CHUONG 2 — TO HGP VA XAC SUAT

é‘ KIEN THUC CAN NHO §%§

I. HAIQUY TAC PEM CO BAN
1. QUY TAC CONG
Quy tdc cong: Gid sit mot cong viéc cé thé tién hanh theo mot trong k phuong dn Ay,
Az, veey Ak. Néu
*  Phuong dn A ¢ thé lam bdng ny cdch.
*  Phuong dn A; cé thé' lam bdng n, cdch.

*  Phuong dn Ax c6 thé' lam bdng ny cdch.
Khi dé, c6 cong viéc cé thé thuc hién theo ny + ny + ... + ng cdch.
Biéu dién dudi dang tdp hop: Quy tic cong thuong duoc phat biéu bing ngon ngit

tap hop nhu sau:
1. Néu A, B la hai tap hitu han, khong giao nhau, thi:

lAuB| =|Al + B,

2. Neéu Ay, A, ..., A lak tap hitu han, timg doi mot khong giao nhau, thi:
|A1UA2U...UAk| = A1| + |A2| + ...+ |Ak|

3. Néu A, Blala hai tap hitu han va A < B, thi:

10
> x| =B\Al = [B| - [Al.
k=0

2. QUY TAC NHAN
Quy tdc nhdn: Gid sit mot cong viéc A bao gomk cong doan Ay, A, ..., Ax. Néu:

»  Cong doan A cé thé lam bdng n, cdch.
»  (Céng doan A; cé thé lam bdng n cdch.
n
»  Cong doan Ay cé thé lam bdng ny cdch.
Khi dé, cé cong viéc c6 thé thuc hién theo ny.na...ni cdch.
Biéu dién quy tdc nhdn duci dang tip hop: Quy tic nhan thuong duoc phdt biéu
bang ngodn ngit tap hop nhu sau:
Néu Ay, A, ..., An la cdc tdp hitu han, khi dé s6 phdn tik cia tich Dé — cdc cua cdc tdp
nay bdng tich ciia so' cdc phdn tik ciia moi tdp thanh phdn. DE lién hé véi quy tdc nhan
hdy nhd la viéc chon mot phdn tir ctia tich Dé — cdc Ay x Az x ...x Am duigc tién hanh
bdng cdch chon lan lugt mot phdn tik cia Ay mot phdn i cua A, ..., mot phdn tir
ctia Am. Theo quy tdc nhdn ta nhdn duoc ddng thirc:

| Al X Ao X .. x An| = | Ai] .| Az ... | Anil-
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3. NGUYEN LY BU TRU

Khi hai cong viéc ¢6 thé duge 1am dong thoi, ching ta khong thé ding quy tac cong dé
tinh s6 cach thuc hién nhiém vu gém ca hai viéc. Cong s6 cich lam méi viéc sé dan dén su
trang 14p, vi nhiing céch 1am ca hai viéc s& dugc tinh hai Ian . D€ tinh ding s6 cdch thuc
hién nhiém vu nay ta cong s6 cach lam moi mot trong hai viéc roi trix di s6 cdch 1am dong
thoi ca hai viéc. D6 1a nguyén 1y bu trir.
Biéu dién dudi dang tdp hop: Chiing ta c6 thé phat biéu nguyén Iy bil trir bang ngon
ngtt tap hop nhu sau:

Cho A, A; 1a cac tap hop. Goi T; 1a viéc chon mot phan tir cia A, con T 1a viéc
chon mot phan tir cua A..

= (6| Al cach lam viéc T,

= C6| Ay cach lam viéc To.

S6 cdch 1am hoac T hoac T, bang téng s6 cdch 1am viéc Ty va s6 cach lam viéc To
trir di s6 cach lam ca hai viéc. Vi ¢6 |A, UA,| cach lam hodc T\ hodc T, va c6

A, NA,| cachlam ca hai viéc Ty va T» nén chiing ta cé:
A, |
|A1 uA2|:|A1|+|A2|—|A1 mA2|.

I1. HOAN VI, CHINH HOP VA TO HOP
1. HOAN VI

Pinh nghia 1: Cho tdp hop A, gom n phdn tir (n > 1). Mt cdch sdp thit t n phdn tie
cua tdp hop A duoc goi la mot hodn vi ciia n phdan tir do.
Dinh li 1: Néu ki hiéu s6"hodn vi ciia n phan tit la Py, thi ta cé:

Po=n!=123...(n-1).n.

2. CHINH HQP

Pinh nghia 2: Cho tdp hop A gom n phdn tir. Mot bé gom k (1 < k < n) phdn tir sap
thir tu cuia tdp hop A duoc goi la mot chinh hop chdp K cua n phan tir
cua A.

& Nhdn xét:

1. Hai chinh hgp khéac nhau khi va chi khi: hoac c6 it nhat mot phan ti ctua chinh
hgp nay ma khong 1a phan tlr ciia chinh hop kia, hoac cdc phan tir cua hai
chinh hop giéng nhau nhung dugc sip xép theo thit tu khac nhau.

2. B0 k phén tlr ¢6 ké thit tw dugc hiéu nhu sau: gia sir a, b 12 hai bo k phan tir
ctiatip E

a= (31, A2y..ey ak) Vé b = (b1, bz,..., bk)
= a, b duoc coi la c6 ké thit tu néu:

a=b< a=b, Vi= Lk.
= a, b duogc coi la khong ké thit tu néu:

a=b <> mbi a; tring v6i mot bjnao dé i, j = 1,k.
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Dinh i 2: Néu ki hiéu s6 chinh hop chdp k ciia n phdn tirla A%, thi ta cé:
Af =n(n-1)...n—k+1).

& Cha y-
1. Taco thé viet AX theo cdch khac:
A¥ =n(n—1)(n—2)..(n—k +1) =
(n-k) !
2. Néuk = nthi:
UL L
0 1

Nhu vay, mot chinh hgp n chap n dugc goi 1a mot hoan vi ctia n phan ta.
Tt d6, suy ra:
A" = ASAMY, véi moi 1 <k <n.
Két qua nay dugc phat biéu 1a " S6 cdc hodn vi cuia n phdn tir phdn biét bdng sé
cdc chinh hop n chdp r cua cdc phan tir dé, nhdn voi s6 cdc hodn vi cia (n —r)
phdn tit con lai "
3. TO HOP

Pinh nghia 3: Cho tdp hop A gom n phdn nir. Mot tép con ciua E, gom k phdn tir
phdn biét (1 <k < n), duoc goi la mot té hop chdp k ciia n phdn tir
cua A.

Dinh li 3: Néu ki hiéu s6't6 hop chdp k ciia n phdn tirla C¥, thi ta cé:

k J— —
= A, _ n(n—1)...(n k+1)’ )
k! k!
v6i 0 <k <nvaquyudc C’ =1.
Tir két qua cta dinh 1i 3 suy ra:

|
1. cf=—"  v6io<k<n. )
" kl(n—k)!
2. CY=(C"*,v6i0<k<n. 3)
3. Co=C, +C,vei0<k<n. (4)

I1I. NHI THUC NIU - TON
1. CONG THUC NHI THUC NEWTON

0 16p 8 chiing ta da duoc 1am quen véi c4c hing dang thifc:
(a+b)?=a’+2ab+b* = Cya> b’ + C, a2~ 'b' + C; a’b?

(a+by=a’+3a%b+3ab>+ b= Cya’ b+ C} &’ b'+ C; a2 + Cja’b’.
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Téng qudt: V6i moi cap so a, b va moi s6 n nguyén duong, ta cé:
(@a+by=Cla"+ Cla b+ Cl a2 +..+ Cl'ab '+ CI b )

n
_ k. n-k 1.k
= ECna b*.
k=0

Cong thic trén dugc goi 1a cong thike nhi thice Niu —ton (goi tat 12 nhi thite Niu —ton)
NHAN XET CONG THUC NHI THUC NIUTON
1. SO céc s6 hang & bén phai ciia cong thitc bang n + 1, n 1a s6 mii cua nhi thic &
Vé trai.
2. Toéng cdc s6 mii cia a va b trong mdi s6 hang béang n.
3. S6 hang téng quat c6 dang:
Tir1= Ca" %, voik =0, 1, ..., n.
d6 1a s6 hang thit k + 1 trong su khai trién ctia nhi thic (a+b)".
Nhu vay, v6i yéu cau "Tim hé s ciia a" ~*b*" thi cau tra 10i 1a C¥.
4. C4c hé s6 nhi thic cdch déu hai s6 hang ddu va cudi biang nhau vi:
C=C"",0<k<n

MOT SO DANG PAC BIET
Dang 1: Thay a=1vab=x vao (1), ta dugc:
1+x)"=Cl +Clx+ C2x2+ ...+ CI7'x" "1+ CI x™. )
Dang 2: Thay a=1vab=—xvao (1), ta dugc:
(1-xP=C° - C' x+ C2 X+ (1} Crxit .+ 1y Caxn 3)
Khi dé:

= Thay x =1 vao (2), ta dugc:
C+Cl+C+..+C =2

= Thay x =1 vao (3), ta dugc:
c—c +C - +1rC=o.

2. TAM GIAC PASCAL
Cac hé s6 cla khai trién Niuton cta nhi thic (a + b)" ¢6 thé dugc sip xép thanh
tam giac sau day (goi la tam gidc Pascal):

n=0 1

n=1 1 1

n=2 1 2 1

n=3 1 3 3 1

n=4 1 4 6 4 1

n=>5 1 5 10 10 5 1
n=06 1 6 15 20 15 6 1

Nhu vay, dua vao bang ta co:
C,=C, =4,C; =6.
C, + C! = C} (chiing ta da ting dugc biet C* + C*' = Ck1).
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IV. BIEN CO VA XAC SUAT CUA BIEN CO
1. KHONG GIAN XAC SUAT
DPinh nghia: (Phép thir ngau nhién va khong gian mau):
a. Mot phép thu ngdu nhién (goi tit 1a phép thir) 1a mot thi nghiém
hay mot hanh dong ma:
» (6 thé lap di lap lai nhiéu lan trong céc diéu kién giong nhau.
» K&t qua cua né khong du doan trude duoc.
* (6 thé xé4c dinh duoc tap hop tét ca cdc két qua c6 thé xay ra cha
phép thur do.
Phép thr thuong dugc ki hiéu bai chit T.
b. Tap hop tit ca cdc két qua c6 thé xdy ra ctia phép thir dugc goi la khong
gian mau ctia phép thir va dugc ki hiéu boi chit Q (doc 1a 6 — mé — ga).
2. BIEN CO
Dinh nghia: (Bién co'lién quan dén phép thir): Mot bién c6 A lién quan téi phép thir
T dugc mo ta bdi mot tap con Q4 nao do6 clhia khong gian mau Q cta phép
thir d6. Bién c6 A xay ra khi va chi khi két qua ctia T thudc tap Qa. Mbi
phan tir cuia Q4 dugc goi 1a mot két qud thudn loi cho A.
= Bién c6 chdc chdn 1a bién c6 luon xdy ra khi thuc hién phép thir T.
Bién c6 chac chian duoc mo ta boi tap Q va duoc ki hiéu 1a Q.
= Bién c6 khong thé 1a bién c6 khong bao gid xdy ra khi phép thir T dugc
thuc hién. Bién c6 khong dugc mo ta bdi tap & va duoc ki hiéu la .

3. XAC SUAT CUA BIEN CO

Pinh nghia ¢6 dién ctia xAc suat: Gia st phép thir T c6 khong gian mau Q 1a tap hop
hitu han va céc két qua cua T l1a dong kha nang. Néu A 1a mot bién co
lién quan t6i phép thu T va Qa la tap hop cac két qua thuan 1gi A thi
xac sudt cua A 1a mot so, ki hiéu 1a P(A) dugc xac dinh bdi cong thic:

|19, |
P(A) = —, (1
|1 Q|
trong 6 | Q4| va | Q| 1an luot 12 s6 phan tit clia tap Q4 va Q.
& Cha y:
1. Tur dinh nghia trén suy ra:
=« 0<PA)<I.

= PQ)=1vaP@)=0.
2. Viéc tinh xac suat cta bién cd A dugc thuc hién theo cac budc:
Budc 1. Thuc hién hai phép dém:
*  Pém s6 phan tir cua khong gian méau Q, tic 1a d€m s6 két qua co
thé ctia phép thir T.
*  DPé&m s6 phan tir ctia tap Qa, tdc 1a d&m so6 két qua thuan 1gi cho A.
Budc 2. St dung cong thic (1) dé tinh P(A).
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Pinh nghia thong ké cua xac suit: Xér phép thir T va bién c¢6 A lién quan toi phép
thit dé. Ta tién hanh ldp di ldp lai N phép thit T va thong ké xem bién
cd' A xudt hién bao nhiéu ldn.

»  S¢"ldn xudt hién bién c6' A duoc goi [a tan s6 cua A trong N ldn
thuc hién phép thu'T.

»  Tis0 gilia tdn s cia A voi s6' N duoc goi la tan sudt cia A trong
N ldn thuc hién phép thir T.

Khi s6"lan thir N cang lon thi tan xudt cua A cang gan vdi mot s6 xdc

dinh, 56 do duoc goi la xdc sudt cua A theo nghia thong ké.

V. CAC QUY TAC TINH XAC SUAT
1. QUY TAC CONG XAC SUAT
Dinh nghia bién cé hop: Cho hai bién c¢6 A va B cung lién quan dé€n mot phép tha T.
Bién c6 "A hoac B xay ra", ki hiéu 1a AUB, duoc goi 1a hop cua hai bién cé' A va B.
Néu goi:
= 4 latap hop mo ta cac két qua thuan lgi cho A,
»=  Qplatap hgp mo ta cac két qua thuan lgi cho B,
thi tap hop cac két qua thuan Igi cho AUB la QAUQs.
Mot cdch tong quat: Cho k bién ¢d Ay, A, ..., A cling lién quan dén mot phép thir T.

Bién c¢6 "Co it nhdt mot trong cac bién cd Aj, Ao, ..., Ax xay ra", ki hiéu 1a A;U Asu...
A, duoc goi 1a hop cua k bién cé do.

DPinh nghia bién c6 xung khdc: Cho hai bién c6 A va B cling lién quan dén mot phép
thir T. Hai bién c6 A va B duoc goi 1a xung khdc néu bién c¢6 nay xay ra thi bién co
kia khong xay ra.

Hai bién c6 A va B 1a xung khac néu va chi néu QanQp = .
Quy tdc cong xdc sudt:
1. Néu hai bién c¢6 A va B xung khic thi x4c suat dé A hoic B xay ra la:
P(AUB) = P(A) + P(B).

2. Cho k bién c6 A, A, ..., Ax d6i mot xung khic v6i nhau thi xac sudt dé it
nhat mot trong cac bién ¢6 Ai, Ao, ..., Ax xay ra la:

P(A1UAL... UAK) = P(A1) + P(A2) + ... + P(Ay).

Pinh nghia bién cé doi: Cho bién cd A khi d6 bién c6 "khong xay ra A", ki hiéu 1a
A, duoc goi 12 bién cé doi cia A.

& Chu y- Hai bién ¢ d6i nhau 12 hai bién ¢6 xung khic. Tuy nhién diéu nguoc
lai khong dung.
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Binh li- Cho bién c6 A. Xdc sudt clia bién c6 d6i A 1AP(A) =1 - P(A).

2. QUY TAC NHAN XAC SUAT

DPinh nghia bién co giao: Cho hai bién c6 A va B cung lién quan dén mot phép thu T.
Bién c6 "ca A va B cuing xay ra", ki hiéu 1a AB, duoc goi 1a giao cua hai
bién c6 A va B.

Néu goi Qa va Qg lan luot 1a tap hop mo ta cac két qua thuan 1gi cho A va B thi
tap hop cac két qua thuan Igi cho AB 1a QanQs.
Mot cdach tong qudt: Cho k bién c6 Ay, A, ..., Ax cing lién quan dén mot phép thir

T. Bién c0 "tdt ca k bién cd A, A, ..., Ax déu xay ra", ki hiéu 1a A1A>Ay, duoc goi 1a

giao cuak bién co dé.

Dinh nghia bién co doc ldp: Cho hai bién c6 A va B cung lién quan dén mot phép
thr T. Hai bién c¢6 A va B dugc goi 1a déc ldp v6i nhau néu viéc xay ra
hay khong xay ra ctuia bién c6 nay khong lam anh huodng téi viéc xay ra
hay khong xay ra ctia bién co kia.

Mot cdch tong qudt: Cho k bién ¢6 Ay, A, ..., Ax cling lién quan dén mot phép thir T. k

bién ¢6 nay dugc goi 1a doc ldp v6i nhau néu viéc xay ra hay khong xay ra cua moi

bién c¢6 khong 1am anh hudng téi viéc xay ra hay khong xay ra cta cac bién c6 con lai.

& Nhdn xét: Néu hai bién ¢ A, B doc lap véi nhau thi A va B; A vaB; A va

B ciing doc 1ap véi nhau.

Quy tdac nhdn xdc sudt:
1. Neéu hai bién c6 A va B doc lap véi nhau thi xdc suét dé A va B xdy ra 1a:
P(AB) = P(A).P(B).
2. Chok bién c6 Aj, A, ..., Ax doc 1ap véi nhau thi:
P(A1A2Ax) = P(A1).P(A2).P(Ay).

VI. BIEN NGAU NHIEN ROI RAC
1. KHAI NIEM BIEN NGAU NHIEN ROI RAC
Pinh nghia: Dai luong X duoc goi la mot bién ngau nhién roi rac néu né nhdn gid
tri bang s6 thuéc mot tdp hitu han nao dé, va gid tri dy la ngdu nhién,
khong dw dodn trudc duoc.
2. PHAN BO XAC SUAT CUA BIEN NGAU NHIEN ROI RAC
Gia str X 1a mot bién ngiu nhién roi rac nhan cac gia tri {xi, X2, ..., Xa}. Khi d6
bang phan bo xac suat cua bién ngiu nhién roi rac X c6 dang:
X X1 X2 Xn
P pi P2 Pn
trong A6 P(X =x) =pc v6ik=1,2, .., n.

