 - 31+§.4{/1+§ +

\/1+— -1+ 1-31-x

3
= ,3/1+— 41+— (VI+x = 1)+ 41+— [31+; 1]+
+ (4/1%—1} —(41-x - 1.

Goi mau thiic 1a M, ta co:

3 \/1+§ —2§/1—% — Y+x

M==2.
2
=3( /1+%—1j —2(3/1—%—1} —(iex - 1.
Ta c6:
Jiexat+ 21+ 2 —4fi=x T
: 2\ 3 T . x 1 24
3 ST MM TS T S
T2 A x —B—x-Y1+x M R — >
X 24
Vi dvu 12: Tinh cdc gioi han sau:
X' +x> -2

a. (PHQG/khoi D - 99): lim————
=1 gin(x —1)
—4x+3

b. (PHDL Hai Phong/Khéi A —2000): lim——
x—1 tan(x 1)
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&5 Gidi

a. Taco:
3 2 _ 2 2 2 2
X.+X 2 = lim (x l).(x +2x+2) = lim x.+ X+2 _ 5
x>l gin(x —1) x—1 sin(x —1) x>l sin(x —1)
x—1
b. Ta co:
2
1mx 4x+3 =lim(x (x—3) i x-3 -
1 tan(x —1) =1 tan(x —1) -1 tan(x — 1)

x—1
Vi du 13: (DHAN/Kho6i A —2000): Tinh gioi han:
98 (l —co0s83x cosS5x cos7xj
sin® 7x '

&5 Gidi
Ta cé:

1 — cos3xcos5xcos7x = 1— %(cos8x + co0s2x)cos7x
=1- %(cosSx cos7X + €0S2Xc0s7X)
=1- %(cosle + cosx + cos9x + cos5x)
=i [(1 = cos15%x) + (1 —cosx) + (1 —cos9x) + (1 — cos5x)]

X 9x 5x
-1 (2sin215—X + ZSiHZE + 25in27 + 25in27J
2

4
1,15k X 9% .25_"]
= 5 Sin 7 + SIn 2 + SIn 2 + SIn 2 -
Do do6
X 9x 5x
L =lim %l sinzls—X +sin*5 +sin® 75" +sin27j. - 1
x>0 83 2 2 sin” 7x
, 15x s 2 ,
B 98 1 Sin 7 15 . sin 1
83 2 x>0 | (15x ) X 22
2 2
sinzg—x 2 sinzS—x 2 2
Lo (oY T (5) | ax 1
ox ¥ \2 sx ¥ \2) | sin?7x (7)?
2 2
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98 1 . {(15)2 (1)2 (9}2 (5]2} 1
= —.—lm||l—| + ||+ ||+t |Z]| | ===1
83 2 w0 || 2 2 2 2) '

@& Nhdn xét: Nhu vay, trong thi du trén thuc chat ching ta chi can st dung cong
thitc bién déi tich thanh tong va cong thitc géc nhan doi clia cos. Tuy
nhién, cac em hoc sinh can than trong trong tinh toan.

Vi du 14: Tinh cdc gidi han sau:
1—+/cosx

a. (bHHH/DPé 1 -97): lim ——=.
( ) x>0 l—cos\/;

x/1+tanx —x/1+sinx
5 .

b. (PHHH - 2000): lirrg

X
&5 Gidi
a. Tacé:
.2 X
. l1—+/cosx . 1—-cosx . 2sin E
lim =l = lim

————— = lim
HOI—COSx/; x>0 (l—cos\/;)(l+\/cosx) x>0 2sin2£(1+m)
2

) (sz 2 1 1 _o.

lim . . . .
x>0 (XT 2 sinzﬁ [\/;]2 1+~/cosx
2

2 2
b. Taco:
) x/1+tanx—x/1+sinx . tan X —sin X
lim 3 = lim— ;
x>0 X 0 x3({/1+ tanx ++/1+sinx)

2tanx inr“i
tanx(1 —cosx) _ anx.s 2

1 = lim
=0 31+ tanx +4/1+sinx) 0 x> (V1 +tanx ++/1+sinx)

{tanx sin*(x/2) 1 ] 1

X (x/2)2,4 "1+ tanx ++/1+sinx 4

= 2lim
x—0

=
@ Nhdn xét: Nhu vay, trong 10i giai ctia vi du trén chiing ta can thuc hién phép
nhan lién hop trudc khi st dung cdc phép bién déi lugng gidc dé
chuyén chuing vé dang co ban.
Vi gi6i han dang:
m f,(x)-1,(x)

( , trong d6 fi(xo) = fa(Xo) = ¢ va g(xo) = 0.
X=X g(x

246



Ta lya chon mot trong hai céch:
Cdch 1: (Chén hdng s6 vdng): Ta thuc hién viéc thém hing s6 vang c
(v6i f1(x0) = f2(x0) = ¢) vao biéu thiic chia gidi han, ta duoc:

lim f(x)—c+c—1,(x) - lim f(x)—c + lim c—1,(x) .

