CHUGONG 3 — PHUONG PHAP TOA DO

TRONG KHONG GIAN
é‘ KIEN THUC CAN NHO §%§
I. HE TOA PO TRONG KHONG GIAN

1. HE TOA PO TRONG KHONG GIAN

Dinh nghia 1
Hé gom ba truc Ox, Oy, Oz déi mot vuong goc duoc goi
la hé truc toa do trong khong gian.

Ki hiéu Oxyz hoic (O, i, j, k) véi i, i, k 1a céc vecto
don vi 1an luot nam trén ba truc dé.
* Diém O dugc goi 1a géc toa do.
=  Truc Ox dugc goi 1a truc hoanh, truc Oy dugc goi la truc tung, truc Oz dugc
goi la truc cao.
Ta chd ¥ ring:

P=3=k =1vai.j=j.k=k.i =0.
2. TOA PO CUA VECTO
Taco v(X;y;2) < V=X1i+Yy] +zKk.

Néu v(x;y;z) thix=v.i,y=v.j,z=v.k.

Cdc tinh chdt: D6i v6i hé toa do Oxyz, cho hai vecto v, (X1; yi; z1) va v, (X2; y2; 22) ta
c6 cac két qua sau:
X=X,
. v,=V, &3y, =Y,.
Z,=17,
2). o
3). av, £BV, =(ox: £ Bxz; oy = Py 0z £ Pzo), véia, B € R.
4) \7] . \72 = X1X2 + yiy2 + Z1Z2.
o - -2 _ 2 2 2
5). [V|=4V,” =X +y +z; .
XX, +y,y, +2,2,
2 2 2 2 2 2
\/Xl +yl 'i‘Z1 .\/X2 +y2 'i‘Z2

'{;2 =0 xixX2+y1y2+2122=0.

v, = (ox1; ayi; azy), véia € R.

6). cos(v,, v,)=

7. v
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3. TOA PO CUA PIEM
Taco M(x;y; z) < OM =x1i +yj +2zK.
& Chit y: Ta c6 cic két qua:
M=0<x=y=z=0.
M e (Oxy) < z =0, tic 1a M(x; y; 0).

M e (Oyz) < x =0, tic 1a M(0; y; z).
M e (Oxz) < y =0, tic 1a M(x; 0; z).

M e Ox < y=0vaz=0,tic la M(x; 0; 0).
M e Oy & x=0vaz=0, tic la M(0; y; 0).
Me Oz x=0vay=0, tic 1a M(0; 0; z).
4. LIEN HE GIUA TOA PO CUA VECTO VA TOA PO HAI PIEM MUT
Trong hé toa do Oxyz, cho hai diém A(Xa; ya; Za) va B(xs; ys; zg) ta co:
a. AB = (XB — XA} YB — YA} ZB — Za).
b. AB= |A—B| = \/(XB —xA)2 +(yg —yA)2 +(z, —ZA)2 .

. , 3 (x, +x + zZ,+z
C. TrungdlémIcuadoanABcotQadQ( A2 B;yA yB; A BJ.

2 2

5. TICH CO HUONG (HAY TICH VECTGO) CUA HAI VECTO

DPinh nghia 2
Tich co huong (hay tich vecto) cua hai vecto v, (Xi; yi; 21) va Vv, (X2; y2; 22) ki

hiéu [vl, V2:| la mot vecto v duoc xdc dinh bai:
Y1 7y,

= ([ 7 .
y2 Z2
Cdc tinh chdt cua tich cé hudng: Ta co:
a. Vecto [VT vt} vuong géc voi hai vecto v, va v, , tic la:
[q’ Vﬁz]'v} = [VT’ Z}'Vz =0.

o []

c. [\71 \72] = 0 khi va chi khi hai vecto v, va ¥, cling phuong.

Zr Xy X N

X Y2

>

Z, X,

= | v, || v, |.sin(V1 , V,), trong d6 o la goc gitta hai vecto v, va v, .

Ung dung cia ciia tich cé6 huéng
Dién tich hinh binh hanh: Dién tich cta hinh binh hanh ABCD dugc cho bdi cong
thic:

SAaBcp = ‘[E, ﬁ] =|AB|.| AD |.Sin(§3, AD),
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Dién tich tam gidc: Dién tich cia AABC dugc cho bdi cong thiic:

Sssc = = [ AB, AC || =~ | AB || AC | sin(AB, AC).
2 2

Diéu kién dong phdng ciia ba vecto
Dinh li: Diéu kién cdn va dit dé' ba vecto v, , v, va v, dong phdng la:

[vi. v, ]9, =0.
Thé tich hinh hép: Thé tich V ctia hinh hop ABCD.A,B,CD; duoc cho bdi cong thic:
v = [AB, &D|A4].
Thé tich tir dién: Thé tich V clia tit dién ABCD duoc cho bdi cong thic:
1 r— — —
= - ‘[AB, AC].AD‘ .

6. PHUONG TRINH MAT CAU
Dinh li: Trong khong gian Oxyz, mdt cau (S) cé tdm I(a; b; ¢) va bdn kinh R ¢é
phuong trinh:
(S): (x—a)’+(y—-by+(z—c)=R2 (1)
Phuong trinh (1) goi 1a phutong trinh chinh tdc cua mdt cdu.
Vay, ta dugc:

Tam I(a;b;c)
S): S (O):(x—ayP+(y—bl+(z—c)=R2%
S {BénkinhR O:x-a)y+(y—-b+(z-c)
@& Chi y: Tacé:
»  Mat c4u tam O bdn kinh R ¢6 phuong trinh x* + y* + z> = R%,
*  Mat cdu don vi c6 phuong trinh x? + y> + 2> = 1.
Pinh li: Trong khong gian Oxyz, mdt (S) co phuong trinh:
(S): x>+ y*+ 7> —2ax — 2by — 2cz + d =0, 2)
v6i a2 + b2 + ¢2—d > 0 la phuong trinh ciia mdt cdu tam 1(a; b; ¢) va bdn
kinhR = a’ +b> +c’ —d .

Phuong trinh (2) goi 14 phitong trinh téng qudt ctia mdt cdu.

II. PHUONG TRINH MAT PHANG
1. PHUONG TRINH MAT PHANG
Dinh Ii: Trong khong gian Oxyz, mdt phang (P) di qua diém Mo(Xo; yo; Zo) va cé vipt
i (A; B; C) ¢6 phuong trinh:
P): A(x — x0) + B(y — yo) + C(z — z0) = 0.
Vay, ta c6:
P. {Qua M, (X3 ¥57,)

thtﬁ(A;B;C) < (P): A(X —xo) +B(y—y0) +C(z —20) = 0.
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Phuong trinh tong qudt cia mdt phdng trong khong gian Oxyz la:
(P): Ax+By+Cz+D=0v6i A2+ B>+ C*> 0. (1)
Khi dé, né nhan vecto i (A; B; C) lam mot vtpt.
2. CAC TRUONG HOP RIENG
1. Néu D =0, mat phang (P) di qua goc toa do.
2. Néu A =0,B=0,C =0, mat phang (P): By + Cz + D = 0 chtta hoac song
song voi truc Ox.
Tuong tu:
* Mat phang (P): Ax + Cz + D = 0 chita hoac song song véi truc Oy.
* Mat phang (P): Ax + By + D = 0 chita hoac song song véi truc Oz.
3. NéuA=0,B=0,C =0, mat phang (P): Cz + D = 0 chita hoic song song véi
truc Ox va Oy nén né song song hodc trung v6i mat phang xOy.
Tuong tu:
* Mat phang (P): Ax + D =0 song song hoac triing véi mat phang yOz.
= Mat phang (P): By + D = 0 song song hodc triing v6i mat phang xOz.
BDdc biét, cac phuong trinh x = 0, y = 0, z = 0 theo thi tu 12 phuong trinh cta
céc mit phang toa do yOz, xOz, xOy.
4. NéuA #0,B=0,C=0, D=0 thi bang cich dat:
a=-2 p=_D o D p. X Y2 )
A B C a b c
Phuong trinh (2) goi 12 phuong trinh doan chdn ciia mat phang (P). Mat phang dé6
cét c4c truc Ox, Oy, Oz lan luot tai cdc diém A(a; 0; 0), B(0; b; 0), C(0; 0; ¢).

Vay, ta c6:
Qua A(a;0;0)
(P): {Qua B(O;b;0) < (P): = + ¥ + Z =1.
Qua C(0;0;¢) a b

3. VITRI TUGNG POI CUA HAI MAT PHANG
Véi hai mat phang (Py) va (P,) c6 phuong trinh:
(P1): Aix+Biy + Ciz+ Dy =0, diéu kién A} +B; +C; >0,
(P2): Axx + Boy + Coz + D, =0, diéu kién A} +B. +C: >0,
khi d6 vecto 1, (Aj; Bi; Ci), 11, (Az; Bo; G) theo thit tu 1a vtpt cta (Py) va (P,), do do:

a Neu =BG _Dpy= ey
A2 B2 C2 D2
b, Neu 2 =B oG L Do py e,

AZ B2 CZ DZ
EuA;:Bi: Ci# Ay Bo: G thi (P) n(P2) = {(d)}.

o
Z
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4. KHOANG CACH TUMOT PIEM PEN MOT MAT PHANG

Cho diém M(xm; ym; zv) va mat phang (P): Ax + By + Cz + D = 0. Khi d6,
khoang cach tir M dén (P) dugc tinh bai cong thuc:
|Ax,, + By, +Cz, +D|

JA? +B* +C?

III. PHUONG TRINH PUONG THANG
1. PHUONG TRINH PUONG THANG

Trong khong gian Oxyz, dudng thang (d) di qua diém Mo(xo; yo; Zo) ¢d vtcp
u(a; b; ¢) c6 phuong trinh:

dM, (P)) =

X =X, +at
(d): {y=y, +bt,t € R — Phuong trinh tham so.
z=12,+ct

(d): X=X Y _bYo =27% \6i abe # 0 — Phuong trinh chinh tdc.
a C

Dudng théng (d) di qua hai diém Mi(x1; yi; z1) va Ma(X2; y2; 22), ta ¢6:
(d): {Qua M, (x,5y,52)) o {Qua M, (x,;y,;2,)

Qua Mz(Xz;Y2;Z2) VthM1M2(Xz_X1;YZ_Y1;ZZ_ZI)
X=X, +(X, —x)t
S ) Jy=y,+(y,—-ypt,te R
z=2,+(z,— 7))t
hoac (d): T YT 2T
X, =X Yo=Y Z,—1z

@ Cha y: Cho hai mat phing (P;) va (P,) ¢6 phuong trinh:
(P): Aix + By + Ciz+D; =0, c6 vipt n,(A,; B;; C,),
(P2): Aox + Boy + Gz + D, =0, ¢6 vipt n,(A,; B,; C,)
v6i dieu kién A:Bi:Ci= Ax:B:Co. *)
Diéu kién (*) chiing t6 (P;) va (P2) cit nhau theo giao tuyén l1a dudng
thang (d) gém nhiing diém M(x; y; z) thod man hé phuong trinh:

Ax+By+Cz+D, =0
Ax+B,y+C,z+D,=0"

Khi d6, mot vtcp u clia duong thang (d) duoc xdc dinh boi:

a:[n—'pn—z’] =(B1 Cl Cl Al AI Bl j

B

>

BZ CZ CZ AZ AZ B2
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2. VITRI TUGNG POI GIUA HAI PUONG THANG
Cho hai duong thing (d) va (d»), biét:

(dy) di qua diém M;(x; yi; Z1) va c6 vicp uT (ai; b ci).

(d2) di qua diém Ma(x2; y2; Z2) va c6 vicp uj (az; by; ¢2).

Khi d6, xét ba vecto u, , u, vd MM, ta cé két qua:

L.

(d1) va (d») dong phang khi va chi khi ba vecto u, , u, v MM, dong phéng.
Nhu vay:

(d1) va (d2) déng phing < [ u;, u; | MM, =0.
(d1) va (d») cat nhau khi va chi khi chiing dong phing va cdc vtcp clia chiing
khong cung phuong. Nhu vay:

(d1) va (d2) cat nhau < [u;, u | MM, =0 va [u,, u; |#0.
(d1) va (d») song song v6i nhau khi va chi khi uT va uj cung phuong va (di),
(d2) khong c6 diém chung. Nhu vay:

)/ (d) & [uﬁ, El] =0 va [uﬁ, Mle] £0.
(di) va (d») tring nhau khi va chi khi u, vd u, ciing phuong va (di), (d2) c6
diém chung. Nhu vay:

)= & [u,u|=[v, MM, |=0.

. (d)) va (d2) chéo nhau khi va chi khi ba vecto u,, u, va MM, khong déng

phéng. Nhu vay:
(d1) va (d2) chéo nhau < [uﬁ, u—,J.W £0.

Khi d6, khoang cach gitta (di), (d2) duoc cho bai:

[0

o]

d((dy), (d2)) =

@ Chu y: Néu biét phuong trinh ctia hai dudng thing (d)) va (dy) thi ciing c6 thé
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xét vi tri tuong doi cua ching bang cdch giai hé gdm cac phuong trinh

xdc dinh (d;) va (d») dé ithda man giao diém va khi do:

a. Néu hé c6 nghiém duy nhat thi (d;) va (d») cat nhau.

b. N&u hé c6 vo s6 nghiém thi (d;) va (d,) trung nhau.

c. Neéu hé vo nghiém thi (d;) va (d2) song song hoac chéo nhau, song
song néu hai vtcp ctia ching cung phuong, chéo nhau néu hai
vecto d6 khong cung phuong.



3. KHOANG CACH TU MOT PIEM PEN MOT PUONG THANG

Cho diém M va dudng thang (d) c6 vtcp u va di qua diém M. Khi d6, khoang
céch tir diém M dén dudng thang (d) duoc cho bdi:

MM ﬁ]‘

d(M, (d)) = ‘[—
‘u
4. GOC GIUA HAI PUONG THANG

Cho hai duodng thang (d;) ¢é vtep uT (ai; bi; c1) va (d2) c6 vicp la uj (az; by; c2).

Goi o 12 géc tao bdi hai dudng thang (d) va (da) (0 < o < g), ta c6:

u,.u,
COSO = —— =
‘ul Ju,

la,a, +bb, +c,c,|

2 2, 2 2 2, 2
\/a1 +b; +¢; .\/a2 +b; +c¢;

@ Cha y: Diéu kién can va di dé (d) L (dy) la:
cosa=0 S aa+ bib, + Ccic2 = 0.
5. GOC GIUA PUONG THANG VA MAT PHANG
Cho:
= Mat phang (P) c6 vtpt i (A; B; C).
» Puong thang (d) c6 vtep u(a;b;c).
Goi o 1a goc tao boi (P) va (d), ta co:
|Aa +Bb +Cc|

JAZ 4B +C* A2’ + b2 + & .

sino =

B PHUONG PHAP GIAI CAC DANG TOAN LIEN QUAN
@

§ 1. Hi: TOA PO TRONG KHONG GIAN

Dang toan 1: Toa dd ciia diém, vecto va cac yéu t6 lién quan
Phuong phap

Str dung cac két qua trong phan:

+ Toa d6 ctia vecto.

+ Toa do cta diém.

+ Lién hé gita toa d0 vecto va toa d6 hai diém mut.

+ Tich c6 huéng cta hai vecto va cac ing dung

Thidu 1. Cho ba diém A(1; 2; 3), B(3; 5; 4), C(3; 0; 5).
a. Chiing minh A, B, C la ba dinh ciia mét tam gidc.
b. Tinh chu vi, dién tich cua AABC.
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c. Tim toa do diém D dé ABCD la hinh binh hanh va tinh cosin géc
giita hai vecto AC va BD.

d. Tinh do dai duong cao ha ciia AABC ké tir A.

e. Tinh cdc goc ciia AABC.

f. Xdc dinh toa do truc tam H ciia AABC.

g. Xdc dinh toa do tam duong tron ngoai tiép AABC.
L5 Gidi
a. Taco:

AB(2;3; 1) vd AC(2; —2;2) = AB va AC khong cung phuong.
Vay, ba diém A, B, C khong thang hang.
b. Ta lan luot co:
CVaasc = AB+ AC + BC = 122 + 3 + 17 +/22 +(=2)2 +22 +/(=5)" + I’
= 134413 +436.
Saac =l‘ AB, H:] —Ly8:22; 210y :l V82 +(=2) +(=10)* =+/42 .
c. Gia st D(x; Y z), dé ABCD la h1nh binh hanh diéu klen la:
AB=DC < (2:3;1)=B-x; -y;5—-2)
2=3-x x=1
& 3=-y < Jy=-3 = D(1; -3;4).
1=5-z z=4
ABBD _ 12 51

AR|[pD| V2o 17

cos(A—C, ﬁ) =

d. Tacé:
2Spe 242 24273

BC 26 13

Saasc = %hA.BC & ha=

e. Talan luot c6:
COSA = E =0 A=90°
i i |

cosB = EMBE = \/5_ va cosC =sinB = /1 - viig
[BA[BC|
f.  Ta c6 thé lua chon mot trong hai cdch sau:
Cdch 1: Gia st H(x; y; z) 1a truc tam AABC, ta c6 diéu kién:
AH 1 BC AH 1 BC
BH L AC < {BH L AC
H e (ABC) Ba vecto AB, AC, AH déng phing
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AHBC=0 (x—1;y—-2;2-3).(0; =5 1)=0
< {BH.AC=0 o {(x-3%y-52-4).(2,-2,2)=0
[E,A—C].EzO (8;-2;-10).(x-1;y-2;2z-3)=0

—-5(y—-2)+z-3=0 Sy—z=17 X =
S 2x=3)-2(y-5)+2(z-4)=0 &S<x—-y+z=2 Sy =2
8x—-1)—-2(y-2)-10(z-3)=0 4x —y—-5z=-13 z=3
Vay, ta dugc truc tam H(1; 2; 3).
Cdch 2: Vi AABC vuong tai A nén truc tam H = A, tic 1a H(1; 2; 3).
g. Ta c6 thé lua chon mot trong hai cdch sau:
Cdch I: Gia st I(x; y; z) 1a tam dudng tron ngoai ti€p AABC, ta c6:
Al = BI AI’ =BI’ AI’ =BI’
Al=CI << {AI’=CI’ < {A =CI°
I e (ABC) AB, AC, AH déng phéng [E, A—C}KI =0

x=1Y+(y=2Y+z-3"=(x=-3 > +(y=5)>+(z—4)
& ()(—1)2+(y—2)2+(z—3)2 :(x—3)2+y2 +(z-5)°

4x -y—-5z=-13
2x+3y+z=18 x=3
S 9x—y+z=5 < qy=5/2.

4x —y—-5z=-13 z=9/2

Vay, ta dugc tam dudng tron ngoai ti€p la 1(3; %; %j .

Cdch 2: Vi AABC vuong tai A nén tam I cua duodng tron ngoai ti€p AABC chinh la

trung diém ctia BC, tic 12 1(3; %; %} .

@& Nhdn xét: Nhu vay, v6i bai todn trén (tam gidc trong khong gian) cac em
hoc sinh c6 thé 6n tap duogc hau hét kién thic trong bai hoc "Hé
toa do trong khong gian", va trong do véi céc cau f), g):
= O cich 1, ching ta nhan dugc phuong phap chung dé thuc cic
yéu cu cua bai toan.
» O cach 2, bang viéc danh gia dugc dang dac biét cia AABC
ching ta nhan dugc 10i giai don gian hon rat nhiéu.
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Thi du 2. Trong khong gian Oxyz, cho bon diém A(5; 3; —1), B(2; 3; —4), C(1; 2; 0),
D@3; 1; -2).
a. Tim toa do cdc diém Ai, As theo thit tu la cdc diém doi xiing voi
diém A qua mdt phdng (Oxy) va truc Oy.
Chiing minh rang A, B, C, D la bon dinh ciia mét hinh ti dién.
Tinh thé'tich khoi tit dién ABCD.
Chiing minh rang hinh chép D.ABC la hinh chdp déu.
Tim toa do chdan duong cao H cua hinh chép D.ABC.
Chimg minh rang tir dién ABCD c6 cdc canh doi vuong géc véi nhau.
Tim toa do diém 1 cdach déu bon diém A, B, C, D.

e Ao T

&S Gidi
a. Talan luot:
* Hinh chiéu vuong géc ctia diém A trén mat phiang (Oxy) la diém E(5; 3; 0). Tix
do, vi E 1a trung di€ém ctia AA; nén A(5; 3; 1).
* Hinh chiéu vuong géc cha diém A trén truc Oy la diém F(0; 3; 0). Tir d6, vi F 1a
trung diém ctia AA, nén Ax(-5; 3; 1).
b. Ta c6 thé lua chon mot trong hai cdch sau:
Cdch 1: Dé chitng minh bon diém A, B, C, D khong dong phéang ta s& di chitng minh
ba vecto DA (2; 2; 1), DB (~1; 2; =2), DC (=2; 1; 2) khong dong phéng.
Gia su trai lai, tic 1a ba vecto DA, DB, DC déng phang, khi d6 s& ton tai cap so
thuc o, B sao cho:

2=—a—-2f
DA = o DB +BD—C & 92=2a+p ,vonghiém
1=-2a+2p

— Ba vecto DA, DB, DC khong déng phing.
Vay, bon diém A, B, C, D 1a bon dinh ctia mot hinh t¢ dién.
Cdch 2: Tacé DA (2; 2; 1), DB (~1; 2; —2), DC (=2; 1; 2), tir d6 suy ra:
1 2
(2)+

DA. DB |.DC = | 1+
(oK. D¢ - |

1 2
2=27#0
-2 2
= Ba vécto DA, DB va DC khong déng phéng.
Vay, bon diém A, B, C, D 1a bon dinh ctia mot hinh ot dién.

c. Thé tich V ciia t& dién ABCD duge cho bdi V = %‘[ﬁ, ﬁ]ﬁ:‘ = %.
d. Ta lan lugt c6:

DA =~2?+2*+1? =3

DB =+/(-1)? +22 +(-2) =3 = DA =DB = DC.

DC=4/(=2)? +12+2? =3

348



Tuong tu, ta cling c6 AB=BC=CA = 32,
Vay, hinh chép D.ABC Ia hinh chép déu.
e. Ta c6 thé trinh bay theo hai céch sau:
Cdch I: Gia st H(x; y; z) 1a hinh chiéu vuong géc cta D 1én mat phiang (ABC), ta c6
diéu kién:
DH L AB DH L AB DH.AB =0
DH L AC <{DH L AC < {DHAC=0

He(ABC)  |Ba vecto AB, AC, AH dong phing [@, A—C}H{ -0

Xx+z=1 x=8/3 g8 s
& 4x+y-z=15 & y=8/3 = H(E 5 —gj
x—-5y—-z=-9 z=-5/3

Vay, ta dugc H § § —2 .
3’37 3

Cdch 2: Dua theo két qua cau d), ta suy ra chan duong cao H ctia hinh chép D.ABC
chinh la trong tam ctia AABC, do d6:

OH = (A + OB +0C)
3

3 3 3
f. V6icap canh AD va BC, ta c6:
DA (2;2; 1), BC(~1;-1;4) = DA.BC =0 < AD L BC.

Chiing minh tuong tu, ta cﬁng c6 AB L. CD va AC | BD.

Vay, tit dién ABCD c6 céac canh d6i vuong géc véi nhau. D
g. Ta c6 thé trinh bay theo hai céch sau:
Cdch I: Gia st I(x; y; z) 1a tam mat ciu ngoai ti€p t¢ dién
ABCD, ta c6:

o H(XA+XB+XC. YaT¥s T Yc. ZA+ZB+ZCJ:(§. §_§]

Al =BI A’ =BI A B
Al=CI < {AI° =CI°
Al = DI AL = DI

(X=5 +(y=3V +(z+1)’ =(x-2)" +(y=3)* +(z+4)

SIE=5+({y =3 +z+1) =(x=1) +(y-2) +7"

(x=5 +(y=3) +(z+1)’ =x=3+(y -1 +(z+2)
x+z=1 x=5/2

& dx+y-—z=15 < jy=7/2 :IG%_%)

4x+4y+2z=21 z=-3/2
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Cdch 2: Dua theo két qua cau d), ta suy tam I(x; y; z) thudc DH sao cho ID = IB, titc

la ta co:

x=3)2+(y—-1’+(z+2) =(x-2)" +(y=3)’ +(z+4)

2 2
DI" = BI o 1x=3 _y-1_z+2
DI//HI 8 8 5
X—— y-- z+>
3 3 3
2x—4y+4z=-15 x=5/2 s 7 3
y y=1/ (2 5 2)

x+z=1 z=-3/2

& Nhdn xét: Nhu vay, véi bai toan trén (khoi da dién) cdc em hoc sinh da o6n

tap duoc cac kién thic trong bai hoc "Hé toa do trong khong

gian", va trong do:

= O cau b), ching ta nhan dugc hai phuong phip dé ching
minh bon diém khong dong phing (twong ting vé6i ba vecto
khong déng phang) va thong thuong chiing ta sir dung cach 2
trong bai thi. Va dic biét gid tri [ﬁ, ﬁs]ﬁc’ duoc xdc dinh

rit nhanh va chinh xac véi cac em hoc sinh biét st dung may
tinh Casio fx — 570MS.

» O cau e), cich 1 trinh bay phuong phép chung cho moi dang
ti dién va cdch 2 duogc dé xuat dua trén dang dac biét cua td
dién ABCD. Va cdc em hoc sinh cin nhé thém ring ching ta
con ¢6 mot cach chung khdc bang viéc thuc hién theo céc
budc:

Budc 1: Viét phuong trinh mat phang (ABC).

Budc2: Viét phuong trinh duong thang (d) qua D va vuong
g6c v6i mat phang (ABC).

Bu6c 3: Khi d6, diém H chinh 1 giao diém ctia dudng thang
(d) v6i mat phang (ABC).

» Hai cach st dung trong cau g) véi y tuong tuong tu nhu cau
e). Tuy nhién, c4c em hoc sinh ciing c6 thé thuc hién nhu sau:
Buoc 1: Viét phuong trinh mat cau (S) ngoai tiép ti dién

ABCD (phuong trinh mit ciu di qua bon diém).
Budc2: Tirkét qua ¢ budc 1, ching ta nhan duge toa do tam 1.

Dang todn 2: Phuong trinh mit cAu
Phuong phap
V6i phuong trinh cho duéi dang chinh tic.
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ta lan luot co:
+ Ban kinh bing R = k.
+ Toa do tam I la nghiém ctia h¢ phuong trinh:
x—a=0 Xx=a
y-b=0 < Jjy=b = I(a; b; ¢).
z—c=0 z=c
Vi phuong trinh cho dudi dang t6ng quatta thuc hién theo cac budc:
Buoc 1: Chuyén phuong trinh ban ddu vé dang;
(S): x>+ y* + 72> — 2ax — 2by — 2cz + d = 0. 1)
Buoc2: DE (1) 1a phuong trinh mat ciu diéu kién la:
a®+b*+c*-d>0.
Bu6c 3: Khi do (S) co thudc tinh:
{Tam I(a;b;c)

Ban kinhR =+/a? +b>+c¢* —d

Thi du 1. Cho ho mdt cong (Sm) co phuong trinh:
Sw): x=2P+(y -1+ (z-m)’=m’-2m + 5.
a. Tim diéu kién ciia m dé (Sw) la mot ho mdt cdu.
b. Tim mdt cdu c6 bdn kinh nhd nhdt trong ho (Sw).
c. Chiing t6 rang ho (Sw) luén chita moét duong tron cé dinh.
&S Gidi
a. Dé (Sm) mot ho mat cau diéu kién Ia:
m?>—-2m+5>0< (m - 1)>+4 >0, luon ding.
Vay, v6i moi m thi (S,) luon la phuong trinh ctia mat cau vdi:
TamI(2;1;m)
BankinhR =./(m-1)> +4
b. Tacé:
R2=(m — 12 +4 >4 = Ry = 2, dat dugc khim = 1.
Vay, trong ho (Sm) mat cau (S;) c6 ban kinh nho nhét bang 2.
c. Gia st M(Xo; yo; o) 12 diém c6 dinh ma ho (S,) luon di qua, ta c6:
x0—2)+(yo— 1+ (zo—m)’=m?>-2m + 5, Vm
< 2(1-z,)m+(Xx, —-2) +(y, —-1)° +z(2] -5=0, Vm

1-z,=0 z,=1
& & .
Xy =2 +(y,—- 1> +2z,-5=0 Xy =2 +(y, - 1) =4
Vay, ho (Sw) luon chita dudng tron (C) ¢6 tam Io(2; 1; 1) va ban kinh Ry = 2 nam
trong mat phang (Po): z = 1.
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@ Cha y: Thong qua 10i gidi cau ¢) cdc em hoc sinh hiy tdng két dé c6 duoc
phuong phdp thuc hién yéu cau "Chiing t6 rang ho mdt cdu (Sw) luon
chita mot duong tron cd dinh".

Thi du 2. Cho ho mdt cong (Sw) co phuong trinh:

(Sw): x* + y* + 22-2m’x —4my + 8m* — 4 = 0.
a. Tim diéu kién ciia m dé (Sw) la mot ho mdt cdu.
b. Chitng minh rdng tam cia ho (Sw) luén nam trén mot Parabol (P)
¢’ dinh trong mdt phdng OXy, khi m thay doi.
c. Trong mdt phdng Oxy, goi F la tiéu diém cua (P). Gid si duong
thing (d) di qua F tao véi chiéu duong ciia truc OX mot goc o va
cdt (P) tai hai diém M, N.