" Luu y: Trong bang trén luén cO p1 + p2 + ... + pn = 1.
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3. KI VONG
Pinh nghia: Cho X la mot bién ngdu nhién roi rac véi tdp gid tri la {x, X2, ..., Xa}. Ki vong
ca X, ki hiéu la E(X) la mét s6 dupc tinh theo cong thiic:
E(X) = Xip1 + Xap2 + ... + XaPa = D XD,

k=1
trong dopc=PX=x)voik=1,2,..,n.
Y nghia: E(X) 1a mot con s6 cho ta mot ¥ niém vé do 16n trung binh cta X. Vi thé ki
vong E(X) con dugc goi la gia tri trung binh cta X.

4. PHUONG SAI VA PO LECH CHUAN
Dinh nghia: Cho X 1a mot bién ngau nhién roi rac véi tap gid tri 1a {xi, Xa, ..., Xn}.
a. Phuong sai ctia X, ki hiéu la V(X) 1a mot s6 dugc tinh theo cong thc:
VX) = (x, —w’py »
k=1

trong d6é px =P(X =xx) v6i k=1, 2, ..., n va p = E(X).
b. Can bac hai cua phuong sai, ki hiéu la o(X) duoc goi la do léch
chudn cta X. Ta c6:

o(X) = JV(X).

Y nghia: V(X) 1a mot s6 khong am, né cho ta mot y niém vé miic do phan tin cic
gia tri cua X xung quanh gid tri trung binh. Phuong sai cang 16n thi do
phan tidn nay canh 16n.

B PHUONG PHAP GIAI CAC DANG TOAN LIEN QUAN
@

§ 1. HIAI QUY TAC PEM CO BAN

Dang toin 1: St dung cac quy tic dé& thuc hién bai toan dém sé
phuong an

Phuong phap ap dung
1. Dé sir dung quy tic cong trong bai todn dém, ta thuc hién theo cic budc:

Buoc 1: Phan tach céc phuong an thanh k nhém doc 1ap véi nhau:

Hi, Ho,..., Hx.
Buébc 2: Néu:
# H; c6 n; cach khéc nhau.

#  Hk c6 ng cich khic nhau.
Buoe 3: Khi do, ta c6 tat ca ny + ... + ng phuong an.

2. Dé sir dung quy tic nhan trong bai todn dém, ta thuc hién theo cic budc:
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Bubc 1: Phan tich mot hanh dong H thanh k cong viéc nho lién tiép:
Hi,..., Hx.
Buoc 2: Néu ta c6:
» n; cich khéc nhau dé thuc hién H;.

# Mot khi thuc hién xong Hi,..., Hk-1, ta cé nk cach thuc hién Hy.
Buoe 3: Khi do ta c6 tat ca:
ni X...x N, cach dé€ thuc hién hanh dong H.
3. Trong nhiéu trudng hop ching ta can két hop ca hai quy tac dé thuc hién bai todn dém.
Thidu 1. Trong mot truong THPT, khoi 11 ¢6 280 hoc sinh nam va 325 hoc sinh nit.
a. Nha truong can chon mot hoc sinh o khoi 11 di duw da hoi ciia hoc
sinh thanh pho. Hoi nha truong cé bao nhiéu cdch chon ?
b. Nha truong can chon hai hoc sinh trong dé ¢6 mét nam va mot nir
di du trai hé cua hoc sinh thanh phé. Hoi nha truong cé bao nhiéu
cdch chon ?
L5 Gidi
a. DE chon mot trong s6 280 + 325 = 605 em di du da hoi ctia hoc sinh thanh phé ta
c6 ngay 605 cach chon.
b. Ta thay:
= (6 280 cach chon mot em nam.
= (6 325 cach chon mot em ni.
Vay, c6 tét ca:
280 x 325 = 91000 cach chon mdt nam va mot nit di du trai he.

Thi du 2. C6 5 con duong noi 2 thanh phé X va Y, c6 4 con duong noéi 2 thanh
pho'Y va Z. Muon di tiw X dén Z thi phdi qua Y.
a. Hoi ¢6 bao nhiéu cdch chon duong di it X dén'Z.?
b. C6 bao nhiéu cdch chon duong di va vé tir X dén Z roi vé lai X
bang nhitng con duong khdc nhau?
L5 Gidi
a. Nhan xét rang:
= (C6 5 cach chon duong di tt X dén Y.
= Tiép theo, c6 4 cach chon duong di tir Y dén Z.
Do d6, c6 tat ca:
5x 4 =20 cach chon duong di tt X dén Z qua Y.
b. Theo két qua cau a) c¢6 20 cach chon duong di.
Khi trd vé:
= T ZdénY chicon 3 con dudng dé chon, do d6 ¢ 3 cich.
= Tiép theo, tir Y vé€ lai X chi con 4 cich chon.
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Do d6, c6 tat ca:
3x 4 =12 cdch chon dudng di vé tir Z dén X qua Y.
Vay, c6 tit ca:
20 x 12 =240 cach
chon dudng di va vé trén tuyén X <> Z qua thanh ph6 Y bang nhiing con dudng khéc nhau.

Thi du 3. Mdéi nguoi st dung hé thong may tinh déu cé mdt khdu dai tir sdu toi
tam ky tu, trong dé méi ky tu la mot chit hoa hay chit s6. Méi mdt khdu
phdi chita it nhdt mot chit s6. Hoi bao nhiéu mdt khdu ?

&5 Gidi

Goi P 1a tong s6 mat khau c6 thé va Ps, P, P tuong ting 1a s6 mat khau dai, 6, 7, 8
ky tu.
Theo quy tac cong ta co:
P =P + P; + Ps.
Bay gi0 ching ta s€ tinh Pe, Py, Ps.
Tinh truc ti€p Ps s& rit kho. Dé tim Ps dé hon ta tinh s6 cdc xau dai 6 ky tu 1a
céac chit in hoa hoac chit s, r6i b6t di s6 cac xau dai 6 ky tu 1a cdc chit in hoa
va khong chita chit s6 nao. Theo quy tac nhan s6 cdc xau dai 6 ky tu 1a 36° va
s0 cdc xau khong chda céc chit s6 1a 26°. Vi vay:
Ps = 36°— 26° = 1867866560.
= Hoan to?an tuong tu ta co:
=36"— 26" =70332353920.
=368 — 26% =2612282842 880.
Vay, ta du’(jc.
P =Ps + P; + Ps = 2684 483063360.

Dang toin 2: Stt dung cac quy tic dé thuc hién bai toan dém s cac s6
hinh thanh tu tip A
Phuong phap ap dung
1. Sir dung quy tic nhan dé thuc hién bai todn dém s6 céc s6 gém k chit s6 hinh
thanh tir tap A, ta thuc hién theo céc budc:
Budc 1: Mot s6 gom k chit s6 hinh thanh tir tap A c6 dang:
Q.0 ,Volia € A i= I,_k vaoy = 0.

Budc 2: DéEm s6 cach chon cho cac ai, i = 1,k (khong nhét thiét phai theo tha
tu), gia st bang n;.
Budc 3: Khi do, s6 cic s6 gom k chit s6 phan biét hinh thanh tir tap A bang:
ni;.ny...Ng.
2. Sk dung quy tic cong va quy tic nhan dé thuc hién bai todn dém so céc s6 hinh
thanh tir tap A, ta thuc hién theo céc budc:
Budc 1:  Chia tap cac s6 can dén thanh céac tap con Hy, Ha, ... doc 1ap véi nhau
(khong giao nhau).
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Budc 2: St dung quy tic nhan dén s6 phan tir cta cac tap Hi, Ha, ..., gia su

bél’lg k1, kz,
Budc 3:  Khi do6, s6 cdc s hinh thanh tir tap A bang:
k1 + kz +...
Thidu 1. C6 bao nhiéu so'tu nhién cé hai chit s6' ma hai chit s6 ciia né déu chdn ?

&5 Gidi

Mot s6 gom 2 chit s6 c¢6 dang:

o0, ,voioe A=1{0,2,4,6,8} vao#0.
Trong d6:
= oy duogc chon tur tap A\{0} (c6 4 phan tir) nén c6 4 cach chon.
* on dugc chon tir tap A (c6 5 phan tir) nén c6 5 cach chon.
Nhu vay, ta c6:
4 x5=20s0.

Thi dy 2. Cho 1dp A ={1,2,3,4,5,6,7,8,9).
a. Twtdp A cé thé'lap duoc bao nhiéu s6 gom c6 9 chit s6 khdc nhau ?
b. Tirtdp A c6 thé ldp duoc bao nhiéu s6' gom c6 9 chit s6 khdc nhau
va chia hét cho 5 ?
c. Tuwtdp A cé thé ldp duoc bao nhiéu so chdn gom cé 9 chit s6 khdc
nhau ?
&5 Gidi

Mot s6 9 chir s6 phan biét duoc ky hiéu:

o=aa,..a,,véiacE,i= 1,_9 va ai # aj, 1 #J.
a. Ta co6 ngay aj, as, ..., as 12 mdt bd phan biét thit tw dugc chon tit A, do d6 no6 Ia
mot hodn vi clia 9 phan tir. Vay, tir A ¢6 thé lap duoc:
Py = 9! = 36280 s6 thoa man diéu kién diu bai.
b. SO a chia hét cho 5, do dé:
= a9=35, titc 1a c6 1 cach chon.
= aj a, ..., ag 1a mot bo phan biét thit tu dugc chon tir A\{5} do d6 no6 1a mot
hodn vi ctia 8 phan tlr, do d6 c6 Ps cach chon.
Theo quy tic nhan, s6 cdc s6 gdm 9 chit s6 phan biét va chia hét cho 5 hinh thanh
tlr tp A, bang:
1.Ps = 40320 so.
c. So o la s6 chan, do do:
" a9 e {2,4,6, 8}, tic la cé 4 cach chon.
= aj, a, ..., ag 1a mot bo phan biét thit tu duge chon tir A\{ag} do d6 nd 1a mot
hoén vi ctia 8 phan tlr, do d6 c6 Ps cach chon.
Theo quy tac nhan, s cdc s6 chan gom 9 chit s6 phan biét hinh thanh tir tap A, bang:
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4.Ps = 161280 s0.

Thi dy 3. Cho 1dp A = {0, 1,2, 3.
a. Cé thé lap duoc bao nhiéu sé gom 3 chit s6 hinh thanh tir tdp A.
b. C6 thé ldp duoc bao nhiéu s¢’ gom 3 chit sé" khdc nhau hinh thanh

t tdp A.
&5 Gidi
a. Mot s6 gobm 3 chit s6 hinh thanh tir tap A ¢6 dang M , véioie A, i=1,3.
Trong do6:

= oy dugc chon tir tap A\{0} (c6 3 phan tlr) nén c6 3 cach chon.

* on dugc chon tir tap A (c6 4 phan tr) nén c6 4 cach chon.

* o3 dugc chon tir tap A (c6 4 phan tir) nén ¢6 4 cach chon.

Khi d6, s6 cac s6 gobm 3 chit s6 hinh thanh tir tap A béng:
3.4.4 =48 s0.

b. Mot s6 gébm 3 chit s6 phan biét hinh thanh tir tap A ¢6 dang:

00,0, Voo € A, i= 1,3 vaoi# o i#].

Trong d6:

* oy duogc chon tur tap A\{0} (c6 3 phan tr) nén c6 3 cach chon.

* o dugc chon tir tap A\{oui} (c6 3 phan tlr) nén ¢6 3 cach chon.

* o3 dugc chon tir tap A\{au, o2} (¢6 2 phan ti) nén c6 2 cach chon.

Khi d6, s6 cdc s6 gom 3 chit s6 phan biét hinh thanh tir tap A bang:
3.3.2=18s0.

@ Cha y: Vi du tiép theo minh hoa cho quy tic cong md rong.

Thi dv 4. Lop todn roi rac ¢ 25 sinh vién gioi tin hoc, 13 sinh vién gioi todn va 8
sinh vién gioi cd todn va tin hoc. Hoi trong lop nay c¢6 bao nhiéu sinh
vién, néu moi sinh vién hodc gioi todn hodc gioi tin hoc gidi cd hai
mon ?

L5 Gidi

Goi A la tap cac sinh vién gioi tin hoc va B 1a tap cac sinh vién gioi toan hoc. Khi
dé A N B la tap cac sinh vién gioi ca toan va tin hoc.

Vi moi sinh vién trong 16p hodc gidi todn gioi tin hoac gioi ca hai mon, nén ta suy
ra sO sinh vién trong 16p 1a |A U B| .

Do vay:
|AUB|=|A|+|B|-|]AnB| =25+ 13 — 8 = 30.
Thi du 5. Bao nhiéu so nguyén khong lon hon 1000 chia hét cho T hodc 11?
&S Gidi

Goi A s6 nguyén khong 16n hon 1000 chia hét cho 7, va B la tap cac so6 nguyén
khong 16n hon 1000 chia hét cho 11. Khi d6 |A U B| la tap cac s6 nguyén khong 16n
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hon 1000 chia hét cho 7 hoac 11 va ANB la tap cac s6 nguyén khong 16n hon 1000
chia hét choca 7 va 11.

Ta biét, trong s6 cac s6 nguyén khong 16n hon 1000 c6

» |1000/7 | s6 nguyén chia hét cho 7

. LIOOO/I IJ chia hét cho 11.

= Vi7vall lahai s6 nguyén t6 cung nhau nén s6 nguyén chia hét cho ca 7 va

11 12 s6 nguyén chia hét cho 7.11. S6 céc s6 nay 1a [ 1000/(7.11) | .
Twr d6 suy ra:

|Au13|:|A|+|B|_|AQB|:[IOOOJﬂloooJ_roooJ
7 11 7.11

=142 + 90 — 12 = 220.
Vay, c6 220 s6 nguyén khong 16n hon 1000 chia hét cho 7 hoac 11.

§2. HOAN VI, CHINH HOP VA TO HOP

Dang toan 1: Thuc hién bai toan dém
Phuong phdp dap dung
1. Dé nhan dang mot bai todn dém c6 st dung hodn vi clia n phén tl, ching ta
thuong dua trén cac diu hiéu dac trung sau:
= Tat ca n phan tir déu ¢6 mat.
= MObi phan tlr chi xuét hién mot lan.
= C6 phan biét thit tu gitta cac phan tu.
2. Dé& nhan dang mot bai todn dém c6 st dung chinh hop chap k cha n phén t,
ching ta thuong dua trén cac dau hiéu dac trung sau:
= Phai chon k phan ti tir n phan ti cho trudc.
= C6 phan biét thit tu gitta k phan ti dugc chon.
3. Dé& nhan dang mot bai todn dé€m c6 st dung t6 hop chap k clia n phén ti, ching ta
thuong dua trén cac ddu hiéu dac trung sau:
= Phai chon k phan ti tir n phan tu cho trudc.
= Khong phan biét thit tu gitta k phan tir duoc chon.
Thidyu 1. Cho tdp A=1{3,4,5,6,7}.
a. Tw A cé thé lap duoc bao nhiéu so6' gom 5 chit so phdn biét ?
b. Tinh téng S ciia tdt cd cdc so duoc tao ra trong cdu a).
L5 Gidi
a. Moi s6 gom 5 chit s6 phan biét hinh thanh tir tap A ing v6i chi mot hodn vi cua 5
phan t cua tap A, va nguoc lai.
Vay, s0 céc s6 hinh thanh tir tap A bang:
Ps =5! =720 so.
b. Nhan xét ring " Ung vdi mdi s6' N thudc tdp hop nay, luén ton tai mot va chi mot
s0' N sao cho tong N + NI = 111110 ". Do d6, c6 tit ca
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% =360 cap s6 (N, N’) ma téng bang 111110.
Vay, tong S clia tat ca cdc s6 tao boi hodn vi da cho bang:
S=111110 x 360 = 39999600.

@ Nhdn xét: Qua thi du trén ching ta da 1am quen dugc véi dang toan "Su dung
hodn vi dé thic hién bai todn dém". Yéu cau dat ra & day véi cdc
em hoc sinh 12 hay dinh huéng khi nao stt dung hoan vi dé giai.

Thi dv 2. C6 n qud cdu trdng va n qud cdu den, ddanh ddu theo cdc so'1, 2, 3,...,

n. Cé bao nhiéu cdch sdp xép cdc qud cdu nay thanh day sao cho 2
qud cdu cung mau khong nam canh nhau ?

&5 Gidi

Ta thdy ngay, c6 2 kha nang:

= Cdc qua cdu trang chi€ém cac vi tri 1€, con céc qua cau den chi€m céc vi tri

chan.

= Cdc qua cdu trang chi€ém cdc vi tri chédn, con cdc qua cAu den chiém vi tri 1€.

Trong mdi trudng hop: ¢é n! cdch sidp x€p cédc qua cdu trang (hoic den) nghia 1a
c6 (n!)? cach sip xép.

Vay s6 céch sap x€p cdc qua cdu sao cho 2 qua ciu cing mau khong ndm canh
nhau 1a 2(n!)>.

Thi du 3. Tim s¢ hodn vi ciia n phdn tit trong dé ¢é 2 phan tit a va b khong diing
canh nhau.
&S Gidi
TruGe hét, ta ¢6 s6 hodn vi cua n phan tir la:
P, = n!

Trong d6 ké ca s6 hoan vi ma 2 phn tir a va b diing canh nhau.