X=X, g(x) X=X, g(X) XX g(x)
Cdch 2: (Chén ham so vang): Ta thuc hién viéc thém ham s6 vang
f(x) (v6i f(x0) = c) vao biéu thiic clia gi6i han, ta dugc:
f(x)—f(x)+f(x)-1f,(x)

lim
X—)X0 g(X)
- i A& L fO-HG)
X=X g(X) X=X g(X)
J— 3 —
Vi dy 15: (PHQG/KNGi A — 97): Tinh gidi han lim 21+ x-V8-x
X— X
&5 Gidi
Ta co;

i = lim

x—0 x—0

- 24J14+x —3/8—x 2014+x —2+42-38—x
X X
{AJ1+X—1)+ 2—%8—x}
X X

= lim
x—0

2x X 13
=lim + = —.
e R R P T el |
Vi du 16: Tinh cdc gidi han sau:
lim\/er3—2x V1+x* —cosx

a. . b. (BHTM - 99): lim 5
x—1 tan(x — 1) x—0 X
&5 Gidi
a. Taco:
. VX+3-2x : —4Ax* +x+3 ) —4x -3 x—1
lim = lim = lim .
1 tan(x —1) (X +3+2x)tan(x—1)  *7! Jx+3+2x tan(x—1)
__7
4
b. Ta c6 thé trinh bay theo hai cdch sau:
Cdch 1: Ta co:
V14 x* —cosx 1+x*—cos’x x? +sin® x

Iim ———— =1lim =lim

2
X0 X =0 (\/1+x2 +cosx)x2 =0 (\/1+x2 +cosx)x2
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= lim ! [1+Sin X] =1
20 J1+x% +cosx x?

Cach 2: Taco:

) X
lim 1+x2—cosx_lim 1+x2—1+l COSX 281 9 -1
x—0 X2 x—0 X2 x—>0 \/1+X +1 i 2
2
Vidu 17: Tinh cdc gioi han sau:
a. lim(x+2) -1 . b. lim ‘/ 21+
X0 X +x o\ xT—x?+3
&5 Gidi
a. Taco:
2
ETTEER G G
lim (x-+2),| 5 = lim (x=D(x+2) XN X) -,
X—>+00 X—>+00 X +X X—)+OO 1
I+—
X
b. Taco:

1
. / 2x% +x /x (2X +X)
lim x 52 .2 1 2
X—>—00 X —X"+3 x—>w X —X +3 X—)w
5

Vi du 18: Tinh gici han lim (E—x) .tanx.

xag
&5 Gidi
biatt= g —Xsuyrax= g -t Nhanxetkh1x—> 5 thit— 0.
Vay, ta dugc:
. T . 1 . . cost
lim (—— X) stanx = limt.tan (—— tj = limt.cott= limt.—— = 1.
X‘)g 2 t—0 2 t—0 t=0  gint
X472 2x+1
Vidu 19: (HVKTMM - 99): Tinh gioi han L = lim [ 1) .
x—oo \ X +
&S Gidi

Ta bién déi:

X + 2 2x+1 1 2x+1
= |1+ s
X+1 X+1
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1 1
dat — = Sx=t-1.
t x+1
Nhan xét khi x — oo thi t — co.
Vay, ta dugc:
2t—
2x+1 2(t-1)+1 t
X+2 1 1) ¢
= |1+- = |1+- .
x+1 t t
Do do:
2x+1 tﬂ
. +2 . 1) ¢
lim | 2 = lim | 1+— = e’
X—>0 X +1 t—w t
Vi dvy 20: X¢t tinh lién tuc ciia ham s6 sau trén toan truc so:

f(x) = x2+xkh.ix<1.
ax +1 khi x>1
&S Gidi
Ham s6 xac dinh v6i moi xe R.
4. Khix <1,tacoéf(x)=x>+xnén ham so lién tuc véi x < 1.

5. Khix > 1, tacé f(x) = ax + 1 nén ham s06 lién tuc vGi x > 1.
6. Khix=1,tacé:

lim f(x) = lim (x*+Xx)=2; limf(x) = lim(ax +1)=a+ 1.
x—1" x—1" x—1" x—1"
f(l)=a+ 1.

Do dé:

= Néua=1thi limf(x) = lim f(x) = f(1) = 2, do d6 ham s6 lién tuc tai xo = 1.
x—1" x—1*

= Néua=#1thi lim f(x) # lim f(x), do d6 ham s6 gian doan tai xo= 1.
x—0" x—0"

Két luan:

= Neé€ua =1, ham s06 lién tuc trén toan truc so.
» Néua= 1, ham s6 lién tuc trén (— oo, 1) (1, + 00) va gian doan tai xo = 1.

Vidu 21: Chiing minh rang véi moi m phuong trinh:
R B W

COSX sin X
luon cé nghiém.

&5 Gidi
A e T
D1euk1¢nx¢E,V01kGZ.

Bién déi phuong trinh vé dang:
sinX — cosx — msinx.cosx = 0.

< < ~ . . . A A Y
Xét ham so f(x) = sinx — cosx — msinx.cosx lién tuc trén doan — .

249



Ta cé:

f(0)= —1<0va f[%j =1 >0:>f(0).f(gj =—1<0.
Vay phuong trinh f(x) = 0 luén c6 mot nghiém thudc [O;gj

< phuong trinh (1) luén c6 mot nghiém thudc khoang (0;%}.

Vi du 22: X¢t ddu ham so f(x) = 2 + cosx — 2tan% trén (0; ).

&S Gidi
Ham s0 f(x) lién tuc trén (0; ).
2

2

ta co:

Giai phuong trinh f(x) = 0 véi 4n phu t = tan% suy racosx = -,

1—t?

1+t

2+

“2t=028-t?+2t-3=0< (t-DR2*+t+3)=0

2

X T
St=lsotan— =1x=—.
2 2
Nhu vay, trén cac khoang (0; g ) va (g ; ) ham s0 f(x) khong triét tiéu, do do:

= Vi f(Ej =2+ 2 S 0nenf(x)>0véivx e 0 ),
3 2 3 2

= Vi f[%j :2—%—2\/5 <0nénf(x)<0véiVxe(g;n).
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