»  Timtoa dé trung diém E ciia doan MN theo a.
» T dé suy ra quy tich E khi o thay doi.
L5 Gidi
a. Ta c6 thé trinh bay theo hai cdch sau:
Cdch 1: Bién déi phuong trinh ban ddu vé dang:
(x—m??+ (y-2m)*+ 22 =m* - 4m* + 4.
Tur d6, dé phuong trinh di cho 1a phuong trinh ctia mat cau diéu kién Ia:
m—4m2+4>0 (M -22>0om*-2£0< m=+/2 .
Vay, v6i m#++/2 thi (Sw) 12 phuong trinh clia mat cdu c6:
TamI(m?;2m;0)
{BkinhR =|m* 2|
Cdch 2: Dé (Swm) 1a mot ho mat cau diéu kién can va du la:
m*+4m? — 8m? +4>0< (M —2P >0 m?—2#0< m=+/2 .
Vay, v6i m# +2 thi (Sw) 12 phuong trinh cia mat cau cé:
TamI(m*;2m;0)
{Bkinh R= ‘mz - 2‘ '

b. Taco:
x =m? 'y
I y:2m<:>{y T
z=0
z=0

Vay, trong mat phang Oxy tam I, luon nam trén Parabol (P): y? = 4x.
c. Trong mat phiang Oxy, xét Parabol
(P): y2 = 4x, c6 tiéu diém F(1; 0).
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» Phuong trinh duong thang (d) di qua F tao véi chiéu duong clia truc Ox mot
g6c a cb dang:
qua F(1;0)
(d): {

& (d): y = (x — 1)tana.
hé s6 géc k =tana (@:y=( )

* Toa do giao diém M, N cta (P) va (d) 1a nghiém ctia hé phuong trinh:

2
{y =X = x2tan’oL — 2(tan’o, + 2)x + tan’o, = 0. (1)
y=(x—-1)tana
Ta c6:
A' = (tan’a + 2)? — tan*o. = 4tan’a. + 4 >0, Vo

do d6 (1) luon c6 2 nghiém phan biét.

Vay (P) va (d) lu6n cét nhau tai hai diém phan biét M(xa; ym), N(Xum; ym) ¢6 hoanh
do thoa man:
_ 2(tan” a.+2)

tan’o

*  Goi E(xg, yg) 1a trung diém ctia doan MN, ta co:

XM +XN

tan” o+ 2
1 Xg =—————
Xg :E(XM +Xy) tan” o
2
ye =(x; —Dtana o :l{z(tan—f“rz)—%tana
2 tan” o
tan” oL + 2
XE =t—2
N an"o 0
2
Ye =
tan o

Khir o tir hé (I) ta duoc y> = 4xg — 2

Vay, qui tich trung diém E ctia doan MN thuoc Parabol (P1) cti phuong trinh y? = 4x —2
trong mit phing Oxy.

& Nhdn xét: Nhu vay, v6i bai toan trén:

= O cau a), viéc trinh bay theo hai cach chi ¢6 tinh minh hoa,
bdi trong thuc t€ ching ta thuong st dung cach 2.

» O cau b), chiing ta sir dung kién thiic vé tam thiic bac hai.

» O cau c), cdc em hoc sinh da thdy duoc m&i lién hé giita hinh
hoc giai tich trong mat phang vé6i hinh hoc giai tich trong
khong gian.

Dang todn 3: Viét phuong trinh mit cau
Phuong phap

Goi (S) 1a mét cAu thod man diéu kién dau bai. Ching ta lwa chon phuong
trinh dang t6ng quat hodc dang chinh tic.
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Khi do:
_1. Mudn c6 phuong trinh dang chinh tic, ta lap hé 4 phuong trinh véi
bon 4n a, b, ¢, R, diéu kién R > 0. Tuy nhién, trong trudng hgp nay
ching ta thuong chia né thanh hai phan, bao gém:
= Xac dinh ban kinh R ctia mit cau.
*  Xac tam I(a; b; c) cia mit cau.
Tt d6, chiing ta nhan dugc phuong trinh chinh tic ctia mét cau.
2. Mu6n c¢6 phuong trinh dang tong quat, ta lap hé 4 phuong trinh véi
bonana, b, ¢, d, diéu kién a2+ b*+c*—d > 0.
@ Chu y: 1. Cin phai can nhic gia thiét cia bai todn that k§ cang dé lua chon
dang phuong trinh thich hop.
2. Trong nhi€u trudng hop dic thi ching ta con sit dung phuong
phdp quy tich dé x4c dinh phuong trinh mat cau.
Thi du 1. Viét phuong trinh mdt cdu trong cdc truong hop sau:
a. Puong kinh ABvoi A(3; —4; 5), B(-5; 2; 1).
b. Tam1(3; =2; 1) va di qua diém C(=2; 3; 1).
L5 Gidi
a. Ta c6 thé trinh bay theo céc céch sau:
Cdch I: Mat cau (S) c6:
Tam I 1a trung diém AB

S): < (S):
®) Ban kinh R:% ®) {

Tam I(-1; —1; 3)
R =429

SO+ 1)+ (y+1)2+(z—3)*=29.
Cdch 2: Ta cé:
M(x; y; z) € (S) & MA L MB < AM.BM =0
SEx-3;y+4,z-5.x+5y-2,z-1)=0
SEX-3)EE+)+Y+Hy-2)+(z-5z-1)=0
SxX2+y +22+2x+2y— 62— 18 =0.
D6 chinh la phuong trinh mat cau (S) can tim.
Cdch 3: Ta cé:
M(x; y; z) € (S) < AMAB vuong tai M < AM? + BM? = AB?
SE=-3)P+F+4’+ -5 +ExX+5)°+(y-2)P+(z-1)*=116
SxXP+y + 22+ 2x+2y— 62— 18 =0.
D6 chinh 1a phuong trinh mat cau (S) can tim.
b. Ta c6 thé trinh bay theo céc céch sau:
Cdch I: Mat cau (S) co:
S {Tél.m I s, {Tﬁm 13;-2;1)
biquaC BankinhR = IC =52
S (S): (x =32+ (y+2)?+(z— 1)*=50.
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Cdch 2: Mat cau (S) c6 tam I(3; —2; 1) c6 phuong trinh:
(X=3)P2+(y+2)?*+((z-1*=R2%
biém C(-2; 3; 1) € (S) diéu kién la:
(-2-3%+B3+2+(1-1*=R*< R>=50.
Vay, phuong trinh mat cau (S) c¢6 dang:
(X=3)P+(y+2)*+(z—-1*=50.
Cdch 3: Mat cau (S) c6 tam I(3; —2; 1) c6 phuong trinh:
(S):x>+y*+722—6x+4y—2z+d=0.
biém C(-2; 3; 1) € (S) diéu kién la:
449+1+12+412-2+d=0<d=36.
Vay, phuong trinh mat cdu (S): x>+ y? + 22 — 6x + 4y — 22+ 36 = 0.
Cdch 4: Ta cé:
M(x;y;z) € (S) ©IM=1A < IM? = A2
S -3+ (y+2)?2+(z—1)*=50.
D6 chinh 1a phuong trinh mat cau (S) can tim.

& Nhdn xét: Nhu vay, v6i bai toan trén:

» O cau a), vi cich 1 chiing ta di x4c dinh toa do tam I va tinh
ban kinh R, tir d6 st dung cong thitc dé nhan dugc phuong
trinh chinh tic cta mat cdu (S). Céc cdch 2, ciach 3 ching ta
da st dung phuong phép quy tich dé nhan duoc phuong trinh
mat cau (S).

» O cau b), cich 1 ¢6 y tuong tuong tu nhu trong cau a). Cic
cach 2, cach 3 ching ta da st dung cac dang phuong trinh ¢6
san clia mat cau va ¢ do gia tri ctia tham s6 con lai (R hoac d)
duoc xdc dinh thong qua diéu kién C thudc (S). Cach 4 ching
ta stt dung phuong phap quy tich dé nhan dugc phuong trinh
mat cu (S).

Thi du 2. Viét phuong trinh mdt cdu di qua hai diém A(1; 2; 2), B(0; 1; 0) va tam
I thuoc truc Oz.
&5 Gidi
Ta c6 thé trinh bay theo cdc cdch sau:
Cdch I: Mt cau (S) ¢6 tam I thuoc truc Oz suy ra I(0; 0; ¢) nén né ¢6 dang:
x2+y>+ (z—c)*=R2%
e Diém A(1;2;2) € (S) nén:

1+4+Q2-¢) =R’ (c-2)*+5=R> (1)
e Diém B(0; 1; 0) € (S) nén:
|+ (=P =R’ 2+ 1 =R2, )

Lay (2) — (1), ta duoc:
4c-8=0<=c=2.
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Thay ¢ =2 vao (2), ta duoc R? = 5.
Vay, phuong trinh mat ciu (S) ¢6 dang:
(S): x2+y*+(z—2)*=5.
Cdch 2: Mat cau (S) c6 tam I thudc truc Oz suy ra I(0; 0; ¢) nén n6 c6 dang:
xX2+y*+22-2cy+d=0,v6ic*—d>0.
V6i cac diém A, B thuoc (S), ta ¢6 hé phuong trinh:
{9—4c+d:O {022
=
1+d=0 d=-1
Vay, phuong trinh mat cau (S) c6 dang:
(S):x>+y*+27>—4z—-1=0.
Cdch 3: Mat cau (S) c6 tam I thuoc truc Oz suy ra 1(0; 0; ¢).
Vi céc diém A, B thudc (S), ta c6 diéu kién 1a:
IA=I B IA’=IBP< 1+4+Q2-¢) =1+(-c) <c=2.
Vay, phuong trinh mat cau (S) dugc cho boi:
Tam 1(0;0;2)
S):
{Bén kinhR =IA =+/5
Cdch 4: Mat cau (S) c6 tam I thuoc truc Oz suy ra 1(0; 0; ¢).

<SS):x*+y?*+(z—2)*=5.

Trung diém cuia AB la diém M(%, %; lj , ta c6 diéu kién la:
IM1LAB< IM L AB < IMAB=0
= l;é;l—c --L-2)=0 < —1—2—2(1—c)=0 Sce=2.
2°2 2 2

Vay, phuong trinh mat cau (S) dugc cho bdi:
Tam 1(0;0;2)

: S (S): X2 +y +(z—2)=5.
{Bén kinhR =1A =+/5 Y

@ Chu y: Ngoai bon cach giai trén, d€ viét phuong trinh mit cdu di qua hai
diém A, B va c6 tam thuoc dudng thang (d) ching ta con c6 thé thuc
hién theo cac buéc sau:

Budc 1: Mat cau (S) di qua hai diém A, B suy ra tam I thudc mat
phang (P) 12 mat phang trung truc cia AB. Ta cé:
P QuaE latrung diém clia AB
" | vipt AB '
Buoc 2: Tam {I} = (P) n (d), nén toa do cua I la nghiém cua hé
phuong trinh tao bai (d) va (P).
Budc 3: Vay, phuong trinh mat cau (S) dugc cho boi:

Tam I
(S): o .
BankinhR =1A
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Thi du 3. Viét phuong trinh mdt cdu di qua ba diéem A2; 1; 1), B(1; 1; 0), C(0; 2; 4)
va cé tam nam trén mdt phang (Oyz).
&S Gidi
Ta c6 thé trinh bay theo cdc cdch sau:
Cdch I: Gia stt mat cau (S) c6 phuong trinh:
(S): x2+y*+27>—2ax —2by —2cz+d=0,v6ia’+b*+c*—d>0.
Vi tam I(a; b; ¢) thuoc mat phang (Oxy) nén a = 0. (1)
Vi céc diém A, B, C thuoc (S), ta c6 hé phuong trinh:
6-4a-2b-2c+d=0 2b+2¢c—-d=6 b=1
2—-2a—-2b+d=0 < j2a+2b-d=2 & <c=2.
20—4b—-8c+d=0 4b+8c—-d=20 d=0
Vay, phuong trinh mat ciu (S): x>+ y? + 22— 2y — 4z =0.
Cdch 2: Mat cau (S) c6 tam I thuoc mat phang (Oyz) suy ra I(0; b; c).
Véi céc diém A, B, C thuoc (S), ta c6 diéu kién Ia:
Al =BI=1IC
AI’ =BI’ - 4+4b-1) +Cc-1)"=1+(0b-1)"+c*
AI’ =CI? 4+ (-1 +(c-1 =(b-2)" +(c—-4)

c=2 c=2
< < .
b+3c=7 b=1
Vay, phuong trinh mat cau (S) dugc cho bai:

S): Tam 1(2;1;0)
" |BankinhR =IA =3

S OS):xX2+(y-1)P+(2z-2)*=09.

@ Chu y: Ngoai hai cach giai trén, dé viét phuong trinh mat cdu di qua ba diém
A, B, C va c6 tam thuoc mat phang (P) chiing ta con c6 thé tan dung
duoc tinh chat ciia AABC dé nhan duoc 10i giai don gidn hon, cu thé:
Budc 1: Taco:

% Neéu AABC déu thi tam dudng tron ngoai ti€p AABC la
trong tam H cua AABC.
#% Néu AABC vuong tai A thi tam dudng tron ngoai tiép
AABC 12 trung diém H ctia BC.
Budéc 2: Viét phuong trinh duong thang (d) qua H va vuong géc véi
v6i mat phang (ABC).
Buoc 3: Tam {I} = (P) n (d), nén toa do cua I 1a nghiém cua hé
phuong trinh tao bai (d) va (P).
Buoc 4: Vay, phuong trinh mat cau (S) dugc cho bai:
Tam [
(S): { - :
BankinhR =TA
Chiing ta s& dugc thdy cach gidi niy trong phan dudng thang.
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Thi du 4. Ldp phuong trinh mdt cdu di qua ba diém A(2; 1; 1), B(1; 1; 0), C(0; 2; 4)
va cé bdn kinh bdng /5 .
&5 Gidi
Ta c6 thé trinh bay theo cdc cdch sau:
Cdch I: Gia stt mat cau (S) c6 phuong trinh:
(S): x>+ y*+ 7> —2ax — 2by — 2cz+d =0,
tacongay a’+b*>+c?—d=>5. (1)
Vi céc diém A, B, C thuoc (S), ta c6 hé phuong trinh:
6—-4a—-2b—-2c+d=0 2a+2b-d=2 c=2-a
2—2a—-2b+d=0 & qa+c=2 & <b=5a+1. D
20—4b-8c+d=0 a—b—-4c=-9 d=12a
Thay (I) vao (1), ta duoc:
a’+Ba+1)2+Q2-a)Y-12a=5<27a>-6a=0
< a=0hoac azg.
Khi do:
= Vgia=0tadugcb=1,c=2vad=0nén:
S): x> +y*+22-2y—4z=0.
= Véi a=g ta duoc b=£,c=E va d=§ nén:
9 9 9 3

4 38 32 8
S): x4y +72 ——x——y-—""z7-=-=0.
(S,) y 93X 5V 573

Vay, ton tai hai mat cau (S;) va (S,) théa man dicu kién dau bai.

Cdch 2: Gia st mat cdu (S) v6i ban kinh béng /5 ¢6 phuong trinh:
(S): (x —a)’+ (y—b)*+ (z—c)*=5.
Vi céc diém A, B, C thuoc (S), ta c6 hé phuong trinh:
(2-a)’+(1-b)’+(1-c)’ =5 (1-a) +(1-b)> +c> =5

(1-a)’+(1-b)y’+c* =5 & Ja+c=2
a’+(2-b)’ +(4-c) =5 a-b-4c=-9
(1-a) +(1-b)* +c* =5 (1-a)* +25a*> +(2—a)* =5
& <Jc=2-a & <dc=2-a
b=5a+1 b=5a+1
27a’> —6a=0 a=0 =>b=1c=2va d=0
& <Jc=2-a = 2 19 16 8.
a=—=>b=—,c=—vad=—
b=5a+1 9 9 9 3
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Khi dé:
= Vgia=0,b=1,c=2vad=0 taduoc:
(S): x>+ y*+272>—2y—4z=0.

= Véi azg, b=£,c=E va d=§ ta duoc:
9 9 3
s 38 32 8

Vay, ton tai hai mat ciu (S;) va (S;) thdéa mén diéu kién dau bai.

Thi du 5. Cho bon diém A(1; 1; 1), B(1; 2; 1), C(1; 1; 2) va D(2; 2; 1).

a. Chimg t6 rdang A, B, C, D khong dong phdng. Tinh thé tich tir dién
ABCD.

b. Ldp phuong trinh mdt cdau ngoai tiép tir dién ABCD.
&5 Gidi
a. Tacé AB(0; 1;0), AC(0;0; 1), AD(1; 1; 0) , suy ra:
| AB, AC|.AD =(1; 0; 0)(1; 1; 0) = 1 %0
= AB, AC, AD khong déng phing < A, B, C, D khong déng phing.

Ta cé:

Vs = ~ ‘[AB, Ac].ﬁ‘ -1 aie
6 6
b. Ta c6 thé trinh bay theo céc céch sau:
Cdch I: Gia sit mat cau (S) c6 tam I(a; b; ¢), khi d6 ta c6 diéu kién:
IA = IB IA* =IB®
IA=IC < {IA* =1IC?
IA=1ID 1A? = ID?

=D+ -1D*+z-1) =x-1)+(y-2+(z-1)°
SIx-D+y-1D+z-1) =x-1)*+(y-1)*+(z-2)
=D+ -1 +z-1Y =(x=-2)+(y-2) +(z-1)°

2y =3
3 333
& <2z=3 Sx=y=z=—=> 1| —;——|.
2 222
x+y-3=0

Vay, phuong trinh mat cau (S) dugc cho bdi:

R 333
TamI(E;E;Ej 3 2 3 ) 3 5 ;
\/_

BankinhR =1A = 73
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Cdch 2: Gia sit mat cau (S) c6 dang:
(S): x>+ y*+ 72— 2ax — 2by — 2cz+d =0, di€u kién a> + b* + ¢ —d > 0.
biém A, B, C, D e (S), ta duoc:
3-2a-2b-2c+d=0 2a+2b+2c—-d=3
6—-2a—4b—-2c+d=0 2a+4b+2c—-d=6
6—-2a—-2b—-4c+d=0 < 2a+2b+4c—-d=6
9-4a—-4b—-2c+d=0 4a+4b+2c—-d=9
a:b=c=g .
2 , thoa man diéu kién.
d=6
Vay, phuong trinh mat cau (S) ¢6 dang:
(S):x>+y*+2>—3x-3y—-3z+6=0.
@ Chu y: V6i cau b), ngoai hai cch giai trén, dé viét phuong trinh mat cau di
qua bon diém khong déng phang A, B, C, D (ngoai tiép ti dién
ABCD) ching ta con c6 thé tan dung dugc tinh chét cia ti dién
ABCD dé nhan duoc 101 giai don gian hon, cu thé:
Truong hop 1: Néu DA = DB = DC thi:
Budc 1: Xac dinh tam I bang cdch:
=  Dung duong cao DHL(ABC).
* Dung mat phang trung truc (P) cia DA.
= Khidé {I} = (DH) N (P).
Buoc 2: Vay, phuong trinh mat cau (S) dugc cho bai:
Tam [
<S>:{ o :
BéankinhR =1A
Truong hop 2: Néu DA L(ABC) thi:
Budc 1: Xac dinh tam I bang cdch:
* Goi K Ia tam duong tron ngoai ti€p AABC.
* Dung dudng thang (d) qua K va song song véi DA
(hoac (d) L (ABC).
* Dung mat phang trung truc (P) cia DA.
= Khidé6 {I} =(d) N (P).
Budc 2: Vay, phuong trinh mat cau (S) dugc cho boi:

Tam I
(S): o .
BankinhR =1TA

Truong hop 3: Néu ACB = ADB = % thi mat ciu ngoai ti€p DABC

c6 tam I 12 trung diém AB va ban kinh R = %
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Truong hop 4: Néu AD va BC c¢6 doan trung truc chung EF thi:
Budc 1: Talan luot:
* Viét phuong trinh tham s6 cla dudng thang (EF)
theo t.
= Khi d6, mat cau ngoai tiép tit dien ABCD c6 tam I € EF
(thda man phuong trinh tham s6 ctia EF).
» Tir diéu kién IA? = IC* = R? suy ra gi4 tri tham s0 t,
tir d6 nhan duogc toa do tam 1.
Buoc 2: Vay, phuong trinh mat cau (S) dugc cho bai:

Tam [
(S): o .
BankinhR =TA

Thi dy 6. Viét phuong trinh mdt cdu:
a. Cotam1(2; 1; —6) va tiép xiic voi truc OX.
b. Cé6 tam 1(2; —1; 4) va tiép xiic véi mdt phang (Oxy).
c. Cé6 tam O(0; 0; 0) tiép xiic voi mdt cdu (T) ¢ tam 1(3; —2; 4), bdn
kinh bang 1.
&S Gidi
a. Goi H, 1a hinh chiéu vuong géc cua I 1én Ox, ta ¢6 Hi(2; 0; 0).
Dé (S) tiép xiic vdi truc Ox diéu kién la:
R =d(I, Ox) = IH, = /1> + (=6)> =/37.
Khi dé:
S Tam I(2;1;—6)
" |BankinhR =+/37
b. Vi (S) tiép xiic v6i mat phang (Oxy) diéu kién 1a:
R = d(I, (Oxy)) = 4.
Khi dé:
Tam 1(2;—-1;4)
O: L, .
BankinhR =4

SO):x-2P+({y—-1)*+(@z+6)*=37.

S (S): x=22+(y+ 1P +(@z—47=16.

c. Dé (S) tiép xuc véi mat cau (T) ¢6 tam I(3; —2; 4), ban kinh bing 1 diéu kién Ia:
R+1=0I R+1=+29 R=+29-1
LR—I|=OI - LR—u:@ - L:@H'
Khi dé:
»  V6i R =429 -1, ta dugc mat cdu:
v {;jir:k?rfl?ﬁf)\/ﬁ—l S Sixiryies :(@_1)2'
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» V6i R=+29+1,1ta duoc mat cau:
. Tam O(0;0;0)

' {BénkfnhR =29 +1

Vay, ton tai hai mét cau (S)), (S:) thdéa man diéu kién dau bai.

S (S): X +y +7° =(\/E+1)2.

& Nhdn xét: Nhu vay, qua bai todn trén ching ta da 1am quen véi viéc viét
phuong trinh mit cdu tiép xidc v6i dudng thang, mat phang va mat
cau. Cu thé:
= Mat cau (S) tam I tiép xtic véi duong thang (d) khi:

R =d(L (d)).
= Mat cau (S) tam I ti€p xtic véi mat phang (P) khi:
R =d(L (P)).

»  Mat cau (S) tam I ti€p xiic v6i mat cau (T) tam T, ban kinh Ry khi:
(S)va (T)ti€p xic ngoai - R+R;=1IT
(S)va (T)tiép xuic trong |R — RT| =IT

Thi du 7. Ldp phuong trinh mdt cdu:
a. C6 tam nam trén tia Ox, bdn kinh bdng 5 va tiép xiic véi mdt
phang (Oyz).

b. Cé ban kinh bdng 2 va tiép xiic voi (Oxy) tai diem M(3; 1; 0).
&5 Gidi
a. Gia st mat cau (S) c6 tam I(a; b; ¢) va ban kinh R.
Tir gia thiét suy ra R = 5, ngoai ra:
» (S) tiép xiic v6i mat phang (Oyz) diéu kién 1a:
d{d, (Oyz)) =R < a=>5.
* Tam nam trén tia Ox diéukiénlab=c =0.
Vay, phuong trinh mat cau (S) dugc cho bdi:
Sy {Téim 1/(5;0;0)
BankinhR =5
b. Ta lan luot danh gia:
» Mt ciu (S) tié€p xic v6i mat phiang (Oxy) tai diém M(3; 1; 0) nén tam I(3; 1; ).
= ViR =2nén:
IM=2<c=%2 = 1i(3; 1; 2) va L(3; 1; -2).

< (S): (x5 +y*+22=25.

Khi do6:
» Vi tam I;(3; 1; 2) ta dugc mat cau:
Tam I, (3;1;2

(Sh: { X )

SS):x=3P+({y-1)2+(z-2)?%=4
BéinkinhR <2 (S: ( )+ (y— 1) +( )
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» Vi tam I(3; 1; —2) ta duoc mat cau:

(S | BT g m3p e (y— 1+ e 2= 4

: (X = — zZ =4,
BankinhR =2 Y

Vay, ton tai hai mat cau (S) va (Sz) théa man diéu kién diu bai.

§ 2. PHUONG TRINH MAT PHANG

Dang toan 1: Phuong trinh mit phing
Phuong phap
Phuong trinh:
Ax+By+Cz+D=0
1a phuong trinh ctia mot mit phing khi va chi khi A2 + B2+ C2 > 0.

& Chu y: i kém v6i ho mat phéng (P,,) thudng c6 thém cic cau hdi phu:

Cdu hdi 1: Chiing minh ring ho mat phang (P.) luon di qua mot

diém co dinh.

Cdu hdi 2: Cho diém M c6 tinh chat K, bién luan theo vi tri cia M

s6 mat phang ctia ho (Pn) di qua M.

Cdu héi 3: Ching minh ring ho mit phang (P,) luon chia mot

duong thang co dinh.

Thi du 1. Cho phuong trinh:
mx + m(m — 1)y — (m*-1)z—1=0. (1)

a. Tim diéu kién ciia m dé phuong trinh (1) la phuong trinh cuia mot

mdt phdng, goi la ho (Pw).
b. Tim diém cé dinh ma ho (Pw) luén di qua.
c. Gid sit (Pn) véi m # 0, £1 cdt cdc truc toa do tai A, B, C.
»  Tinh thé tich tir dién OABC.
1 1 1 N .
- — ——j lam trong tam.

» Timm dé AABC nhdn diém G
9 18 24

&S Gidi
a. Taco:
A+ B+ C*=m? + m*(m — 1)> + (m? — 1)?
=m’+ (m - 1)’[m?+ (m + 1)?)] > 0, moi m.
Vay, véi moi m phuong trinh da cho 1a phuong trinh ctia mot mat phing.
b. Gia sit M(Xo; yo; o) 12 diém c6 dinh ma ho (Py,) luon di qua, ta c6:
mxo + m(m — 1)yo— (m*—1)zo— 1 =0, Vm
< m2(yo — z0) + m(Xo — yo) + 20— 1 =0, Vm



Yo—2,=0 X, =1
S X, -y, =0 <y, =1.
z,—-1=0 z, =1

Vay, ho (P,) luon di qua diém c6 dinh M(1; 1; 1).
c. Tacd ngay toa do cua cac diém A, B, C la:

A i;0;0 , B 0;;;0 ,C(O;O; ! 2).
m m(m—1) 1-m

Khi dé6:
= Thé tich tit dien OABC duoc cho bai:

L‘I L]
m'|m(m—1)|'|1—m2|

Voase = éOA.OB.OC = é

1
~6m’(m—1)*|m+1|’
o 1 1 1) .. . .
= Piém G| —; —; —— | la trong tam AABC khi:
9 18 24
1.1
m 3 m=3
_ :l(:) m(m-1)=6 < m=3.
m(m-1) 6 | 5 g
11 -mees
1-m? 8

& Nhdn xét: Nhu vay, dé tim diém c6 dinh ma ho mat phang (P.) luon di qua ta
thuc hién theo cac budc:
Budc 1: Gia sit M(Xo; yo; Zo) 12 diém c6 dinh cta ho (Pn), khi
doé Axo + Byo +Czo+ D= 0, Vm.
Budc2: Nhom theo bac clia m rdi cho céc hé s6 bang 0, tixr dé
nhan duogc (Xo; Yo; Zo).
Budc 3: Két luan.

Thi du 2. Cho phuong trinh:
(a+b)x+ay+bz—-3(+b)=0.
a. Tim diéu kién ciia a, b dé phuong trinh da cho la phuong trinh cia
mot mdt phdng, goi la ho (Pyy).
b. Gid sit (Puy) v6i a, b # 0 cdt cdc truc toa do tai A, B, C.Tim a, b dé"

» AABC nhdn diém G(l; 4; %J lam trong tam.

» AABC nhan diém H(2; 1;1) lam truc tam.
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» Tirdién OABC c6 thé'tich nhd nhdt véi a>0,b > 0.
c. Chiing td rdang ho (Pay) luon chita mot duong thang cd dinh.