Ta di xem ¢6 bao nhiéu cdch chon cép (a, b) diing canh nhau va dé thiy rang:

= V6i b ditng bén phai a, khi d6 ta ¢6 thé chon cho a tat ca (n — 1) vi trf tir vi trf

dau tién dén vi tri thit (n — 1).

= Véi a ding bén phai b, cling c6 (n — 1) cach chon.

Do d6 c6 2(n — 1) cach chon cép (a, b) ding canh nhau. Ung vGi moi truong hop
chon cép (a, b), ta c6 (n —2)! cach sap x&p (n — 2) vat cdn lai vao (n— 2) vi tri con lai.
Do do, c6 tat ca:

2m—1)(n-2)! = 2(n-1)!
hodn vi n vat ma trong d6 ¢6 2 phan tir a va b ding canh nhau.
Suy ra, s6 hodn vi cta n phan tt trong d6 2 phan tir a va b khong diing canh nhau la:
n! - 2n-1)! = (n-2)(n- 1)
Ap dung: S6 cic s6 gébm 5 chif s6 khdc nhau trong d6 2 chit s6 1 va 2 khong ding
canh nhau la:
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51-2.4! = 120-48 = 72 s0.

& Chu y:

1. Thi du trén da minh hoa cho hodn vi tron. Ta phat bi€u bai todntong quét:
"Moi n nguoi khdch ngoi vao xung quanh mot ban tron. Hoi ¢é bao nhiéu
cdch sdp xép ché ngoi ?"

Khi do:
= MOoi ngudi khach danh du vao ch6 danh du.
= Con lai (n — 1) ngudi khach ng6i tuy ¥ vao (n — 1) vi tri con lai.
Vay, ta c6:
(n— 1)! cdch sap xép.

2. Dé& minh hoa cho hodn vi ¢é Ildp lai, ta xét:

C6 n vat sap x€p vao n vi tri va trong s6 n vat nay co:
* n; vat giong nhau,

* np vat khic gidong nhau,

» g vat khéc lai giong nhau.

S6 cach sap x€p n vat nao vao n chd la:

n!
n n,l.n!
Thi du 4. Vi cdc chits6°0, 1,2, 3,4, 5 ta cé thé ldp duoc bao nhiéu s6” gom 8 chit

sO'trong doé chit s6' 1 ¢6 mdt 3 ldn, moi chit s6 khdc cé mdt diing 1 lan?
&5 Gidi
Day 1a s6 hoan vi 8 vat trong d6 cé 3 vat giong nhau (3 chit s6 1). Do d6, s6 cac
sO thoa man la % .
Trong do, ké .cé nhiing s6 ¢ chit s6 0 tin cung bén trai. S6 céc s6 nay c6 thé xem
la s6 hoan vi 7 vat ¢6 3 vat duoc lap lai ; )

Do d06, s6 cdc s6 gobm 8 chit s6 duoc viét tir cac chirs6 0, 1, 2, 3, 4, 5 trong d6 chit
s6 1 ¢6 mat 3 1an, mdi chit s6 con lai ¢6 mat ding 1 1an la:

] | —71 |
Bl T 87T 77 4 567-5880 s6.

3130 3l 3!
Thi du 5. C6 bao nhiéu s6 tu nhiéu cé 6 chit s va chia hét cho 5 ?
&S Gidi

Mot s6 gom 6 chit s6 phan biét hinh thanh tir tap A = {0, 1,..., 9} ¢6 dang:
aaaa,aa,, voia e A, i=16 via #0.

Dé s6 tim dugc phdi chia hét cho 5, ta thay:

= a, € {0,5} —c62cach chon.
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= a;#0-c069 cach chon.
» Tiép theo, vGi céc vi tri ay, as, as, as déu c6 10 cach chon.
Nhu vay, ta dugc:

2 x 9 x 10* = 1800000 s0.

Thidu 6. Cho tdp A =1{1,2,3,4,5,6,7,8,9}. Tw tdp A c6 thé ldp duoc bao
nhiéu s6 cé 6 chit s6 khdc nhau va moi so chita chit s6'5 ? Trong cdc sé
do, c6 bao nhiéu so khong chia hét cho 5 ?

L5 Gidi

Mot s6 gom 6 chit s6 phan biét hinh thanh tir tap A c6 dang:
aa,a,a,a.a,, voia € A,i= 1,6 vaoi# o, i#]j.
Dé s6 tim dugc phdi ¢6 miit chit s6 5, ta thay:
* 5€{a,a,asa,as as) — 6 6 cach chon.
* Tiép theo, mbi bd s6 danh cho nam vi tri con lai ting v6i mot chinh hop chap 5
clia cdc phan tlr cua tap A\{ 5} — ¢6 8 phan tr.
= ¢4 A] céch chon.
Nhu vay, ta dugc:
6. A% = 40320 6.
Trong céc s6 trén, nhing s6 chia hét cho 5 khi ag =5, tiic [ata c6 A; s0.
Vay, so cac s6 tim thay khong chia hét cho 5 la:
6AS — AS =5A° = 33600 s6.

Thidu 7. Cho tdp A =10, 1,2,3,4,5}. Tirtdp A 6 thé ldp duoc bao nhiéu sé
chan, méi s6’ gom 5 chit s6 khdc nhau ?
&S Gidi
Mot s6 gom 5 chit s6 phan biét hinh thanh tir tap A c6 dang:
aa,a,aa,, voiaie A,i= 15 vaoi#oy,1#].
Dé s6 tim dugc 1a s6 chén, diéu kién 12 as € {0, 2, 4}. Ta di xét hai kha nang:
Khd nang 1: Néu as =0 — c6 1 cach chon.
Khi d6, moi bo (ai, az, a3, as) ting v6i mot chinh hop chap 4 cua cédc phan tir cua
tap A\{O} (c6 5 phan tir) nén c6 A cach chon.
Nhu vay, trong kha nang ndy, ta dugc 1. A s6.
Khd ndng 2: Néu as € { 2,4} — c¢6 2 cach chon.
Tiép theo:
* a; dugc chon tur tap A\{0, as} (c6 4 phan tir) nén c6 4 cach chon.
= Mbi b (as, a3, as) ting v6i mot chinh hop chap 3 cua cdc phén tir cia tap A\{
as, a1} (c6 4 phan tlr) nén ¢6 A céch chon.
Nhu vay, trong kha nang ndy, ta dugc 2.4. A} s0.
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Khi dé, s0 cdc s6 chan gdm 5 chit s6 phan biét hinh thanh tir tip A bang:
LAY + 24.A; =120+ 192 =312 s6.

Thidu 8. Cho tdp A =1{0, 1, 2,3,4,5,6}. Twtdp A cé thé ldp duoc bao nhiéu
duoc bao nhiéu sé gom 5 chit s6 khdc nhau va trong dé phdi cé mdt
chits6'5?

L5 Gidi
Mot s6 gobm 5 chit s6 phan biét hinh thanh tir tap A c6 dang:
W, viiaie A, i= 1,_5 va i # o, 1 # J.
Dé s6 tim dugc phai c6 mit chit s6 5, ta di xét hai kha nang:
Khd nang 1: Néu a; =5 —c6 1 cach chon.

Khi d6, mdi bo (az, as, as, as) Gtng v6i mot chinh hop chap 4 cua cdc phan ti cua
tap A\{5} — c6 6 phan tr.

= c6 A} céch chon.
Nhu vay, trong kha nang nay, ta dugc 1. A} so.
Khd nang 2: Néu 5 € { a, a3, as, as} — ¢6 4 cach chon.
Tiép theo:
» a; dugc chon tir tap A\{0, 5} - ¢6 5 phan tu
= ¢6 5 cach chon.

*  Mobi bo s6 danh cho ba vi tri con lai @ing v6i mot chinh hgp chap 3 cua céc
phan tir ctia tap A\{ 5, a;} — c6 5 phan tr.

= ¢6 A} céch chon.
Nhu vay, trong khd ndng ndy, ta dugc 4.5. A} s0.
Khi do, s6 cic s6 gom 5 chit s6 phan biét trong d6 ¢6 chit s6 5 hinh thanh tir tap A bang:
1. A} + 4.5.A] =6.5.4.3 +20.5.4.3 = 1560 s0.

& Chu y: Khi dd nim bit dugc ban chat ctia van dé ching ta c6 thé trinh bay
mot bai todn dém theo nhitng 1ap luan don gian hon.
Thi du 9. Cho tdp A=1{0, 1,2,3,4,5,6,7).
a. Twtdp A cé thé ldp duoc bao nhiéu so’ gom 5 chit s6 khdc nhau ma
moi s6' luon cé mdt hai chit s6'1 va 7 ?
b. Trong cdc s6 tim duoc ¢ cdu a) cé bao nhiéu s6 ma hai chit s6' 1 va
7 ditng ké nhau, chit s6'1 bén trdi chit 6’7 ?

&5 Gidi
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Mot s6 gobm 5 chit s6 phan biét hinh thanh tir tap A c6 dang:
aaaaa,, viiacAi=15vaai#o,i=].
a. Nhan xét rang:
= (6 A céch chon chit s6 1 va chit s6 7 vao 5 vi tri.
= (65 cach chon chit sO tan cung bén trai (loai cac chits6 0, 1 va 7).
= (C6 A céch chon 2 trong 5 chif s6 con lai vao 2 vi tri con lai.
Do d6, s6 céc s6 phai tim la:
Al.5. Al = 4.55.20 = 2000 s6.
b. Nhan xét rang " S6 cdch chon 2 chit s6 1 va 7 ditng ké nhau, ma chit s¢’ 1 ditng
bén trdi chit s6'7, trong 1 ddy c¢6 5 vi tri la 4 cach .
Ta s€ xét 2 kha nang sau:
Khd ndang 1: Chit s6 1 ding tan cung bén trdi (hang chuc ngan) lic d6 chit s6 7 sé
ding & hang ngan.
Mbi bo s6 danh cho ba vi tri con lai tng v6i mot chinh hop chap 3 cua cdc phan ti
cua tap A\{ 1, 7} (c6 6 phan tr) nén c6 A; céch chon.
Nhu vay, trong kha nang nay, ta dugc 1. A} s6.
Khd nding 2: Chit s6 1 diing & vi tri khdc, titc 12 ¢6 thé & vi tri hang ngan, hang tram,
hang chuc — c6 3 cich chon.
Tiép theo:
= a; dugc chon tir tap A\{0, 1, 5} (c6 5 phén tlr) nén c6 5 cach chon.
= MBoi bo s6 danh cho hai vi tri con lai tng v6i mot chinh hop chap 2 cta cdc phan
trcha tap A\{ 1,7, a;} (c6 5 phan tir) nén ¢6 A céch chon.
Nhu vay, trong kha nang ndy, ta dugc 3.5. A? so.
Khi d6, s6 cédc s6 can tim bang:
1. A} + 3.5.A =420 s0.
Thidu 10. Cho tdp A = {0, 2, 4, 6, 8}. Twr tdp A c6 thé ldp duoc bao nhiéu s
goém 3 chit s6 khdc nhau ?
L5 Gidi
Ta c6 thé lua chon mot trong hai céch trinh bay sau:
Cdch 1: Sit dung quy tdc nhdn két hop voi khdi niém chinh hop.
Mot s6 gébm 3 chit s6 phan biét hinh thanh tir tap A c6 dang:

aa,a,, voiai € A,i= 1,_3 va i # o, 1 # J.
Trong do6:
» a; dugc chon tir tap A\{O} - c6 4 phan tir = ¢6 4 cach chon.
*=  MBoi bo (ay, a3) tng v4i mot chinh hgp chap 2 cua cac phan tir cua tap A\{a; } —
¢6 4 phén tr = ¢6 A cdch chon.
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Khi d6, s6 cdc s6 gom 3 chit s6 phan biét hinh thanh tix tap A bang:
4. A2 =48 56
Cdch 2: Sur dung khdi niém chinh hop cung vdi phép loai bo.
Ta thdy ngay, méi s6 gébm 3 chit s6 phan biét hinh thanh tir tp A dGng véi mot
chinh hop chap 3 cua 5 phan ti
Do dé, tir tap A ¢6 thé lap dugc:
A} =5.4.3 =60 s6 gom 3 chit s6 phan biét.

Trong do, ké ca nhitng s6 c6 chif s6 tan cing bén tri (chit s6 hang tram) 1a chit s6
0, ta can phai loai di. C6 thé xem nhitng s6 nay la nhitng s6 gébm 2 chit s6 khdc chit s6
0 chon tir 4 chit s6 2, 4, 6, 8. D6 ching 1a s6 chinh hgp chap 2 cla 4 phan tir:
A; =43=12.
Khi d6, s6 cdc s6 gom 3 chit s6 phan biét hinh thanh tir tap A bang:
A} -A=60-12=48 s0.

Thidu 11. Vi chit s6'1, 2, 3, 4, 5 ta ¢ thé ldp duoc bao nhiéu sé gom 8 chit s6
trong dé cé chit s6'1 ¢6 mdt ding ba lan, chit s6 2 ¢6 mdt diing 2 lan
va moi chit s6 con lai ¢6 mdt ding 1 ldn?

&5 Gidi

Pay 1a s6 hoan vi 8 vat trong dé c6 3 vat giong nhau (3 chit s6 1) ¢6 2 vat khac lai
giong nhau (2 chit s6 2). Do d6, s6 céac s6 thoa man 1a:

8! .
—— =13360 s6.
3121
Thi du 12. Cho cdc chit s6'1, 2,3, 4, 5. Cé bao nhiéu s6 gom 5 chit s6 khdc nhau
trong dé 2 chit s6'1 va 2 khéong diing canh nhau?
&5 Gidi

S6 gbém 5 chit s6 khdc nhau duoc viét tir 5 chit s6 da cho 1a s6 hoéan vi ctia 5 vat:
Ps = 5! = 120 Se.

C6 bao nhiéu cach chon cap so (1, 2) diing canh nhau?

Gia st chit s6 1 ding bén phai chit s6 2: c¢6 4 cach chon. Ciing ¢6 4 cach chon chit
sO 2 ding bén phai chit s6 1. Do d6 c6 8 cach chon cap s6 (1, 2) ding canh nhau.
ﬁng vG6i méi cap so (1, 2), ta c6 3! = 6 cach chon 3 chit s6 con lai vao 3 vi tri con
lai. Nhu vay c6 tit ca 8.6 = 48 s6 gom 5 chit s6 khac nhau trong d6 2 chit s6 1 va 2
ding canh nhau.

Vay s6 cdc s6 gobm 5 chit s6 khdc nhau duoc viét tir 5 chit s6 1, 2, 3, 4, 5 da cho
trong do6 2 chit s6 1 va 2 khong ding canh nhau la:

120 — 48 = 720
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Thi du 13. Vi cdc chit s6°0, 1,2, 3,4, 5 ta cé thé' ldp duoc bao nhiéu sé gom 8 chit
sO'trong dé chit s6'1 ¢6 mdt 3 ldn, moi chit s6 khdc ¢6 mdt diing 1 ldn?
&5 Gidi
Day 1a s6 hodn vi 8 vat trong d6 cé 3 vat giong nhau (3 chit s6 1). Do d6, s6 cac
sO thoa man la:
8!
31
Trong do, ké ca nhitng s6 c6 chit s6 0 tan cung bén trdi. S6 céc s6 nay c6 thé xem
la s6 hodn vi 7 vat c6 3 vat duoc lap lai:
7!
TR

Do d6 s6 cac s6 gom 8 chit s6 duoc viét tir cac chit s6 0, 1, 2, 3, 4, 5 trong d6 chir s6 1
c6 mit 3 1an, méi chit s6 con lai ¢6 mat ddng 1 14n la:
8! 7! 87-71 7.7

= =——=7.4.5.6.7=5880 s0.
31 3! 3! 3!

Thi dv 14. Mot da tiéc c6 10 nam va 6 nit gioi khiéu vii. Nguoi ta chon co thir tu
3 nam va 3 nit dé ghép thanh 3 cdp. Hdi c6 bao nhiéu cdach chon?
&5 Gidi
Nhan xét rang:
* Chon 3 nam trong 10 nam. Vi 3 ngudi nay c6 thé déi vi tri cho nhau nén s6
cach chon 1a s6 chinh hop chap 3 cua 10, ta duoc:

! !
= 100 _10% ¢910=720 cdch.
(10-3)! 7!
* Tuong tu: s6 cach chon 3 trong 6 nit la:
A 6!

6

= 31 =4.5.6=120 céch.

Vay, s6 cach chon 3 cap la:
A} A, = 86400.

Thi du 15. Mot cdi hop dung 7 qud cdu trang va 3 qud cdu do. Ta ldy ra 4 qud cdu.
a. Hdi c6 thé ¢é bao nhiéu cdch ?
b. Trong dé cé bao nhiéu cdach ldy 2 qud cdau do ?
c. C6 bao nhiéu cdch ldy nhiéu nhdt 2 qud cdu do ?
d. It nhdt1a 2 qud cdu do ?
L5 Gidi
a. MB®i cdch ldy ra 4 qua cdu trong s6 7 qua ting véi mot t6 hop chap 4 ctia 7 phan
tir. Do do, so cich 14y bang:
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'
£=210 cach.
4! 6!

C?o =
b. Taco:
* Vi 3 qua ciu do 14y 2 qua, do d6 c6 C; cdch
* V§i 7 qué cdu trang 18y 2 qua, do d6 c6 C> cich.
Vay, co tat ca:
C;.C; =3.21=63 cich.
c. Tacé cac truong hop:
» Chon 2 d6 va 2 trang, khi d6 ¢6 C:.C? cich.
= Chon 1 d6 va 3 trang, khi d6 ¢6 C}.C; cach.
» Chon 4 trang, khi d6 c¢6 C? cach.
Vay, c6 tit ca:
C2.C2+C..Cl+C! =63+105+35=203 céch.
d. Ta cé céic truong hop:
» Chon 2 d6 va 2 trang, khi d6 ¢6 C3.C? cich.
» Chon 3 do va 1 trang, khi d6 ¢6 C;.C} cich.
Vay, c¢6 tit ca C:.C3 +C,.C, =63+7="70 cich.
Thi dv 16.
a. Co6 bao nhiéu duong chéo trong 1 da gidc 16i n canh ?
b. Mot da gidc 16i c6 bao nhiéu canh dé sé’ duong chéo bdng 35 ?
&5 Gidi
a. Taco:
- MOoi da gidc 16i n canh thi ¢6 n dinh.
- MBbi doan thang ndi 2 dinh bat ky, khong ké thit tu, thi hoac 12 mot canh, hoac
la mot duong chéo cua da giac do.
Vay s6 dudng chéo (ky hiéu 1a C,) ctia da gidc n canh bang C, = C2 —n. (1)
b. Véi G, =35, ta duogc:
C2-n=35on"-3n-70=0 «2=N&= 55 =10,
Vay, da giac 16i 10 canh s& c6 35 duong chéo.
Thidu 17.

a. Cho luc gidc loi ABCDEF. Cé bao nhiéu tam gidc cé dinh la dinh
cua luc gidc da cho ? Trong dé c6 bao nhiéu tam gidc cé canh
khong phdi la canh cua luc gidc ?

b. Cung cdau hoi nhu trén voi bdt gidc 16i .

c. Hay tong qudt héa.

&5 Gidi

a. Cu 3 dinh cua hinh luc gidc 16i thi tao thanh mot tam gidc. Do d6 c6:

103



C LI 20 tam gidc
EETET S
S6 tam gidc ¢6 1 hodc 2 canh 12 canh cta luc gidc 1a C,.Cy = 6.3 = 18.
Khi d6, s6 tam gidc c6 canh khong phai canh cta luc gidc 1a 20 — 18 = 2 tam gidc
b. S6 tam gidc c6 dinh 1a dinh cua hinh bat gidc 16i la:
c_ 8L _678

"T315 6
S6 tam gidc ¢6 1 hodc 2 canh la canh cha bat gidc da cho 1a Cy.C} =8.5 =40 tam gidc

= 56 tam giic

S6 tam gidc c6 canh khong phai 1a canh cta bét giac la:
56 —40 = 16 tam giAc.
c. Xem da giac 16i n canh Aj, A, A,. SO tam gidc c¢6 dinh 1a dinh cta da giac 1a so6
t6 hogp n chap 3:
= n! :(n—2)(n—1)n.
" 31(n-3)! 6

S6 tam gidc c6 it nhat 1 canh la canh cta da gidc gom 2 loai:

= SO tam gidc chi ¢6 1 canh bang C! ,.

= SO tam gidc ¢6 2 canh 12 bang C!

Suy ra, s6 tam giac cé 1 hoac 2 canh la canh cta da giac la:
C+C.C _,=n+n(n-4)=n(n-3)=nC!_,=C! Cl |

Vay, s0 tam gidac c6 canh khong phai la canh ctia da giac 1a:

c-c.c =W—n(n -3)
_ (n—=2)(n—Dn-6n(n-3) _ n(n” —9n + 20)
6 6 '

Dang toin 2: Rat gon va tinh gia tri ctia biu thic chda cac toan ta
hoan vi, chinh hgp va t6 hop
Phuong phap ap dung
Dé thuc hién viéc rit gon biéu thic chia c4c toan tir hodn vi, chinh hgp va té hop
chiing ta thudong st dung cong thic phan tich, ngoai ra trong nhi€u truong hop can
van dung k¥ nang don gian dan.

6! (m+1)!

Thi du 1. Ruit gon biéu thicc A = ) )
j m(m+1) 4!(m-1)!

&5 Gidi

Bién déi A vé dang:
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4156 (m-Dlm(m+1) _

. 30.
mm+1) 4(m-1)!

& Nhdn xét: Nhu vy, dé rit gon ding thic di cho ching ta thuc hién phép
phan tich duva trén:
n!'=n(mn-1)..(n—k+1).(n-k)!.

Thi du 2. Riit gon cdc biéu thiic sau:

a A= YL b. By= >kkl.
k=2 k' k=1
&S Gidi
a. Ta co6 nhan xét:
k-1 1 1
k! (k-1! k!
suy ra:
A=k _t ot ot v ot ot o1
o k! o2 2t 3l (n-1)! n! n!

b. Ta c6 nhan xét:
kk!l=[k+1)—-11k!=&k+ 1! -k!,

suy ra:
B, = Zkk! =21 -11+31 -2+ .+ (n+ D! —n!l= (n+ D! - L.

k=1

& Nhdn xét:

1. Nhu vay dé ching minh dang thiic da cho chiing ta thuc hién phép phan tich
duatréen Ai= Aj — A}
va tlr d6 c4c nhan tir loai dan nhau. Cin nhé ring day la phép bién déi co ban
ma chiing ta da dugc lam quen khi tinh tong day s6.

2. Phuong phdp rit gon biéu thitc cho phép ching ta c6 thé tinh duoc gia tri clia
biéu thitc, dé minh hoa chiing ta xem xét vi du sau.

Thi du 3. Tinh gid tri biéu thiic:

S=PA} +P,A’ +PA] +P,Al +P,A; —-PP,PP,P,

&S Gidi
Ta c6:
! ! ! ! !
s= 1203 e a2y 518 12131050
1! 1! 1! 1! 1!
= 1121 + 2131 + 314! + 415! + 516! — 112!314!5!
=2+ 12 + 144 + 2880 + 86400 — 34560 = 54878.
Thi du 4. Tinh gid tri ciia cdc biéu thiic sau:
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5

Al-Al P P, P, P P
a. P=2 "S5435, b. S:(5+4+3+2JA2.

P, P, ALAD AL AL
&5 Gidi
a. Taco:
_ !
P:M+i=4.5+3.4.5=80
2! 2!
b. Taco:

| | | | |
S A 3 2 s (asetishan
51 345 45 5 3

=20+8+6+8=42.

. ) o AS+AD
Thi du 5. Rut gon biéu thiic A = %,vo’z 6<neN.
&5 Gidi
Ta c6:
A= n(n-1)(n-2)(n-3)(n-4)(n-5+nn-1)(n-2)(n-3)(n-4)

n(n—1)(n—-2)(n-3)
=(n—-4)n-5+n-4=(n-4)>~

@ Chu y: Phuong phap rdt gon biéu thic cho phép chiing ta c¢6 thé tinh duoc gid
tri clia biéu thitc, d€ minh hoa chiing ta xem xét vi du sau:

Thi du 6. Riit gon biéu thiic:

LB ®
AS AS AS AS

M=
(P, —2P,)
&S Gidi
Ta co:
P S R 42 b33 P 21 2
Al st A 345 5] Al 45 10° Al 5 5

P; — 2P, =3 - 22! =6-4 =2
Do dé, ta duoc:

(1 + % + % + EJ 20
2
Thi du 7. Tinh gid tri ciia cdc biéu thiic:
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2 1 3 1 3
-~ C+-C
6 28 8 65 15

P.A?

3°°5

[SSHI
@]

a. A=CiC;+CiC,+CiC). b. B=

&5 Gidi
a. Taco:
51 4! 4! 31 31 3!
A= . + . + .
31202120 212011210 1121 0! 3!
b. Taco:

=10.6 +6.3 +3.1 =81.

| | |
1o 18 +L 15! 1.15—i.56+i.455
B= 32!4! 283!5! 653!2! _ 3 28 65

3 2! 3.120
21
_5-2+7_10 1
360 360 36

& Nhdn xét: Nhu vay, trong 10i giai ctia vi du trén dé thuc hién viéc tinh gié tri
cuia biéu thifc chiing ta chi can stt dung cong thic khai trién. Vi du
ti€p theo s& minh hoa viéc st dung cdc hé thiic giita cac s6 Ck.

Thi du 8. Tinh gid tri ciia cdc biéu thiic:
4 98 998
a — Cy b. B= Cioo +Cion
° C3 C4 C3 ° ° CZ C2 °
19 + 19 + 20 1000 + 100
L5 Gidi

a. St dung cong thic:
C=C', +C,v6i 0<k<n,vik,neN
ta dugc:
__ G G
Cu+Cy Gy
b. St dung cong thic:
Ct=C" ,v6i 0<k<n,vak,neN
ta dugc:

=1.

B= C1200 +C12000 =1
C12000 + CIZOO
Dang toan 3: Chiing minh ding thiic, bit ding thitc chita cic toan tit
vé hoan vi, chinh hgp va td hop
Phuong phdp dap dung
Dé chitng minh déang thiic, bat dang thitc chita c4c todn ti hodn vi, chinh hop va té
hop chiing ta thuong sir dung mot trong hai cach sau:
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Cdch 1: St dung cdc phép bién déi.
Cdch 2: St dung cic ddnh gia vé bat dang thiic.
Cach 3: Sk dung phuong phap ching minh qui nap.
Cdch 4: Sk dung phuong phap dém.
Thi du 1. Chiing minh rang 1 +P; + 2P, + ... + (n — 1)P,—; = P,.
&5 Gidi
Ta c6:
Pc=k! = k(k-1)! = kPc-1<>(k—-1)Pc-1=Pc — Pc-1.
Cho k 1an lugt cac gid tri 2, 3, ..., n ta ¢6:
P1 = P2 - P]
2P, =P; — P,

m—1Py-1=Py — Pa-y
Cong cic dang thic trén vé theo vé ta cé:
Pi+2P,+...+(n—1)Poy=—P +Pa=P,—1
<& 1+Pi+2P+ ... + (n— 1)Py =Py, dpcm.
2
Thi du 2. Chiing minh ring — = L 1
n! (n-1)! (n-2)!

&S Gidi
a. Ta c6 thé Iva chon mot trong hai céch sau:
Cdch 1: Bién déi v€ phai, ta co:

1 1 _ n (n—1an _£+(n—l)n_ n’

+ = = —, dpcm.
(n-)! n-2)!) ®O-D!n (n-2).(n-I)n n! n! n!
Cdch 2: Bién déi vé phi, ta c6:
1 1 l+n-1_ n n’

D W=D a-nt en e P

& Nhdn xét: Nhu vay, dé chimg minh déng thiic trén:
1. O céch 1 dé ching minh déng thic da cho ching ta da sir dung cdc phép bién
déi cho toén tir giai thira va cu thé & day la:
n!=(m-1)l.n, n!=m-2).(n—1)n
2. O céch 2, ta st dung bién déi:
mn-D!I'=m-2).(n-1)
dé thuc hién phép quy dong miu so.

Thi du 3. Chiing minh rang A*; + A =K Anuk |
&5 Gidi
Ta c6:
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! ! !
N L0 5| YR S G STPMS B
k-2 (k-1! (k-2)! k-1
! 2 ! 2 ! n
_ kol Kl KO aan g
(k—D(k—-2)!  k(k—1)(k—2)! k!
Thi dv 4. Chiing minh rang P.A> A2 Al =nk!A’ ..
&S Gidi
Ta c6:
! ! ! !
IR UED LR GRS LU LR G B
m-1)! m+1)! m+3)! (m-1)!
!
=nk ! (n+—?)'=nk 'A] 5, dpem.
n.
Thi du 5. Chiing minh rang vdi cdc so'r, n nguyén, khong dm va 0 <r <nta co:
a. C = Gy .
r
b. n.C* =(k+1)C" +kC,v6i 0<k<n,vak,neN.
L5 Gidi
a. Taco:
-1 _ | |
nC _n (n-D! _ n! = ¢, dpem.
r r (r-D!(n—-r)! rl(n-r)!
b. Tacé:

n! n!
. + k.
(k+D!(n—-k-1)! k!(n-k)!

k+1DC" +kC =(k+1)

| |
:(n—k)_L +kn—
K!(n—k)! K!i(n—k)!
n!
=(n—-k+k).—— =n.C",d .
(o )k!(n—k)! f-%a - Cpem

& Nhdn xét: Nhu vay , qua 2 vi du trén ching ta da 1am quen dugc véi phuong
phdp chitng minh dang thitc t6 hop dua trén cong thiic khai trién.
thi du ti€p theo s€ minh hoa phuong phap gom céc toan tr lién két.

Thi du 6. Chiing minh rang véik,n € N, 3 <k <n ta c6:

C+3C" +3C?+ P =t

n+3 *
&5 Gidi

Ta cé:
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VT=C:+ C+2(C + CE2)+ C72 + €7
=Ck, +2C5 + C7 =(Ch, + CED+(CE + CES

n+l n+l n+l

_ k k-1 _ ~k
- Cn+2 + Cn+2 - Cn+3’ dpcm

@ Nhdn xét: Nhu vay , ching ta da ching minh ding thic t6 hop bing viéc bién
doi v€ phiic tap thanh vé don gian dua trén cong thiic tinh ban dau
hoac cong thiic phan tach. Ti€p theo, ching ta minh hoa vi du st dung
cong thitc phan tach.

Thi dy 7. Chiing minh rang:

C=Cl+CL+..+C,v6i 0<r<n,vak,neN.

&S Gidi
Ta c6:
VP=(C' — C ) +(C, —C ) +..+ C” = C =VT, dpem.
Thi du 8. Chiing minh rangn! >2"~' véin e Z,n> 3.
&S Gidi

Ta c6 thé lua chon mot trong hai phuong phap sau:
Cdch 1: (Su dung phuong phdp ddanh gid): Ta c6 nhan xét:
2<2

2<3 o
n — 1 phan tu

2<n
suy ra:
2" 1<23..n=1.23..n=n!, dpcm.
Cdch 2: (Su dung phuong phdp chitng minh qui nap): Ta lan luot:
= Véin=23,taco:
3!>23"1< 6 >4, luon ding
Vay, bat dang thic ding v6in = 3.
=  Gid st bat dang thiic ding véi n = k, tifc 12 ta c6:
k! >2"1 v6ik e Z,k> 3.
= Tadi chiing minh bat dang thiic diing v6i n =k + 1, tifc 1a chiing minh
(k+1)!>2% v6ik e Z,k > 3.

That vay: s
k+D!'=&k+1)k!>k+1)2¢" > 2251 =25 dpcm.
Thi du 9. Chiing minh rang Ck = C_, + C* ,v6i0 <k <n.
£ Gidi

Ta c6 thé lua chon mot trong hai céch sau:
Cdch 1: (St dung cong thiic khai trién): Ta c6:
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Coyeoio DL (-DU_(-Dlm—k) | (=Dl
Kln—k-1)!  (k—DL.n-k)!  klin—k)!  kl(n—k)!
__(n-1)! =k +k] = (m-Dln _ n!
k!.(n-k)! kl.(n-k)! kl(n-k)!
Cdch 2: (Dua trén ¥y nghia): Ta c6 nhan dinh rang " T6 hop chdp k ciia n phdn tir
(bang CX) bao gom nhitng t6 hop chita mot phdn tir cho trudc (gid su la a) va nhiing
16 hop khong chita a "
Trong d6:
= C4c t6 hop c6 chia a duoc 1ap tir cdch chon (k — 1) vat trong (n — 1) vat con
lai. Nhu vay c6 C*7} t6 hgp chia a.
= Cic t6 hop khong chita a dugc 1ap tir cdch chon k vat trong (n — 1) vat, sau khi
da loai a ra. Nhu vay c6 C*_, t6 hgp khong chia a.

= C¥, dpcm.

Do dé, ta dugc:
Ct =C*, +C,dpem.

Dang toin 4: Gidi phuong trinh, bit phuong trinh va hé chia cac toan
tit vé hoan vi, chinh hop va td hop

Phuong phap ap dung

Dé gidi phuong trinh, bit phuong trinh chita cdc todn tir hoén vi, chinh hop va t6
hop ching ta mdt trong hai cach sau:

Cdch 1: Thuc hién viéc don gidn biéu thic hodn vi dé chuyén phuong trinh, bat

phuong trinh vé€ dang dai s6 quen thudc.
Cdach 2: Danh gia thong qua gia tri can trén hoac can dudi.

Thi dv 1. Gidai phuong trinh P,x* -P,x =8.
L5 Gidi
Bién déi phuong trinh vé dang:
=-1
2x2—6x:8©x2—3x—4:0©{x :
x=4

Vay, phuong trinh ¢6 hai nghiém x = -1 vax =4.
Thi dv 2. Gidi cdc phuong trinh sau:
a. Al=12. b. Al=24.
L5 Gidi
a. Diéukién2<x e N. *)
Bién déi phuong trinh vé dang:

x(x-1)-12=0x>-x-12 =0 x = 4.
Vay, phuong trinh c6 nghiém x = 4.
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b. Dicukién3 <x e N. (**)
Bién d6i phuong trinh vé dang:
x(x—1)x-2) - 24=0x-3x>+2x-24=0

SE-DEP+x+6)=0 < x = 4.
Vay, phuong trinh c6 nghiém x = 4.

@ Nhdn xét: Nhu vay, thong qua 10i gidi cia thi du trén ching ta thdy ngay viéc
thiét 1ap diéu kién cho 4n trong phuong trinh 12 rat quan trong, né gitip
ching ta loai bo duoc cdc nghiém ngoai lai. Ngoai ra trong nhiéu
trudng hop né con gitdp ching ta thuc hién phép bién déi nhanh hon,
vi du sau s€ minh hoa nhan dinh nay.