&S Gidi
a. Xét diéu kién:
a+b=0
A+B*+C=0<(a+b) +a>+b*=0<Ja=0 <a=b=0.
b=0

Vay, véi a # 0 hoac b # 0 phuong trinh da cho 12 phuong trinh clia mot mét phang.
b. Véivéia, b0 tacéngay :

A(3; 0; O) , B(O; 3(a+b); Oj , C(O; 0; 3(a; b)j.
a

Khi dé:

= Piém G(l; 4; %) 1a trong tam AABC khi:

a+b=4
a 3a:b
pt < b =3a.
a+tb 4 3a=b
b 3

Vay, v6i b = 3a # 0 thoa man diéu kién dau bai.
= Diém H(2; 1; 1) 1a truc tam AABC khi:
HA L BC HA.BC=0 a—-b=0
HB L AC < {HBAC=0 < Ja-b=0 <a=b.
He(P) He(P) 2(a+b)+a+b—-3(a+b)=0
Vay, v6i a = b # 0 thod mén diéu kién dau bai.
= Thé tich ti dién OABC duoc cho boi:
2
V. oo —10AOBOC =2 FD) 9 2ab
‘ 6 2 ab 2 ab
=9, dat dugc khi a =b.
c. Ta c6 thé trinh bay theo céc céch sau:
Cdch 1: Viét 1ai phuong trinh mat phang (P.») dudi dang:
(Pap):ax+y—-3)+b(x+z-3)=0.
Tur d6, suy ra ho (P,p) luon chita céc diém c6 toa do thod mén hé:
x+z-3=0
X+y-3=0
Heé (*) chinh 12 phuong trinh giao tuyén (d) clia hai mat phang c6 dinh:
P):x+z-3=0va(Pr):x+y—-3=0.
Vay, ho (P.p) luon chita mot dudng thing co dinh (d).

Vay, ta duoc (Vg 40 )

Min

)
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Cdch 2: Nhan xét rang ho mat phang (P.») luon di qua hai diém M(1; 2; 2) va N(2; 1; 1)
nén ho (P.) luon chita mot dudng thang cé dinh (d) duoc cho boi:

@ {Qua M(1; 2; 2)@(d _ {Qua M(; 2; 2)

Qua N(2; 1; 1) vtep MN(I; —1; —1)
Xx=1+t
& (d):qy=2—-t,teR.
z=2—-t

Cdch 3: Nhan xét ring ho mat phang (P.») luon di qua diém M(1; 2; 2) va c6 vipt
ﬁ(a +b;a; b), suy ra:
n(a+b;a;b)ul; - -)=a+b—a-b=0< nlu, Va, b=0.
Vay, ho (P,) luon chita mot dudng thang cé dinh (d) dugc cho boi:
d_{QuaM(1;2;2) x—lzy—ZZZ—Z

. & (d): .
vtep u(l; =1; =1) 1 -1 -1
@& Nhdn xét: Nhu vay, dé tim dudng thing c§ dinh thuoc ho mit phing (P.p)
chiing ta cin ¢ thém kién thifc vé dudong thang va cic em hoc sinh cdn nhé lai
rang mot duong thang (d) duoc hoan toan xdc dinh khi biét né:
= L giao tuyén ctia hai mat phing cit nhau — Ung véi cdch 1.
= Di qua hai diém phan biét M, N — Ung véi cach 2.
»  Di qua mot diém M va c6 phuong c6 dinh — Ung véi cich 3.
Va cau hoi thuong dugc cac em hoc sinh dat ra doi véi cac cach 2, cach 3 1a viéc
xdc dinh toa do diém M, N va vecto u . Cau tré 10i nhu sau:
= Cic diém M, N c6 toa do thod man hé (*) va khi biét duoc toa do clia ca
M, N thi suy ra duoc toa do clia vecto u .
= Toa do cia vecto u c6 thé dugc xdc dinh ddc lap véi M, N dua trén nhan xét:
{(d)c ® {IELE—IQ vipteia (P) - =[Eafz]-
(d)<=(P,) u L n, —1lavtpt cua (P,)
Dang todn 2: Viét phuong trinh mit ph%mg
Phuong phap
Dé viét phuong trinh mat phz“:mg (P) ta c6 thé lua chon mot trong cac cach sau:
Cach I Thuc hién theo cac budc:
Budc 1: Xac dinh Mo(xo; yo; zo) € (P) va vtpt i (ny; nz; ns) cua (P).
Buoc2: Khi do:
By {qua M, (X03¥,3 %)

vtpt ﬁ(n];nz;n3)

< (P): nu(x — x0) + n2(y — yo) + na(z — zo) = 0.
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Cédch 2 St dung phuong phap quy tich.

& Cha y: Chiing ta c6 céc két qua:

1.

Mat phang (P) di qua diém M(Xq; yo; 7o), luon cé dang:
P): Ax—x%x0)+B(y —yo) +C(z—27) =0

2. Mat phang (P) c6 vtpt i (n1; n; ns3), ludn c6 dang:

P):nx+nmy+nz+D =0
Pé x4c dinh (P), ta cin di xdc dinh D.
Mait phang (P) song song vé6i (Q): Ax + By + Cz + D =0, ludn c6
dang:
(P): Ax+By+Cz+E=0
Pé x4c dinh (P), ta cin di xdc dinh E.
Phuiong trinh mdt phdng theo cdc doan chdn, d6 12 mat phang (P) di
qua ba diém A(a; 0; 0), B(0; b; 0), C(0; 0; ¢) ¢ phuong trinh:
(P):§+X+E=l.
a b ¢
V6i phuong trinh mat phang (P) di qua ba diém khong thang hang
M, N, P chiing ta c6 thé lua chon mot trong hai céch sau:
Cdch I1: Goi i 12 vtpt ctia mat phang (P), ta c6:
IR S ———
{# ~ < ii=| MN, MP].
n 1 MP
Khi d6, phuong trinh mat phang (P) dugc cho bdi:

quaM
(P): { o
viptn

Cdch 2: Gia sit mat phang (P) c6 phuong trinh:
Ax+By+Cz+D=0, (D)
voi A+ B+ C* > 0.
Vi M, N, P thuoc mat phang (P) nén ta c6 hé ba phuong
trinh véi bon 4an A, B, C, D.
Biéu dién ba 4n theo mot 4n con lai, réi thay vao (1)
chiing ta nhan dugc phuong trinh mat phéng (P).

Thi du 1. Viét phuicong trinh mdt phdng (P), biét:

&5 Gidi

a.

b

(e @]

(P) la mdit phdng trung truc cia doan ABvéi A(1; 1; 2) va B(1; =3; 2).

. (P) di qua diém C(1; 2; =3) va song song véi mdt phdng (Q) co
phuong trinh x =2y +3z+ 1 =0.

. (P) di qua diém D(1; 1; 2) va c6 cdp vtep a(2; -1, 1), b(2; —1; 3).

. (P) di qua diém E(3; 1; 2) va vudng goc vdi hai mdt phdng:

R):2x+y+2z2-10)va(Ry): 3x +2y +z+ 8 =0.
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a. Ta c6 thé Iva chon mot trong hai céch:
Cdch I (S dung cong thiic): Goi I 1a trung diém clia doan AB, suy ra I(1; —1; 2).
Khi dé, mat phang (P) dugc cho bdi:

I(1;-1; 2
(P): {qual o p). J L)
(P) L AB vtpt AB(0;—4; 0) chon (0; 1; 0)

SPr0x-D+1.(y+D)+0.(z-2)=0=P)y+1=0.

Cdch 2 (St dung phuong phdp qui tich): Piém M(x; y; z) thuoc mat phing (P) khi:
AM = BM < AM? = BM?
SE-1D)+F-1P+z-22=x-12+(y+3)*+(z-2)

&8y +8=0y+1=0.

D6 chinh 14 phuong trinh mat phing (P) cin tim.

b. Ta c6 thé lua chon mot trong hai cach:

Cdch 1: Talan luot str dung gia thiét:

* (P) di qua diém C(1; 2; —3) nén c6 phuong trinh:
PrAx-1)+By-2)+C(z+3)=0 €Y
<& (P Ax+By+Cz-A-2B+3C=0.

= (P)songsong v6i (Q): x —2y +3z+ 1 =0 nén:

A B C_ -A-2B+3C {B:—zA
——— e~ = .
1 -2 3 1 C=3A

Cdch 2: Ta lan lugt st dung gia thiét:

= (P) song song v6i (Q): x — 2y + 3z + 1 = 0 nén c6 phuong trinh:
P):x-2y+3z+D=0.

*  Piém C thuoc (P), suy ra:
1-22+3(-3)+D=0<D=12.

Vay, phuong trinh mat phiang (P): x — 2y + 3z + 12 =0.

Thay (2) vao (1) r6i thuc hién phép don gian biéu thiic, ta dugc phuong trinh mat

phing (P): x — 2y + 3z + 12 =0.

Cdch 3: Mat phang (P) dugc cho boi:

R
P)//(Q) vtptn, (1;—-2;3)
SPrl.x-1)-2y-2)+3.z+3)=0={P):x-2y+3z+12=0.
c. Goi i 1a vtpt ctia mat phang (P), ta cé:

{ma o (—11
_<<n=[a,b]=

2

1 2
3 2

2 -1
2 -1

ot}

B ’

=(-2;-4;0).
ilb -1 3 ]
Mt phang (P) duoc cho béi:
quaD(1;1;2)
P): - SPrx-D+2(y-1D=0P):x+2y-3=0.
vtpt n(1;2;0)
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d. Goi i, n,, n, theo thit tu 12 vtpt clia cdc mat phing (P), (Ry), (R»), ta c6:
n (2 1:2), 0, (3: 2 1),
Vi (P) vuong goéc véi (R1) va (R2) nén né nhan nT , nt lam cap vtcp, tu do:
iln . - — 122221
_ < n=[n,n,]
il 21133 2

Mat phang (P) duoc cho bdi:
p quaE(3;1;2)
* | vipt n(=3;4;1)

b 9

D =34 D).

& P):3x—-4y—-z2-3=0.

& Nhdn xét: Nhu vay, qua bai toan:
» O cau a), ching ta nhan duoc hai phuong phap (c6 tinh minh
hoa) dé viét phuong trinh mat phéng.
» O cu b), véi ba cich giai do thi cac cach 1 va cach 2 c6 tinh
minh hoa dé cic em hoc sinh hiéu c4ch khai thc timg gié thiét.
Vanhu vay, cach 3 ludn la su lua chon khi thuc hién bai thi.
= Cau c), cau d) minh hoa viéc viét phuong trinh mat phang khi
biét cap vtcp cta no.
Thi du 2. Cho ba diem A(1;2; 3), B(3; 5; 4), C(3; 0; 5).
a. Ldp phuong trinh mdt phdng (P) di qua ba diém A, B va C.
b. Ldp phuong trinh mdt cdu nhdn duong tron ngoai tiép AABC lam
duong tron lon.
L5 Gidi
a. Ta c6 thé lva chon mot trong hai céch sau:
Cdch 1: Goi i 1a vtpt clia mat phang (P), ta c6:
i L AB —
P [AB, Ac] = (8; —2; —10) chon i (4; —1; —5).
nl AC
Mt phing (P) duoc cho béi:
uaA(l;2;3
P): q f )
vtpt n(4;—1;-5)
& P)dx-y-52+13=0.
Cdch 2: Gia st mat phang (P) ¢6 phuong trinh:
(P): Ax+By+Cz+D=0v6i A>+B*+ C>*>0. (1)
Vi A, B, C thuoc (P), ta dugc:
A+2B+3C+D=0 A=-4B
3A+5B+4C+D=0«< {C=5B

3A+5C+D=0 D=-13B

S Prdx-1)-(y—2)-5z-3)=0
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Thay A, B, C vao (1), ta duoc:
(P): -4Bx +By +5Bz—- 13B=0< (P): 4x —y - 52+ 13 =0.
b. Mat cau (S) c6 tam I(x; y; z) 1a tam duong tron ngoai ti€p AABC, ta co:
Al = BI A’ =BI’ Al =BI’
Al=Cl < {AI’=CI’ < {AIP =CI°
I e (ABC) AB, AC, AH déng phéng [HB, A—C}KI =0

xX=1’+(y-20+(z-3) =(x =3 +(y-5° +(z—-4)
SIE-1D)+(y=2) +(z-3) =(x=3) +y> +(z-5)
4x —y—-5z=-13

2x+3y+z=36 x=39/7 39 89 81

S 4x-y+z=5 < 1y=89/14 :I(— — —j
147 14

4x-y—-5z=-13 z=281/14

Khi d6, mat cau (S) dugc cho boi:

(39 89 81
Tam I fam I(T;E;ﬁj
(S): { . < (S):

biquaA o J9338
14

BankinhR =1A =

39 89 81 667
S S| x——| +|y- +|z— =
7 14 14 14

@ Nhdn xét: Nhu vay, cau a) cla thi du trén trén da minh hoa hai phuong phap
viét phuong trinh mat phang di qua ba diém khong thang hang
cho truée (kién thic da duge trinh bay trong phan chi y cua bai
toan 2).

Thi du 3. Cho hai diém A(1; —1; 5), B(0; 0; 1).
a. Tim diém M thuoc Oy sao cho AMAB cdn tai M.
b. Ldp phuong trinh mdt phdng (P) di qua hai diém A, B va song song
voi truc Oy.
c. Ldp phuong trinh mdt cdu cé ban kinh nhd nhdt di qua hai diém A,
B va cat (P) theo thiét dién la duong tron lon.

&S Gidi
a. V6i diém M thudc Ox thi M(0; y; 0), ta co:
AM=BM < AM2 = BM? & (~12+ (y + 12 + (572 = y2 + 1
&2y =26y =13 = M(0; —13; 0).
Vay, véi M(0; —13; 0) thoa mén diéu kién dau bai.
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b. Taco:

quaA quaA(L;—15)
P):

. Lo d: I
capvtcp AB va j vitpt n = [AB, J] =(40;-1)

& Prdx-z+1=0.

c. Mait ciu ¢6 ban kinh nho nhét di qua hai diém A, B va cit (P) theo thiét dién 1a
duong tron 16n chinh 1a mat cau duong kinh AB, ta c6:

1 1
Tam 1 1a trung diém AB Tam 1(5; —5 3j
©) Ban kinh R = AB <~ J18
2 BankinhR = -

= (S):(x—%) +(y+%) +(Z—3)2 =%

Thi du &. Cho hai diém AQ2; 1; =3), B(3; 2; —1) va mdt phdng (Q) c¢6 phuong
trinh (Q): x+2y+3z—-4=0.
a. Ldp phuong trinh mdt phang (P) di qua hai diém A, B va vuong
goc véi mdt phang (Q).
b. Tim toa dé diém 1 thuéc (Q) sao cho 1, A, B thdng hang.

&5 Gidi
a. Goi fi, n, theo thi tu 1a vtpt ctia (P) va (Q), ta duge n,, (1;2; 3).
Ta co:
ilAB(LL2) | — — B
- o h o= [AB, nQ] =(=1; —1; 1) chon i (1; 1; —1).
il n,(1;2;3)

Mat phang (P) dugc cho béi:
P): {qua/}(z;lﬂ) S Prx-2+y-1-(z+3)=0
vtpt n(1;1;—1)
&S Prx+y-z-6=0.
b. Gia sir diém I(x; y; z) thuoc mat phéng (Q) , vi vecto Al ciing phuong véi vecto
AB nén Al =tAB.
Suy ra, toa do cua I 1a nghiém ctia hé phuong trinh:

XxX—2=t X=t+2 x=3

y - y=t+1 - y=2

z+3=2t z=2t-3 z=-1

X+2y+3z—-4=0 t+2+2(t+1)+32t-3)—-4=0 t=1
=1(3; 2; -1).
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Thi du 5. Cho diém A(2; =2; —4).
a. Ldp phuong trinh mdt phdang (P) di qua diém A va chita truc OX.
b. Tim diém B thuéc mdt phang (P) sao cho AOAB déu.

&S Gidi
a. Tacé:
quaO qua0(0;0;0)
Py — =P = -
capvicp OA va i vitpt n = [OA, 1] =(0;-4;2)

& P):2y-z=0.
b. Gia sir diém B(x; y; z), ta lan luot co:
* PiémBe (P)nénx+y=0<y=-x. (1)
*  AOAB déu, ta duoc:

AB? = OA? (X=2) +(y+2) +(z+4) =24
W [2x? +7% =24 z=x-3 z=x-3
= = =
x—z=3 2x* +(x=3)* =24 x> =2x-5=0
{Z:X_3 B, (1+V6;-1-/6; V6 -2)
= .
x=12v6 B, (1-6:-1+6: -6 -2)

Vay, ton tai hai diém B, va B, thda man diéu kién diu bai.

OB’ =0A’ X*+y’ +z° =24
OA=0B=AB& =

Thi du 6. Viét phuiong trinh mdt phdng trong moi truong hop sau:
a. Pi qua diém G(1; 2; 3) va cdt cdc truc toa do tai cdc diém A, B, C
sao cho G la trong tam AABC.
b. Di qua diém H(2; 1; 1) va cat cdc truc toa do tai cdc diém A, B, C
sao cho H la truc tam AABC.
c. Biqua diém M(1; 1; 1) cdt chiéu duong ciia cdc truc toa do tai ba
diém A, B, C sao cho tit dién OABC c6 thé'tich nhd nhdt.
L5 Gidi
a. Vé6i ba diém A(a; 0; 0), B(0; b; 0), C(0; 0; ¢), ta dugc phuong trinh:

P: 2+ Yy Z=n
a C

b
bé G(1;2; 3) 1a trong tam AABC, diéu kién Ia:

a=3

b=6 :(P):§+%+§:1<:>(P):6x+3y+2z—18:0.

c=9
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b. Véi ba diém A(a; 0; 0), B(0; b; 0), C(0; 0; c), ta dugc phuong trinh:
@: 2+ Y 2o (1)
a b ¢
Dé H(2; 1; 1) 1a truc tam AABC, diéu kién la:

HA LBC |HABC=0 b—c=0

- =3
HB L AC < JHBAC=0 < {2a-c=0 @{z ]
:C:
HE(P) %+l+l:l %4_14_1:1
a b c a b c¢

Thay a, b, c vao (1), ta dugc:
(P): % + % + % =1 P):2x+y+z-6=0.
c. Véiba diém A(a; 0; 0), B(0; b; 0), C(0; 0; ¢) v6i a, b, ¢ > 0, ta dugc phuong trinh:

P:2+L+Z=0
a C

b
Piém M thuoc (P) nén:
Cosi
l+l+l=1 =>1= l+—+l > 33 lll & abe > 27
a b c a C abc
Thé tich tit dien OABC, duoc cho bai:
Vossc= L0A0BOC= L abe> 2L =2
6 6 6 2

Vay, ta duge (Voasc)sin = % . dat dugc khi:

l:l:l<:>a=b=c=3.
b ¢
va khi dé6:
X y z
P, —+Z+—=1 <« P:x+y+z-3=0.
P) 373713 (P) y

1
a

Dang toan 3: Vi tri tuong d6i ciia hai mjt phing
Phuong phap
Str dung kién thitc trong phan vi tri tuong d6i ctia hai mat phang.

Thi du 1. Cho hai mdt phdng (P) va (Q) ldn luot cé phuong trinh la:

P):x-3y-32+5=0,
(Q):(mM>+m+ Dx—3y+(m+3)z+1=0.

Vi gid tri nao cua m thi:

a. Hai mdt phdng dé song song ?

b. Hai mdt phdng dé tring nhau ?

c. Hai mdt phdng dé cdt nhau ?

d. Hai mdt phdng dé vuong géc ?
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&5 Gidi

a. Dé hai mat phing song song v6i nhau diéu kién 1a:
m’+m+1=1
1 -3 -3 5 . Lo
———=—= #—- & sm+3=-1 , vO nghiém.
m +m+1 -3 m+3 1
1#5
Vay, khong ton tai m dé hai mat phing song song véi nhau
b. D& hai mat phang tring nhau diéu kién Ia:
m +m+1=1
— ! 3.3 :§<:> m+3=-1 ,vonghiém.
m +m+1 -3 m+3 1
1=5
Vay, khong ton tai m dé hai mat phang triing nhau
c. Tir két qua ctia cdc cau a) va b) suy ra v6i moi m hai mat phang (P) va (Q) luon
cét nhau.
d. Goi a , H(; theo thit tu 1a vtpt cta (P) va (Q), ta duoc:
n, (1;-3;-3) va n, (m?+m+ 1;-3; m + 3).
D& hai mat phiang vuong géc v6i nhau diéu kién 1a:
n,ln, ©n,.n, =0 m’+m+1-3(-3)-3(m+3)=0
om*-2m+1=0<m=1.
Vay, v6i m = 1 thi hai mat phang vuéng géc véi nhau.
Thi du 2. Cho hai mdt phdng (Py) va (P2) ldn luot ¢6 phuong trinh la:
(P): Ax+By+Cz+ D=0,
(P2): Ax+By+Cz+D'=0v6iD =D
a. Tim khodng cdch giita hai mdt phang (P,) va (P2).
b. Viét phuong trinh mdt phdng song song va cdch déu hai mdt phdng
(Py) va (P2).
Ap dung véi hai mdt phdng:
P):x+2y+2y+3=0,(P2):2x +4y+4y+1=0.
&S Gidi
a. Nhan xét rang (P;) va (P») song song v6i nhau.

Lay diém M(xo; yo; Zo) thuodc (Py), ta c6:
AXO+By0+CZO+D:0. (1)
Khi do:

|Ax, +By, +Cz,+D| ®  |D'-D|
d((Py), (P)) = d(M, (P2)) = =

JA*+B* +C? JAT 4B 4O

b. Mat phing (P) song song véi hai mat phing da cho s& c6 dang:

(P): AXx + By + Cz+ E=0. 2)
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Dé (P) cdch déu hai mat phang (P;) va (P») diéu kién 1a:

D,-E _  [D,-F| D
= = |D1 E| = |D2 E|
JAZ+B +C A2 +B +C?
D#E
o E:%(D1+D2). 3)

Thay (3) vao (2) ta duoc (P): Ax + By + Cz + %(Dl +D,)=0.
Ap dung v6i hai mat phing (P1) va (P): Trudc tién ta c6:
P):x+2y+2z+ %: 0.

a. Khoang cach giita (P) va (P,) duoc cho bdi:

2 2 s
d(P), (P)) = ————====—.
V12422422 3 6

b. Tacé thé trinh bay theo ba céch sau:
Cdch I: (S dung két qud trén): Ta cé ngay:

(P):X+2y+22+%[3+%J:O<:>(P):x+2y+22+%:O.

Cdch 2: (Sit dung phuong phdp qui tich): Goi (P) 1a mat phang cin tim.
biém M(x; y; z) € (P) khi:

x+2y+22+;

|X+2y+22+3| B

V1+4+4 V1+4+4

<:>X+2y+22+%:0.

dM, (P1)) = dM, (P2)) <

& |x+2y+2z+3|= x+2y+2z+%

D6 chinh 1a phuong trinh mat phang (P) can tim.
Cdch 3: (St dung tinh chdt): Mat phang (P) song song v6i hai mat phiang da cho s& c6
dang:
(P): x +2y + 22+ D =0, )

Lay céc diém A(=3; 0; 0) € (P)) va B(—%; 0; O] € (P,), suy ra doan thang AB c6
o 7
trung diém M(_Z; 0; Oj.

Dé (P) céch déu (P)) va (P») diéu kién 1a (P) di qua diém M, tic:

7 +D:0c>D:Z.
4 4

Thay D = % vao (*), ta nhan duoc phuong trinh (P): x + 2y + 2z + % =0.
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& Cha y: Trong truong hop hai mat phang (Py) va (P.) song song vé6i nhau (gia

376

st ¢6 vipt n(A; B; C)) ching ta thudng gap thém cau hoi:

Tinh khoang cach giita (Py) va (P»).

Viét phuong trinh mat phéng (P) song song va cach déu (Py), (P»).

Viét phuong trinh mat phiang (Q) song song véi (Py), (P2) va

d((Q), (P1)) =k.d((Q), (P2)).

Viét phuong trinh mat cau ti€p xdc v6i (Py) tai diém M, va:

a. Tiép xuc vai (P,).

b. Cit (P,) theo thiét dién 1a dudng tron 16n.

5. Viét phuong trinh mat cu tiép xic vé6i (P)) tai diém M, va cat
(P>) theo thiét dién 1a dudng tron (C) c6 ban kinh bang r (hoic
biét chu vi, dién tich cta (C)).

hadi S e

>

* Vai yéu cau "Tinh khodng cdch d gifia (Py) va (P2)" chiing ta str dung két qua:

d = d((P)), (Py) = d(My, (P2)), Vi M, € (Py).

& V6i yeu cau "Viét phuong trinh mdt phdang song song va cdch déu (Py), (P2)",

ching ta lua chon mdt trong hai cich sau:
Cdch 1: (St dung tinh chdt): Thuc hién theo cac budc:
Butc 1: Mat phang (P) song song véi hai mat phang da cho sé& c6
dang:
(P): Ax + By + Cz + D = 0. (*)
Butc2: 1ay cic diém E, € (P)) va Exe (P»), suy ra doan thing AB
c6 trung diém E(xo; yo; zo).
D& (P) cdch déu (Py) va (Py) didu kién 1a (P) di qua diém
M, tic la:
Axo + Byo + Czo + D =0 = Gid tri cta D.
Budc3: Thay D vao (*), ta nhan dugc phuong trinh (P).

Cdch 2: (Sur dung phuong phdp qui tich): Diém M(x; y; z) € (P) cin dung khi:
d(M, (P1)) = d(M, (P)) = Phuong trinh (P).

Véi yeu cau "Viét phuong trinh mdt phang (Q) song song véi (P1), (P2) va
d((Q), (P1)) = k.d((Q), (P2))", chiing ta sit dung y tuong trong cach 2 cta yéu
cau (2), cu thé:
Piém M(x; y; z) € (Q) cin dung khi:

d(M, (Py)) = k.d(M, (P»)) = Phuong trinh (Q).
V6i yéu cau "Viét phuong trinh mdt cdu tiép xiic voi (Py) tai diém M, va thod
mdn diéu kién K", chiing ta thuc hién theo céc budc:
Budc 1: Goi M 1a hinh chiéu vuong géc ctia M; trén (P»). Toa do cta diém

M, duoc xéc dinh bang cach:
{MIM2 L®) MM, =tn
M2€(P2) M2 E(Pz) .




Budc 2: Vi diéu kién K la:
a. Tiép xuic véi (P>) thi mat cau can dung chinh la mat cau duong
kinh M;M..
b. Cit (Py) theo thiét dién 1a dudng tron 16n thi mat cdu can dung
chinh 1a mat cau tam M, va ban kinh R = MM, =d.

* V6i yéu cau "Viét phuong trinh mdt cdu tiép xiic véi (Py) tai diém M, va cat
(P2) theo thiét dién la duong tron (C) ¢6 bdn kinh bdng r", chiing ta thuc hién
theo cac budc:

Buoc 1: Gia su mat cau (S) cin dung c6 tam I(x; y; z) va ban kinh R. Ta lan
luot:
= (S) ti€p xtic véi (Py) tai M; khi:
MIL(P) < M]I=tn.
= (S)cit (P») theo thiét dién 1a dudng tron (C) ¢6 ban kinh bang r khi:
>+ Mol =R? = MI? = Gié tri t = Toa do tam 1.
Budc 2: Viét phuong trinh mat c4u (S) tam I va ban kinh R = ML

Thi du 3. Cho diém Mi(2; 1; =3) va hai mdit phing (Py), (P2) ¢é phiong trinh:

P):ix+y+22+3=0,
P):ix+(mMm-2)y+(m-1)z-3m=0.
1. Tim dé (P,) song song voi (P2).
2. Véim tim duoc 0 cdu 1) hdy:
a. Tim khodng cdch giita hai mdt phdng (P)) va (Ps).
b. Viét phuong trinh mdt phdng song song va cdch déu hai mdt
phdng (P) va (P2).
c. Viét phuong trinh mdt phdang (Q) song song véi (P1), (P2) va
d((Q), (P1)) =2d((Q), (P2)).
d. Viét phuong trinh mdt cdu tiép xic véi (Py) tai diém M, va tiép
xtic voi (Py).
e. Viét phuong trinh mdt cdu tiép xic voi (P) tai diém M, va cdt
(P>) theo thiét dién la duong tron lon.
f. Viét phuong trinh mdt cdu tiép xiic véi (P) tai diém M, va cdt
(Py) theo thiét dién la duong tron (C) c6 bdn kinh t=6~2 .

&5 Gidi
1. Dé hai mat phang (Py), (P2) song song v6i nhau diéu kién 1a:

1 m-2 m-1 -3m
—= = #* < m=3.
1 1 2 3

2. V6im =3 mat phang (P2): x +y +2z—9 =0 vacé vipt n(l; 1; 2).
a. Taco ngay:

|2+1+2(—3)—9|:2\£.

AP, (P2) = (M, (P2)) = —pe—="mr
+1° +
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b. Ta c6 thé trinh bay theo céc céch sau:
Cdch I: (St dung tinh chdf): Mat phang (P) song song véi hai mat phing da cho s& c6 dang:
P):x+y+22+D=0. *)

Lay diém N(1; 0; 4)e (P»), suy ra M;N c6 trung di€ém M(% % %)

Dé (P) cach déu (Py) va (P,) diéu kién 1a (P) di qua diém M, tic la:
§+l+2.l+D =0 ©D=-3.
2 2 2
Thay D = -3 vao (¥), ta nhan duogc phuong trinh (P): x +y + 2z -3 =0.
Cdch 2: (S dung phwong phdp qui tich): Goi (P) 1a mat phang cdn tim thi diém
M(x; y; z) € (P) khi:
|x+y+22+3| 3 |x+y+22—9|

N1+1+4 - N1+1+4

S |x+y+2z+3|=|x+y+2z2-9| ©x+y+22-3=0.

dM, (P1)) = dM, (P2)) <

D6 chinh 14 phuong trinh mat phing (P) cin tim.
c. biém M(x; y; z) € (Q) khi:
|x+y+2z+3|_2|x+y+22—9
J1+1+4 - Ji+1+4
X+y+2z-21=0
X+y+2z-5=0

d(M, (Py)) =2d(M, (P»)) <

& |[x+y+2z+3[=2|x+y+2z-9| & {

Vay, ton tai hai mat phang thoa man diéu kién dau bai la:
Q:x+y+2z-21=0va(Qy:x+y+2z-5=0.
d. Goi Mx(x; y; z) 1a hinh chi€u vuong géc cua M; trén (P»), ta c6:
{MIMZ L) {Mle =tn

M, € (P,) M, e(P,)
Xx—2=t X=t+2 =2
y—1l=t y=t+1 x=4
= = = = My(4; 3; 1).
z+3=2t z=2t-3 y=3
X+y+2z-9=0 6t—12=0 z=1

Khi d6, mat cau (S) can dung chinh 1a mat cau dudng kinh MM, tic la:
Tam I(3; 2; — 1) latrung diém M, M,
(S):

Bén kinh R:%:%

& (S):(x—3)2 +(y—2)2 +(z+1)2 =6.
e. Goi My(x; y; z) 1a hinh chi€u vuong géc ctia M trén (P2), theo d) ta c6 ngay Ma(4; 3; 1).
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Khi d6, mat cau (S) can dung chinh la:
S Tam M, (4; 3; 1)

' {Ba’m kinh R=M M, =26
f. Gia sir mat cau (S) cin dung c6 tam I(x; y; z) va ban kinh R.

Goi M; la hinh chiéu vuong goc ctia M; trén (P>) thi M» chinh 1a tam cua dudng
tron (C), ta cé:
R*-r?=MP=|MM,-IM[ = (d-R)’ ©2dR=d* +

d’+17 24472

2d 46
Ta lan luot c6:
» (S) ti€p xtc v6i (Py) tai M khi:

S (S (x—4P+(y =3P+ @z~ 1P=24.

=4J6 = M, =26 =d(L, (P.)). *)

< R=

x—2=t X=t+2
MIL(P)e MI=tn & y-l=t &y=t+1 .
z+3=2t z=2t-3

» (S) cat (P,) theo thiét dién 1a dudong tron (C) c6 ban kinh bang r khi:
>+ M212 =R?= 1\/[112

2
t+2)+(t+1)+22t-3)-9
o (o] 220D
NI +17 427

ST2+6(t—2P =622 <9624t =0t =4 = 1(6; 5; 5).

Khi d6, phuong trinh mat cau (S) dugc cho boi:
TﬁmI(6;5;5)

" |Bkinh R=M,I=46
< (9):(x=6) +(y=5) +(z-5) =9.

@ Chu y: Trong trudng hop hai mit phing (P1) va (P2) cit nhau ching ta thudng

gap thém cau hoi:

1. Tinh goéc gitta (Py) va (P).

2. Viét phuong trinh giao tuyén (d) cua (Py) va (P,).

3. Viét phuong trinh mat phang phan gidc clia géc tao boi (P) va
(P2).

4. Viét phuong trinh mat phang chita (d) va thod mén diéu kién K.

5. Viét phuong trinh mat cau tiép xiic véi (P)) tai diém M, va:
a. Tiép xuc vai (P,).
b. Cit (P,) theo thiét dién 1a dudng tron 16n.
c. Cit (P,) theo thiét dién 1a dudng tron (C) ¢6 ban kinh béng r

(hoac biét chu vi, dién tich cua (C)).
+ V6i yéu cau "Tinh géc giita (P1) va (P2)", ching ta c6 ngay:
= (P))c6 vipt n, (As; Bi; Ci) va (P2) c6 vipT 1a n, (Ax; By; Co).
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»  Goi a la géc tao bdi hai mat phing (P1) va (P,) (0 < o < g), ta c6:

n,.n |A/A, +B,B, +C,C,|
CoSOL = =0 = )
| JAZ+BIeCi AT+BIAC

Luu y: Dé (P;) L (P2) <> cosa. =0 <> AjAs + BiB, + CiC, = 0.
* Vi yéu cau "Viét phuong trinh giao tuyén (d) ctia (Py) va (P2)", ching ta thuc

hién theo cic budc sau:

Budc 1: Giao tuyén (d) clia hai mat phing (P;) va (P,) gém cic diém M(x; y;

z) thoa man hé:

(P)
. 1
o »

Buoc2: Lua chon mot trong céc cach sau:
Cdch I: Ldy diém Me(d) va goi u 1a vtep ctia (d) thi:

u= [nl, nz] .
Tu do, ta co:
Qua M
(d): { o
vicp u
Cdch 2: Lay hai diém M va N thuoc (d), ta c6:

(d): {Qua M o (@ {Qua o
Qua N vtep u=MN
Cach 3: Pat x = fi(t) (hoac y = fx(t) hoac z = f3(t)) (t € R), ta bién
déi he (1) vé dang:
x =1 (t)
y=f,(),te R.
z=1,(t)
D6 chinh 12 phuong trinh tham s6 clia dudng thang (d).
Luu y: Nhu vay, dé thuc hién dugc yéu cdu nay ching ta can c6
thém kién thic vé duong thang trong khong gian.

+ V6i yéu cau "Viét phuong trinh mdt phang phdn gidc cia géc tao bdi (Py) va
(P»)", chiing ta lap luan:

Mat phang phan gidc (Q) clia géc tao bdi hai mat phang (Py) va (P,) gém céc
di€ém M(x; y; z) thoa man:
d(M, (P)) = d(M, (P)) = Hai mit phiing (Q1) va (Q»).

+ V6i yeu cau "Viét phuong trinh mdt phdng chita (d) va thod man diéu kién K",
chiing ta da duoc thiy thong qua yéu ciu "Viét phuong trinh mdt phdng di qua
hai diém A, B va thod man diéu kién K" trong dang toan 2 va s& dugc thdy
trong chu dé vé duong thdng.
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+ V6i yéu cau "Viét phuong trinh mdt cdu tiép xiic voi (Py) tai diém M, va thod
mdn diéu kién K", chiing ta thuc hién theo céc budc:
Buoc 1: Gia st mat ciu (S) can dung ¢6 tam I(x; y; z) va ban kinh R.
(S) ti€p xuc véi (P;) tai diém M; suy ra:
MIL(P) & MI/n, & MI=tn,.
Budc2: Vi diéu kién K 1a:
a. Tiép xuc v6i (P,) thi:
Ml =d(, (P2)) = Gia tri tham s6 t = Toa do tam 1.
Luu y: Vé6i gia thiét ndy ching ta con c6 thé sit dung phuong
trinh mat phang phan gidc (Qi), (Q.) dé x4c dinh toa do tam 1.
b. Cat (P,) theo thiét dién 1a dudng tron 16n thi:
I € (P2)) = Gia tri tham s6 t = Toa do tam 1.
c. Cit (Py) theo thiét dién 1a dudng tron (C) ¢6 bén kinh r thi:
R2 = dX(I, (P2)) + 12 < M = dX(I, (P2)) + 12
= Gia tri tham s6 t = Toa do tam L.
Budc 3: Viét phuong trinh mat c4u (S) tam I va ban kinh R = ML

Thi du 4. Cho diém M\(2; 5; 0) va hai mdt phang (Py), (P2) ¢6 phuong trinh:
P):3x-2y—-z+4=0, (P)):x-3y+2z—-1=0.
a. Chiing 16 rdang (Py) cdt (P2) theo giao tuyén (d). Tinh géc giita (Py),
(P,) va tim mot vtcp ciia duong thang (d).
b. Viét phuong trinh mdit phdng phdn gidc ciia géc tao béi (Py) va (Py).
c. Viét phuong trinh mdt cdu tiép xiic voi (Py) tai diém M, va tiép xiic
voi (P).
d. Viét phuong trinh mdt cdu tiép xiic voi (Py) tai diém M, va cat (P2)
theo thiét dién la duong tron lon.
e. Viét phuong trinh mdt cdu tiép xiic voi (Py) tai diém M, va cat (P2)
theo thiét dién la duong tron (C) ¢é bdn kinh r=+21/2 .
&5 Gidi
a. Hai mat phang (Py), (P,) theo thit tu c6 vtpt nﬁ(3; -2;-1), nﬁ(l; —-3;2), suy ra
rTl va ni khong cliing phuong nén (P;) cat (P») theo giao tuyén (d).
Ta lan luot c6:
= Cosin goc a tao bai (P1), (P) duge cho bai:

n,.n,

3.1-2(-3)-12 1 n
COSOL = Tt = L —
|| B P32 2 3
= Giao tuyén (d) ctia hai mat phang (P;) va (P») gébm céc diém M(x; y; z) thod
man hé:
3x-2y-z+4=0
: (1)
x-3y+2z-1=0
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Té6i day, ta lua chon mdt trong cic cich sau:
Cadch I: Goi u 1a vicp ctia (d) thi u = [nf, nj] =(=7;=7;-7) chon u (1; 1; 1).
Cdch 2: Ldy hai diém A(0; 1; 2) va B(1; 2; 3) thuoc (d), thi vtcp cta (d) la
u=AB(L ;).
Cdch 3: Dat x = t, ta bién doi hé (1) vé dang:
X=t X=t
3t—2y-z+4=0 & {y=1+t = vtcp u(l; ;1).
t—-3y+2z-1=0 z=2+t
b. Mat phiang phan gidc (Q) clia géc tao boi hai mat phang (Py) va (P2) gém cdc diém
M(x; y; z) thoa man:
dM, (P1)) =dM, (P2))
Bx-2y-z+4  |x-3y+2z-1| - [2x+y—3z+5 =0
P2+ P37+ 4X =5y +z+3=0
Vay, tén tai hai mat phiang (Q:): 2x +y — 3z + 5 =0va (Qu): 4x — 5y + z+ 3 = 0 thoa
man diéu kién dau bai.
c. Gia stt mat cau (S) can dung c6 tam I(x; y; z) va ban kinh R.
(S) tiép xiic v6i (Py) tai diém M, suy ra:

x—2=3t x=3t+2
MIL(P) < MI/n, < MI=tn, < {y-5=-2t < {y=-2t+5.
z=—t z=—t

Té6i day, ta lva chon mdt trong cac cach sau:
Cdch I: (S) ti€p xuc vai (P) thi:

|Bt+2)=3(2t+5)+2(-t) -1
JP (=32 +2

2t=t-2 t, =-2
=

2t=—t+2 t,=2/3

Mil = d(I, (P2) < /(3t) +(<21)* +(~t)’

|7t -

2
& 1417 = | <:>4t2:(t—2)2<:>{

Ta lan luot c6:
*  Véit =-2 ta dugc tam I;(—4 ; 9 ; 2), suy ra mat cau:

Tam I, (—4;9; 2
(Sl)_{ am I, ( )

: <) (x+4) +(y-9) +(z-2) =56.
Bén kinh R = M,I, =+/56 D (x+4) +(y-9) +(2-2)

= Véit, =§ ta dugc tam 1, (4; 13—1; %j , Suy ra mat cau:
Tam I, (4; E; gj
(S2): 3°3
Bénkinh R=M,1, =+/56/9
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3 9
Vay, ton tai hai mat cau (S;) va (S;) thoa man di€u kién dau bai.

= (Sz):(x—4)2 +(y—%) +(z—£) :ﬁ.

Cdch 2: (Dua theo két qud cdu b): (S) ti€p xtic v6i (P2) thi tam I phai thuoc mat phing
phan giac ctia géc tao bai (Py) va (P»).

Ta lan luot:

= V6i mat phang phan gidc (Qi): 2x +y — 3z +5 =0, suy ra:

2Bt+2)+ (2t+5)-3(-)+5=0=Tt+ 14=0t=-2.
Khi d6, ta duoc mat cau:
Tam I, (—4; 9; 2)
1)

Bén kinh R =M1, =+/56

= V6i mat phang phan gidc (Qu): 4x — Sy +z+3 =0, suy ra:

43t+2)-5(2t+5)+ () +3=0=21t-14=0< tz%'

< (S): (x+4) +(y=9) +(z-2)" =56

Khi d6, ta dugc mat cau:

Tam I, (4; H; zj
(S2): 3°3

Ban kinh R =M,I, =/56/9
2 2
& (Sz):(x—4)2+£y—%) +[z—§] _36

Vay, ton tai hai mat cau (S;) va (S;) thoa man di€u kién dau bai.

d. Gia stt mat cau (S) can dung c6 tam I(x; y; z) va ban kinh R.
(S) ti€p xtc v6i (P) tai diém M, suy ra:

x—2=73t Xx=3t+2
MIL(P) & MI/n, & MI=tn, & {y-5=-2t & {y=-2t+5.
z=-t z=-t

Dé (S) cit (P) theo thiét dién 1a dudng tron 16n diéu kién la:
le(P)) o Gt+2)—3(2t+5)+2(-)-1=0Tt—14=0t=2.
Khi d6, phuong trinh mat cau (S) can dung duoc cho bai:
Tam I(8; 1; - 2)

: & (8):(x-8) +(y-1) +(z+2) =56.
{BénkfnthMllzJ% (S):(x=8) +(y~1) +(z+2)

e. Gia sir mat cau (T) can dung c6 tam T(x; y; z) va ban kinh R.
(T) tiép xiic v6i (Py) tai diém M; suy ra:

x—-2=3t x=3t+2
MTL(P) < MT/n, & MT=tn, < Jy—5=-2t < {y=-2t+5.
Z=-—t zZ=—t
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Dé (T) cit (P) theo thiét dién 1a dudng tron (C) ¢6 béan kinh r thi:
R2=d¥T, (Po) + > & M T?> = d¥(T, (P,)) + r*
7t -14]
=+

t
< 142 %@4t2=(t—2)2+3@3t2+4t—7=0@[‘

t,=-7/3
Ta lan luot c6:
* Véit =1 ta duoc tam Ti(5; 3; —1), suy ra mat cau:

Tam T, (5; 3; 1)
Bankinh R=M,T, =+/14

1):

& (T):(x=5) +(y-3) +(z+1)" =14.

.. 7 .
= Voit,= _5 ta dugc tam T, (—?; — gj , suy ra mat cau:

(Tz)Z
Ban kinh R=MT, = %

o @[ xe13) o[y 2] o - T) 2686
2 3 73 3 9

Vay, ton tai hai mat cau (T;) va (T») thoa man di€u kién dau bai.

@ Cha y: Véi ba mit phing (P), (Q) va (R) ¢4 chita tham s ching ta thudng gap
thém cau hoi "Xdc dinh gid tri ciia tham sé dé ba mdt phdng (P), (Q)
va (R) doi mot vuong géc voi nhau. Tim diém chung ciia cd ba mdit
phdng'". Khi d6, ching ta thuc hién theo c4c budc:

Budc1: Tim cic vipt n, , @ ,n, cha cic mat phang (P), (Q), (R).
Budc 2: Dé ba mat phang (P), (Q), (R) doi mot vuong géc vé6i nhau,
diéu kién la:
np, Ln, npag =0
n, Ln, < {n,n, =0.
ng Lln,  |ngng=0
Budc 3: Toa do diém chung I ctia ba mat phang (P), (Q), (R) 1a
nghiém hé phuong trinh tao bdi (P), (Q), (R).

Thi du 5. Cho ba mdt phang (P), (Q) va (R) ¢é phuong trinh:
Prx+y+z—6=0; Q):x—2y+z=0;
R)kx+(m—1)y—z+2=0.

a. Xdic dinh gid tri m va k dé'ba mdit phdng dé cing di qua mot duong theng.
b. Xic dinh gid tri m va k dé’ ba mdt phdng dé doi mot vuong géc voi
nhau. Tim diém chung cia cd ba mdt phdng.
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&S Gidi
a. Nhan xét rang:
1 1
— ¢ —_—
1 -2
nén hai mat phang (P) va (Q) cat nhau theo giao tuyén (d) c6 phuong trinh:
X+y+z—-6=0 o . .
(d): = Hai diém A(4; 2; 0) va B(0; 2; 4) thuoc (d).
x—=2y+z=0
DPé ba mit phang (P), (Q), (R) cung di qua mot duong thang diéu kién 1a:
We@®R<Ae®R)vaBe (R)
4k+2(m-1)+2=0 2k+m=0 m=2
= = .
2(m-1)—-4+2=0 2m =4 k=-1
Vay, véi m = 2 va k = —1 ba mat phang (P), (Q), (R) cling di qua mot dudng thang.
b. Goi a , i , i theo thit tur 1 vept clia cdc mat phang (P), (Q), (R), ta duoc:
n, (1; 15 1), ng (1;-2; 1), n (ks m— 1; 1),
Dé ba mit phang (P), (Q), (R) doi mot vuong géc véi nhau, diéu kién 1a:

mplng nmeng =0 1 241=0
— N k+m=2
n, Lny < <in,ny =0 < k+m-1-1=0
— . k-2m=-1
ng Ln, ng.ny =0 k=2(m-1)-1=0
Sm=k=1.

Khi d6, toa do diém chung I 1a nghiém hé phuong trinh:
X+y+z-6=0 x=1
x-2y+z=0 < y=2 =1(;2;3).
x—z+2=0 z=3

Vay, véi m = k = 1 thi ba mat phang (P), (Q), (R) déi mot vuong géc véi nhau va
c6 diém chung 1a I(1; 2; 3).
Dang todn 4: Vi tri tuong d6i ctia mit cAu voi mit ph%mg
Phuong phap
Ta thuc hién theo cac budc:
Budc 1: Xac dinh tam I va tinh ban kinh R cta mit cau (S).
Xac dinh d = d(l, (P)
Budc2: So sanh d v6i R d€ dua ra két luan:
» Néud>R< (P)n(S)= J (Hinh 1 trang bén).
* Néud =R« (P) tiép xuc vdi (S) tai H (Hinh 2 trang bén).
» Néud <R < (P) n (5) = (C) la mot dudng tron nam trong
mat phang (P) (Hinh 3 trang bén).
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Va trong trudng hgp nay néu:
(S): x*+y*+7z°—2ax—2by —2cz+d =0,
(P): Ax+By+Cz+ D=0,
thi phuong trinh du@ng tron (C) c6 phuong trinh:
X +y>+7° —2ax—2by —2cz+d = O
AX +By+Cz+D=0

2 0.6

Hinh 1 Hinh 2 Hinh 3

C .

@ Chia y: 1. Trong phan nay ching ta s& quan tam nhiéu hon t6i cdc dang todn:
Dang 1: Viét phuong trinh mat phéng tiép xtc v6i mat ciu va
thoa man diéu kién K cho trudc.
Dang 2: Viét phuong trinh mat phang cit mat cau theo giao tuyén la
dudng tron (C) thoa man diéu kién K cho trude.
Dang 3: Viét phuong trinh mat cau ti€p xdc v6i mat phang va
thdéa man diéu kién K cho trude.
Dang 4: Viét phuong trinh mat cau cat mat phang theo giao tuyén la
dudng tron (C) thoa man diéu kién K cho trude.
2. Trong trudng hop mat phang khong cit mat ciu, cu thé véi mat phang
(P) (c6 vtpt ﬁ(A; B; C)) khong cét mat cau (S) (c6 tam I ban kinh
R) ching ta thuong gap thém céc cau hoi:
1. Viét phuong trinh mat phing song song véi (P) va:
a. Tié€p xuc vai (S).
b. Cit (S) theo thiét dién 1a dudng tron 16n.
c. Cat (S) theo thiét dién 1a dudng tron (C) c6 ban kinh bang r
(hoac biét chu vi, dién tich ctia (C)).
2. Viét phuong trinh dudng thing vuong géc véi (P) va cit (S) tai
hai diém A, B sao cho AB c6 do dai 16n nhat.
Viét phuong trinh mét cau (S’) doi xing véi (S) qua (P).
4. Viét phuong trinh mat cu ti€p xtc véi (P) va (S).

2

Ta lan luot:

+ V6i yéu cau "Viét phuong trinh mdt phdng (Q) song song véi (P) va thod mdn
diéu kién K", chiing ta thuc hién theo céc budc:

Buoc 1: Mat phang (Q) song song véi (P) nén ¢é phuong trinh:
(Q):Ax+By+Cz+D=0.
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Buoc2: Vi diéu kién K 1a:
a. (Q) tiép xuc véi (S), suy ra:
d(I, (Q)) =R = Gi4 tri cia D = Phuong trinh (Q).
b. (Q) cat (S) theo thiét dién 1a dudng tron 16n, suy ra:
I € (Q)) = Gia tri cua D = Phuong trinh (Q).
c. (Q) cit (S) theo thiét dién 1a dudng tron (C) ¢6 ban kinh béang r,

suy ra:
d(L, (Q))=vR? —r* = Gid tri chaD
= Phuong trinh (Q).

+ V6i yeu cau "Viét phuong trinh duong thdng vuong géc véi (P) va cdt (S) tai
hai diém B sao cho AB cé dé dai l6n nhdt", ching ta thdy ngay d6 1a dudng
thing di qua I va c6 vtcp n.

+ Vi yéu cau "Viét phuong trinh mdt cdu (S’) doi xiing véi (S) qua (P)", ching
ta thuc hién theo c4c budc:

Budc 1: Tim toa do diém I’ d6i xdng vdéi I qua (P).
Budc 2: Mit ciu (S') ¢6 tam I' va ban kinh R.

+ V6i yéu cau "Viét phuong trinh mdt cdu tiép xiic véi (P) va (S)", cac em hoc
sinh cdn c6 thém kién thifc vé dudng thing dé trinh bay theo cic budc:

Buoc 1: Goi (T) 1a mat cau thoa man diéu kién dau bai va gia su (T) ti€p xuc
vai (S), (P) theo thit tu tai M va H (H chinh 1a hinh chi€u vuong géc
cta I trén (P)), suy ra M, H, I thuoc (d) ¢6 phuong trinh cho bai:

@): {Qua '
vtcp n
Buoc2: Tiép diém H cta (T) véi mat phang (P) 1a giao diém cta (d) vé6i (P).
Budc 3: Tiép diém M cua (T) v6i mat cau (S) 1a giao diém cia (d) véi (S).
Buoc 4: Viét phuong trinh mat cAu dudong kinh MH.

Thi du 1. Cho mdt phing (P) va mdt cdu (S) ¢é phiong trinh:
P):2x -3y +2z-3=0,
(S): (x=8)’ +(y+8)’ +(z-7)" =68.
a. Xdc dinh vi tri tuong doi ciia mdt phdng (P) va mdt cdu (S).
b. Viét phuong trinh mdt phdng song song véi mdt phdang (P) va tiép
xtic voi mdt cdu (S).
c. Viét phuwong trinh mdt phdng song song véi (P) va cdt (S) theo thiét
dién la duong tron lon.
d. Viét phuwong trinh mdt phdng song song véi (P) va cdt (S) theo thiét
dién la duong tron (C) ¢é bdn kinh bdng t=~/51.
e. Viét phuong trinh mdt cdu (S”) doi xiing vdi (S) qua (P).
f. Viét phuong trinh mdt cau tiép xiic vdi (P) va (S).

387



&5 Gidi
a. Xét mat cdu (S) ¢6 tam I(8; —8; 7) va ban kinh R =2+/17 , ta c6:

oL, (BY) = 2.8-3.(-8)+2.7-3| 3T 52T
22+ (=3 +22

Do dé, mat phang (P) khong cat mat cau (S).
b. Goi (Q) 1a mat phing can dung, ta lan luot st dung gia thiét:

= (Q) song song v&i (P) nén c6 phuong trinh:

Q):2x-3y+2z+D=0. (1)

»  (Q) ti€p xuc vai (S), suy ra:

2.8-3(-8)+2.7+D|

d1,(Q)=R < =217 < |D+54|=34
V22 + (=3 +2°
D, =-20
=
D, =-88

Khi dé:
= V6i D; =-20 thay vao (1), ta dugc (Qi): 2x — 3y + 2z —-20=0.
»  V6i D, =-88 thay vao (1), ta dugc (Q2): 2x — 3y + 2z — 88 = 0.
Vay, ton tai hai mat phang (Q:) va (Q.) thda man diéu kién dau bai.
c. Goi (R) 12 mat phing can dung, ta 1an luot sit dung gia thiét:
= (R) song song v&i (P) nén c6 phuong trinh:
R):2x -3y +2z2+D=0.
* (R) cat (S) theo thiét dién 12 dudng tron 16n, suy ra:
Ile R)<=28-3(-8)+2.7+D=0< D=-54.
Vay, phuong trinh mit phing (R) c¢6 dang 2x — 3y + 2z — 54 = 0.
d. Goi (o) 1a mat phang can dung, ta 1an luot st dung gia thiét:
= (o) song song v&i (P) nén c6 phuong trinh:
():2x -3y +2z2+D=0. 2)
* () cit (S) theo thiét dién 1a dudng tron c6 ban kinh r = J5t, suy ra:

AL () =V P o |2.8—3(—8)+2.7+D|: e

22+ (=3 +22

{Dl =-37
< [D+54=17 & :
D, =-71

Khi dé:

=  V6i Dy =-37 thay vao (2), ta duogc (ou1): 2x — 3y + 2z - 37 =0.

= V6i Dy =71 thay vao (2), ta dugc (ow): 2x — 3y + 2z — 71 = 0.

Vay, ton tai hai mat phang (o) va (a2) thda man diéu kién diu bai.
e. Mit cdu (S') d6i xiing v6i (S) qua (P) s& ¢6 ban kinh R =2+/17 va tam I’ Ia diém doi
xting v6i I qua (P). Dé xdc dinh toa do diém I’ ta ¢6 thé trinh bay theo céc céch sau:
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Cdch 1: Goi H(x; y; z) 1a hinh chi€u vudong géc ctia I trén (P), suy ra:
{IH L) {fﬁ//ﬁ; - {fﬁ =tn, (2 -3 2)

He(P) H e (P) He (P)
X—8=2t Xx=2t+8 x=2
+8=-3t =-3t-8 =1

= Y Py Y = Y
z—7=2t z=2t+7 z=1
2x-3y+2z-3=0 17t+51=0 t=-3

= H(2; 1; 1) = I'(=4; 10; -5).
Cdch 2: Gia st I’(x; y; z), suy ra:
{II' L (P) {ﬁ‘//r?,, {ﬁ’ =tn,
= =

H € (P) v6i H la trung diém cua IT H e (P) He(P)
X—8=2t Xx=2t+8 x=—4
o -‘Z/:Lj:;’t o Jy=38  fy=10
z=2t+7 z=-5
P X8 3 Y8 5287 5 o |17t+85=0  |t=—6
2 2 2

= H(2; 1; 1) = I'(-4; 10; -5).
Khi d6, phuong trinh mat cau (S’) can dung duge cho bai:
Tam 1'(—4;10; —-5) ) 2 2
(S8): < (SY):(x+4) +(y—=10) +(z+5) =68.
Ny (93 (x+4) +(y-10) +(s+3)
f.  Goi (T) 1a mat cau can dung va gia st (T) ti€p xidc véi (S), (P) theo thi tu tai M va
H, suy ra:
» (T)la mat cau duong kinh MH.
= M, H, I thuoc (d) ¢6 phuong trinh cho bai:

_ 842t
Qua I(8; —8; 7) X=o+
d): L & @y=8-3LeR.
viep n(2; -3, 2) 72742t

Tiép diém H ctia (T) véi mat phang (P) 1a giao diém clia (d) véi (P), suy ra:
28 +20)—3(=8—30) + 27 +26)—=3=0<> 17t + 51 = 0 <> t = —3

= H2; 1; 1).
Tiép diém M ctia (T) véi mat cau (S) 1a giao diém cua (d) véi (S), suy ra:

(S): (8+2t—8)" +(-8-3t+8)" +(7+2t-7)" =68

S 17t =68 > t=12.
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Khi d6, ta 1an luot véi:
* Véit=2taduoc M (12' —14;11) va mat cdu dudng kinh M, H la:

Tam T, (7 - j latrung diém M H
(Tl)Z
Bén kinh R——H= ﬁ
2 425
< (T):(x-7 ( j .

= Véit=-2taduoc M

(Tz)Z

<:>(T2):(x—3)2+(y+%j2 H(z-2) =

va mat cau ducng kinh M,H la:

2
-2;3
j 1a trung diém M, H

Ban kinh R = =, /—
2 4

Tam T, (

NIH

17
4

Vay, ton tai hai mat cau (Ty) va (T,) thdéa man diéu kién dau bai.

@ Cha y- Trong trudng mit phing (P) (c6 vtpt n(A; B; C)) tiép xdc v6i mat
cau (S) (c6 tam I ban kinh R) tai diém M chiing ta thudng gip thém
cac cau hoi:

1.
2.

3.

4.

Tim toa do ti€p diém M cta (P) va (S).

Viét phuong trinh mat phang song song véi (P) va:

a. Tiép xuc vdi (S).

b. Cit (S) theo thiét dién 1a dudng tron I16n.

c. Cit (S) theo thiét dién 1a duong tron (C) ¢6 ban kinh bang r
(hoac biét chu vi, dién tich cua (C)).