Thi du 3. Tim n nguyén, duong biét rang:

a. A} =20n. b. Al =18A},.
&5 Gidi
a. Diéukien3<n e N. *)
Bién déi phuong trinh vé dang:
*)
nn—1)(n-2)=20n < (n— 1)(n—-2) =20

<n’-3n-18=0 < n=6.
Vay, phuong trinh ¢6 nghiém n = 6.
b. Diéu kién:
5€neN
4<n-2eN
Bién déi phuong trinh vé dang:
! N _
nL g D D g 1on+90=0c
(n-5)! (n—0)! n->5

Vay, phuong trinh ¢c6 nghié¢mn =9 van = 10.

& 6<neN. (%)

n=9
n=10"

& Nhdn xét: Nhu vay, thong qua 10i giai cia thi du trén ching ta thdy:

a. Trong cau a), dua vao di€u kién (¥) ta thuc hién gian udc ca hai
v€cho n =0, tir d6 nhan dugc mot phuong trinh bac hai.

b. Trong cau b), vi ton tai nhi€u toan tr chinh hop nén can thiét phai
dat h¢ diéu kién dé cho méi todn tir chinh hop ¢6 mat trong phuong
trinh déu ¢6 nghia.

Tiép theo, chiing ta s& quan tam t6i cac phuong trinh chia dong thoi cac

todn tir chinh hop va hoan vi.

Thi dy 4. Tim n nguyén, duong biét rang Py.3=T20 A’ P, .
L5 Gidi

Diéu kién:
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n+3eN
5sneN &5<neN.
n-5eN

Bién déi phuong trinh vé dang:

(n +3)! =720. n' Mm=-5)!<m+3)(n+2)n+1)=720
(n-5)!

sn+6n’+1In-714=0 M -7) >+ 13n+12) < n="7.

Vay, phuong trinh ¢6 nghiém n = 7.

Thi dy 5. Gidi bdt phuong trinh C' ,—C: , ~2A% , <0.
&5 Gidi

biéu kién 5<n e N.
Bién doi bat phuong trinh vé dang:
(n-D!  (m-1! 5(n-2)! <0
4(n-5)! 3(n—4)! 4i(n—4)!
Sh-4H)m-1D! —4mn-1! - 30n-2)! <0
Sm-2) [=4)n-1) — 4n—1) — 30] < 0
onP-In-22<0<-2<n<lle5<n<1l

Két hop véi diéu kién (*) ta nhan dugc nghiém cua bat phuong trinh la:

n=5n=6n=7;n=8;n=9;n=10.

x-3
Thi dy 6. Gidi bdt phirong trinh S < L.
A, 14P,
&5 Gidi
biéu kién 3 <x e N.
Bién d6i bat phuong trinh vé dang:
x-1!
(x-3) 1 2! 1 x-! 1 1 1
< = < —o —<—
(x+D! 1430 2x+1)! 84 2x(x+1) 84
(x-3)!

*

SxE+1D)>42 o x*+x-42>0 < x>6.
Vay, nghiém ctia bat phuong trinh 1a 6 < x € N.

Thi du 7. Gidi hé phuong trinh:
AY: P +C =126
P, =720 '

()

)

)
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&5 Gidi

Diéukiénx,y e Nval <x<y. (*)
Bién déi hé phuong trinh vé dang:
! ! !
Y- LY 1 RACS Yy
y-x)!x-D! (y=x)!x! & < (y=x)Ix!
(x+D!=6! Xx=5
yl6 6
&> 2 (y-5) 15! =>Y-Hy-3Ny-2)y-Dy=215'=y="T.
x=5
Vay, hé phuong trinh c6 nghiém x =5vay="7.
, CY ot
Thidy 8. (HVBCVT98).Timx,y € Z* dé g” = ; = ; .
&S Gidi
Diéu kién:
0<y<x+l1
y=x {yzl
0<y+l<x & .
x>2y+1
0<y-1<x
a. Xét phuong trinh:
¢, o 1 (x+1)! 1 x!
xtl = Ix e = _.
6 5 6 yl.(x+1-y)! 5 (y+DLxx-y-D!
S5+ D)(y+)=6(x—-y)(x—y+1). (1)
b. Xét phuong trinh:
¢ttt x! 1 x!
L= o o = —.
5 2 5 (y+Dlx-y-D! 2 (y-DLx-y+D)!
S2x -y —y+1)=5y(y + 1). 2
Twr (1), (2) suy ra:
Sx+I)(y+1D)=3.5yy+)eex+1=3y=sx=3y—-1. 3)
Thay (3) vao (2) duoc:

2By - 1-y)By-1-y+1)=5y(y+ 1) = 3y’=9y <> y=3vax=38
Vay, nghiémctiahé lax =8 vay =3.
§ 3. NmI THUC NIU - TON
Dang todn 1: Khai trién nhi thiic
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Phuong phdp ap dung
St dung két qua:
(a+br=Cla"+ Cl a'b+ Cla" B’ +..+ C''ab" '+ C' b
trong d6 cac C*, véirk=0, 1, ..., n c6 gid tri duoc tinh bang cong thic t6 hgp hoac sir
dung tam giac Pascal hodac mdy tinh Fx —570MS, cu thé:

Dé tinh C¥, ta &n n [SHIFT] k.

Thi du 1. Thucc hién khai trién:
1Y 1 6
o (xen]. b L(V3-is).

2xX
&5 Gidi
a. Taco:
1y 1 1y
(x +—j =Cix* +Cpx /o —+ ...+ CZ(—)
2x 2x 2x
= XA TR TR A 72+ 74+ 16+ ! -
8 4x 16x 16x 256x
b. Taco:

(V3-V15) =C2(3) ~C (VB) W15 4.+ Co(V15)
=3°C’ -3°/5C! +..+3°5°CS
Do dé, ta duogc:
(V3 -V15) =€ ~/5Ck +5C2 55 +25C; -~ 25(5C5 +125C

=1-65+75-100/5 +375-1504/5 +125
=576—256+/5 = 64(9 —44/5).

1
27

Dang toin 2: Gia tri ctia hé sé trong khai trién Niuton
Phuong phap ap dung
Vi cdc yéu cdu vé hé so trong khai trién Newton, ta can luu y:
1. V6i khai trién nhi thic:
(a+b)'= ) Cka"*b* thi h¢ s6 ciia a"*b* 1a CL.
k=0
2. V6i khai trién nhi thic:

(x*+xPr = (xR P, = Dy
k=0 k=0

Khi do:
* Heé s6 cha x' trong khai trién trén 1a C¥ véi k 12 nghiém cla phuong
trinh:

amn—-k)+pk=t.
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*  Dac biét, khi t = 0 d6 chinh la s6 hang khong phu thuoc x.

Dang toin 3: Rt gon va tinh gia tri ctia biéu thiic
Phuong phdp dap dung
Str dung dang khai trién Niuton, két hop véi viéc:
» Lua chon gié tri thuc phu hop.
= C4c phép bién d6i dai so6.
Thi du 1. Tinh gid tri ciia cdc biéu thiic sau:
a. S=Ci+C,+Ci+..+C;.
b. T=C{+2C,+2°C:+2°C]+2'Ci+2°C].
&S Gidi

a. Taco:

b. Taco:

(1+x)°=Cy + Cyx+ Cox*+...+ Cix° (1)
Thay x =1 vao (1), ta duoc:
=Cl+C,+C.+C +Ci+C +C & S=20=64.
(1+x)°=C) + Clx+ C2x>+ ...+ CIx°. (2)

Thay x =2 vao (2), ta duoc:

=CJ+2C, +2°CI +2°C} +2'C +2°C] & T=3>=243.

& Nhdn xét: Nhu vay, trong 10 giai cta vi du trén:
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1. Trong cau a), ching ta da st dung lai mot khai trién Newton
dang (1 + x)°. Tuy nhién, cling c6 thé sir dung ngay két qua da
biét la:

CC+C +C +..+C =2

2. Trong cau b), vi cdc todn tlir déu dugc viét dué6i dang téng quat 1a
2+ C5 tuong tng véi C} x¥, do d6 chiing ta da xuét phét bang khai
trién (1 + x)°rdi thay x = 2. Nhu vay:

a. Néu céc todn tlt trong biéu thic déu c6 dang téng quat Ca*
ta stt dung khai trién dang (1 + x)"rdi thay x = a.

b. Néu cac todn tir trong biéu thic déu c6 dang téng quat
(=1)k C, a* ta str dung khai trién dang (1 — x)"réi thay x = a.

c. Néu céc todn tir trong biéu thic déu c¢6 dang tong quat Cka" ~k
ta st dung khai trién dang (x + 1)"rdi thay x = a.

d. Néu cac todn tir trong biéu thic déu c6 dang téng quat
(=1)k Coan—& ta sit dung khai trién dang (x — 1)"r6i thay x = a.

3. Nguoi ta c6 thé phat trién thém cho cau b), v6i yéu cau tinh:



R=2°C{+2°Cy+2"C; +2''C; +2"C; +2°C.
Khi dé, ta thay ngay rang:
R =25%C!+2C, +2°C; +2°C] +2*'C: +2°C))
= 28T = 62208.

Diéu nay, goi ¥ cho cdc em hoc sinh cdn ¢6 md rong cho céc
dang khai trién k(1 +x)" va k(I — x)".

Thi dv 2. Gidi phuong trinh:
Cl+C 7 +C 7+ +C + 077 + 0 =1023.
&5 Gidi
Diéu kién V6i 10 < x e N. (*)
Bién déi phuong trinh vé dang:
ClH+C T +C+C 7+ 407 +C77 +C" =1024
S C+C +C+C +..+C +C +CY =1024 = 2= 1024 < x = 10.
Vay, phuong trinh ¢6 nghiém x = 10.
Thi du 3. Tinh gid tri ciia cdc biéu thiic sau:
a 8 =2Cr 420200 04 Cl c.
b, S=201C 4 2n3CpnsChy o

&S Gidi
Ta co:
Q+1)r=>C2" o Y vt =3 (1)
i=0 i=0
Q2-D"=>C2"' () < D2 (=) =1 ()
i=0 i=0
Suy ra:
= (1) +(2), ta dugc:
2Copan_2C o 4Cry g c;=32+1. 3)
= (1)-(2), ta dugc:
n IC1 n 3C3 n SCS n _ 3“_1
20 =T 20— 42" =2 + 4+ C) = 5 “4)

Thi dv 4. Tinh gid tri cﬁa0 cdc biéu l;/’lli'C sau:
a. A=203C 4+2737C 4 4

b. B=25C — 28583 +...+3°Co.
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&5 Gidi
a. Ta c6 thé lya chon mot trong hai céch trinh bay sau:
Cdch 1: (Duva trén nhdn xét ciia vi du 1) Viét lai biéu thic dudi dang:
A=6%C; +6'Cy +... + C;.
Ta cé:
x+1)¥=x¥C; +x'Cy +... +C}.
Thay x = 6 vao (1), ta duoc:
TB=68Cy +6'Cy + ... + C} < A=7°=5764801.
Cdch 2: Ta cé:
2x + 1)¥=(2x)*Cy + (2x)'Cy + ... + C;.
Thay x = 3 vao (2), ta duoc:
78=2838C) +27.37Cy + ... + C; & A =7%=5764801.
b. Ta c6 thé lua chon mot trong hai cch trinh bay sau:
Cdch 1: (Dva trén nhdn xét ciia vi du 1) Viét lai biéu thic dudi dang:
B=10°C; —1033Cy +... +3°C;.
Ta c6:
(x=3)=xCy —x%3C} +... +3°C;..
Thay x = 10 vao (3), ta dugc:
7°=10°Cy +10%.3C) + ... +3°C; < B=7°=40353607.
Cdch 2: Ta cé:
(2x = 3)8=(2x)°Cy — (2x)%.3C} + ... + 3°C;.
Thay x =5 vao (4), ta duoc:
7°=2°5Cy —28583C) + ... +3°C; < B="7°=40353607.

Thi du 5. Riit gon cdc biéu thiic:
— 1 3 2n-1 _ 0 2 2n
a. A=C, +C, +..+C . b. B=C, +C;, +..+C,.
L5 Gidi
Ta c6:

(1+x)" =C), +Cpx+...+ Co X + Conx™.

(1-x)"=C) —C) x+..—C'x* "+ Canx™.
Thay x =1 vao (1) va (2), ta duoc:

2" =C) +CL +..+C T+ CO.

0 1 2n-1 2n
0=C,, -C, +..-C;)7 +C;..
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a. Tru (1) cho (2) vé€ theo V€, ta duoc:

2(CL, +C), +..+CHY=2" & A=2""1,
b. Cong (1) cho (2) vé theo V€, ta duoc:

2(CY +C3 +.+C) =2 B=22"1,

Thi du 6. Tinh gid tri ciia biéu thiic sau:

S= Clu, Coom + Capn Cogor + e + Cop, Coyy + oo+ Cy €Y
&5 Gidi

Ta xét:
K 2001k 2002! (2002 —k)! 2002!
Coon Coonrk = . =
k1.(2002—k)! " (2001—k)!  k!.(2001—k)!
|
_ .2002.2001! 2002 Clﬁom .
k!.(2001—k)!

Tir d6 S dugce viét lai dudi dang:
S=2002(CYy, + Chygy + ... + C201)=2002(1 + 1)1 = 1001220,
Dang toin 4: St dung khai trién Niuton chitng minh dgng thitc, bat
ding thiic t6 hop
Phuong phdp dap dung
Str dung dang khai trién Niuton, két hop véi viéc:
» Lua chon gié tri thuc phu hop.
= C4c phép bién déi dai so6.
= Phép danh gid cho bat dang thiic ciing véi cic phuong phap chiing minh ding
thic va bat dang thiic don.
Thi du 1. Vi n la sé nguyén duong, chitng minh rdang:
2 n-1 n
1+4C +42C 4 441G 440G o5,
L5 Gidi
Vi moi X, va véi n 1a s6 nguyén duong ta co:
(1+x)"=C) + Clx+ C2x>+ ...+ C7'x" "1+ C'x™. (1)
Thay x =4 vao (1), ta duoc:
57 =1+4C +42C + . +41C7 L 0 Cl dpem.

Thi du 2. Vi n la sé nguyén duong, chitng minh rdang:
C+C+.=Cl+C +..=2""",
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L o o N n! »
voi gid thiét CI' =0néum>nva C!' = ———— néum<n.
m!(n —m)!

&5 Gidi
Ta c6:
2=C'+C +C +..+C"
S0=C+Cl+C +..+C +.... (1)
0=C'—C +C2—..+(-1pG
©0=C'-C +C -4 (-10C 4. )
Suy ra:
= (1)+(2), ta dugc:
1 =2C'+C+.)eC+C 4. =200 3)
= (1)-(2), ta dugc:
2" =2(CL+Cl+.)eC +C +..=20"1, 4)
Tu (3), (4), suy ra di€u phai chiing minh.
Thi du 3. Chiing minh rdng néu a +b =1 thi véi moi s6 tu nhién n ta cé:
1

a"+b" > -
20"

&5 Gidi

Ta cé:
at+b=1=>

Suy ra:

1 "1 "X C
a"+b'=|—+x| +|=-—x| = — -
2 2 = 2 = 2"

1 Cx*  Cix* |
= NE + = + = + .2 F’ dpcm.
Thi dv 4. Vi n, k la s6 nguyén duong va 1 <k <n, ching minh rdng

k n—%{
CCt-Cc+ -+ (-D)G G =0,
L5 Gidi
V6i moi x, va véi k 1a s6 nguyén duong ta co:
(1+x)F=C) + C,x+ Ci x>+ ...+ Cf x
S Ci(1+x)F=C) CE+ C, Cix+ C; CEx?+ ...+ Cf CExK (1)
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Ta c6:
cr.ck = k! ' n! _ n! ' (n—m)! —cr.cm,
m!(k—m)! kl(n—-k)! m!(n—-m)! (k—m)!(n—-k)!
Do d6 (1) c6 dang:
CE(l+x)f=C'C+C CIx+ C2C 22+ ..+ CECi x5 ()
Thay x = — 1 vao (2), ta duoc:
0=C'C —C '+ 22—+ (- 1)*C G dpem.
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§4. BIfN C® VA XAC SUAT CUA BIEN CO

Dang toin 1: M6 ta khéng gian miu
Phuong phap ap dung
Yéu ciu dugc chuyén thanh dém s6 phan tir chia mot tap hop, tir d6 mo ta tap hop
nay bang phuong phap liét ké.
Thi du 1. Khong gian mau ctua phép thit "Gieo mot con siic sdc" 1a tap hop:
Q=1{1,2,3,4,5,6}.

Vi bién ¢6 A: "S6 chdm trén mdt xudt hién la so'l¢" s& dugc mo ta boi
taphop Qa={1,3,5} c Q.

Thi dy 2. Hday mo td khong gian mdu Q khi:
a. Tung ba dong xu.
b. Ldy ngdu nhién tung qud cdu trong hop kin cé 3 qud cdu danh so'1, 2,
3 ra va xép thanh mot hang ngang dé duoc mot sé' cé 3 chit so.
&5 Gidi
a. Ta thay:
» Dong xu thit nhat ¢6 2 kha nang (S; N).
» Dong xu thit hai ¢6 2 kha nang (S; N).
=  Dong xu thit ba ¢6 2 kha nang (S; N).
Theo qui tic nhan suy ra Q ¢6 2 x 2 x 2 = 8 phan tir.
Cu thé 1a:
Q = {SSS, SSN, SNS, NSS, SNN, NSN, NNS, NNN}.
b. Tacénhay Q= {123,132, 231, 213, 312, 321}.