Viét phuong trinh dudng thang qua M va cat mat cdu (S) tai

diém N sao cho MN c6 do dai 16n nhat.

Viét phuong trinh mat cau (S’ ) doi xing véi (S) qua (P).

* Vi yéu cau "Tim toa do tiép diém M cuia (P) va (S)", ching ta thdy ngay M
chinh 1a hinh chi€u vuong géc cua I trén (P).

+ V6i yéu cau "Viét phuong trinh mdit phang (Q) song song véi (P) va thod man
diéu kién K", duoc thuc hién tuong tu nhu trong trudong hop (P) khong cit (S).
Tuy nhién, v6i yéu cdu (2.a) ching ta con ¢6 thé thuc hién nhu sau:

Buoc 1:

Gia sl mat phang (Q) can dung tiép xidc véi (S) tai diém N, suy ra
N la diém d6i xting v6i M qua 1.

Buoc 2: Phuong trinh mat phiang (Q) duoc cho bdi:
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+ V6i yéu cau "Viét phuong trinh duong thang (d) qua M va cdt mdt cdu (S) tai
diém N sao cho MN ¢6 dé dai l6n nhdt", chiing ta thay ngay dudng thang (d)
di qua hai diém M va L.

* Vi yéu cau "Viét phuong trinh mdt cdu (S’) doi xiing véi (S) qua (P)", ching
ta thuc hién theo céc budc:
Budc1: Tim toa do diém I’ d6i xing vé6i I qua (P), suy ra I' doi xing véi I

qua M.

Budc 2: Mait ciu (S') ¢6 tam I' va ban kinh R.

Thi du 2. Cho mdit phdng (P) va mdt cdu (S) c6 phuong trinh:

&5 Gidi

(P:2x—y+22-5=0, (5):(x-3) +y*+(z—4)" =9.

a. Ching t6 rdng mdt phdng (P) tiép xiic véi mdt cdu (S). Tim toa do
tiép diém M ciia (P) va (S).

b. Viét phuong trinh mdt phdng song song véi mdt phdng (P) va tiép
xitic voi mdt cdu (S).

c. Viét phwong trinh mdt phdng song song véi (P) va cdt (S) theo thiét
dién la duong tron lon.

d. Viét phuwong trinh mdt phdng song song véi (P) va chia (S) thanh

hai phdn cé ti sO'thé tich bdng 210 )

e. Viét phuong trinh mdt cdu (S”) doi xiing vdi (S) qua (P).

a. Xét mat cau (S) c¢6 tam I(3; 0; 4) va ban kinh R = 3, ta c6:

ddI, (P)) =
2P+ (=D +27

23+2.4-5|
=3=R.

Do d6, mat phang (P) tiép xtc véi mat cau (S).
Toa do tiép diém M(x; y; z) chinh 12 hinh chi€u vuong géc ctia I trén (P), suy ra:

%

HLEP) H//n, - H=tn,(2-12)
He(P)

He(P) He(P)
x—-3=2t x=2t+3 x=1
Y PE = 7T S M 2).
z—4=2t z=2t+4 z=2
2x —y+2z-5=0 9t+9=0 t

=1

Vay, mat phing (P) tiép xiic v6i mat cau (S) tai diém M(1; 1; 2).

b. Ta c6 thé trinh bay theo cdc cdch sau:
Cdch I: Goi (Q) 1a mat phang cin dung, ta lan luot st dung gié thiét:
= (Q) song song v&i (P) nén c6 phuong trinh:

Q):2x-y+2z+D=0.
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= (Q) ti€p xtc vai (S), suy ra:
23+2.4+D|
dd, (Q) =R < =3 D+ 14/=9

V22 (=17 +2°
Khi do, v6i D, = —23 ta duoc (Q): 2x —y + 2z —23 =0.
Cdch 2: Gia st mat phang (Q) can dung ti€p xic vdi (S) tai diém N, suy ra N 1a diém
dai xing v6i M qua I nén N(5; —1; 6).
Phuong trinh mit phang (Q) dugc cho boi:
Qua N(5; -1; 6)
. {tht 5(2; -1;2)
c. Goi (R) 12 mat phang can dung, ta 1an luot sir dung gié thiét:
= (R) song song véi (P) nén c6é phuong trinh:
R):2x-y+2z2+D=0.
* (R) cat (S) theo thiét dién 12 dudng tron 16n, suy ra:
Ile R)<=23+24+D=0&D=-14.
Khi d6, v6i D =14 ta duoc (R): 2x —y +2z—- 14 =0.
d. Trudc tién, trong mat phang Oxy ta xét dudng tron (C) tam O bdn kinh R = 3 va
duong thang x = m (0 < m < 3) (hinh bén). Goi V 1a thé tich ctia mat cdu cé ban kinh
R =3, ta co:

y
T VM Y < 7(V = V) =20V, Vv Vi

20V, V-V, K X
7 3 5 74 X
&SV, =—V & n[(9-x")dx=—.—7nR
127 [O=xd =273 —3\0 V
3

3
B (27—9)—(9m—m—J=§
3 3

D, =-5(oai)
= .
D,=-23

& (Q):2x —y +2z-23=0.

3

0<m<3

Sm-2Tm+26=0(m-1)mM>+m-26=0 < m=1.
Tur d6, yéu cau cta bai todn duoc phat biéu lai duéi dang "Viét phuong trinh mdit
phang song song voi (P) va cdch 1 mot khodng bang 1", do d6 ta lan luot:
= (o) song song v&i (P) nén c6 phuong trinh:

(a):2x—y+2z2+D=0. )
* (o) cdch I mot khoang bang 1, suy ra:
23+2.4+D| D =-11
d(I, (a) =1 < =1 < D+14=3 < )
22+ (1) +22 D,=-17

Khi do6:

* V6i Dy =—11 thay vao (2), ta dugc mat phang (ou): 2x —y +2z— 11 =0.

* V6i Dy =—17 thay vao (2), ta duge mat phang (o): 2x —y + 2z — 17 = 0.

Vay, ton tai hai mat phang (o) va (o2) thda méin diéu kién diu bai.
e. Mit cau (S’) d6i xtng vdi (S) qua (P) s& c¢6 ban kinh R = 3 va tam I’ 1a diém doi
xtng véi I qua (P), suy ra I' doi xing véi I qua M nén I’(—1; 2; 0).
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Khi d6, phuong trinh mat cau (S’) can dung dugc cho bai:
.. |Tam I'(=1;2; 0)
(S): {

2 2 2
< (S (x+1) +(y=2)"+z" =9.
Ban kinh R=3 ) ( ) (y=2)

& Chii y: Trong trudng mat phang (P) (c6 vtpt n(A; B; C) ) cit mat ciu (S) (c6 tam
I ban kinh R) theo thiét dién la duong tron (C) ching ta thuong gap
thém cdc cau hoi:

1. Xéc dinh toa do tam va tinh ban kinh cta (C).

2. Viét phuong trinh mat phang song song v6i (P) va:
a. Tiép xic véi (S).
b. Cit (S) theo thiét dién 1a duong tron 16n.
c. Cit (S) theo thiét dién 1a dudng tron (C’) c6 ban kinh bing r

(hoac biét chu vi, dién tich ctaa (C’)).

3. Viét phuong trinh dudng thang vuong géc véi (P) va cat (S) tai hai
diém A, B sao cho AB c6 do dai 16n nhat.

4. Viét phuong trinh mat cau (S’) doi xing véi (S) qua (P).

5. Viét phuong trinh mat cu tiép xic véi (P) va (S)

* V6i yéu cau "Xdc dinh toa do tdm va tinh bdn kinh ciia (C)", ching ta thuc
hién theo cac budc:

Budc 1: Bén kinh rc cta (C) duge xéc dinh boi 1. =+/R* —d(I, (P)) .
Budc2: Toa do tam cua (C) chinh 1a hinh chi€u vuéng géc M cua I trén (P).

+ V6i yéeu cau "Viét phuong trinh mdt phang (Q) song song voi (P) va thod man
diéu kién K", duoc thuc hién tuong tu nhu trong trudong hop (P) khong cit (S).
Tuy nhién, véi yéu cau "Viét phuong trinh mdt phang (Q) song song véi (P) va
cdt (S) theo thiét dién la duong tron c¢é bdn kinh bdng (C)" chiing ta con c6
thé thuc hién nhu sau:

Budc 1: Gia st mat phang (Q) can dung cit (S) theo thiét dién 1 dudng tron
c6 tam N, suy ra N 1a diém d6i xding v6i M qua L.
Buoc 2: Phuong trinh mat phang (Q) duoc cho bdi:
ua N
(Q): {Q - -
vipt n
# Cdc yéu cau con lai dugc thuc hién tuong tu nhu trong trudng hop (P) khong
cat (S).
Thi du 3. Cho mdt phdng (P) va mdt cdu (S) ¢é phuong trinh:
(P x+2y+32—-10=0, (S):(x-2) +y*+(2+2)" =56.

a. Chiing t3 rdang mdt phdang (P) cdt mdt cdu (S) theo giao tuyén la
duong tron (C). Xdc dinh toa do tam M va tinh bdn kinh r cua (C).

b. Viét phuong trinh mdt phdng song song véi mdt phdang (P) va tiép
xtic voi mdt cdu (S).

c. Viét phuwong trinh mdt phdng song song véi (P) va cdt (S) theo thiét
dién la duong tron lon.
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d. Viét phuong trinh mdt phdng song song véi (P) va cdt (S) theo thiét
dién la duong tron cé bdn kinh bang r.

e. Viét phuong trinh mdt cdu (S°) doi xiing vdi (S) qua (P).

f. Viét phuong trinh mdt cdu tiép xiic voi (P) va (S).

&5 Gidi
a. Xét mat cdu (S) ¢6 tam I(2; 0; —2) va ban kinh R =+/56 , ta c6:
2+3.(-2)-10
aq oy 23D e,

NP +27+3°
Do d6, mit phang (P) cat mat cdu (S) theo giao tuyén 1 duong tron (C) 1an luot cé:
» Bin kinh r duoc xdc dinh bai:

r=+R?—d(I, (P)) =~/56—14 =42 .

» Toa do tam M(x; y; z) cta (C) chinh 1a hinh chi€u vuong géc cua I trén (P),

suy ra:
IH L (P) - IH//n, - IH=tn,(; 2; 3)
He(P) He(P) He(P)
Xx—2=t X=t+2 x=3
=2t =2t =2
y =Y = T SME 2.
z+2=3t z=3t-2 z=1

X+2y+3z-10=0 14t—-14=0 t=1
Vay, mat phang (P) cat mat cau (S) theo thiét dién l1a dudng tron (C) c6 ban kinh
r=+42 vi tam M@3; 2; 1).
b. Goi (Q) 12 mat phing can dung, ta 1an luot st dung gia thiét:
= (Q) song song v&i (P) nén c6 phuong trinh:

D,=-24"

(Q):x+2y+3z+D=0. 0
» (Q) tiép xdc Vvéi (S), suy ra:
AL Q) =R e 2EHD+D_ o @|D_4|:28<:>{D1=32

V12 +22 432
Khi d6:

* V6i Dy =12 thay vao (1), ta dugc (Qi): x + 2y + 3z + 32 =0.
= V6i D, =—44 thay vao (1), ta dugc (Q2): x +2y + 3z —-24 = 0.
Vay, ton tai hai mat phang (Q:) va (Q.) thda man diéu kién dau bai.
c. Goi (R) 1a mat phiang cin dung, ta lan luot sir dung gi thiét:
= (R) song song véi (P) nén c6é phuong trinh:
R):x+2y+3z+D=0.
* (R) cat (S) theo thiét dién 12 dudng tron 16n, suy ra:
Ile R)<2+3(2)+D=0<=D=4.
Vay, phuong trinh mit phiang (R) cin dung c6 dang x + 2y + 3z +4 = 0.
d. Ta c6 thé trinh bay theo céc céch sau:
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Cdch I: Goi (o) 1a mat phing cin dung, ta lan luot st dung gid thiét:
= (o) song song v&i (P) nén c6 phuong trinh:
(a):x+2y+3z+D=0.
* (o) cat (S) theo thiét dién 1a dudng tron ¢ ban kinh r = J42 , suy ra:

2+3.(-2)+D D, =-10 (loai
d(1, (o)) =vR? —1? ©M=\/56—42 = ( ').
V1242243 D, =18
Khi d6, v6i D, = 18 ta dugc (Q): x + 2y + 3z + 18 =0.
Cdch 2: Gia st mat phang (o) can dung cit (S) theo thiét dién 12 dudng tron c6 tam
N, suyraN la diém doi xting v6i M qua I nén N(1; -2; -5).
Phuong trinh mat phang (o) duge cho bdi:
Qua N(1; —2; -5)
| vipt n(l; 2; 3)
e. Mat cdu (S’) doi xing véi (S) qua (P) s& ¢6 bén kinh R =+/56 va tam I’ 1a diém d6i
xung v6i I qua (P), suy ra I' doi xting véi I qua M nén I'(4; 4; 4).
Khi d6, phuong trinh mat cau (S’) can dung dugc cho bdi :
) Tam 1'(4; 4; 4)
" |Ban kinh R=+/56
f. Goi (T) 1a mat ciu can dung va gia st (T) ti€p xuc v6i (S), (P) theo thi tu tai A va
M, suy ra:
» (T)la mat cau duong kinh MA.
= M, H, I thuoc (d) c6 phuong trinh cho bai:

& (a):x+2y+3z+ 18=0.

& (S):(x—4)" +(y—4) +(z-4)* =56.

=2
Qua 1(2; 0; - 2) X=2+t

: -3 & (d):qy=2t ,teR.
viep n(l; 2; 3) z=-2+3t

Tiép diém M ctia (T) v6i mat phang (P) 12 giao diém cta (d) vé6i (P), suy ra:
Q40 +220+331=2)—10=0e>t=1= M@3; 2 1),
Tiép diém A cta (T) v6i mat cdu (S) 1a giao diém clia (d) v6i (S), suy ra:

(S): (2+t-2)" + (20 +(-2+3t+2)" =56 < 141> =56 = t=+2.
Khi d¢, ta lan luot véi:
= V6it=2taduoc A (4;4;4) vamatcdu dudong kinh M H la:

Tam T, (%, 3; %J latrung diém A, M

Ban kinh R=TM =\/g
2

i (Tl):(x—%) +(y-3)° +(Z—§j :%.

(To):
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= V6it=-2taduoc A,(0; —4;—8) vamatcdu dudong kinh A,M la:
. 3 7Y, .2
Tam T, 5; -1 5 latrungdiém A,M

Bén kinh R =T,M =/63/2

& (TQ:(X—%) +(y+1)2+(z+%j =%.

Vay, ton tai hai mat cau (Ty) va (T,) thdéa man diéu kién dau bai.

(Tz)Z

§ 3. PHUGNG TRINH DUONG THANG

Dang toan 1: Phuong trinh duong th%mg
Phuong phap
Ta co:
1. Phuong trinh:
X =X, +at
y=y,+bt, teR
z=2z,+ct
v6i diéu kién a® + b? + ¢ > 0 1a phuong trinh tham s6'cta mot dudng
thing (d). Khi d6, dudng thing (d) c6 vecto vtcp 1a u(a;b;c) va di qua
diém Mo(xo; Yo; Zo).
2. Phuong trinh:
X=Xo _ Y=Y _277%

a b c
voi diéu kién abc # 0 1a phuong trinh chinh tic cia mot duong th:fmg (d).
Khi d6, duong thegmg (d) c6 vectd vtcp 1a u(a;bic) va di qua diém
Mo(xo; Yo; Zo).
3. Phuong trinh:
Ax+By+Cz+D, =0
{Azx +B,y+C,z+D, =0
1a phuong trinh ctia mot dudng thing khi va chi khi:
Bl Cl Cl Al Al Bl ] P
#0.

B2 C2 C2 A2 A2 B2
J 1a mot vitcp caa (d).

b b

A1:B1:C1¢ Az:Bz:Cz = (

Khi do, vecto:

—-[Bl Cl
a

BZ C2

Cl Al
CZ A2

A, B
A, B,

b

b
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& Chu y: Dikeém véi ho dudng thing (d,) thudng c6 thém céc cau hodi phu:

Cdu hoi I:

Cdu hdi 2:

Cdu hdi 3:

Chitng minh ring ho (d.) luon di qua mot diém cd dinh.
Cho diém M c6 tinh chat K, bién luan theo vi tri clia M s6 dudng
thang clia ho (dn) di qua M.
Chitng minh ring ho dudng thang (d.) luon thuoc mot mat phang
c6 dinh, dé thuc hién yéu cdu nay ching ta lua chon mot trong hai
cach sau:
Cdch 1: Khit m tir hé ctia phuong trinh (d), ta dugc:
Ax+By+Cz+D=0 (D)
Khi d6 (1) chinh 12 phuong trinh clia mat phiang c6 dinh (P) chia
cac duong thang ctia ho (dn).
Cdch 2: Ta thuc hién theo cac budc sau:
Bute 1:  Chum mat phang tao béi truc (dw) c6 phuong trinh:
a[Ai(m)x + Bi(m)y + Ci(m)z + Di(m)] +
+ B[A2(m)x + Bx(m)y + C(m)z + Do(m)] =0.  (2)
Buoc 2:  Lua chon céc gia tri thich hop cua a, B, dua (2) vé dang:
Ax+By+Cz+D=0 3)
Buée 3: Khi d6 (3) chinh 12 phuong trinh ctia mat phang c6 dinh
(P) chita cdc dudng thang clia ho (dm).

Thidy 1. Cho phuong trinh:

&5 Gidi

a. Taco:

Xx=2+(m+1)t
y=1l+m-Dt,te R. (D)
z=mt
Tim diéu kién cia m dé phuong trinh trén la phuong trinh ciia mot
ho duong thang ki hiéu la (dw), tir d6 chi ra diém cé dinh ma ho
(dwm) luon di qua.
Diém A(3; 1; 1) ¢6 thudc duong thdng nao ciia ho (dw) khong.
Chitng minh rang ho duong thing (dw) luon thudéc mot mdt phdng
(P) ¢6" dinh, tim phuong trinh mdt phdng (P).
Viét phuwong trinh mdt cdu tiép xiic véi moi duwong thdng ciia ho
(dm) va 6 tam thuéc mdt phang (Q): x +y +2z—1=0.

Viét phuong trinh mdt cdu cé bdn kinh R =26 tiép xiic voi moi
dwong thdng ciia ho (dw).

a’+b’+c’ =(m+ 1)+ (m-1)>+m?>=3m>+2 >0, Vm
Vay v6i moi m, phuong trinh (1) 12 phuong trinh tham s6 ctia ho dudng thang (dm)
va dé nhan thady ho (dm) luon di qua diém c6 dinh My(2; 1; 0), Gng vé6i t = 0 khi thay
vao phuong trinh tham s6 clia dudng thang.
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b. Diém A(3; 1; 1) thuoc mot dudong thang ctia ho khi hé sau c6 nghiém:
3=2+(m+1)t mt+t=1
I=1+(m-It <& {mt—-t=0<>m=t=1.
1=mt mt=1
Vay, diém A(3; 1; 1) thuoc duong thang (di) ctia ho (dm).

c. Talua chon mdt trong ba cich 1ap luan sau:
Cdch I: Tix hé (1) bang cach rit theo t, ta duoc:

t_x—2

m+1 X-2 z

_ - —7—-2)= g
t_}’1<::>m+1 m@m(XZ )Z:>sz:_1

m-—1 y-1_1z my—z-1)=-z y—z-1
tzi m—-1 m

m

=>x+y—-2z-3=0.
D6 chinh I phurong trinh mat phang (P) c6 dinh chita ho dudng thang (d).
Cdch 2: Tix hé (1) bang cdch cong phuong trinh thit nhit v6i phuong trinh thit hai, ta
duoc:
{x+y tem :{x+y tem =>x+y-2z-3=0.
zZ=mt 2z =2mt
D6 chinh I phurong trinh mat phing (P) c6 dinh chita ho dudng thang (d).
Cdch 3: Ho (dm) c6 vtcp u (m+ 1; m — 1; m) va vGi vecto n (1; 1; —2) ta c6 nhan xét:
un=m+1.1+m-1.1-2m=0,Vm< u Ln, Vm.
Do d6, ho (dw) thuoc mit phang (P) ¢6 dinh ¢6 phuong trinh duoc cho béi:
Qua M, (2;1;0)

{vtpt ﬁ(l; 1,-2)
d. Mait ciu (T) can tim chinh 12 mat cdu tiép xdc v6i mat phang (P) tai diém co dinh
My(2; 1; 0) va va c6 tam thuoc mat phang (Q).

Ta lan luot c6:
» (S) tiép xiic v6i (P) tai diém Moy, suy ra I thuoc duong thing (A) c6 phuong
trinh cho bdi:

&Prx+y—-2z2-3=0.

X=2+t
(A):{QuaM‘) < (A): Qua}w(’(z’l’o)@(m: y=1+t,te R.
(A) L(P) vtepn(l;1;-2) "

» Bang céch thay phuong trinh tham s6 cua (A) vao (Q), ta dugc:
24+4t+1+t+2(-20)-1=02-2t=0<=t=1
= Tam T(3 ; 2 ; —2) va ban kinh R =TM, =~/6.
Tt d6, ta nhan duoc phuong trinh mat cau (T) c6 dang:
(M): (x=32+(y -2+ (z+2)=6.
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e. Mat cdu (S) can tim chinh 12 mat cdu c6 ban kinh R =26 ti€p xic v6i mat
phang (P) tai diém c6 dinh Mo(2; 1; 0).

Ta lan luot c6:

= (S) ti€p xiic v6i (P) tai diém Moy, suy ra I thuoc duong thing (A) c6 phuong

trinh cho boi:

) {Qua M
(A) L(P)

Suy ra tam I(2 + t; 1 +t; —2t).
= (S) ti€p xtc v6i (P) tai Mo khi va chi khi:

MiI=ReMI’=R*’<6’=24>t’=4<

Khi do:

' S (A):

=2
Qua M, (2;1;0) X=2+t
- S (A):qy=1+t,te R.
vtepn(L;1;-2)

z=-2t

= Véit=2,suyratam [,(4; 3; —4) khi d6 duogc (Si) c6 phuong trinh la:
S): x—4*+(y-3P2+(@z+4)?>=24.

= V6it=-2,suy ratam I»(0; —1; 4) khi d6 duogc (S,) c6 phuong trinh la:
(S2): X2+ (y+ 1)*+ (z—4)*=24.

Vay, ton tai hai mat cau (S;) va (S;) thoa man di€u kién dau bai.

& Nhdn xét: Nhu vay, trong 10 giai chia bai todn trén:

a. O cau b), bang viéc lua chon t = 0 ching ta nhan dugc diém c6
dinh M(1; 0; 2) ma ho dudng thang (d.) luon di qua. Va céc
em hoc sinh can linh hoat trong phép lua chon nay.

b. Ocau ¢), vOi ba cach:

Cdch 1, ching ta thuc hién viéc chuyén phuong trinh clia ho
(dm) vé dang chinh tic réi dang tong quét (giao tuyén cta hai
mat phang) va tir d6 khit m dé nhan dugc phuong trinh mat
phing c6 dinh (P). Cong viéc nay thuc chat 12 khir dan céc
tham s6 t va m.
Cdch 2, ching ta thuc hién lién ti€p hai phép khir cho céac
tham s6 t va mt va day la cach giai ma cac em hoc sinh hay
ghi nhan dé 4p dung cho céc bai tap tuong tu.
Cach 3, dé tim duoc vecto n chiing ta thyc hién nhu sau:
Gia st n (A; B; C) va khi d6:
a.n =0,Vm < A(m+ 1)+ Bm - 1) + Cm =0, ¥m
S A+B+Om+A-B=0,Vm
A+B+C=0 B=A
= .
A-B=0 C=-2A

Tir d6, chon A = 1 ta duge n (1; 1 ;-2).
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Thi du 2. Cho phuong trinh:
x—1 _my _ z+1

. (1
2m 2 m
a. Tim diéu kién ciia m dé phuong trinh (1) la phuong trinh chinh tdc
ctia mot duong thdng, goi la ho (dw).
b. Tim diém cé dinh ma ho (dw) luon di qua.
c. Chiing t6 rdang ho duong thing (dw) luon thuéc mot mdt phdng cd'dinbh.

&5 Gidi
a. Trudc tién ta cin c6 diéu kién m # 0 dé€ chuyén phuong trinh (1) vé dang:
x-1 'y z+1
2m 2 m
m

Khi d6, dé phuong trinh trén 13 phuong trinh chinh tic ctia mot dudng thang diéu
kién la:
2m.£.m #0 ©m#0.
m
Vay, v6i m # 0 phuong trinh (1) 12 phuong trinh ctia mot dudng thing.
b. Ta thdy ngay ho (d.) ludn di qua diém c6 dinh M(1; 0; —1).

c. Céc duong thang thuoc ho (dm) c6 vtcp ﬁ(2m; 3; mj .
m

Véi vecto n(1;0; —2) ta c6 nhan xét:
un=2m-2m=0 < uln,Vm.
Vay, ho duong thang (d.) luén thudc mat phiang c6 dinh (P) ¢6 phuong trinh duoc
cho bai:
Qua M(1;0;-1)

{ - & P)rx-2z2-3=0.
vtptn(1;0;—2)
& Nhdn xét: V6i mat phing (Q) chiing ta con gap mot dang toan 12 "Tim duong
thang ¢ dinh luén thuoc ho mdt phdng (Q)". Thi du v6i mat phang
(Q): x + my — 3mz — m — 1 = 0 ta thuc hién phép bién déi:

Q:x-1+m(y-3z-1)=0
Tir d6, suy ra duong thing c6 dinh thuoc ho mat phing (Q) c6
phuong trinh:

(d): {X =0

y—-3z-1=0
Nhu vay, dé ching minh ho mat phang (P) luon di qua mot dudng
thang (d) c6 dinh, ta thuc hién theo céc buéc:
Buéc 1: Bién doi phuong trinh ctia ho (Py,) vé dang:
f(x,y, z) + mg(x,y, z) =0.
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Budc 2: Vay, ho (P,) luon di qua mot duong thing (d) c6 dinh c6

phuong trinh:

d): {f(x,y,z) =0 .
g(x,y,z)=0

Dang toan 2: Viét phuong trinh duong thing

Phuong phap
Dé viét phuong trinh duong thang (d), ta st dung cac két qua:

Cich 1. Duong thang di qua mot diém va biét vtcp hodc dudng théng di qua
hai diém phan biét da dugc trinh bay trong phan phuong trinh
duong thing.

Cich 2 Dudng thing dugc coi 1a giao tuyén ctia hai mit phing (P1) va (P»)

6. T do, ta thuc hién theo cac budc:
; Viét phuong trinh mit phang (P): Aix + Biy + Ciz+ D, =0.

> Viét phuong trinh mit phang (P2): Axx + Boy + Coz + Dy = 0.

. Pudng thiang (d) gdm nhiing diém M(x; y; z) thod min hé

phuong trinh:
{Alx +B,y+Cz+D, =0

. *)
A,x+B,y+C,z+D, =0

> Chon mot diém M, thod man hé (¥) va mot vicp u cua dudng

thang (d) dugc x4c dinh bi:

i el B
0.0,

B, C,

C A
C, A

A, B
A, B,

b

b

J.

: Viét dang phuong trinh duong thiang (d) theo yéu ciu cla

bai todn (trong nhiéu truong hop ching ta c6 thé bd qua
budc 4 néu bai todn yéu cdu vé phuong trinh tham s6 cta
dudng thang).

Thi du 1. Viét phuong trinh duong théng (d) di qua diém M(2; —1; 3) va:

a. Song song véi duong thing (A): B

X y+2 2z+1
1 2

b. Vuéng géc véi mdt phing (P): 3x — 2y +z— 6 =0.
c. Song song véi hai mdt phdng:

&5 Gidi

a.

Ta cé:

(d): {

P):2x+2y+z2-4=0,P):2x—-y—-z+5=0.

Xx=2+2t
M(2;-1;3
QuaM- Qua M( )<:>(d): y=—l+t,te R
(d)//(A) vtep u, (2;1;1) S 34t
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b. Taco:

M(2;-1;3 _ _
(d):{QuaM @(d:{QuaJ )<:>(d):x 2_y+l_z2-3
(d) L(P) vtep n, (3;—2;1) 3 -2 1

c. Cac mat phing (P)), (P,) ¢6 vipt n, (2;2; 1), n, (2; —1; —1).
Goi u 12 mot vtcp clia dudng thing (d), ta c6:

¥®m3> {ﬁLE .
=

= =[n7, nj} = (-1; 4; —6) chon ﬁ(l; —4; 6).

@/MP)  |uln
Khi dé:
Qua M(2;—1:3) x=2+t
d): - &S (d): y=-1-4t,t e R.
vtep u(l;—4;6) 2 =346t

@ Cha y: 1. Rat nhiéu em hoc sinh khi thuc hién cau a) méc phéi sai 14m boi
cho ring dudng thang (A) c6 mot vtep 1a u(2;1;2).

2. Chiing ta biét rang giao diém H clia dudng thang (d) véi mat phang
(P) trong cau b) chinh 12 hinh chi€u vuong géc clia diém M trén (P).
Nhu vay, ching ta ¢c6 thém mot phuong phap dé "Tim toa do hinh
chiéu vuong goéc cua diém M trén mdt phdng (P) cho truoc'.

3. Dé "Viét phuwong trinh duong thang (d) di qua diém A va vuong
gbc véi hai dwong thang (d,) va (da) cho truée" chiing ta thuc hién
theo cac budc:

Buoc 1: Tim cac vtcp 1?1 va uj clia cdc dudng thang (d;) va (d).
Buée 2: Goi u 1a vtep ctia dudng thing (d), ta c6:
- S
lj li =>u= [ul,uz].
ulu,
Buoc 3: Khi do, ta dugc:

(d): {Qua/} .

vicp u
Cac em hoc sinh cin luu ¥ t6i viéc bai todn c6 thé thay déi diéu
kién vuong géc v6i dudng thang (di) (hoic (dz2)) bing yéu ciu
song song v&i mat phang (Py) (hoac (Py)).

Thi du 2. Cho diém M(1; 2; 1) va hai duong thang (d,) va (d2) ¢é phuong trinh:
x y-1 2-z x-1 1-y z
d):—="—= , (d): ===,
(d) 11 1 (d.) 1 21

a. Tim géc va khodng cdch giita hai duong thdng (d,), (d2).
b. Viét phuong trinh duong thang di qua diém A va vuéng goc voi ca

(dy), (do).
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&5 Gidi
a. Taco:
* Puong thang (d;) c6 vtcp \71(1; 1; —1) vadi qua diém M, (0; 1; 2).
* Puong thang (d») c6 vtcp \72(1; —2;1) va di qua diém Mx(1; 1; 0).
Khi do6, ta 1an luot co6:
» (Cosin géc o gitta hai duong thang (d;) va (d») duoc cho bdi:
Vv, 1-2-1] 2
e Y S S S S T
» Khodng cich giita hai dudng thang (d;) va (d.) dugc cho boi:
‘[VI,VZJ-MIMZ k-2 -3 0-2) 5

[viov. ] cE-2-3 V4

b. Gia st (d) ¢6 vtep u, ta c6:

cosa =

v,

d((d,), (d,)) =

AL@) |ulv, - — — R
=1 ﬁéu:[vl,vz]:(—l;—Z;—S) chon u(l; 2; 3).
DL oLy,
Tu do, ta co:
Qua M(L:2;1) x=l+t
: - & (d):qy=2+2t,teR.
vtep u(l;2;3) L =143t

& Cha y: 1. Bai todn trén con c6 thé thuc hién theo céch:
Buoc 1: Tim céc vtcp uﬁ va uj clia cdc dudng thang (d;) va (do).
Budc 2: Talan luot:
= Viét phuong trinh mat phang (P)) qua A v vuong
gbc véi (dy).
= Viét phuong trinh mat phang (P,) qua A va vuong
g6c véi (do).
Buoc 3: Khi d6 (d) chinh 1a giao tuyén cta (P) v6i (P).
Va tir day, ching ta da biét cac cach xac dinh dang
phuong trinh cho dudng thang (d) & thi du 3.

2. Dé "Viét phuong trinh duong thang (d) di qua diém A cdt hai
dwong thdng (di) va (dz) chéo nhau cho truéc", ta c6 thé lua chon
mot trong hai cich:

Cdch 1: Ta thuc hién theo cic budc:
Buéc 1: Viét phuong trinh mat phang (P) thod man:

qua A
P): .
® {(dl)C(P)
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Budc 2: Xac dinh giao diém B cia (d») va (P).
Buéc 3: Viét phuong trinh duong thang (d) thod man
diéu kién:
ua A
(d): {q C
vtcp AB
Cdch 2: Ta thuc hién theo cic budc:
Buéce 1: Gia st dudng thang (d) cat (di) va (dz) theo
tht tu tai B, C. Khi d6 toa do B, C theo thit tu
thoa man cac phuong trinh ctia (d;) va (d»).
Budc 2: Tu diéu kién A, B, C thallng hang ta x4c dinh
duoc toa do B, C.
Buéc 3: Viét phuong trinh dudng thang (d) di qua A
va B.
Cdch 3: Ta thuc hién theo cic budc:
Budc 1: Viét phuong trinh mat phang (P;) thod man

diéu kién:
aA
(Pl)Z {qu .
d)e®)
Buéc 2: Viét phuong trinh mat phang (P») thod man
diéu kién:
aA
(P>): {qu .
(dy) e(Py)
Buidc 3: Pudng thing (d) chinh 1a giao tuyén cla hai
mat phang (P)) va (P).

Va tir day, ching ta da biét cac cach xac dinh
dang phuong trinh cho dudng thang (d).
Diéu kién di qua diém A trong bai todn trén c6 thé duoc thay boi
diéu kién song song v6i mot duong thang (A) hoic vuong géc véi
mot mat phang.

Thi du 3. Cho mdt phdng (P) va hai duong thang (d,) va (d2) ¢é phuong trinh:
(P): 3x +3y —4y =0,
x-1 y-3 z+2 x-2 y-1 z-1
d): - - . (d): D Ay
(d)) 1 5 1 (d,) 3 1 )

a. Tinh cosin géc gia mdt phdng (P) véi cdc duong thdng (d,), (do).
b. Viét phuong trinh duong thdang vuong géc voi mdt phang (P) va cdt
cd hai duong thdng (dy), (dy).
&5 Gidi
a. Taco:
= Mat phing (P) c6 vipt n,(3; 3; —4).
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* Puong thang (d;) c6 vtcp ;1(1; 2; 1) va di qua diém M,(1; 3; -2).
= Pudng thing (d2) c6 vicp u,(3; —1; —2) va di qua diém Mx(2; 1; 1).
Ta lan luot:
=  Goi a la goc giita (d,) véi (P) thi:
upnp| [13+2.3+1(-4)| 5
| Ve B3y V476

= cosa, =+/1—sin’ a =\/1—£ = ﬂ

476 476
»  Goi B la goc gitra (d) véi (P) thi:

sinoL =

np

g u,n, 33-13-2(-4) 7
SInnp = — 7 = =
Wl 3 (12 (22 BB (4 V119

49 /70 /10
= coSs =«/1—sin2 = /1l-——=,]—=,]—.
P P 119 119 17

b. Ta c6 thé lua chon mot trong cac cach sau:
Cdch 1: Chuyén phuong trinh cdc dudng thing (d,), (d) vé dang tham s6:

x=1+t x=2+3u
(d): sy=3+42t (te R), (d2): sy=1-u (ue R).
z=-2+t z=1-2u

Gia st (A) 1a dudng thiang can dung va (A) cat (d;) va (dz) theo thit tu tai cdc diém
E, F. Khi dé6:

* DPiémE e (di) suyraE(1 +t; 3 +2t; t—2).
* PiémF € (d2) suy ra F(2 + 3u; 1 —u; 1 — 2u).
* Vi EF vuong géc v6i mat phang (P) c6 vipt ITI; (3; 3; —4) ta duoc:
E—szi - Bu—t+1 =—u—2t—2 :—2u—t+3
3 3 -4
Khi dé, dudng thang (A) duoc cho béi:

=t=1= E(25-1).

Qua E(2:5:~1) X=2+3t
: ﬁl(33 4)<:>(A): y=5+3t ,te R.
vtep u'(3;3; —
z=-1-4t

Cdch 2: Gia sl (A) 1a dudng thang cin dung, khi dé (A) 1 giao tuyén ciia hai mat
phang (Q)) va (Q), trong d6:

(L@ [P L@,
(Q: {(d»c(Ql)Val (Qu) {(d»c(Qz)'
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*  Phuong trinh mat phang (Q:) dugc cho boi:
Qua M, (1;3;-2) Qua M, (1;3;-2)
Q):{ T T e@yy . T
Capvtcp n, va u, vtpt ng, =[n,, u J=(1L-73)
S (Q): 11x—=T7y+3z2+16=0.
*  Phuong trinh mat phang (Q,) dugc cho boi:
Qua M, (2;1;1) Qua M, (2;1;1)
Q)i T ey
Capvtcp n, va u, vipt ng, =[n;, u,]=(-10;-6;-12)
< (Q): 5x+3y+62—-19=0.

Vay, dudng thing (A) chita cdc diém M(x; y; z) thod man hé:
11x-7y+3z+16=0 M
5x+3y+62-19=0

Bing viéc dat x = 3t + 2, ta bién doi hé (I) vé dang:
x=3t+2 x=2+3t
113t +2)-Ty+32+16=0 < jy=5+3t ,te R.
53t+2)+3y+6z2-19=0 z=—-1-4t

D6 chinh 12 phuong trinh tham s6 clia duong thang (A) can dung.

Cdch 3: Gia slt (A) 1a dudng thang can dung va (A) cit (d) tai F.
* Goi (Q)) 1a mat phang vuong géc véi (P) va chita (d,), ta cé:
Qua M, (1;3;—-2) Qua M, (1;3;—-2)
Qxy " T e@)y . —
Capvtcp n, va u, vipt ng, =[n,, v, 1=(115-7;3)
<SS (Q): 11x—=T7y+3z2+16=0.
* Toa do diém F 1a nghiém cta hé phuong trinh:
x-2 y-1_z-1 x=5-3y

3 1 2 &dz=2y-1
11x-7y+3z+16=0 115-3y)-7y+3Q2y-1)+16=0
= F(-1;2;3).
Vay, phuong trinh duong thiang (A) c6 dang:
Qua F(-1;2;3) x+1 B
.{Vtcpfp(3;3;—4)©(A): 3 :y3 - —43'

Cdch 4: Gia st (A) 1a dudng thang can dung va (A) cat (d;) tai E.
* Goi (Q») 1a mat phang song song véi (d’) va chita (d»), ta c6:
Qua M, (2;1;1) Qua M, (2;1;1)
Q)4 T e (Q ISR
Capvtcp n, va u, vipt ng, =[n;, u,]=(-10;-6;-12)

< (Q):5x+3y+62—-19=0.
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* Toa do diém B la nghiém ctia h¢ phuong trinh:
x—1 y-3 z+2 y=2x+1
1 2 1 ©qz=x-3 =E(25-1).
5x+3y+62-19=0  |5x+32x+1)+6(x—=3)—19=0
Vay, phuong trinh duong thang (A) ¢6 dang:
'{deﬂli—b x=2 y-5 z+1

vtep nT,(3;3; —4) < @) 3 3 -4
& Chu y: Két hop diéu kién vuong géc va cit dudng thing chiing ta nhan duoc
dang todn "Viét phuong trinh duong thdng (d) di qua diém A vuong
goc va cdt duong thdang (d) cho truéc", vi du s& sau minh hoa phuong
phép thuc hién.
Thi du 4. Cho diém M(1; 2; —1) va duong thdng (d) c6 phuong trinh:
x=2
(d):qy=t ,te R.
z=1-t
a. Xdc dinh toa do hinh chiéu vuong géc ciia M trén duong thdang (d).
T dé, suy ra toa doé diém M, doi xiing véi M qua (d).
b. Ldp phuong trinh duong thing di qua M vuéng géc voi (d) va cdt (d).
&5 Gidi
a. Goi H 12 hinh chiéu vuong géc clia M 1én dudng thang (d), suy ra:
HQ2;t1-t)= MH(l;t—2;2—1),
MH L (d)< MH Lu< MHu=0 &t-2+t-2=0&t=2=H(2; 2, -1).
Vi H 12 trung diém cﬁaqMMl nén ta cé M;(3; 2; —1).
b. Phuong trinh dudng thang di qua M vuong gdc véi (d) va cat (d) l1a:

Qua M(1:2;-1) x=1+t
A): . & (A):jy=2 ,te R.
vtcp MH(1;0;0) g1

& Chu y: Dé tang do khé cho dang toan "Viét phuong trinh duong thdng (d) di
qua diém A vuong géc va cdt duong thang (A) cho trude", ngudi ta
thuong thay diéu kién vudng gdc bang tao vdi (A) mot géc a.,
Thi du 5. Ldp phuong trinh duong thang di qua A(4; 1; —1) cdt (A) va tao véi (A)
mot géc bang 45°, biét:
x=0
(A):qy=1+t,teR.
z=1+t
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&S Gidi
Ta c6 thé lua chon mot trong hai céch sau:

Cdch I: Buong thang (A) di qua diém B(0; 1; 1) va c6 vtcp u—A (0; 1; 1).
Gia st dudng thing (d) can dung c6 vtcp u,(a; b; ¢) , ta lan luot c6:

=  Goi (P) Ia mat phang qua A va chita (A) thi (P) c6 vtpt rTP duoc cho bai:

n, = [Hs, ﬁ] =(=2; 4;—4) chon n,(I;-2;2).
* Vi (d) cat (A) nén nam trong (P), do do:

u,ln, &umn, =0 &a-2b+2c=0<a=2b-2c.
» D¢ gdc gitta (d) va (A) bang 45° diéu kién la:

Uy.Uy 1 |b+C|

—— > ==

ud|.|uA 2 \/.512+b2+02.\/12+12

S ((b+c)P=02b-20)+b>+c?<2b%—5bc+2¢* =0
<> b =2c hoac ¢ =2b.

cos45° =

Khi dé:
= V6ib=2cthia=2cnén uj(Zc; 2¢; ¢) chon 117(2; 2; 1), tir do:
Qua A(4:1:—1) X=d+2
(dy): _ < (d):y=1+2t,teR.
vtep u,(2;2;1) s 14t

= Véic=2bthia=-2bnén u,(-2b; b; 2b) chon u,(-2;1; 2), tir dé:

Qua A(4:1:—1) x=4-2
(do): — 212<:>(d2): y=1+t ,teR.
viep u (=2;1:2) Z=—1+2t

Vay, ton tai hai dudng thang (d;) va (d2) thod man diéu kién diu bai.

Cdch 2: Buong thang (A) di qua diém B(0; 1; 1) va c6 vicp u—A (0; 1; 1).
Goi H 1a hinh chi€u vuong géc cua A trén (A), ta 1an lugt ¢6:
= Goi (Q) 1a mat phing qua A va vuong géc véi (A), ta co:
Qua A(4;1;—-1)
): . < Q):y+z=0.
vtpt u, (0; 1; 1)

= Vi {H} =(A) " (Q)nén toa do H la nghiém hé¢ phuong trinh:

{
x=0
“ 14t
Y=t =y =2=0= H(©: 0; 0).
z=1+t

y+z=0

408

ey



Gia st duong thiang (d) can dung cat (A) tai M(0; 1 + t; 1 + t) thi AHAM vuong
can tai H, suy ra:
HM=HA & HM?=HA2 & (1 + )2 + (1 + 2 =42 + 12+ (=1)?
{1“:—3 {t, =—4
S(1+1)=9< = .
1+t=3 t,=2
Khi dé:
*  Véit; =—4 thi My(0; —3; -3), tir d6:
{ x=4+2t

ua A(4;1;—-1
Q ( ) < (d):qy=1+2t,teR.

(dy): .
vtep M,A(4;4;2) chon (2;2;1) s= 1+t

*  V6it, =2 thi My(0; 3; 3), tir do:

Qua A(41;-1) x=4-2t
(do): . < (dy)y=1+t ,teR.
vtep AM, (—4;2;4) chon (-2;1;2) e 14+t

Vay, ton tai hai dudng thang (d;) va (d») thoa man diéu kién diu bai.
Cdch 3: Puong thang (A) di qua diém B(0; 1; 1) va c6 vtcp uj (0; 1; 1).

Ta lan luot c6:

» Khoang cach d tir A dén (A) duoc cho bai:

‘[@’uj] - JI8.

d=
u

A
= Goi H 12 hinh chiéu vuong géc clia A trén (A) va gia sit duong thang (d) cin
dung cét (A) tai M(0; 1 +t; 1 + t) thi AHAM vuong cén tai H, suy ra:
AM = AHV2 & AM? =2AH? < (—42 + 2+ (2 + 1) =2.18
St2+2t-8=0<ti=—4hoic b, =2.
Khi do:
= Véit =—4 thi My(0; —3; -3), tu do:
Qua A(4;1;-1)
vtep M,A(4;4;2) chon (2;2;1)

Xx=4+2t
< (d):qy=1+2t,teR.
z=-1+t

(do):

*  V6it, =2 thi My(0; 3; 3), tir do:

d): Qua A(4;1;-1)
" | vicp AM, (—4;2;4)chon (~2;1;2)

x=4-2t

< (dy))qy=1+t ,teR.
z=-1+2t

Vay, ton tai hai dudng thang (d;) va (d») thoa man diéu kién diu bai.

& Chu y: Két hop diéu kién vuong géc va cit dudng thing chiing ta nhan duoc
dang toan "Viét phuong trinh duong thing (d) di qua diém A vuong
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goc véi duong thdang (di) va cdt duong thing (dv) chéo nhau cho
trudc", vi du s€ sau minh hoa phuong phéap thuc hién.
Thi du 6. Cho diem A4; —1; —1) va hai duong thang (A1) va (Az) ¢é phuong trinh:
x—-1 y-3 z-2 x=3 y-1 z-1
A== 2 p) e
B == o BT 3
a. Chitng minh rdng hai duong thang (A,), (A2) chéo nhau.

b. Viét phuwong trinh dwong thang di qua diém A vuong géc voi (A)
va cat (As).

&S Gidi

a. Tacé:
= Pudng thing (A) c6 vicp v,(2; —1; 1) va di qua diém Mi(1; 3; 2).
*  Puong thang (Az) cé vtep 72(—2; 1; 3) va di qua diém My(3; 1; 1).
Nhan xét rang:

[VT, Z].MIMZ —8 = (A1) va (A) chéo nhau.

b. Goi (d) 1a duong thang cin dung, ta c6 thé trinh bay theo céc cdch sau:
Cdch I: Chuyén phuong trinh dudng thang (A>) vé dang tham sé:
x=3-2u
(A2): <y=1+u (ue R).
z=1+3u
Gia str (d) cat (A,) tai diém N, khi do:
* Piém N e (A;) suy raN(3 —2u; 1 +u; 1 + 3u).
» Diéu kién dé (d) vuong géc v6i dudng thang (A) la:
AN Lv, & ANy, =0 & 2(-1-20) -2 +u) +2+3u=0
& -2u-2=0&u=-1=N(5; 0; -2).
Khi d6, phuong trinh dudng thang (d) dugc cho boi:
d4): {Qua T;_l;_l) o (d): x—4 _ y+1 _ z+1 .
vtep AN(1;1; —1) 1 1 -l
Cdch 2: Ta lan luot:

Goi (R) 1a mat phang di qua A va vudng géc véi (A;) thi:
Qua A(4;-1;-1)
R1)Z .
vtpt v, (2;-1;1)
Goi (R2) 12 mat phang di qua A va chita (A,) thi:
( Qua A(4;—-1;-1) Qua A4;-1;-1)
7| Capvicp AM, va v, 7 \viptn =AM, v,]1=(4-1:3)
& Ro):dx—y+32-14=0.

& R):2x-y+z-8=0.
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Khi d6, dudng thang (d) can dung chita cdc diém M(X; y; z) thod man hé:
2x-y+z-8=0
4x—y+3z-14=0

Bang viéc dat x = t, ta bién d6i hé (*) vé dang:

()

X=t X=t
2t—-y+z-8=0 <& <y=-5+t,te R.
4t—y+3z-14=0 z=3-t

D6 chinh 12 phuong trinh tham s6 clia duong thang (d) can dung.

@ Luu y: Ching ta c6 thé t6i uu 16i giai trong céch 2 nhu sau:

Gia st (d) v6i veep u 12 dudng thing cdn dung, khi d6 (d) 12 giao tuyén
ctia hai mat phang (R)) va (R»), trong dé6:

R): Qua A 3 (Ro): Qua A
Pl L®) U ) e R,

= Mat phang (R)) c6 vtpt Vi(Z; -1;1).

= Mt phing (R») ¢6 vtpt n, dugc cho bdi n, =[AM,, v,]=(4;—1;3).
* vtcp u cia dudng thing (d) duoc cho béi u = |:VT nj] =(1;1;-1).
Khi d6, dudng thang (d) dugc cho boi:

Qua A(4;—-1;—-1) _
) i <:>(d):X 4:y+1:Z+1.
vicp u(l;l; —1) 1 1 -1

Cdch 3: Ta lan luot:
= Goi (R)) 12 mat phing di qua A va vuong géc véi (A) thi:
Qua A(4;—-1;—-1)
Ry): _ & R):2x—-y+z-8=0.

vtpt v, (2;-1;1)

» Mat phang (R;) cit (A,) tai diém N thi toa do ctia N 12 nghiém clia hé:

x-3 y-1 z-1 x+2y=5 x=5

2 1 3 oly-z=2 &dy=0 = N(5;0; -2).

2x-y+z-8=0 2x—-y+z-8=0 z=-2

Khi d6, phuong trinh dudng thang (d) duoc cho bdi:
Qua A(4:—1:—1) x=d+4t
d): - &S (d):sy=-1+t,te R.

vtep AN(l;l; —1)

z=-1-t
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Dang toan 3: Vi tri tuong d6i cia duong thgng va mat phgng
P]urohg phap
Dé xét vi tri tlrdng doi cia duong thang (d) va mat phang (P) (hodc xac
dinh diéu kién vé vi tri tuong d6i gitta dudng thang (d) va mat phang (P)), ta
thuong lwa chon moét trong hai cach sau:
Cach 1. (Phuong phdp dai s6): Thuc hién theo cac budc:
Budc 1: Xét hé phuong trinh tao bdi (d) va (P).
Buoc2: Bién luan:
* Néu hé ¢6 nghiém duy nhét , khi d6 (d) n (P) = {A} ¢
toa do 1a nghiém ctia he.
»  Néuhé vonghiém, khid6 (d) " (P)=T<=(d) // ().
»  Neéu hé c6 v6 s6 nghiém, khi d6 (d) < (P).
Cach 2 (Phuong phap hinh hoc): Thuc hién theo cac budc:
Butc 1: Giasu: ~
= (d) co6 vtcp u (a; b; ¢) va di qua Mo(Xo; yo; Zo).
= (P)c6 vipt n(A; B; C).
Buoc 2: Khi do:
1. Bé(d) cat (P) diéu kién la:

u.n #0< Aa+Bb+ Cc#0.
2. DE (d) song song vdéi (P) diéu kién la:

{Mﬁ {a,ﬁ:o {Aa+Bb+Cc:0
= =

M,¢((P) |M,e(P) [Ax,+By,+Cz,+D=#0
3. Dé (d) nam trong (P) diéu kién la:
uln wn=0 Aa+Bb+Cc=0
= = )
M, (P) M, €(P) Ax,+By,+Cz,+D=0
Hoic ¢6 thé 14y hai diém phan biét M, N thuoc (d) va thiét
lap diéu kien M, N thuoc (P).
4. Pé (d) vuong goc véi (P) diéukiénla u =kn.

& Chu y: Trong trudng hop dudng thing (d) nim trong mat phing (P) ching ta

thuong gap thém céac cau hoi:

1. Viét phuong trinh mat phang chita (d) va vuong géc véi (P).

2. Viét phuong trinh mat phang chia (d) va tao véi (P) mot géc a.

3. Viét phuong trinh mat cau c¢6 ban kinh R tiép xuc véi (d) va (P) tai
diém M.

4. Viét phuong trinh mat cau ¢ ban kinh R tiép xiic vdi (d) tai di€ém
M va cit (P) theo thiét dién 1a dudng tron 16n.

5. Viét phuong trinh mat cdu c6 ban kinh R tiép xtic véi (d) tai diém
M va cit (P) theo thiét dién 1a dudng tron c6 ban kinh bang r.
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& V6i yéu cau "Viét phuong trinh mdt phdng (Q) chita (d) va vuong goéc véi
(P)", ching ta thuc hién theo cic budc:
BuSc1: Tim mot vicp u cta dudng thang (d) va 1dy diém A thuoc (d).
Tim mot vtpt n clia mit phang (P).
Goi n,, la mot vtpt ctia mat phang (Q), ta c6:
n, Llu . ..
"t afai]
n, Ln
Budc2: Khi d6, phuong trinh mat phing (Q) dugc cho boi:
) {Qua A

vipt ng,

+ V6i yeu cau "Viét phuong trinh mdt phang (Q) chita (d) va tao véi (P) mot géc
a", chung ta thuc hién theo cic budc:
Buc1: Tim mot vicp u ctia dudng thing (d) va 1dy diém A thuoc (d).
Tim mot vtpt n clia mit phang (P).
Goi n—Q (a; b; ¢) 12 mot vtpt ctia mat phang (Q), ta lan luot c6:
= n,lu< ngu=0. (1)
ng-n
* g((P),Q)=a<= T =Cosda. (2)

ol

Giai hé tao bdi (1) va (2) ching ta nhan duoc toa do cta i .
Budc 2: Khi d6, phuong trinh mat phing (Q) dugc cho boi:
{Qua A

vtpt '

* Vi yéu cau "Viét phuong trinh mdt cdu (S) cé bdn kinh R tiép xiic véi (d) va
(P) tai diém M" thi bai todn dugc chuyén vé dang "Viét phuong trinh mdt cdu
c6 bdn kinh R tiép xiic véi (P) tai diém M", day 1a dang todn ma chiing ta da
biét cach thuc hién.

% Vi yeu cau "Viét phuong trinh mdt cdu (S) ¢6 ban kinh R tiép xiic véi (d) tai
diém M va cdt (P) theo thiét dién la duong tron l6n", ching ta c6 thé Iva chon
mot trong cdc cach:

Cdch I: Ta thuc hién theo cac budc:
Buoc 1: Gia su I(x; y; z) 1a tam mat cau (S), khi d6:

Ie(P) Ie(P)
MI L (d) < {MLu=0 = Toa do tam L.
MI=R M? =R?

Bu6c 2:  Viét phuong trinh mét cau (S) v6i tam I ban kinh R.
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Cdch 2: Ta thuc hién theo cac budc:

Budc 1: Lap phuong trinh tham s6 ctia dudng thang (A) nim trong
(P) va vuong géc véi (d) tai M.

Buoc2: Gia su11a tam mat cau (S), khi d6: toa do tam I thoa man
phuong trinh tham s6 cua (A).
Str dung diéu kién:

MI =R = Toa do tam L.

Buoc 3: Viét phuong trinh mat cau (S) v6i tam I ban kinh R.

* Vi yéu cau "Viét phuong trinh mdt cdu (S) ¢6 ban kinh R tiép xiic véi (d) tai
diém M va cdt (P) theo thiét dién la duong tron cé ban kinh bdng r'", ching ta
thuc hién theo cic budc:

Buoc 1; Gia su I(x; y; z) 1a tam mat cau (S), khi do:
MI L (d)
MI=R = Toa do tam 1.

d(1, (P))=vR> =12

Budc 2: Viét phuong trinh mat cau (S) véi tam I ban kinh R.

Thi du 1. Cho mdit phing (P) va duong thing (d) ¢é phuong trinh:
x=1
P):x+2y+22-5=0, (d):{y=2+t,teR.
z=—t

a. Chitng minh rdng duong thang (d) nam trong mdt phdang (P).
b. Viét phuong trinh mdit phdng (Q) chita (d) va vuéng géc véi (P).
c. Viét phuwong trinh mdt phdng (R) chita (d) va tao véi (P) mot géc o

. 6
co cosoL=—.
3

d. Viét phuong trinh mdt cdu cé ban kinh R =18 tiép xiic véi (d) tai
diém M(1; 2; 0) va cdt (P) theo thiét dién la duong tron lon.

e. Viét phuong trinh mdt cdu (S) ¢é bdn kinh R =3 tiép xiic vdi (d)
tai diém N(1; 3; —1) va cdat (P) theo thiét dién la duong tron cé dién

tich bang %t )

25 Gidi
a. Ta c6 thé trinh bay theo céc céch sau:
Cdch I: Xét hé phuong trinh tao boi (d) va (P) bang cdch thay phuong trinh tham s6
cua (d) vao (P), ta dugc:
1+2Q2+t)+2(-t)-5=0<0=0.
Tiic hé ¢6 vo s6 nghiém, do d6 (d) nam trong (P).
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Cdch 2: Puong thang (d) di qua hai diém A(1; 2; 0) va B(1; 3; —1).
Nhan xét rang A, B ciing thudc (P) nén (d) nam trong (P).

Cdch 3: Dudng thing (d) ¢6 vtep u(0; 1; —1) va di qua diém A(1; 2; 0).
Mt phéng (P) ¢6 vtpt n(l; 2; 2) . Nhan xét ring:

un=12-12=0 < uln. (1)
1422-5=0= A € (P). 2)
Tu (1) va (2) suy ra (d) nam trong (P).
b. Ta cé:

* Puong thang (d) c6 vtcp ﬁ(O; 1; —1) va di qua diém A(1; 2; 0).
= Mat phang (P) c6 vtpt n(l; 2;2).
Mat phéng (Q) ¢6 vtpt n,, thoa man:
nglu . ..
I n, =[u, n}=(4; -1;-1).
n, Ln
Khi d6, phuong trinh mat phang (Q) duoc cho béi:
Qua A(l; 2; O)
(Q): _ < (Q)dx—-y—-z-2=0.
vipt ny(4; =1 = 1)

c. Gié sirmat phing (R) c6 vipt n, (a; b; ¢) # 0, ta ldn luot:
» D¢ (R) chita (d) diéu kién Ia:
n, Llu © nu=0<b-c=0sb=c.