Dang todn 2: M6 ta khong gian bién c6
Phuong phap ap dung
Yéu cdu dugc chuyén thanh dém s6 phan tir clia mot tap hop con, tir d6 mo ta tap
hop nay bing phuong phdp liét ké.
Thi du 1. Gieo mot con siic sdc can doi va dong chat.
a. Mo td khong gian mau Q.
b. Xdc dinh cdc bién c6 sau:
A: "S6 chdm trén mdt xudt hién la so'le".
B: "Xudt hién mdt c6 s6 chdm lon hon 4".
C: "Xudt hién mdt c6 s chdm chia hét cho 3".
L5 Gidi
a. Khong gian mau ctia phép thir "Gieo mot con siic sdc'" 12 tap hop:
Q=1{1,2,3,4,5,6}.
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b. Véi bién c6:
* A:"S6 cham trén mat xuat hién 1a s6 1&" s& dugc mo ta bai tap hop:
Qx={1,3,5} cQ.
=  B: "Xuat hién mat c¢6 s6 chdm 16n hon 4" s€ dugc mo ta boi tap hop:

Qp={5,6} Q.
= C: "Xuit hién mat c6 s6 cham chia hét cho 3" s€ dugc mo ta boi tap hop:
Qa={3,6} c Q.

Dang toin 3: Tinh xac suit caa bién c6
Phuong phdp ap dung
Str dung phuong phap da duoc trinh bay trong phan chd y.

Thi dv 1. Chon ngdu nhién mét so nguyén duong khong lon hon 50.
a. Mo td khong gian mdu.
b. Goi A la bién c6 "S6 duoc chon la so nguyén t6". Hay liét ké cdc
két qud thudn loi cho A.
c. Tinh xdc sudt cua A.
d. Tinh xdc sudt dé soé duoc chon nhd hon 4.
&5 Gidi
a. Khong gian mau la:
Q=1{1,2,...,50} —cé 50 phan tir.
b. Biénco A: " S6 dugc chon 1a s6 nguyén t6 " duge mo ta boi tap hop:
Oa=1{2,3,5,7,11,13,17,19, 23,29, 31,37,41,43,47} — c¢6 15 phan tir.
c. Tu két qua cau a) va cau b), ta co:

P(A):M:E

=0,3.
Q] 50

Thi du 2. Chon ngdu nhién mot s6 nguyén duong nhd hon 9. Tinh xdc sudt dé
a. SO duogc chon la sé nguyén to.
b. SO duoc chon chia hét cho 3.
L5 Gidi
Ta c6 khong gian mau la:
Q=1{1,2,3,4,5,6,7,8} —c6 8 phan tu.
a. Biénco A: " S6 dugc chon la s6 nguyén t6 " duogc mo ta bai tap hop:
Qa=1{2,3,5,7} —cb 4 phan ti.
Khi dé:
Q] _ 4

P(A)= T = 2

=0,5.
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b. Bién c6 B: "S6 dugc chon chia hét cho 3" duoc mo ta bai tap hop:
Qp={3,6} —co 2 phan ti.

Khi dé:
pBy =2l =2 _ s,
Q8
Thi dy 3. Mot cdi tii ¢6 4 qud cdu mau do, 6 qud cau mau xanh. Chon ngdu

nhién 4 qud cdu. Tinh xdc sudt dé trong bon qud dé cé cd qud mau do
va mau xanh.
&S Gidi
Khong gian méu 12 Q ¢6 s6 phan tir 1a C;, =210 (chon 4 qua cau tirc6 4 + 6 = 10
qua cau).
Bién c¢6 A: "4 qua cau qua d6 c6 ca qua mau do va mau xanh" dugc mo ta bai tap
hO‘p QA, vOi:
QA:D1+D2+D3,
trong do:
= D;1as6bo4quaciuco 1 quaciudo, co4.C, phan ti.
= D126 bd 4 qua ciu ¢ 2 quéi cdu do, c6 C;.C; phan ti.
= D126 bd 4 qua ciu c6 3 qué cdu do, c6 C; .6 phan tu.
suy ra, sO phan tur ctia tap Q, la:
4.C; + C;.C; + C; .6=194
Khi dé:
by 9l 194 _ 97
| Q] 210 105

§5. CAC QUY TAC TINH XAC SUAT

Dang toan 1: Quan hé gitia cac bién cd

Phuong phap ap dung
St dung dinh nghia.
Thi du 1. Chon ngdu nhién mot hoc sinh trong triuvong PT Newton, goi:

A la bién c6 "Hoc sinh dé hoc lop 10".
B la bién c6"Hoc sinh dé hoc lop 11",
C la bién c6"Hoc sinh dé hoc lop 12",
Khi dé:
= AUB la bién c6 "Hoc sinh d6 hoc 16p 10 hoac hoc 16p 11".
= AUBUC la bién c6 "Hoc sinh d6 hoc 16p 10 hoac hoc 16p 11 hoac hoc 16p 11"
hoac " Hoc sinh d6 hoc & truong THPT Viét Duc".
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Dang toan 2: Cac phép toan trén bién c6
Phuong phdp dap dung
a. Bién c6 hop: Cho hai bién c6 A va B, bién c6 C duogc goi 1a bién c¢6 hgp cla

hai bién c6 A va B néu C xay ra khi c6 it nhiat mot trong hai bién c6 A va B
xay ra. Ki hiéu C=A UB.
Nhu vay, néu Qa, Qg lan luot 1a cac két qua thuan lgi cho A va B thi ta cé
Q. =Q, uQ, latap hgp cic két qua thuan loi cho bién c6 hop AUB.
Mot cédch téng quat: cho n bién c6 A, A,,...,A, bién c6 hop cliia n bién cd
ALA,,.,A, . Kihiéula A|/UA,U..UA  xdy ra khi c6 it nhat mot trong
céc bién ¢4 Ai xdy ra (1<i<n).

Nhan xét néu A, A la hai bién c6 d6i lap thitacé Q, UQ =Q.

b. Bién cé giao: Cho hai bién c6 A va B, bién c6 giao ki hiéu 1a A nB hay AB
xay ra khi A, B dong thoi xay ra.
Goi Qa, Qg 1a tap cac két qua thuan 1gi cho A va B thi Qx N Qg 1a tap cac két
qua thuan lgi cho bién c6 giao AB.

Thi du 1. Hai xa thi doc ldp ban vao hai bia. Goi A,: "Xa thu thit nhdt bdn triing
bia", Ax: "Xa thii thit hai bdn tring bia”, X: "Hai xa thii cung bdn
trung”, Y: "Hai xa thu cung bdn truot", Z: "Cé bia bi tring dan", K:
"Cé diing mot xa thii ban tring".

Khi dé, ta co:
X=AA;Z=A UA,;Y=AA;;K=A A UAIA,

Thi du 2. Gieo mot con siic sdc hai ldn. Goi A la bién c6 ldn thit nhdt xudt hién
mdt chan chdm, B la bién cd ldn thit hai xudt hién mdt chan chdm, C la
bién co'tong so chdm ciia hai ldn gieo la mot so chdn. Hay biéu dién C
theo A, B, A,B.
L5 Gidi
Ta c6 tong s6 cham cta 2 ldn gieo 1a s6 chan. Néu hai lan gieo cling xudt hién
mat chan chdm hoac hai 1an gieo cuing xuat hién mat 1é cham.
Ticla C=ABUAB.

Dang toin 3: Céac quy tic tinh xac suat
Phuong phap ap dung
St dung dinh nghia cung cac tinh chét.
Thi du 1. Mot chiéc hop cé chin thé danh s tir 1 dén 9. Rit ngdu nhién hai the
roi nhdan hai s ghi trén hai thé véi nhau. Tinh xdc sudt dé két qud
nhdan duoc la mot s6 chan.
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&5 Gidi
Nhan xét rang "Tich ctia hai s6 a.b 1a mot s6 chan khi va chi khi mot trong hai s6
a, b 1a s6 chan", tir d6 ta goi:
= A labién c6 "Rit dugc hai thé chan”
= Blabién c¢6 "Riit duoc mot thé chin va mot thé 1¢"
Khi d6, bién c¢6 "Tich hai s6 ghi trén hai thé 1a mot s6 chan" 1la AUB.
Ta lan luot c6:
2 1 1
P(A):C_gzi, p(B):CLSSZE’
36 c. 36
P(AUB) =P(A) + P(B) = S + 2026 E
36 36 36 18
Thi du 2. Mot hop dung 4 vién bi dé va 5 vién bi xanh. Chon ngdu nhién 2 vién
bi. Tinh xdc sudt dé
a. Chon duoc 2 vién bi cung mau.
b. Chon duoc 2 vién bi khdac mau.
&5 Gidi
a. Goi:
= Alabién c6 " Chon dugc 2 vién bi do"
= Blabiénco " Chon dugc 2 vién bi xanh"
= Clabién co " Chon dugc 2 vién bi cung mau"
Khi do:
C = AUB va cdc bién ¢6 A, B xung khic vé6i nhau.
Ta lan luot c6:

2 2
PA) =+ =L0 pEy=S =10
Cc: 36 Cc: 36
6 10 16 4
P(AUB)=P(A)+PB)= — + — = — = —.
( ) ®) ®) 36 36 36 9
b. Bién c¢d "Chon duoc 2 vién bi khac mau" chinh la C, tir d6 suy ra:

— 4 5
P(C)=1-PO)=1-_ ==
& Nhdn xét:
1. Trong loi giai trén vi ¢c6 duoc két qua tir cau a) nén ching ta nhanh chéng
nhan két qua cho cau b).
2. Nhu vay, khi bai todn chi yéu cau thuc hién cau b) ching ta c6 thé lua chon
mot trong hai cach sau:
Cadch I: Thuc hién nhu trong vi du.
Cach 2: Ta co:
= Khong gian mau 1a Q ¢6 s6 phan tir 1a C; = 36.

= Bién c6 C dugc mo ta bdi tap hop Qc c6 s6 phan tir la 4.5 = 20.
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Khi dé:

Q
PO)= 2l 2205
Q36 9
Thi du 3. Gieo ba dong xu cdn doi mét cdach doc ldp. Tinh xdc sudt dé:
a. Cd ba dong xu déu sdp. b. Cé it nhdt mot dong xu sdp.

c. Co diing mot dong xu sdp.
L5 Gidi
Goi:
= A labién c6 "Pong xu thit nhat hién mat sap",
= Blabién c6 "Dong xu thi hai hién mat sap”,
= Clabién co "Dong xu thit ba hién mat sap",
ta thady ngay A, B, C 1a ba bién c6 doc lap véi nhau.
a. Goi D 1a bién c6 "Ca ba déng xu déu sép", ta c6 ngay:
I 11 1
D=ABC= P(D) =P(A).P(B).P(C)= —.—.— = —.
(D) = P(A).P(B).P(C) 55573
b. Goi E la bién c6 "C6 it nhat mot dong xu sdp", ta thay ngay E 1a bién c6 ddi cua
bién c6 "Ca ba dong xu déu ngura" (1a bién c6 A B C). Suy ra:
—— — == 111 7
PE)=1-P(ABC)=1-P(A).P(B)P(C)=1-—=.—.— = —.
(E) ( ) (A).P(B).P(C) 53573
c. Goi Fla bién c6 "C6 ding mot dong xu sép", ta thidy ngay:
F=ABCUABCUA BC
—P(F)=P(AB C)+P(ABC) +P(A BO)
=P(A).P(B).P(C) + P(A).P(B).P(C) + P(A).P(B).P(C)
S NN IR NS N U U 5
222 222 222 8
§ 6. BIEN NGAU NHIEN ROI RAC

Dang toin 4: Bién ngiu nhién roi rac — bang phan phéi xac xuat cta
bién ngiu nhién roi rac
Phuong phap ap dung
St dung dinh nghia.

Thi du 1. Mot cudc diéu tra duoc tién hanh nhu sau: Chon ngdu nhién mét ban hoc
sinh trén duong va hoi xem gia dinh ban do cé bao nhiéu nguoi. Goi X la
§0 nguoi trong gia dinh ban hoc sinh dé. Hoi X ¢6 phdi la bién ngdu nhién
roi rac khong ? Vi sao ?
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&5 Gidi
Ta thay X 1a bién ngau nhién rdi rac, boi:
» Gia tri cua X 1a mot so thuoc tap {1, 2, 3,4, ...}.
= Gia tri cua X 1a ngau nhién va khong du doan truge dugc.

Thi dy 2. S6 16i ddnh mdy trén mot trang sdch 1a mot bién ngau nhién rdi rac X
¢ bang phan bo xac suat nhu sau:

X 0 1 2 3 4 5

P 0,01 | 0,09 | 0,3 0,3 0,2 0,1

Tinh xac suét dé:

a. Trén trang sach c¢6 nhiéu nhat 4 16i.

b. Trén trang sdch co it nhat 2 16i.

L5 Gidi
a. Xdc suat dé trén trang séch c6 nhiéu nhat 4 16i 1a:
PX<4)=PX=0)+PX=1)+PX=2)+PX=3)+P(X=4)
=0,01+0,09+0,3+0,3+0,2=0,9.
b. X4c suat dé trén trang sdch c6 it nhat 2 16i:
PX>2)=PX=2)+PX=3)+P(X=4)+P(X=5)
=03+03+0,2+0,1=0,9.

Dang toin 5: Ky vong, Phuong sai va d6 1éch chuan
Phuong phap ap dung
St dung dinh nghia.

Thidu 1. S6 ca cdp citu & mot bénh vién vao t6i thit 7 la mot bién ngdu nhién roi
rac ¢é bang phdn bo xdc sudt nhu sau:

X 0 1 2 3 4 5

P (01502 | 03] 02| 0,1 0,05

Biét rang, néu cé hon 2 ca cdp ciiu thi phdi ting cuong thém bdc s7 truc.

a. Tinh xdc sudt dé phdi tang cuong thém bdc si tricc vao toi thit 7.

b. Tinh xdc sudt dé cé it nhdt mot ca cdp ciu vao toi thir 7.

c. Tinh ki vong, phuong sai va do léch chudn ciia bién ngdu nhién roi
rac X.

&5 Gidi
a. X4c suat dé phai tang cudng thém béc si truc vao t6i thi 7 1a:
P=PX=3)+PX=4)+PX=5)=0,2+0,1+0,05=0,35.
b. Xdc suat dé c6 it nhat mot ca cip citu vao t6i tha 7 1a:
P=P(X=1)+P(X=2)+PX=3)+PX=4)+PX=5)
=0,2+0,3+0,2+0,1 +0,05=0,85.
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c. Talan luot c6:

E(X)= Y x,p, =2,05.
k=1

VX) = i(xk —w’p, = i[xk ~EX)Ip, =1,85.
o(X) = \/V(X) = /1,85

& Chu y: Ciing c6 thé lap luan heo cach:
P=1-PX=0)=1-0,15=0,85.

Thi du 2. Mot nhém c6 7 nguoi trong dé gom 4 nam va 3 nit. Chon ngdu nhién 3
nguoi. Goi X la so nit trong 3 nguoi dugc chon.
a. Ldp bdng phdn bo xdc sudt ciia X.
b. Tinh E(X) va V(X).

&S Gidi
a. X la mot bién ngau nhién roi rac nhan cac gia tri {0, 1, 2, 3}.
Dé lap bang phan b6 xdc suat clia X ta cin tinh:
P(X = 0), P(X = 1), P(X = 2), P(X = 3)
S6 trudng hgp c6 thé xay rala C; = 35.
Ta lan luot c6:
=  P(X'=0) la xac suat chon khong cé nit (c6 3 nam).
S6 céch chon 3 nam C) =4, suy raP(X=0) = %
= P(X=1)Ilaxéc suat chon 1 ni.
S6 cachchonla C; C} =6.3=18,suyraP(X=1) = %
=  P(X =2)laxéc suat chon 2 nit.
S6 cachchonla C, C; =4.3=12,suyraP(X=2) = %
=  P(X =3)laxdc suat chon 3 nit.
S6 cadch chon1a C; =1, suyraP(X =3) = %

Tir d6, ta ¢6 bang phan bo xac suat:

X 0 1 2 3
p 418121
35 35 35 35

a. Ta lan luot c6:

E(X)= Y x,p, = % va V(X) ~ 0.49.
k=1
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Vidul: ChotdpE=1{1,2,3,4,5,6,7).
a. C6 bao nhiéu s6 gom 7 chit s6 phdn biét hinh thanh t tdp E ?
b. C6 bao nhiéu sé gom 7 chit s phdn biét, hinh thanh tix tdp E, trong
do cdc chit s6'3, 4, 5 diing canh nhau ?
c. C6 bao nhiéu so gom 7T chit s6 phdn biét, hinh thanh ti tép E, bdt
ddu bdang 123 ?

C. CAC BAI TOAN CHON LOC a

L5 Gidi
a. Mobi s6 gom 7 chit s6 phan biét hinh thanh tir tap E Gng v6i chi mot hodn vi ctia 7
phan t cua tap E, va ngugce lai.

Vay, s0 céc s6 phai tim bang:

P; =7! =5040 so.
b. Xét hai truong hop:
Truong hop 1: Cac s6 3, 4, 5 ding canh nhau theo thi tu dé.

Giastta = (3, 4, 5) 1a bo ba chit s6 3, 4, 5 ding canh nhau theo thit tu do.

Mbi s6 gdm 7 chit s6 phan biét, hinh thanh tir tap E, trong d6 céc chit s6 3, 4, 5
ding canh nhau (theo thit tu d6) tng v6i chi mot hodn vi clia 5 phan tir cua tap F = {1,
2, a, 6,7}, va nguoc lai.

Vay s6 cdc so phai tim bang:

Ps = 5! =120 s0.
Truong hop 2: Cac s6 3, 4, 5 ding canh nhau theo thit tu bat ky.

Ta biét rang ¢6 3! cach chon céc bo 3 chit s6 (3, 4, 5) ding canh nhau va theo thd
tu bat ky.