= (R) tao v6i (P) mot géc a c6 cosa :76 diéu kién la:
|a+2b+2¢| J6  |a+2b+2d|
JaZibr e 12422428 3 Ja®+b? +¢?
& (a+4b)’ =6(a’ +2b%) < 52> —8ab—4b>=0 < a =2b hoic a:—gb.
Khi do:
= V6i a=2b thichona=2tadugcb=c=1nén n,(2;1;1), tir d6:

A(1;2;0

& Ri):2x+y+z2-4=0.

vipt ng (2; 1; 1)
= Vé6i az—%b thi chon a =2 ta dugc b=c=-5nén i(z; —5;-5),trdo:
Qua A(1;2;0)

(R,): —
vtpt n, (2; —35; -5)
Vay, ton tai hai mat phang (R)), (R,) thoa man diéu kién diu bai.

< (R2):2x =5y —-52+8=0.
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d. Ta c6 thé trinh bay theo céc céch sau:
Cdch 1: Gia st I(x; y; z) 1a tam mat cau (S) can dung, khi dé:

Ie(P) Ie(P) X+2y+22-5=0
MIL(d) < {Mlu=0 < Jy-2-2=0
MI=R IM* =R*? x=-1)*+(y-2"+2z"=18
x=1-4z x=1-4z
x=-3,y=3,z=1
& y=z+2 Siy=z+2 &
x=5y=1,z=-1

(42 +z° +72° =18 |z=%I
Khi do:
*  V6iIi(-3; 3; 1), tir d6 ta duoc mit cau:
Tam I, (-3;3;1)
(Sy):
Ban kinh R=+/18
= VéiI(5; 1; —1), tir d6 ta duoc mat cau:
Tam L, (5;1; -1
So): 2( )
Bin kinh R=/18

Vay, t6n tai hai mat cau (S)), (S2) thoa man diéu kién dau bai.

S S):x+3)?+ (-3 +(@z-1)7*=18.

S (S): x=5+(Fy -1 +(@z+1)7>=18.

Cdch 2: Gi st I 1a tam mat cau (S) can dung, khi d6 I thuoc dudng thiang (A) ¢6 vtcp
u—A nam trong (P) va vuong géc vdi (d) tai M. Ta co:

—

ljf lj:> u, =[u, n]=(4; -1;-1).

u, Ln

Khi d6, phuong trinh dudng thang (A) dugc cho béi:

Qua M(1:2:0) x=1+4t
: — & (A): qy=2-t ,te R.
vtcp uA(4;—1;—1) A

Tir d6 tam I(1 + 4t; 2 — t; —t) va diéu kién:
MI=R o MP=R’< 162 +?+t?=18< =1 t=11.
Khi dé:
= Vé6it=—1thi I;(-3; 3; 1), tir d6 ta duoc:
Tam I, (-3;3; 1)
Sv):
Ban kinh R=/18
= Véit=1thiLx(5; 1; —1), tir d6 ta duoc:
Tam L, (5;1; -1
So): { 2( )

SS):x+3)?+ (-3 +(@z-1)7*=18.

S(S): x=5+(Fy -1 +(@z+1)7>=18.
Bén kinh R=+/18

Vay, ton tai hai mat cau (S)), (S2) thoa man diéu kién dau bai.
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e. Gia st K(x; y; z) 1a tam mat cau (T) can dung, khi d6 ta lan luot c6:
= ViNK L (d) nén:

NKu=0 oy-3-z-1=0y=z+4=0. (3)
= VINK=Rnén(x— 1P+ (y—-3P+(z+1)?=3. (4)
*  Gia sir dudng tron (C) tao boi (T) cat (P) ¢6 ban kinh r, ta ¢6 :

S =t & 2f,ﬂ::?‘cr2 < r:g.

+2y+2z-5
A, (P =R -7 o 2223 -2
VI 422422 9
x+2y+2z=10
& |x+2y+2z-5|=5 & .
X+2y+2z=0
Tu do:
*  Vé6ix +2y+ 2z =10 két hop vé6i (3) ta dugc:
x+2y+2z=10 x=2-4z
=
y=z+4
Thay (I) vao (4) ta duoc:
(1-4z2*+(z+ 1)+ (z+1)?=3<622-42=0< z=0hoic z=§.
Khi dé:
- V6iz=0thix =2vay=4nénK,(2; 4; 0), suy ra mat cau:
(T): x=2)*+(y—4)*+22=3.

y=z+4 ’ D

- Véi z:§ thi x=—=va y:% nén K, [——,—, %j, suy ra mat cau:

2Y 14’ 2Y
T)|x+=| +|y——| +|z—=| =3.
(2)( 3) (y 3) ( 3]
*  Vé6ix+2y+2z=0két hop véi (4) ta duoc:
Xx+2y+2z=0 x=—4z-8
f—g .
y=z+4 y=z+4

Thay (IT) vao (4) ta duoc:

ey

9z? + 362 + 40 =0 < z = -2 hoiac z:—? .
Khi dé6:
- Vé6iz=-2thix=0vay=2nénKs(0; 2; —2), suy ra mat cau:
(T3): x2+ (y =2 + (z + 2)* = 3.

- Véi z=—% thi x=§ va y=§ nén K4(§;E;—§j,suy ra mat cau:

9
8\’ 16 20Y
T)i | x——=| +|y——| +|z+—| =3.
(“)[ ‘9j (y 9) ( 9)
Vay, tén tai bon mat cau (T)), (T>), (T3), (Ts) thoa mén diéu kién dau bai.
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& Chu y- Trong trudng hop dudng thing (d) song song v6i mat phing (P) ching
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ta thuong gap thém cau hoi:

Tinh khoang cach giita (d) va (P).

Viét phuong trinh mat phang chita (d) va song song véi (P).

Viét phuong trinh hinh chiéu vuong géc cua (d) trén (P).

Viét phuong trinh mat phang chita (d) va tao v6i (P) mot géc o.
Viét phuong trinh mat cau c6 ban kinh nhd nhat ti€p xic véi (P)
va tiép xidc véi (d) tai diém M.

NP P

6. Viét phuong trinh mat cau ti€p xic véi (d) va tiép xuc voi (P) tai
diém M.

+ Vi yéu cau "Tinh khodng cdch giita (d) va (P)", chiing ta c6 ngay:

d(d, (P)) =d(A, (P)), v6i A € (d).

+ V6i yéu cau "Viét phuong trinh mdt phdng chita (d) va song song véi (P)",

ching ta c6 ngay:
ua A e(d
o {Q Aeld)
vipt n,
Véi yéu ciu "Viét phuong trinh hinh chiéu vuéng géc cia (d) trén (P)", ching
ta c6 cac cach giai sau:
Cdch 1: Ta thuc hién theo cac budc:
Budc 1; 14y diém A e (d), tir d6 xac dinh toa do diém Ha 12 hinh
chi€u vuong goc cua A 1én (P).
Budc2: Phuong trinh hinh chi€u vuong géc clia duong thang (d)
lén mat phing (P) 1a duong thang (di) duoc cho boi:

H
(dy): {qua A

(d)//(d)
Cdch 2: Ta thuc hién theo cac budc:
Budc 1: Viét phuong trinh mit phiang (Q) chita (d) va vuong géc
v6i (P).
Budc 2: Khi dé, hinh chi€u vuong géc clia duong thang (d) lén
mat phang (P) chinh 12 giao tuyén ctia (P) va (Q).

Véi yéu cau "Viét phuong trinh mdt phdng chita (d) va tao véi (P) mot géc o,

chiing ta thuc hién tuong tu nhu trong trong hop dudng thiang (d) nim trong

mat phang (P).

Véi yéu cau "Viét phuong trinh mdt cdu c6 ban kinh nho nhdt tiép xiic voi (P)

va tiép xiic voi (d) tai diém M", ching ta thuc hién theo c4c budc:

Buoc 1: Goi (S) 1a mat cau can dung, suy ra (S) chinh 1a mat cau dudng kinh
MN véi N 1a hinh chi€u vuong géc cua M trén (P).

Budc 2: Xic dinh toa do diém N.

Bu6c 3:  Viét phuong trinh mat cau duong kinh MN.




+ Vi yeu cau "Viét phuong trinh mdt cdu tiép xic voi (d) va tiép xiic voi (P) tai
diém M", chiing ta thuc hién theo cdc budc:
Buoc 1: Gia st mat cau (S) can dung ¢6 tam I, ban kinh R va ti€p xic véi

duong thang (d) tai N.
ViN e (d) nén thod man phuong trinh tham s6 cua (d).

Budc 2: Viét phuong trinh tham s6 clia dudng thiang (A) qua M va vuong géc

véi (P).
Vil € (A) nén thoa man phuong trinh tham s6 cua (A).

> Thiét lap diéu kién IN L (d) va R = IM = IN chiing ta s&€ nhan duoc

toa do tam I va do dai ban kinh R.

B . Viét phuong trinh mat cau (S) tam I ban kinh R.
Thi du 2. Cho mdit phing (P) va duong thing (d) cé phuong trinh:
x=1
Pex+y—-6=0, (d):1y=1 ,teR.
z=4+t

&5 Gidi

Ta cé:

Chitng minh rang duong thdng (d) song song véi mdt phang (P).

Tinh khodng cdch giita (d) va (P).
. Viét phuong trinh mdt phdng chita (d) va song song voi (P).
. Viét phuong trinh hinh chiéu vuong géc cua (d) trén (P).
. Viét phwong trinh mdt phdng chita (d) va tao véi (P) mét géc o ¢

3
cosa =——

NTE

. Viét phuong trinh mdt cau cé bdn kinh nho nhdt tiép xiic voi (P) va

tiép xiic voi (d) tai diem A(1; 1; 1).
Viét phuong trinh mdt cdu ¢é bdn kinh R =2+2 tiép xiic vdi (P) va
tiép xiic voi (d) tai diem A(1; 1; 1).

. Viét phuong trinh mdt cdu tiép xiic voi (d) va tiép xiic voi (P) tai

diem E(5; 1; 1).

= Mat phing (P) c6 vtpt n(l; 1; 0).
=  Puong thang (d) c6 vtcp ﬁ(O; 0; 1) va di qua diém M(1; 1; 4).

a. Ta lan luot:

» Pé chitng minh (d) song song vdi (P) ta ¢4 thé trinh bay theo céc cach sau:
Cdch 1: Bang céch thay phuong trinh tham s6 cua (d) vao (P), ta thay:

1+ 1-6=0, mau thuan

do d6 (d) song song véi (P).
Cach 2: Ta cé:

nu=0<nlu. (1)
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Nhan xét M ¢ (P). 2)
Twr (1) va (2) suy ra (d) song song vé6i (P).
» Khoang cach gida (d) va (P) duoc cho bdi:

1+1-6|
ddd, (P)) =dM, (P)) = |— =22
VIZ 417
b. Goi (Q) 1a mat phing cin dung, khi dé:
Qua M(L; 1;4
vtpt n(1; 1; 0)

c. Ta c6 thé trinh bay theo céc céch sau:
Cdch I: Goi H 1a hinh chi€u vuong géc cta M trén (P), ta c6:

&S Qr:x+y-2=0.

Qua M(1; 1:4) x=1+t
(MH): - < (MH): sy=1+t,te R.
vtep n(l;l; O)
z=4
Vi {H} = (MH) n (P), toa do H 1a nghiém hé phuong trinh:
x=1+t x=3
=1+t =3
Y= S T S G 34,
Z=4 Z:4

X+y—-6=0 t=2

Tir d6, phuong trinh duong thang (d’) 14 hinh chiéu vuong géc ctia (d) trén (P)
dugc cho boi:

Qua H(3; 3; 4) x=3
(d”): _ & (dY:y=3  ,teR.
vtep u(0; 0; 1) 7= 4+t

Cdch 2: Goi H(x; y; z) 1a hinh chi€u vudng géc cia M trén (P), ta c6:
x+y—-6=0 x=3

He(P) He(P) x—1=k y=3
v v < = H(3; 3; 4).
MH// n MH =kn y—1=k 7=14

z—4=0 k=2

Tir d6, phuong trinh dudng thing (d’) 1a hinh chi€u vuong géc cta (d) trén (R)
duoc cho boi:

Qua H(3; 3; 4) x=3
(d): . & (d):qy=3 ,teR.
vtep u(0; 0; 1) T

Cach 3: Goi (P) véi vipt n' la mit phing chita (d) va vuong géc véi (P), ta cé:

[P i
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Khi d6, phuong trinh mat phang (P*) duoc cho bdi:
, Qua M(1; 1; 4)
P): — (
vtpt n'(—1; 1; 0)
Tir d6, phuong trinh duong thang (d’) 14 hinh chiéu vuéng géc cta (d) trén (P)
gbm céc diém M(x; y; z) thoa man hé:

S P)x—-y=0.

{X+y_6:0¢>xzy=3.
x—y=0
Vay, dudng thang (d’) luon ¢6 phuong trinh tham sé 1a:
x=3
(d):qy=3 ,teR.
z=4+t

d. Gié sir mat phing (R) c6 vipt n, (a; b; ¢) thoa mén diéu kién ddu bai, ta 1an luot:
= Pé(R) chita (d) diéukienla n, Lu < n,u=0 <c=0.

= (P) tao v6i (P) mot géc o ¢ coso = 3 diéu kién la:

J1o
|a+b| 3 - |a+b| 3
Jal b+ 21212 10 NICIESEENG
< 5(a+b)*=9(a’ + b?) < 2a% — 5ab + 2b* = 0 a = 2b hoac b = 2a.
Khi do:
= Véia=2bthi n,(2b; b; 0) chon n,(2;1; 0), tir dé:
Qua M(1; 1; 4)
(R)): _
vtpt ng (2; 1; 0)
= V6ib=2athi n,(a;2a; 0) chon n,(I; 2; 0), tir d6:
Qua M(1; 1; 4)
(R,): —
vtpt n, (1; 2; 0)
Vay, ton tai hai mat phang (R)), (R,) thoa man diéu kién diu bai.
e. Goi (S) 1a mat cau can dung, suy ra (S) chinh 1a mat cau duong kinh AA’ véi A’
1a hinh chi€u vuong géc cua A trén (P). Ta lan lugt:
*  Xic dinh toa do diém A’(x; y; z) bang viéc sit dung mot trong cc c4ch sau:
Cdch I: Ta cé:
A'e(P) - A'e(P)
AA' L (P) AA'(x-1y-1z-1)//n(1; 1; 0)
x+y—-6=0 t+D)+(t+)-6=0
x—1=t x=t+1
= = = A’3;3; 1).
y—1=t y=t+1
z—1=0 z=1

< R):2x+y-3=0.

& Ro):x+2y-3=0.
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Cdch 2: Phuong trinh dudng thang (AA’) dugc cho boi:

x=1+t
AL 13 1
(AA): {QuaA < (AA): Qua#(’ ' )<:>(AA’): y=1+t.
(AA") L (P) vtep n(1; 1; 0) 1

Vi {A’} =(AA’) N (P) nén toa do A’ duoc xac dinh bing cach thay phuong trinh
tham s6 ctia (AA’) vao phuong trinh cta (P), ta duoc:
l1+4t+1+t—-6=0=t=2=>A"3;3; 1).
»  Phuong trinh mdt cdu duong kinh AA” dugc xac dinh bang mot trong cdc cch sau:
Cadch 1: Ta co:
Tam I 1atrung diém AA'

S): ' < (S):
®) Ban kinh Rz% ®) {

Tam 1(2; 2; 1)
R=+2

< (S):(x=2) +(y-2) +(z-1) =2.

Cdch 2: Mt cau (S) v6i duong kinh AA’ gébm céc diém:
N(x;y;z) € ()< AN LA'N< AN.A'N=0
Sx-Ly-1Lz-1).(x-3;y-3;z-1)=0
Sx-Dx-3D+y-)y-3)+(z-Dz-1)=0
SxXP+y+72-4x—4y—-2z+7=0.

D6 chinh la phuong trinh mat cau (S) can tim.

Cdch 3: Mat céu (S) v6i duong kinh AA” gom:
N(x; y; z) € (S) < ANAA’ vuong tai N < AN? + A’N? = AA™
SE-1D)P+y-1P2+z-1)+Ex-3 +F-32+(z-172=8
SxXP+y+72—4x—4y-2z+7=0.

D6 chinh la phuong trinh mat cau (S) can tim.

f.  Gia str mat cau (S) can dung c6 tam I(a; b; ¢), khi d6 I thuoc mat phang:

Qua A Qua A(I; 1; 1)
P,): P,): - Pa):z—1=0.
Fu) {(PAu(d) Y {vtpt sy <

Ta lan luot c6:
le P)=>c-1=0cc=1.
Al=R = @-12+(b-1P2+(c—-12=8=@-12+b-172=8. (¥

d(I, (P) =R < M—zﬁ@| ibog=d4 e 071070
T JeEer ) - b=2-a
Tir d6:

= V6ib =10 - athay vao (*) ta duoc:
(a— 17+ (9—a)’=8 < 2a>-20a+ 76 =0, vo nghiém.
» V6ib=2-athay vao (*) ta dugc:
a=3 =>b=-1=13;-L1)

—1P+(l-af=8c(a-1)Y=4< '
(@a-1"+(1-a) @-1 L=_1:>b=3 =L(-131)
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Khi do:
»  Véitam I;(3; —1; 1) ta dugc mat cau (S;) ¢6 phuong trinh:
S): x=3 +(y+1)2+(@z-1)>*=8.
*  Véi tam I(—1; 3; 1) ta dugc mat cau (Sz) 6 phuong trinh:
(S): x+1)*+(y—-3)2+(@z—-1)>*=8.
Vay, ton tai hai mat cAu (S)), (S2) thod mén diéu kién ddu bai.
g. Gid sttmat cdu (T) cin dung c6 tam I, ban kinh R va tiép xtic v6i dudng thang (d) tai F.
ViF € (d)nén F(1; 1; 4 +1).
Goi (A) 1a duong thiang qua E va vuong géc véi (P), ta co:

Qua E(5:1:1) - X:fiu N

: R :dy=14+u,ue R.
vtep n(1;1; 0) Y .
7=

Vil € (A)nénI(u+5;u+ 1; 1), talan luot c6:
= ViFIL(d)nén:
Fllu & Flu=0 <3+t=0<t=-3=F(; 1; 1).
= ViFI=IEnén:
FP=1E’< (u+4)’+uv’=v’+v’<8u+16=0<u=-2.
Tur d6, mat cdu (T) v6i tam T(3; —1; 1), ban kinh R =2+/2 ¢6 dang:
(T):(x=3)" +(y+1)" +(z-1)" =8.

@ Chi y- Trong trudng hop dudng thing (d) cit mat phing (P) tai diém A

chung ta thuong gap thém cau hoi:

1. Tinh géc gitta (d) va (P).

2. Viét phuong trinh hinh chiéu vuong goc ctia (d) trén (P).

3. Viét phuong trinh dudng thang (A) di qua A, ndm trong mat
phang (P) va vuong géc v6i duong thang (d).

4. Viét phuong trinh mit phang chita (d) va tao véi (P) mot géc 6 s6
do nho nhat.

5. Viét phuong trinh mat cau c¢6 ban kinh R, tam thudc duong
thang (d) va tiép xtc véi (P).

6. Viét phuong trinh mat cau ti€p xic véi (d) va tiép xuc véi (P) tai
diém M.

7. Viét phuong trinh mit cdu ¢6 ban kinh R tiép xiic véi (d) tai diém
M va tiép xuc v6i (P).

8. Viét phuong trinh mat cau ¢ ban kinh nho nhat tiép xdc vai (d) tai
diém M va ti€p xiic v6i (P).

+ Vi yéu cau "Tinh géc giita (d) va (P)", chiing ta ¢6 ngay:
» Mat phang (P) c6 vtpt i (A; B; C).
*  Pudng thing (d) ¢ vicp u(a;b;c).
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Goi o la goc tao boi (P) va (d), ta co:
|Aa +Bb +Cc|
VAT +B2+C A2 + b2 + ¢
+ VGi yéu cau "Viétr phuong trinh hinh chiéu vuong géc cua (d) trén (P)",
ching ta c6 cac cach giai sau:
Cdch 1: Ta thuc hién theo cac budc:
Budc 1: Xéc dinh toa do giao diém A ctia (d) va (P)
Budc2: 1Lay diém M e (d), tir d6 xéc dinh toa do diém Hy la
hinh chi€u vuong géc ctia M 1én (P).
BuSc 3: Phuong trinh hinh chiéu vuong géc clia dudng thing
(d) 1én mat phang (P) 1a dudng thang (d;) duoc cho béi:

Qua A
(dl)l .
vtep AH,,

Cdch 2: Ta thuc hién theo cac budc:
Budc 1: Viét phuong trinh mat phing (Q) chita (d) va vuong
gbc voi (P).
Buc2: Khi dé, hinh chiéu vuong géc clia duong thing (d) lén
mat phang (P) chinh 12 giao tuyén ctia (P) va (Q).
+ V6i yéu cau "Viét phuong trinh duong thing (A) di qua A, ndm trong mdt phang
(P) va vuéng géc véi duong thang (d)", ching ta c¢6 cic cch gidi sau:
Cdch I: Ta thuc hién theo cac budc:
Budc 1: Goi u, 12 mot vicp clia dudng thing (A), ta c6:
{“f‘i: o =[aa].
u, Ln

sino. =

Budc2: Khi d6, phuong trinh duong thing (A) dugc cho béi:
Qua A
(A): { ..
vtep u,,
Cach 2: Ta thuc hién theo cic budc:
Budc 1; Viét phuong trinh mat phiang (R) qua A va vuéng géc véi

(d).
Budc 2: Khi d6, duong thang (A) chinh 1a giao tuyén cta (P) va
(R).

+ V6i yéu cau "Viét phuong trinh mdit phdang chita (d) va tao véi (P) mot géc ¢ so
do nho nhdt", ching ta c6 cac cach giai sau:
Cdch I: Ta thuc hién theo cac budc:
Budc 1: Goi (Q) 1a mat phang can dung, nhan xét ring:
g((Q), (P)) 2 g((d), (P))
= Min[g((Q), (P))] = g((d), (P)) = a..
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Buoc2: Goi i 12 mot vtpt ctia mat phang (Q), ta lan luot c6:

= n,luengu=0. (1)
o

= g((P),(Q) =0 < ————-=cosa. )
gl

Gidi he tao bai (1), (2) chiing ta nhan dugc toa do ctia n,, .
Budc 3: Khi d6, phuong trinh mat phang (Q) dugc cho boi:

A
Q) {Qua—

vipt n,,

: Ta thuc hién theo cédc budc:

Budc 1: Goi (Q) 1a mat phang can dung, nhan xét ring:
g((Q), (P)) = g((d), (P))
= Min[g((Q), (P))] = g((d), (P)) = a..

Buoc2: Goi i 12 mot vtpt clia mat phang (Q), ta lan luot c6:

{ELE_, = i{i,ﬁ]

nQJ_uA

Budc 3: Khi d6, phuong trinh mat phing (Q) dugc cho boi:
Qua A
Q) o

vtpt '

+ V6i yéu cau "Viét phuong trinh mdt cdu cé bdn kinh R, tdm thudc duong
thang (d) va tiép xiic véi (P)", chiing ta thuc hién theo céc budc:

Buoce 1:

Buoc 2:
Buoce 3:

Gia st mat cau (S) can dung c6 tam 1.

Vil € (d) nén thoa man phuong trinh tham s6 cua (d).

Dé (S) tiép xiic véi (P) diéu kién 1a d(I, (P)) = R = Toa do tam 1.
Viét phuong trinh mat ciu (S) tam I ban kinh R.

+ Cé4c yéu ciu (6), (7) dugc thuc hién twong tu nhu trong trudong hop (d) song
song véi (P).
+ Vi yeu cau "Viét phuong trinh mdt cdu cé bdn kinh nhé nhdt tiép xiic véi (d) tai
diém M va tiép xiic véi (P)", chiing ta thuc hién theo céac budc:
Budc 1: Mat ciu (S) v6i tam I can dung s€ tiép xuc véi hinh chi€u vuong géc

Buoe 2:

(d’) cta (d) trén (P). )
Ta lan luot co: E

= Mt phang ((d), (d")) véi vipt 0 duge cho bdi: m
Pl n.i] g
— ~ n=|nuj.

(d)
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= Pudng thing (EI) véi vtep v dugc cho bdi:
S
Y Ij = V=|:u, n'].
vliu
*  Phuong trinh dudng thing (EI) dugc cho boi:
ua E
(ED): {Q . = Phuong trinh tham s6 (theo t) cua (EI).
vtcp v
Budc 3: Tu d6, vi I thuoc (EI) nén thoa man phuong trinh tham s6 cta (EI),
ta c6 diéu kién:
El =IH =d(, (P)) < EI’ = d*(I, (P)) = Tham s0 t
= Toa do tam 1.
Budc4: Viét phuong trinh mat cau (S) tam I ban kinh R = EL

Thi du 3. Cho duong thdang (d) va mdt phdng (P) cé phuong trinh:
(d): X12=y;4=212, (P): 2x + 2y + 2~ 5=0.

a. Ching minh rang duong thang (d) cdt mdt phdng (P) tai diém A.
Tim toa do A, tinh géc giita (d) va (P).

b. Viét phuong trinh hinh chiéu vuéng goc cua (d) trén (P).

c. Viét phuwong trinh dwong thdng (A) di qua A, ndm trong mdt phdng
(P) va vudng géc vdi duong thang (d).

d. Viét phuong trinh mdt phdng chita (d) va tao véi (P) mot géc cé sé
do nho nhat.

e. Viét phuong trinh mdt cdu cé bdn kinh bang 3, tam thuéc duong
thang (d) va tiép xiic voi (P).

&5 Gidi
Ta cé:
*  DPudng thang (d) di qua diém M(2; 4; 2) va 6 vtcp u(l; 3;1).
= Mat phang (P) c6 vtpt n(2;2; 1).

a. Xét hé phuong trinh tao bdi (d) va (P):

x-2 y-4 z-2 y=3x-2 x=1
1 3 1 ©4z=x < qy=1.
2x+2y+z-5=0 2x+2(3x-2)+x-5=0 z=1

Vay, ta thay (d) cat (P) tai diém A(1; 1; 1).
Goi o 1a goc tao bai (d) va (P), ta co:

, 2.1+23+1.]| 3
siInnao = = .
V222 P32+ VT

b. Ta c6 thé trinh bay theo céc céch sau:
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Cdch 1: Goi H 1a hinh chi€u vuong géc cua M trén (P), ta co:

Xx=2+2t
Qua M Qua M(2;4;2)
(MH): < (MH): - <& (MH): dy=4+2t,te R.
MH L (P) vtep n(2;2; 1)
z=2+t
Vi {H} = (MH) n (P) nén toa do H 1a nghiém hé phuong trinh:

Xx=2+2t Xx=2+2t x=0
:4 = =
y=4+2t - y=4+2t - y=2
z=2+t z=2+t z=1
2x+2y+z-5=0 22+2t)+2(4+20)+(2+1)—=5=0 t=-—1

= H(0; 2; 1).

Tir d6, phuong trinh dudng thang (di) 12 hinh chiéu vuong géc cia (d) trén (P)
duoc cho bai:

x=1-t
A(L; 1;1 Qua A(1;1;1)
@y: |QuALED - e @)ly=1+t,te R.
Qua H(0; 2; 1) vtep AH(-1;1; 0) o

Cdch 2: Goi H(x; y; z) 1a hinh chi€u vudng goc ctia M trén (P), ta c6:
2x+2y+z-5=0 x=0

He(P) He (P) x—-2=2k y=2
L L. e i = H(0; 2; 1)
MH// n MH =kn y—4=2k z=1

z—-2=k k=-1

Tir d6, phuong trinh duong thang (d;) 1a hinh chiéu vuéng géc ctia (d) trén (P)
dugc cho boi:
x=1-t
ua A(L;1;1 Qua A(1;1;1)
(dv): {Q ( )<:> di): {

N & (d):qy=1+t,t e R.
Qua H(0; 2; 1) vtep AH(-1;1; 0) .

Cdch 3: Goi (P’) véi vtpt n' la mat phang chita (d) va vuong géc véi (P), ta cé:
_.Y J_ - . - N .
Il lj:> n' =[u, n} =(-1;-1;4) chon n'(1; 1; - 4).
n'Ln
Khi d6, phuong trinh mat phang (P*) duoc cho bdi:
, Qua M(2; 4; 2)
P): — (
vipt n'(1; 1; — 4)
Tir d6, phuong trinh duong thang (d;) 1a hinh chiéu vuong géc ctia (d) trén (P)
gém cdc diém M(x; y; z) thod min hé:
X+y—-4z+2=0 - Xx+y—-4z+2=0
2x+2y+z-5=0

SP)x+y-4z+2=0.