Vay s6 cdc s6 phai tim bang:

31.Ps =720 so.
c. Mbi s6 gobm 7 chit s6 phan biét, hinh thanh tir tap E, bat dau bang 123, ting vdi
chi mot hoan vi ctia 4 chits6 (4, 5, 6, 7).
Vay s6 cdc so phai tim bang:
P, =4!=24s0.

Vidu2: Chotdp hop A={1,2,3,..,n}vdine N, n>1.Hoicé bao nhiéu
cdp (X;y)voix € A,y e Avax>y.
L5 Gidi
Ta c6 thé lua chon mot trong hai cach giai sau:
Cdch 1: Ta lan luot thuc hién phép dém:
= Véitap A ta c6 thé 1ap duoc n.n = n? cap (x; y).
* Trong s6 cap trén c6 n cap thoa man x =y.
= SO cdp thod méan x >y va x <y la bang nhau.

nz—n

Tir d6, suy ra so cap (x; y) thoa man x >y bang
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Cdch 2: Ta lan luot thuc hién phép dém:
= Véix=ntas€cén—1cichchonydéx>y.
= Véix=n-1tas&cén—2cichchonydéx>y.

= Vé6ix=2tas&c61cichchonydéx>y.
Vay, s6 céch chon bang:
Mm-D+m-2)+. +1="20"D

2
Vidu 3: Ong X c6 11 nguoi ban. Ong ta mudn moi 5 nguoi trong sé ho di choi
xa. Trong 11 nguoi dé c6 2 nguoi khong mudn gdp mdt nhau. Hoi ong
X ¢6 bao nhiéu cach moi ?

&5 Gidi
C6 2 kha nang:
»  Ong X chi moi 1 trong 2 ngudi d6 va moi them 4 trong s6 9 ngudi con lai, khi
dé ta co:
2C) =2. 9 _26789 252 céch.
41 5! 24

» Ong X khong moi ai trong hai nguodi d6 ca ma chi moi 5 trong 9 ngudi ban
kia, khi dé ta co:
C; = 126 céch.
Vay, s6 cach moi tat ca la:
252 + 126 = 378 céch.

& Cha y: Rat nhiéu em hoc sinh khi gii vi du trén bd quén mét kha nang th 2.

Vidu &: C6 bao nhiéu sé gom 5 chit s6 sao cho tong cdc chit sé ciia méi sé'la 1
so'lé.
L5 Gidi

Xét s6 ¢6 5 chit s6 o = a,0,0,0.,0 , A€ 0 ¢6 tong cdc chit s6 1a mot s6 1€, ¢6 hai
kha nang xay ra:

= Néu(oy+oax+o03+aq) chinthiase {1,3,5,7,9}.

L] Né’u(a1+a2+0c3+oc4)léth‘10cse {0,2,4,6,8}.

Mt khéc, s6 cdc s6 ¢6 4 chit s6 a,0,0,0, biang 9.10.10.10 = 9.10° va méi s6 d6
sinh 5 s6 ¢6 5 chit s6 ma téng cac chit s6 1a mot s6 18.

Vay c6 tit ca 5. 9.10° = 45000 so.
Vidu5: C6 bao nhiéu sé'lé co 6 chit s6 chia hét cho 9 .
L5 Gidi

Nhan xét rang:

= Céc s6 ¢6 6 chit s6 chia hét cho 9 la:

100008, 100017, 100026, 100035....,999999
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= (Céic s0 1é c6 6 chit s6 chia hét cho 9 1ap thanh mot cap s6 cong véi:
u; = 100017, u, = 999999 vad = 18
Do do:
100017 + (n — 1).18 = 999999 < n = 50000.
Vay, ¢6 50000 s6 1¢ ¢6 6 chir s6 chia hét cho 9 .

Vidu b: Vicdc chitrs60,1,2,3,4,5,6.

a. Ldp duoc bao nhiéu so' cé 10 chit s6 ma trong moi s6, chit s6'5 ¢
mdt diing 4 ldn, cdc chit s6 khdc, moi chit s6'cé mdt ding 1 ldn ?

b. Ldp duoc bao nhiéu sé c¢6 10 chit s6’ ma trong moi so chit s6 2 cé
mat ding 3 ldn, chit s 4 c6 mdt ding 2 ldn va cdc chit sé khdc,
moi chit s6 ¢ mdt diing 1 ldn ?

L5 Gidi
a. Mot trong cac s0 phai 1ap c6 dang 5105523456
S6 céc s6 ¢6 thé ¢6 chinh 1a s6 hoan vi 10 chit s6 clia so trén, v6i chit s6 5 duoc

!
lap lai 4 1an 10!
4!

Trong d6 ké ca nhiing s6 c6 chit s6 0 diing tan cung bén trai dang: 0535125456
(**) ma ta phai loai di.
S6 cdc s6 ¢6 dang (*) bang s6 hodn vi cua 9 chit s6 (khong ¢6 chit s6 0) trong d6

!
chit s6 5 lap lai 4 1an %

Do d6: S6 cédc s6 phai tim la:
1 9! 1—9] !
10t 9 1091 991 9.9.8.7.6.5 = 136080 so
41 4 4 4

Vay, c6 136080 s6
b. Mot trong cdc sO phai tim c6 dang: 3502462142 (*)

S6 cac s6 ¢6 thé c6 bang s6 hoan vi clia 10 chit s6 cta (*), trong dé chit s6 2 lap

!

lai 3 1an, chir s6 4 lap lai 2 1an % .

K& ca nhitng s6 c6 chit s6 0 diing tan cing bén trai, dang 0231425246 (**) ma ta
phai bo di.
S6 cac s6 ¢6 dang (**) bang hodn vi clia 9 chit s6 (khong ké chit s6 0) trong d6
!
chit 56 2 1ap lai 3 14n, chi s6 4 lap lai 2 lan % .
Do d6, s6 céac sO phai tim 1a:
10t 9t 109! 9.9!
3121 3120 3120 312!
Vay ¢6 272160 so.

Vidu 7: C6 bao nhiéu cdch chia n vdt khdc nhau thanh k nhém ma nhom thir
nhdt ¢é ny vdt, nhom thir hai cé n, vdt,..., nhom thir k cé ng vdt va hai
nhém bdt ki khong chita vdat nao chung ?

= 9.9.8.7.6.5.2 = 272160 so.
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&S Gidi
Ta c6:
» S6 céch chon n; trong n vat bang C'.
= S6vatcon lailan—ni. C6 C7?, cdch chon n; vat trong (n — ny) Vat.

= SO vat con lai sau 1an chon thd hai lan —n; —np. C6 C» cach chon n; vat

n—n;—n,

trong (n — ny — ny).

» SO cdch chon ng vat trong (n — n; — ny — ... — nx— 1) vat bang
n
nk—nl—nz—“.—nk,1 *

Do d6, so cach chia n vat thanh k nhém n; vat, n, vat, ..., n vat phan li ma tong
bang n la:
Chcr, O, O

n—n;—n, *** 7 n-n;—n,-n3—..—n,_
B n! (n—-n,)! (n—-n, —n,)!
n,!(n—n))! n,!(n—n, —n,)! n,!(n—n, —n, —n,)!
(n-n,-n,—..—n,)! B n!
n,!(n-n,-n,-n;—..-n,_, -n)! n/'!n,l.n!
n!
- n n,l.n !

& Chu y: Dép s6 cha vi du trén chinh 12 hodn vi n vat trong d6 c6 n; vat lap lai;
n, vat khac 1ap lai; ... , ng vat khic lap lai:
P (n,,n,,..,n,) :#.
n,!n,l.n,!
Vidu 8: Gieo 1 con xiic sdc 6 mdt k ldn.
a. C6 bao nhiéu két qud khdc nhau ?
b. Cé bao nhiéu két qud, trong dé mdit 1 diém khong ldn nao xudt hién ?
L5 Gidi
batE={1,2,3,4,5} 1a tap cdc s6 diém trén 6 mit xtc sic.
a. Mot két qua cta k 14n gieo con xiic sac ting v6i mot bo (o, oo, ...ok) ¢6 k phan tir ,
trong d6 oueE, i = 1k, a; chi s6 diém trén mat xiic sic & 1dn gieo thi i.
Vay, méi bo (o, 02, ...0w) 1a phan tir cua tich Décdc Ex...x E = E®,
k lan
Vay s6 cach phan loai bang:
| E® | = |E[f = 6% c4ch.
b. Mot két qua cta k 14n gieo con xdc sic, trong d6 mat 1 diém khong 14n nao xuat
hién, ing véi mot bo (o, o, ...0k) ¢6 k phan tir, trong d6 cuceE; = E\{1}, i= Lk, o
chi s6 diém trén mat xic sic & lan gieo thi i.
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Vay, mdi bo (a1, o, ...o) 1 phan ti cta tich Décéc E, x...xE, = E.
klan
Vay s6 cdch phan loai bang:
|EY| = [E|< = 5% cach.

Vidu 9: 50210 cé bao nhiéu udc so.
&5 Gidi

Phan tich 210 ra thira s6 nguyén t6 210 = 2.3.5.7

batE={2,3,5,7}.

Khi do, tir E ta xay dung dugc cac udc s6 cua 210 khac 1.

Vay, s6 udc s6 ctia 210 bang s6 tap con cua tap E, va bang

24 =16.

Tong qudt hod: Dé tim s6 cic ude clia s6 A, ta thuc hién theo céc budc sau:

Phan tich A ra thanh tich thira s6 nguyén to:

A =pi..p,, VOipi# 1,1 = Lk va doi mot khéc nhau.

battap E = {p, ..., px}-

Khi do, tir E ta xay dung duoc cac ude s6 ctia A khac 1, do d6 s6 udc s6 cua A
bang s6 tap con cua tap E, va bang 2~.

@ Cha y: Ban doc s& thic méc tap con & s ting v6i udc ndo clia A, cau tra 1di
la ing véi udce 1.

Vi du 10: Xem hodn vi ciia 3 chit s6' 1, 2, 3, 4. Tinh tong S ciia tdt cd cdc s6 tao
thanh boi hodn vi do.

&5 Gidi

DatE={1,2,3,4}.

Tur tap E c6 thé lap dugc:

4! =24 s6 gobm 4 chit s6 khac nhau.

Nhan xét rang, céc s6 1, 2, 3, 4 xuat hién & cic hang don vi hang chuc, hang tram,
hang ngan 6 lan, tir do:

S=1006.1+2+3+4)+10%2.6.(1+2+3+4)+

+10.6.(1+2+3+4)+6.(1+2+3+4)

= 66660.
Vi du 11: Riit gon biéu thiic S=PA), +P,A} +P,A} +P,A} +P,A] —PP,P,P,P,.
&5 Gidi
Ta cé6:
| | | | |
s= 120 a2 5% i3
U LA VRS S |

112! + 2131 + 314! + 415! + 5!6! — 112!314!5!
2 + 12 + 144 + 2880 + 86400 — 34560 = 54878.
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Vi du 12: Riit gon biéu thiic:

| 2 n
a A=— 0 Pu b. B:CL+2C—f+...+n _
(m-3)I1A2  (n+2)! ! c
&S Gidi
a. Talan lugt co:
nl n! _n!(n—2)!_n_
(n_?’)!Ai (Il—3)! n! (n—3)!n!
(n—2)!
P, @+ 1
(n+2)! (n+2)! n+2
Khi dé6:
f— f— 2_
A=(n-2)- 1 :(n 2)(n+2) 1:n 5.
(n+2) n+2 n+2
b. Ta lan lugt c6:
n!
> oimo2) ,
Clzn,zci1 :2,M:n—l,...,ncﬂ = 1 =1,
G Ton CHE T
1L(n-1)! (n—1)L1!
suy ra:
2 n
B=C! +2C;‘ 4+..+n C‘il =n+(Mm-D+..+1= n(nH)'
a Ca 2

& Nhdn xét: Nhu vay, trong 10i giai cta vi du trén dé€ giam thiéu do phic tap
cua biéu thifc cin bién déi ching ta da lua chon viéc bién ddi timg

phan.
Vi du 13: Chiing minh rang:
C: + C:+1 + C2+2 +...+ C:+k = C::LH . (*)
&5 Gidi
Trudc hét, ta nhé rang:
_ n(n+1)

1+2+...+n

Véi k = 1, dang thitc (*) c6 dang:
(n+)! (n+2)!
nl.(n+1-n)! (@+D).(n+2-n-1)!

< 1+n+1=n+2,ludn ding.

Vay, dang thiic ding véin = 1.

Gi4 sir dang thic diing v6i k = m, tifc 13 ta cé:
Cl'+C, +C), +..+C =C!

n+l n+2 n+m n+m+1 (1)

Cl+C,=C" o1+

n+l n+2
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ta can di chiing minh né ciing ding vé6i k = m + 1, tic 1a can chiing minh:

+1
C: + C:H + C:+2 +.t C:+m + C1:+m+l = C2+m+2 :
That vay, véi két qua tur (1), ta duoc:
1 1
VT = C::mﬂ + C:+m+l = C:im+2 = VP’ dpcm'

(PHQG Khéi D 99): Chiing minh rang véi k, n € N, 2 <k <nluon cé:k(k — 1) Ct =
n(n-1)Cs3.
Ta co:

R TN . o) LI
VP=nn-1DC =nn-1). (k—2)l.(n —k)!
) nlk.(k—1) - k=D — " = k- 1)CE.
k.(k—1).(k —=2)!.(n —k)! kl.(n-k)!

Vi du 14: (DHQG TPHCM Khoi D 97): Chitng minh rang véi k,n € N,4 <k <n
ta co:

Ch+4CK" +6C? +4C° + Ci* =k

n+4 *
&5 Gidi
Ap dung cong thiic bién déi:
C=C_ +C/,,v6i0<r<n.
Ta c6:
VT=CE+ CE +3(CE + CE)+3(CE7 + CH)+ Ci7 +

=C,, +3C, +3C1 + C)

=C,, + Co +2(C + CrD + C + C

=Cy, +2C, + C5 = Co, + G + C) + G
= Cy,, + Ciy = Cy,, , dpem.

Vi dvu 15: Chiing minh ddng thic:
2C5 +5CE +4CE2 +CEP =Cs +CE3

n+2 n+3 *
L5 Gidi
Ta lan luot c6:
Ch+2C" +CE7 =(Ch+ Oy )+ (Ci +C17)
—checki=chl, (M

Ck+3CE" +3CK2 +CE =

=(Ch+Ci)+2(Cy +CE7)+(Ch +CF7)

= CL+2C 0 +C =C L+ =Cl ©)

Cong (1) va (2) vé theo V&, ta c6 dang thitc phai chitng minh.
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Vi dy 16: Chiing minh rang C +Ch, +Ch L+ +CV' +CP = CP .
L5 Gidi
Ap dung cong thiic:
Co+Cy =C,
Ta c6:
Ci;ll =C,., =C,,

Cl:n:lz +Ch, =C

m-1
p-1 P _(CP
Cm—l + Cm—3 - Cm—Z
p-1 p-3 _ (P
Cp + Cp = Cp+l
Cong cdc dang thic trén v€ theo V€, ta co:
p-1 p-1 p-1
Cm—l + Cm—2 + Cm—3

Vi C=1= ng thay vao (*), ta c6 dang thic phdi chiing minh.

Vi du 17: (DHQG Khéi A 2000): Chiing minh rang:
Ckop + Cl <l 4 % v6i 0 <k <1000,k e N.

2001 — 2001
&S Gidi
Bién ddi bat dang thic vé dang:
Caon < Coon-
Ta xét day so:
u = Chj, v6i 0 <k <1000,k € N.
Ta di chitng minh day {ux} don diéu tang, that vay:
Uk +1 > Uk = Clz(gozz > Clz(géz
2002! 2002!
S >
(k+2)1.(2000—k)! ~ (k +1)1.(2000 —k +1)!
1 1
= >
k+2 2001-k
= WS ooy < Cogpy < Coy < Cluy

k+1 1001
< Chn < Cypn» dpem.

<1999 > 2k < k<999

Vi du 18: Cho dady (Sw), m € N va m > 4, xdc dinh nhu sau:
Sy =1

+.+C7+Ch=C . (%)

Smi1=Sm+1m-2)+2(m-3)+3(m-4)+...+(m-2).1

Ching minh rang S, =C: .

137



&5 Gidi
Theo gia thiét:
Si=1=Cj.
Tiép theo, ta bién ddi biéu thic:
A=1(m-2)=2(m-3)+3(m—4)+... +(m-2).1
=1[(m-1)=1]+2[(m— 1) = 2]+ 3[(m - 1) = 3] +...
+(m—2)[(m—1) - (m-2)]
=m-1D+2m-1D)+3m-1+..+(m-2)(m-1) -
—[1+4+9+..+(m-2)?)]
=(m-D[1+2+3+...+(m-2)] -
—[12 + 22 + 32+ ...+ (m—-2)7]
_ (m-I)(m-2)(m-1) B (m-2)(m-1)2m-3) m(m-1)(m-2) _C
- 2 6 - 6 o
Do d6, ta c6 Sn+1=Sm+ C.. , suy ra:
Su=Sm-1+C,,=C,, +C ,+..+C,.
Tur do, bai toan duoc chuyén vé viéc chitng minh réng:
C ., +C  +...+C=Cj. (1)
Pang thic (1) duge chiing minh bing phuong phap qui nap to4n hoc.

& Chu y: Trong 15i gii ctia bai trén, ching ta da sir dung céc két qua:

1+2+3+...+n=M

» _n(n+1)(2n+1)
6
Vi du 19: Chiing minh rang véi 0 <k <nvak,n € Z luon cé:
C;n+k . C;n—k S (C;n )2'

P+2°+3%+..+n

L5 Gidi
Co6 dinh n, ta xét day so:
w=0C; ,, .C, , v6i0<keZ,
khi d6, bat dang thic duoc biéu dién duéi dang:
w<uvéi0<k e Z.
Ta di chiing minh day {ux} don diéu giam, that vay:
2n+k+1)! ' 2n—-k-1)! < (2n+k)! ' (2n—k)!
nl.(n+k+1! nl.(n-k-1)! nlm+k)! nl.(n—-k)!

Uk +1 < U&=

2n+k+1 2n—k
= <

< 1n + 2nk > 0 luon ding.
n+k+1 n-k
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Suy ra:
w<wvi0<keZ < C ,, .C, , <(C5 )% dpecm.
Vi du 20: Timn € N sao cho:

4
a. Pn+5 = 15 Akn+1-Pn+4*k- An+4 15 .
(n+2)! (n-1)!
L5 Gidi
a. Diéu kién:
1>k
nr <n+l12>2keN.
0<n+4-keN
Bién déi phuong trinh vé dang:
!
m+5)! = 15ﬂ(n+4—k)! & Mm+5)! =15(n +4)!
(n+4—k)!

<&n+5=15<n =10.
Vay, v6i n = 10 thoa man diéu kién dau bai.
b. Tacé:
A:+4 =n+4)m+3)n+2)n+1)
Mm+2)! = (n-1D!'nn+ Dn+?2)
suy ra:

Al,  (+Dm+2)n+3)(n+4) (n+3)(n+4)
(n+2)! (@-)!nm+Dm+2)  (-1!n
Khi d6, bat phuong trinh duoc bién ddi vé dang:
(n+3)(n+4) < 15
(n=1 !n (n-D!

< m+3)(n+4)<15n

neN
onP-8n+12<02<n<6b <

5 B B
Il
w AW

Vay,tatimdugcn=3,n=4van=>35.

)

Vi dy 21: (DHBK HA Noi — 2000): Gidi bdt phuong trink % AL~ A< e g
X

L5 Gidi
Diéu kien 3 <x € N.
Bién déi bat phuong trinh vé dang:
! ! !
l. 2x)!  x! Sé. x! +10
2 2x-2)! x-2)! x 3Lx-3)!

o L anhax— x hag®, BEDE=DX g
2 X 3!

()
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S2x-Dx—-x-Dx<EE=-2)x-1) +10

*) xeN [ x =3
S3x-1250ex<4 o3<x4 & [

x=4
Vay, nghiém cuta bat phuong trinh la x =3 vax = 4.
Vi dy 22: (CDSP TPHCM 99). Tim k € N biét rang Ci, + C;> =2C};".
L5 Gidi
biéu kién k < 12. *)
Bién déi phuong trinh vé dang:
14! + 14! _ 2.14!
klL(14-K)!  (k+2)l.(12-Kk)!  (k+DL.(13-k)!
1 1 2

14-013-k)  k+2ksD)  (ksDI3-K)

k=4 \
SkP-12k+32=0< { , thoa man diéu kién (*).

Vay, v6i k =4 va k = 8 thoa man diéu kién dau bai.

Vi dy 23: (DHNN HN — 99) Tim cdc so'x nguyén duong thod mdn phuong trinh:
C. +6C2 +6C. =9x*— 14x.

L5 Gidi
Diéu kien 3<x e N. (*)
Bién d6i v€ trai ctia phuong trinh vé dang:
x! 6x! 6x!
= + +
x-1)!  2L(x-2)! = 3L(x-3)!

=x+3xx -1 +x(x-DEx-2)=x%

Khi d6, phuong trinh duogc bién déi vé dang:

*

=9 - 1dx = x*-9x*+ 14x=0 < x=7.
Vay, phuong trinh c6 nghiém x = 7.

AP
Vi du 24: Giai phuong trinh % =72.

x—1
L5 Gidi
Diéu kién:
y+1<x+1
x—-yeN <<y<xvax,yeN. *)
x—1eN"
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Bién doi phuong trinh vé dang:
(x +1)!

Y): —Neox+Dx=T2cx2+x-72=0 < x =8,
(x=1!
Vay, phuong trinh c6 nghitm x =8 va7 >y € N.
Vi dy 25: Tim x va y, biét (A} +yAl}): A" :C" =10:2:1.
&5 Gidi
Diéu kién 3 <n € N. (*)

Bién dai hé thic vé dang hé phuong trinh:

(x-1! Jry(x—l)! ] x! _
{(AiﬁyAi‘}):AZ‘l:lOﬁ@ x-1-y)! (x-y) | (x+1-y)!

A =21 xt_oxt
x+1-y)! (x=y+1)!

x-DIx-y)+yx-D! (x—y+1)!=5

= x-y! x!

(y-D!=2

(x-DIx-y+y)x-y+D _, {X_YHZS {Xﬂ
= x! = = .
y=3 y=3 y=3

Vay, hé phuong trinh c6 nghiém x =7 vay =3.

Vi dy 26: Tim s6 nghiém nguyén duong ciia phuong trinh:
X1+X2+...+Xp=Im
trong dé m la 1 s6 nguyén duong cho trudc.
&5 Gidi
Goi Sy(m) 1a s6 nghiém nguyén duong cua phuong trinh da cho.
Ta lan luot tinh S;(m), S;(m), S3(m),...,Sa(m).
*  Si(m) 1a s6 nghiém nguyén duong ctia phuong trinh:

Xi=m
phuong trinh ¢6 1 nghiém nguyén duong duy nhat, do dé:
Sim) =1=C .

*  Sy(m) la s6 nghiém nguyén duong ctuia phuong trinh:
Xi+X = m

Vi x; ¢6 thé 1an luot cdc gid tri 1, 2, 3, ..., m — 1 nén phuong trinh c6 cdc nghiém sau:
(I,m-1),2,m-2), 3, m=23),..,(m-1, 1),
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c6 tat ca (m — 1) nghiém nguyén duong, do dé:
S,(m)=m-1=C._,
*  S3(m) l1a s6 nghiém nguyén duong ctuia phuong trinh:

X1 + X2 + X3 = m. (*)
Véix; = 1,taco:
Xo + X3 =m-—1 (1)

Theo trén, s6 nghiém nguyén duong ctia phuong trinh (1) bang:
Ssm—1)=m -2
Véix; = 2,taco:
Xo+X3=m-—2 2)
S6 nghiém nguyén duong cua (2) bang:
S(m—-2)=m-3

Véix; = m—2,taco:
X2 + X3 = 2
ta duoc S;(2) = 1.
Do d6, s6 nghiém nguyén duong cua (*) bang
Si(m) =Sy(m— 1) + So(m — 2) + ... + S (2)
(m—-1)(m-2)
2
Tir d6, ta gia st s6 nghiém nguyén duong clia phuong trinh:
X1 +X2+...+Xk=m
1a S(m) = C&.
Ta chiing minh s6 nghiém nguyén duong ctia phuong trinh:
X1 +Xo+ ...+ Xk+1 =1
1a S,,,(m)=CX_ — Bdn doc tu chitng minh.

=(m-2)+9m-3)+..+1= =C. .

Vi du 27: Riit gon cdc biéu thiic sau:
a. A= 2'C)+2"7Cl+2""Cl+...
b. B = 2"'Cl +2"7°C} +2"7°C] +...
&5 Gidi
Ta cé6:
Rx+D"=Clx"2" + Clx" 2" + C2x" 22" + Clx" 72" + Cix" 2" 4 (D)
2x -1 =Clx"2" —Clx" 2"+ CIx" 2" 2 —Cx"72" + Cx" 2" - (2)
Thay x = 1 vao (1), ta duoc:
3"=2"C)+2""'CL +2"?Cl 42" C 42" Cl .. & A+ B=3" 3)
Thay x = 1 vao (2), ta duoc:
1=2"C) -2"'C} +2"*C. -2"*C} +2"*C! -.. ©A-B=1. (4)
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Giai hé phuong trinh tao bdi (3) va (4), ta duoc:

1

A=—(3"+1
2( )
1 .

B==(3"-1
2( )

Vi du 28: Vi n la so nguyén duong, chiing minh ra°ng

FCL =S+ 5 C r(—1p5 =2

&S Gidi
Vi moi X, va véi n 1a s6 nguyén duong ta co:
(1=%)"=C" = C x4+ (= DCaxk 4+ (= 1)Caxn, (1)

Thay x = % vao (1), ta duoc:

(1—1) o -lostley +(—1)n G

3 3 3

2" L on
@—:C——cl+—zcz+ (=D S

3 3 3

o2 =3"C) - lC1 + LC2 +o+ (- 1)”LC2] dpcm
= n 3 o 32 n 3n . p .
Vi dvu 29: Chiing minh cdc ddng thiic sau:

a. C)+6C. +6°C2+.+6"C'=7".

b. 37C), +4'3°C, +..+47C]]=7".

&5 Gidi
a. Taco:
(1+x)"=C) +Clx+Cx* +C)x’ +...+ CIx". (1)

Thay x = 6 vao (1), ta duoc:
C)+6C. +6°C2+6°C. +...+6"C" =7", dpcm.
b. Tacé:
Bx+4)" =C),(3x)"" +C;,(3x)'°.4" +...+C}]4" . ()
Thay x =1 vao (2), ta duoc:
37, +4'3°C +...+4"C1=7", dpem.
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Vidu 30: Vginla so nguyén dwang, chung minh rdang:
pCogp G 2Coy (— ) =

n
n

=C!+2C! +22Cn +..+20C

L5 Gidi
a. V6i moi x, va v6i n 1a s6 nguyén duong ta c6:
A-x=Cl4"— Cl 41 x + C2 4" 2x2+ ..+ (- D.CO XM (1)
Thay x =1 Vao (1), ta duoc
F=4Ch 1€ 2Cly (e, 2)
b. Véi moi x, va v6i n l1a s6 nguyén duong ta co:
(1+x)"=C)+ Clx+..+ C'x" 3)
Thay x =2 vao (3), ta duoo
3= +2C +22C 4+ 20Cl (4)
Tu (2) va (4), suy ra diéu can chiing minh.
Vi du 31: Chiing minh rang vdi cdc s6' m, n, p nguyén, duong sao chop<nvap <
m ta co:

c,.=Cc+Cclc++C'C+Cr .

n+m

&5 Gidi
V6i moi x, va véi n, m 1a s6 nguyén duong ta co:
(I+x)"* "= (1 +x) (1+x)". (1)
Mat khéc:
o (1+x)™m= > CP x". (2)
p=0
n m n+m p
o (1+xn(d+x)m= D Cix" D Cix" = D[ Ch.Cl)xP]. 3)
k=0 k=0 p=0 k=0

Do (1) nén céac hé s6 clia x?, p = 0,n+m trong c4c khai trién (2) va (3) bing
nhau. Vay, ta duogc:

ZC“ Cr* | dpem.

@& Nhdn xét quan trong :
1. Véip=n=m,taduogc:
(CP+(C P +.. +(Cr )= C,.
2. V6ip=r1,N=n+m, ta dugc:
C,=C,,C +C, Cl+. .+Cy, C +Cy,Ch.
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3. Ban doc hay lay y tudng trong vi du trén 4p dung véi khai trién (1 — x)"*™, tir d6
chiing minh rang: n
(C P =(C, P+ ..+ (C2=(-1Cu.

Vi du 32: Vi n la so nguyén, duong va lon hon 1, chitng minh rang:
2< [1+lj <3.
n
&S Gidi
V6i moi x, va véi n 1a s6 nguyén duong ta c6 (1 + x)" = ZCEXk . )
k=0
1 1) &Cf
Thay x = — vao (1),tadugc | 1+—| = Z -
n n on
Ta lan luot ¢6 cac danh gia sau:
= Tacé:
1 n 1 Ck C!
1+—| > L= =1+1=2, 2
( nj kzz(;nk " n )
» Ta cé nhan xét sau véi k > 2:
k
n*  n*kl(n-k)! k! k-Dk k-1 k
Ap dung v6i k = 2.n,ta nhan dugc:
2 3 n
Cngl_l, &31—1,..., Cn< ! —l,
n’ 2 n’ 2 3 n" n-1 n
suy ra:
n 1 n k
(1+lj :Cg+&+ Cl‘j <2+1—l<3. 3)
n n  Sn n

Tu (1) va (3) suy ra di€u can ching minh.

Vidu 33: (DH Luat HN — 2004): Mot dé thi ¢6 5 cdu dugc chon ra tir mot ngdn
hang cdu hoi cé san gom 100 cau, mot hoc sinh hoc thudc 80 cdu. Tim xdc
sudt dé hoc sinh dé rut ngdu nhién dugc mot dé thi cé 4 cdau da hoc thuéc?

L5 Gidi

Goi A 1a bién ¢6 "Rit dugc dé thi ¢6 4 cau da hoc thuoc", ta 1an luot ¢6:

= Vingan hang cau hoi c6 100 cau va méi dé thi ¢ 5 caunén c6 C;,, cach lap
céc dé thi, tic 1a [ =C},.

= Hoc sinh da hoc thugc 80 cau suy ra ¢c6 Cj, kha nang chon ra 4 cau da hoc

thudc, tifc 12 |Q, | = Cg,.Ch.
. [Q.] _ €icy
Dovay P(A)= = .
M=o e,
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Vi dy 34: (DH Nong nghiép I —2003): Mot t6 gom 9 hoc sinh nam va 3 hoc sinh nit.

a. Cdn chon mot nhém 4 nguoi lam truc nhdt. Hoi ¢6 bao nhiéu cdch
chon khac nhau.

b. Tinh xdc sudt dé chon 4 nguoi ngdu nhién thi ta dugc nhém cé
dung 1 hoc sinh nit.

c. Cdn chia t6 dé thanh 3 nhém, méi nhém 4 nguoi dé di lam 3 cong
viéc khdc nhau. Hoi cé bao nhiéu cdch chia khdc nhau? Tinh xdc
sudt dé méi nhém di lam viéc thi ¢ ding 1 nit.

&5 Gidi

a. Vitd c6 12 ngudi nén s6 cdch chon 4 ngudi bang s6 cac t6 hop chap 4 cla 12, tic
1a ¢6 C, =495 (céch chon).

b. Taco:

C} =3 cédch chon 1 niv.

C, =84 céch chon 3 nam.

Do dé, ¢6 C}.C; =252 cdch chon 1 nit va 3 nam.
Vay, xac suat dé chon ngiu nhién mot nhém 4 ngudi trong d6 ¢6 3 nam va 1 nit la:

252 _28
495 55
c. Taco:

C6 C}, cach chon 4 ngudi 1am cong viéc thit nhat.

C6 C; céch chon 4 ngudi lam cong viéc thi hai.

C6 C; céch chon 4 ngudi lam cong viéc thi ba.

Do dé, ¢6 C;,.Ci.C, =34650 céch chia t6 hop thanh 3 nhém di lam 3 cong
viéc khac nhau.

Vi cong viéc thit nhét ta ¢c6 C;.C} cdch chon 3 nam va 1 nd.

Vi cong viéc thit hai ta ¢c6 C;.C} cédch chon 3 nam va 1 ni.

Vi cong viéc thit ba ta 6 C;.C; =1 céch chon 3 nam va 1 ni.

Vay, xac sudt:

L _GCCCAC 16

c/,.ci.C; 55
Vi du 35: C6 hai hop chita cdc qud cdu. Hop thit nhdt chita 6 qud trdng, 4 qud
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den. Hop thit hai chita 4 qud trang, 6 qud den. Tix méi hop ldy ngdu
nhién mot qud. Ki hiéu:
A la bién c6": “Qud ldy tir hop thit nhdt trang”,
B la bién c6": “Qud ldy tix hop thit hai trdng”.
a. Xét xem A va B cé doc ldp khong ?
b. Tinh xdc sudt sao cho hai qud cdu ldy ra cing mau.
c. Tinh xdc sudt sao cho hai qud cdu ldy ra khdc mau.



&5 Gidi
Ta ¢6 khong gian mau Q ¢6 s6 phan tlr bang:
10 x 10 = 100.
a. Talan luot c6:
S6 truong hop 14y 1 qua cu tring ¢ hop thit nhat bang 6. S6 trudong hop 14y 1
qua cau & hop thit hai bang 10.
Do d6, véi bién co A, ta cé:
6 x 10 = 60 phan tu.
Tur d6, suy ra:
P(A) = IA]_ 60 _ E
Q| 100 5
S6 truong hop 14y 1 qua cu & hop thit nhat bang 10. S6 trudng hop 14y 1 qua
cu trang & hop thi hai bang 4.
Dodd, véi bién ¢6 B, ta c6:
4 x 10 = 40 phan tu.
Tur d6, suy ra:
by < Bl 40 _2
Q| 100 5
Véi bién c6 C: " 1dy 1 qua cdu trang 6 hop thi nhat va 1dy 1 qua ciu trang & hop

tha hai" ta c6 xac suat:

24 6
P(C)=P(AB)= — = —.
© (AB) 100 25
Mat khéc:
32 6
P(A).P(B)= =.= = — =P(AB).
(A).P(B) Ry (AB)

Vay, hai bi€n c6 A va B doc 1ap véi nhau.

b. Goi Cla bién c6 " hai qua cau ldy ra cing mau ", trong do:

C, l1a bién c6 " hai qua cdu 14y ra mau trang", ta dugc:
C ¢6 6.4 = 24 phan tt.
pcy= Gl 24 _ 6

Q] 100 25

C> 1a bién ¢6 " hai qua cau ldy ra mau den", ta dugc:

C, ¢6 4.6 = 24 phan tt.

pey= LGl 28 _ o

Q] 100 25

Khi dé:
6,6 _12

P(C) =P(Ci U C) =P(C1) + P(Cy) = 25t 55" 5%

Goi D la bién c6 " hai qua cau 1ay ra khac mau ", ta thiy ngay:
12 13

P(D):I—P(C):l—z—szz—s.
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