. 1
Xx+y+5z-7=0 )
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Bang viéc dat x =t, ta bién d6i hé (1) vé dang:
Xx=t x=t
X+y—-4z+2=0 < Jy=2-t,te R.
X+y+5z2-7=0 z=1
D6 chinh 12 phuong trinh tham s6 clia duong thiang (d;) cin dung.
c. Ta co6 thé trinh bay theo c4c cach sau:
Cach 1: Goi ﬁ; 12 mot vtcp clia dudng thing (A), ta c6:

=
Eﬁ lj:> u, =[u, n]z(—l; -1;4).
u, Ln

Khi dé, phuong trinh duong thang (A) duoe cho bdi:

Qua A(I:1:1) x=1+t
(A): i o (A)dy=2 ,teR.
vtep u, (—1;—1; 4)

Cdch 2: Goi (R) 1a mat phang théa man:
A ua A(1;1;1
®): {qua o) 1 AEED R x+3y+z-520.
(R) L(d) vipt u(1;3;1)
Khi d6, duong thang (A) chinh la giao tuyén clia (P) va (R) gém cic diém M(x; y; z)
thod man hé:
x+3y+z-5=0 - 2x+y+2z-6=0
2x+2y+z-5=0 x—y+z=0 '
Bang viéc dat x =t, ta bién d6i hé (2) vé dang:
X=t X=t

2

t+3y+z-5=0 & Jy=t ,te R.
2t+2y+z-5=0 z=5-4t
D6 chinh 13 phuong trinh tham s6 clia duong thang (A) cin dung.
d. Ta co thé trinh bay the9 cac qéch sau: )
Cdch 1: Goi (Q) 1a mat phang can dung, nhan xét rang:
g((Q), (P)) < g((d), (P)) = Min[g((Q), (P)] = g((d), (P)) = o..

Goi g(a; b; ¢) 12 mot vtpt clia mat phang (Q), ta 1an luot cé:

n,Llu < n,u=0<a+3b+c=0<c=-a-3b.

non 2
| [2a+2b+¢| _ 1_( 3 j

IlQ.Il

— 7 =C0S0 &
‘nQ‘.n‘ Ja? +b2 + 222 422 412 Ji1

& 11[2a+2b+(-a—3b)] =18(a’ +b* +¢?)
<> 25a% + 130ab + 169b? = 0 < (5a + 13b)* = 0 < 5a = —13b.
Chona=12tadugcb=-5vac=2nén E(B; -5;2).
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Khi d6, phuong trinh mat phang (Q) duoc cho béi:
Qua A(LL 1)
(Q: {vtpt n,(13;-5;2)
Cdch 2: Goi (Q) 1a mat phang can dung, nhan xét rang:
g((Q), (P)) < g((d), (P)) = Min[g((Q), (P))] = g((d), (P)) = a..

Goi i(a; b; ¢) 12 mot vipt clia mat phang (Q), ta 1an luot cé:

n, Llu . . .
2T =, =lu,,ul=(-135-2).
n, Lu ¢ :

Q A

< (Q): 13x -5y +22-10=0.

Khi d6, phuong trinh mat phang (Q) duoc cho béi:
Qua A(L; ;1)

Q): — < (Q): 13x -5y +22—-10=0.
vipt n,(13; =5; 2)

e. Giasttmat cau (S) cAn dung cotam I, viI € (d) nén I(t + 2; 3t + 4; t + 2).
Dé (S) tiép xiic v6i (P) diéu kién la:

|2(t+2)+2(3t+4)+(t+2)—5|_3

dd,(P) =R <
V22 422 412
& |t+1| =1 <t =0hoac t, =-2.

Khi do:

= Véit; =0 thi [,(2; 4; 2), tir d6 ta duoc:
Tam I (2;4;2

(S (24:2)
Ban kinh R=3

= Véit; = -2 thi I,(0; -2; 0), tir d6 ta duoc:
Tam 1, (0; —2; 0

(S2): { 20 =2:0)

S (S): (x =27+ (Y—4)P +(z -2 =09.

S(S): X2+ (y+2)12+22=9.
Ban kinh R=3

Vay, ton tai hai mat cau (S)), (Sz) thoa mén diéu kién dau bai.
Dang toan 4: Vi tri tuong d6i ciia hai duong thing
Phuong phap

DE xét vi tri twong d6i ctia hai duong thing (di) va (d) , ta thuc hién theo
cac budc:
Buoc 1: Thuc hién:

»  V6i dudng thing (di) chira vtep u, va diém M;e(ds).

» V6i dudng thing (ds) chi ra vtep u, va diém Mse(dy).
Bugc2: Kiém tra:

» Néu u,, u,, MM, cing phuong thi két luan (di) va (d)
trung nhau.
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» Néuu,,u, cung phuong va khong cung phuong véi MM,
thi két luan (di) va (d2) song song vGi nhau.
» Néu u,, u, khong cung phuong, thuc hién bude 3.
Buc 3: Xac dinh [u, ,u, ]. M,M, , khi d6:
» Néu[u,, u, MM, =0thikétluan (d;) va (d2) ctnhau.
» Néu[u,,u, .MM, #0 thikétluan (di) va (d») chéo nhau.

& Cha y: V6i hai dudng thing (d;) va (d,) song song véi nhau, ching ta thudng

gap thém céac yéu cau:

1. Tinh khoang cach gitta (d,) va (d).

2. Viét phuong trinh mat phang chita (d;) va (d»).

3. Viét phuong trinh dudng théng (d) thuoc mat phang chia (di),
(d2) va song song, cach déu (d,), (d»).

4. Viét phuong trinh mat phang chita (di) va cach (d2) mot khoang
béng h.

5. Viét phuong trinh mat cau c¢6 ban kinh nhd nhat tiép xuc véi
(dy) tai diém E va tiép xtc véi (d).

6. Viét phuong trinh mat cau ti€p xuc véi ca (di), (d2) va cé tam

thuoc duong thang (A).
+ V6i yéu cau "Tinh khodng cdch gifta (di) va (d2)", ching ta c6 ngay:
H:MIMZ ’u2]
d((dy), (d2)) =d(My, (d2)) = — )
u2

Vv6i Mi € (di), Ms € (d) va u, 1a mot vicp ciia (da).

+ V6i yeu cau "Viét phuong trinh mdt phang (P) chita hai duong thdang song song
(d) va (d2) ", chiing ta c6 thé lua chon nhitng cdch giai sau dé thuc hién:
Cdch I: Thuc hién theo cac budc:
Bubc1: Goi u. 1a vicp clia (dy) va 13y Mie(di) va Mae(d).
Budc2: Mat phing (P) dugc cho boi:

QuaM, QuaM
Py — = (P): - r— .
Capvtcp M|\M, vau, thtn:[ul, MIMZ}

Cdch 2: Thuc hién theo cac budc:
Buoc 1: Lﬁ:y A, M, € (d1) vaM, e (dz)
Budc2: Gia st mat phang (P) ¢6 phuong trinh:
(P): Ax+By+Cz+ D=0, v6i A> + B>+ C*> 0.
Budc 3: Vibadiém A, Mi, M, e (P) = Phuong trinh clia (P).
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* V6i yeu cau "Viét phuong trinh duong thdng (d) thudc mdt phdng chita (dv), (da) va
song song, cdch déu (dy), (d2)", chiing ta thuc hién theo cac budc:
Budc 1: Goi u, 1a vtcp cta (di) va 1dy Mie(d) va Mae(dy).
Suy ra toa do trung diém M ctia M;Ma.
Buoc 2: Puong thang (d) duoc cho bi:

Qua M
(d): { ..

vicp u,
+ V6i yeu cau "Viét phuong trinh mdt phdng (P) chita duong thing (di) va cdch
duong thang (d2) mot khodng bang h", chiing ta thuc hién theo c4c budc:

Buoc 1: Lﬁ’y A M, e (d1) vaM,; € (dz)

BuGc 2: Gia sit mat phang (P) c6 phuong trinh:

(P): Ax + By + Cz+ D =0, diéu kién A> + B>+ C*> > 0.

Buoc 3: Vidiém A, M, e (P) va d(M,, (P)) = h, suy ra phuong trinh ctia (P).

+ V6i yéu cau "Viét phuong trinh mdit cdu (S) ¢6 ban kinh nhé nhdt tiép xiic véi (d)
tai diém E va tiép xiic vdi (d)", ching ta thuc hién theo céc buéc:

Buoc 3: Goi F 1a hinh chi€u vuong géc cua E trén (d,) thi mat cdu (S) can
dung chinh l1a mat cau duong kinh EF.

Budc 4: Talan luot:

* Tim toa do diém F.
= Viét phuong trinh mat cau duong kinh EF.
* Vai yéu cau "Viét phuong trinh mdt cdu (S) tiép xiic véi cd (dy), (d2) va ¢6 tam
thuéc duong thang (A)", ching ta thuc hién theo cic budc:

Buoc1: Vi (dl)qv\a (d2) song song vGi nhau nén tam I cia mat cau (S) thudc
mat phang (R) song song, cach déu (d,), (d2) va vuong géc véi mat
phang chua (d)), (dy).

Viét phuong trinh mat phang (R).

Buoc2: Khi do:

» Tam I chinh la giao diém ctia (Q) va (A).
= Ban kinh ctia mat cau 1a R = d(I, (dy)).

Budc 3: Viét phuong trinh mat cau (S).

Luu y: Ching ta con c6 mot phuong phdp tdng quit dé thuc hién yéu ciu
ndy s& duogc trinh bay trong chii y ctia hai dudng thang chéo nhau.

Thi du 1. Cho hai duong thing (d,) va (do) 6 phuong trinh:
Xx=2+2t . ;
. X — -y 3-z
d):iy=1-t ,te R d,): = = .
(d):yy € va (d,) > 1 >
z=1-2t

a. Chitng minh rang hai duong thang (d,) va (d2) song song véi nhau.
Tinh khoang cdch giita (d,) va (d).
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b. Viét phuong trinh mdt phéng (P) chita (d,) va (d).

c. Viét phuwong trinh duong thing (d) nam trong mdt phang (P) va song

song, cach déu (d,), (d»).

d. Viét phuong trinh mdt phdng (Q) chita (d.) va cdch (d2) mot khodng

bang 1.

e. Viét phuong trinh mdt cdu c¢é ban kinh nhd nhdt tiép xuc voi (dy) va

tiép xiic voi (dz) tai diem B(3; 0; 1).

f. Viét phuong trinh mdt cdu tiép xiic voi (dy), (d2) va cé tam thudc

2 —1 2_3
duomg thing (A): ==Y .
g g (A) =3 5

&5 Gidi
a. Taco:

* Puong thang (d;) c6 vtcp u—1(2; —1; —2) va di qua diém M;(2; 1; 1).
*  Puong thang (d») c6 vtcp u:(Z; —1; —2) va di qua diém Mx(1; 1; 3).

Nhan xét réing céc vecto u,,u, ciing phuong va diém M, khong thuoc (d») nén

hai dudng thang (d;) va (d,) song song véi nhau.
Ta c6:
[M,. ]

d((dy), (d2)) = d(My, (d2)) = =1.

u

2
b. Ta c6 thé trinh bay theo c4c cich sau:
Cach 1: Goi n—P 12 mot vtpt clia mat phang (P), ta c6:
n, IMM, — — . _
T =[MM,, 0, |=221).
n, lLu,
Khi dé, phuong trinh mit phing (P) duoc cho béi:
Qua M, (2;1;1)
P): !
vtpt n,(2;2;1)
Cdch 2: Lay théem diém A(0; 2; 3) thuoc (d,), gid st mat phang (P) ¢6 phuong trinh:
(P): Ax+By+Cz+D=0,v6i A>+ B>+ C*> 0.
Tir diéu kién A, M, M, thuoc (P) ta dugc:

&S P:2x+2y+z2-7=0.

2B+3C+D=0 A=B A=B _  [A=B=2
2A+B+C+D=0 < {C+D=-3A < {2C=A o {C=1
A+B+3C+D=0 3C+D=-2A 2D=-T7A D=-7

Khi dé, ta duoc phuong trinh mat phang (P): 2x + 2y +z — 7 = 0.
c. Goi M la trung diém M;M,, suy ra M(%, 1; 2}.
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Phuong trinh dudng thang (d) cin dung duoc cho bdi:

@ {Qua ?(3/2, 1;2) o (@ X732 _y-1_z-2
viep u,(2; —1; = 2) 2 -1 =2
d. Ta c6 thé trinh bay theo c4c cich sau:
Cdch 1: Lay théem diém A(0; 2; 3) thudc (d;), gid st mat phang (Q) c6 phuong trinh:
(Q): Ax+By+Cz+ D=0, v6i A> + B>+ C*> 0.
Ta lan luot c6:
= ViA, M, thuoc (Q) nén:
{2B+3C+D=0 {B=2A—2C

= .
2A+B+C+D=0 D=-4A+C
= DEd((d), (Q)) = 1 diéu kién la:
|A+B+3C+D|
=1 4A’-4AC+C=0< C=2A.
JA? + B2 +C>
Khi dé chon A =1 ta dugc C=2, B=-2 va D =-2 nén:
Q):x-2y+2z-2=0.
Cdch 2: Tu gia thiét ta thay:

1 =d((d)), (d2) = d((Q), (d2)) = {

dM, Q) =1

(d) =@
(P)L(Q)

Goi n,, 1a mot vtpt ciia mat phing (Q), ta c6:

ng =|u;,n, |=(3;-6;6) chon ng(1;~22).
Khi d6, phuong trinh mat phang (Q) duogc cho béi:
{Qua M, (2;1;1)

S (Q)x—2y+22-2=0.

vtpt ng (1;-2;2)
e. Goi A la hinh chi€u vuong géc cua B trén (d;) thi mat ciu (S) can dung chinh la
mat cau duong kinh AB. Ta lan luot:
»  Xdc dinh toa dé diém A bang viéc st dung mot trong céc cdch sau:
Cdch I: Ta cé:

Py QB [P ey 2240
" |(R)L(d,) ' thtuT(Z;—l;—2) ' y e

Vi {A} =(di) n (P’) nén toa do A 1a nghiém hé phuong trinh:

Xx=2+2t Xx=2+2t x=8/3
=1-t =1-t =2/3
y )Y )Y /
z=1-2t z=1-2t z=1/3

2x-y—-2z-4=0 22+2t)-(1-t)-2(1-2t)-4=0 t=1/3

433



Cdch 2: Vi A € (d)) nén:
AQ+2t;1—t;1-2t)= AB(-2t; t—1; 2t).
Tir diéu kien AB L (d,) ta c6:

o 1
ABLu ¢ ABu; =0 2(1-20~(t-1)-22t=0 & t=2

:>A§;g;l va AB l;—z;z nén AB=1.
333 3733
Phuong trinh mdt cau duong kinh AB duoc xac dinh bdi:

Tam I 1a trung diém AB

. 17 12
S): AB @wrjm”&??Ej
" |Bénkinh R =—~ ’
2 R=1/2

= (S):(x—%) +(y—%) +(z—§j =%.

f. Vi(d)) va (dy) song song v6i nhau nén tam I ctia mat cau (S) thuoc mat phang (R)

song song, cdch déu (d,), (d2) va vuong géc v6i mat phang chita (dy), (d2).
Ta lan luot:

= Phuong trinh mat phang (R) duoc cho béi:
Qua M(é, I; 2)

2 S R:2x—4y+4z-T7=0.
vip ng (13— 2; 2)

R):

Vi {I} = (A) n (R) nén toa do I 1a nghiém hé phuong trinh:
x y-1 z-3 y=2x+1

1 2 2 & 9z=2x+3 = I[—l;o; 2)
2x-4y+4z-7=0 2x —4y+4z-7=0
Do dai ban kinh R ctia mat cau (S) dugc cho boi:

R = d(I, () = m:ﬂ.
w4

* Phuong trinh mat cau (S) dugc cho bai:

1 2
Tam I| ——; 0; 2
(S): am ( 2 j@(S):(X—lj +y2+(z—2)2=—2601.
2 16
R=51/4

@ Chi y: Vé6i hai dudng thing (d;) va (d,) cit nhau tai M, ching ta thudng gap
thém cac yéu cau:
1. Tinh géc gitta (di) va (d»).
2. Viét phuong trinh mat phang (P) chia (d;) va (d).
3. Viét phuong trinh dudng phan giac cta goc tao bai (di) va (do).
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4. Viét phuong trinh mat cau c6 ban kinh R tiép xuc véi (di), (d2)
tai diém M.

5. Viét phuong trinh mat cau ti€p xdc véi ca (di), (d2) va ¢6 tam
thuoc duong thang (A).

6. Viét phuong trinh mat ciu c6 ban kinh R ti€p xdc véi (d,) tai
diém E va tiép xiic vdi (d).

% V6i yéu cau "Tinh géc giita (di) va (d2)", ching ta c6 ngay:
= Vi (di) c6 viep u, (ar; bi; 1) va (d2) c6 viep 1a u, (az; by; o).

* Goi o 1a géc tao bdi hai dudng thing (d;) va (d2) (0< o < g), ta co:

u,.u, |a]a2 +b,b, + c]cz|

C Jaebiaclfaleblect
Luu y: Dé (d)) L (d2) < cosa =0 <> ajay + biby + cic2 = 0.
+ V6i yéu cau "Viét phuong trinh mdt phdng chita hai duong thdang cdt nhau
(di) va (d»)", ching ta c6 thé lua chon nhiing cach gii sau dé thuc hién:
Cdch 1: Gia st (di) N (dz) = {M}, ta thuc hién theo cac budc:
Budc 1: Xic dinh cdc vicp u,, u, cta dudng thiang (di) va (do).
Budc2: Mat phing (P) dugc cho boi:

QuaM
(P): {QuaM { "

- =0 - r— —.
Capvtcp u, vau, viptn = [ul, uz]

CoSQL = —
|

u,

Cdch 2: Thuc hién theo cac budc:
Budc 1: iy hai diém M, € (d)) va Mz € (d2) khong trung véi
giao diém M cta (d;) va (d).
Budc2: Gia st mat phang (P) ¢6 phuong trinh:
(P): Ax+By+Cz+ D=0, v6i A + B>+ C*> 0.
Vi ba diém M, M, M € (P), suy ra phuong trinh ctia (P).
+ V6i yéu cau "Viét phuong trinh duong phdn gidc ciia (di) va (d»)", ching ta c6
thé lua chon nhitng cdch giai sau dé thuc hién:
Cdch I: Thuc hién theo cac budc:
Budc 1: Xac dinh toa do giao diém M cua (d;) va (d).
Léy diém A e (1), v6i A = M.
Budc2: 1Ldy diém B e (d») thoa man Al = BI, Tir d6, nhan duoc
toa do hai diém By, Bo.
Bu6c 3: Ta cé:
*  Vé6i By thi suy ra toa do trung diém K, ctia AB;.
Khi d6, phuong trinh duong phan gidc thit nhat la:

M
(A): {Qua N
vtep MK,
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*  V6i B, thi suy ra toa do trung diém K, clia AB..
Khi d6, phuong trinh dudong phan gidc tht hai la:

M
(A2): {Qua .
vicp MK,

Luu y: Véi cach giai nay, ta c6 cac luu y sau:
1. Tacékét qua:
a. Néu MAMB, > 0 thi (A)) va (A) theo thi tu 13 phuong trinh
duong phan gidc géc nhon, goc ti cua goc tao boi (di), (d2).
b. Néu MAMB, < 0 thi (A;) va (A2) theo thit tu 1a phuong trinh
duong phan gidc goc t, géc nhon cua goc tao boi (di), (do).
2. Néu bai toan yéu cau lap phuong trinh mat phang phan gidc (Q)
ctia goc tao bdi (di), (dz), ta co:

Q: {Qua M
vipt AB
Cdch 2: Thuc hién theo cac budc:
Budc 1: Xac dinh tao do giao diém M ctia (d;) va (da).
Lay A € (di) vaB € (d»), v6i A,B= L.
Buoc2: Goi Ky, Ks theo thd tu 14 chan dudng vuong géc ngoai,
trong ha tir M xuéng AB.
Ta lan luot co:

*  Diém K;(x1; yi; z1) chia AB theo ti s6 t = %

i = 1A = Toa do K.
BK, IB
Khi d6, phuong trinh dudng phan giac ngoai dugc xac

dinh bai:

(IK)): {qua I

vtep I—K1 .
.o . , . IA
= Diém Kiy(x2; y2; 72) chia AB theo ti s6 _E

AK IA
& —2 =—— = Toa do Ko.
BK,

Khi d6, phuong trinh duong phan gidc trong dugc xac
dinh bdi:

IK>): ..
(1K) {VtcpIK2

* Vai yéu cau "Viét phuong trinh mdt cdu cé bdn kinh R tiép xiic véi (dv), (da) tai
diém M", ching ta thdy ngay d6 chinh 1a "Mdt cdu cé bdn kinh R tiép xiic véi
mit phang (P) tai diém M" va day 12 dang toan chiing ta da biét c4ch thuc hién.
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+ Vi yeu cau "Viét phuong trinh mdt cdu (S) tiép xiic véi cd (dv), (d2) va cé tam
thuéc duong thdng (A)", chiing ta thuc hién theo cdc budc:
Budc 1: Vi (di) va (do) cit nhau nén tam I clia mat cdu (S) thuoc mat phing
phan giac (Q) cua géc tao boi (di), (d2).
Viét phuong trinh mat phang (Q).
Buoc2: Khi do:
* Tam I chinh la giao diém cta (Q) va (A).
= Ban kinh ctia mit cau 1a R = d(I, (dy)).
Buoc 3: Viét phuong trinh mit cau (S).
* Vi yéu cau "Viét phuong trinh mdt cdu (S) ¢é ban kinh R tiép xiic véi (dy) tai
diém E va tiép xiic vdi (dz)", ching ta lua chon mot trong hai cdch giai sau:
Cdch 1: Ta thdy ngay tam I clia mat ciu (S) thuoc duong thing (a) 1 giao
tuyén ctia hai mat phang (R), (T) véi:
* (R) la mat phing qua E va vuong géc véi (d).
* (T) 1a mat phang qua F va vuéng géc véi (dv), biét F thudc (d») sao cho
ME = MF.
Tt phan tich d6 chiing ta thuc hién bai toan theo cac budc:
Buoc 1: Viét phuong trinh mat phang (R) qua E va vuong géc véi (di).
Buoc2: Tim diém F thuoc (dz) sao cho ME = MF.
Budc 3: Viét phuong trinh miat phang (T) qua F va vuong géc véi (do).
Budc 4: Thiét lap phuong trinh tham s6 cta giao tuyén (a) ctia hai mat
phing (R), (T).
Buoc 5: T diéu kién tam I thuoc (a) sao cho IE = R suy ra toa do cta I.
Budc 6: Viét phuong trinh mat cau (S).
Cdch 2: Thuc hién theo cac budc:
Buoc 1: Gia stt mat cau (S) can dung véi tam I(a; b; ¢) tiép xdc véi (do) tai F,
suy ra toa do ctia F thoa man phuong trinh tham s6 cua (d,).
Buoc2: Ta cé cac diéu kién:
El =R < E2 = R2. (1)
El Lu, < ELu, =0. )
ME = MF < ME? = MF? = Toa d6 cta F.
Buoc 3: V6i F tim dugc thiét 1ap diéu kién :
FI Lu, < FlLu, =0. (3)
Budc 4: Két hop (2) va (3), dé thuc hién viéc biéu dién hai trong s6 ba 4n a,
b, ¢ theo 4n con lai. Réi thay vao (1) ching ta s€ nhan duoc toa do
cta tam I.
Buoc 5: Viét phuong trinh mét cAu tim I ban kinh R.
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Thi du 2. Cho hai duong thing (dv) va (dz) c6 phuong trinh:

x=—1+2t x=3+2u
(d):qy=-1+2t,te Rva(d,):qy=2+u ,ue R.
z=1+t z=4+2u

a. Chimg minh rang (d,) cdt (dv) tai diém M. Tim toa do ciia M va tinh
goc giita (d,), (da).

b. Viét phuong trinh mdt phdng (P) chita (d,) va (d).

c. Viét phuong trinh mdt phdng (Q) chita (di) va tao véi (d2) mot géc
lon nhdt.

d. Viét phwong trinh mdt phang (R) chita (d) va tao véi (d2) mot géc o
biét sinou=4/9.

e. Viét phuong trinh duong phdn gidc cua goc tao bdi (dy) va (dy).

f.  Viét phuong trinh mdt cdu c6 bdn kinh R =17 tiép xiic vdi (dy), (da)
tai diém M.

g. Viét phuong trinh mdt cau tiép xiic voi cd (dv), (d2) va cé tdm thuoc
duong thang (A) c¢6 phuong trinh:

X=-2+vV
(A):5y=0 ,veR.
z=1-2v
&5 Gidi
Ta co:

=  Pudng thing (d) ¢6 vicp u,(2; 2; 1) va di qua diém M,(~1; —1; 1).
=  Pudng thing (d2) c6 vicp u,(2; 1; 2) va di qua diém Ma(3; 2; 4).
a. Béng cach thay phuong trinh tham s6 cua (d,) vao (d,), ta dugc:
—1+2t=3+2u

-14+2t=2+u =t=1=(d) N (d)={M(1; 1;2)}.
1+t=4+2u

uu2

Goi o 1 géc tao béi hai dudng thang (d;) va (d»), ta c6 coso. =

O

2
b. Ta c6 thé trinh bay theo céc céch sau:
Cdch I: Goi n, 12 mot vtpt clia mat phang (P), ta co:
n,=lu,u, |=G-2-2).
Khi d6, phuong trinh mat phang (P) dugc cho boi:
Qua M, (-1;-1;1)
(P: { 1

— & P)r3x-2y-22+3=0.
vtpt n, (3;—2;-2)
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Cdch 2: Gia st mat phang (P) ¢6 phuong trinh:
(P): Ax+By+Cz+D=0,v6i A>+ B>+ C*> 0.
Tir diéu kién M, M, M> thuoc (P) ta dugc:

A+B+2C+D=0 B+2C+D=-1 2
Chon A=1 B:C:_

-A-B+C+D=0 = -B+C+D=1 & 3.

3A+2B+4C+D=0 2B+4C+D=-3 D=1

Khi d6, ta duoc phuong trinh mat phang (P): 3x — 2y — 2z + 3 =0.
c. Ta cé nhan xét:
g((d2), (Q)) < g((d2), (d1))

do d6 Max[g((d2), (Q))] = g((d2), (d1)) dat dugc khi (d;) 1a hinh chi€u vuéng géc cta
(do) trén (Q), tc la:

1 .
(Q) L ((d), (d2)) = (P) = {H_Q o g <[ =@ -7 10)

n, lu

Phuong trinh mit phang (Q) dugc cho boi:
Qua M, (-L;—-1;1)

Q: vtpt H;(2;—7;10)

1

< (Q):2x—Ty+10z—15=0.

d. Gid sirmat phang (R) c6 vtpt i(a; b; ¢), ta lan luot c6:
= Vi (d)) thuéc (R) nén:
n, Lu < n,u =0<2a+2b+c=0&c=-2a-2b. (1)

= Vig((d), R)) = o ¢6 sina :g nén:

4 iuj |2a+b+2¢|
—=——= < 16(a> +b? +c?) =9(2a + b + 2¢)?
9 ‘nQ‘. u,| 3Wa'+b +c’

)
< 16(a® +b”) +16(—2a —2b)* =9[2a + b +2(-2a — 2b)]
& 44a° + 20ab — b? = 0 < b = —2a hoac b = 22a.
Khi dé6:
= V6ib=—2athic=2anén n,(a; —2a; 2a) chon n,(l; —2;2), tir d6 ta duoc:
Qua M, (-L;-1;1)
R)): —
vtpt ng (1;—2;2)
=  V6ib=22athic=-46anén i(a; 22a; —46a) chon i(l; 22; —46) , tir d6 ta dugc:
Qua M, (-L;-1;1)
vipt ng (1;22;—46)
Vay, ton tai hai mat phang (R,), (R2) thoa man diéu kién dau bai.

< R):x-2y+2z2-3=0.

(R,): & (Ro): x4+ 22y —46z+ 69 = 0.
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e. GoiN e (dy) sao cho MN = MM,, ta lan luot c6:
N@B +2u;2+u; 4+ 2u),
MN’ =MM; < Qu+2P2+u+1P2+Qu+2?=9<9u+1)*=9
<u+1=%1<u =0hoac u, =-2.
Khi do:
*  V6i u = 0 thi Ni(3; 2; 4) va trung diém cta MiN; 1a K, (1; %; %) , tir d6 ta

duogc phuong trinh dudng phan giic (A):
Qua M(1;1; 2
(A1)I ( )
vtep MK, (O; 1/2; —1/2) chon vtcp (O; L —1)
x=1
< (A)y=l+t,te R.
z=2-t
» V6iwp = -2 thi No(—1; 0; 0) va trung diém ctia M|N; 1a K, (—l; —%; %] ,tur do ta
duogc phuong trinh dudng phan giic (A»):
Qua M(l; I; 2) x=1+4t
< (A)y=1+3t,te R.
z=2+3t

(Az):

vtep MK, (2; %; %) chon vtep (4; 3; 3)

f. Mat ciu (S) can dung vé6i tam I s& tiép xtc v6i mat phang (P) tai M.
Goi (A) 1a duong thang qua M va vuong géc véi (P), ta c6:

Qua M(l; 1 2) x=1+3t
(A): _ & (A)sy=1-2t,te R.
vtep n, (3; —2; - 2) ,=2 2t

Vi tam I thuoc (A) nén I(1 + 3t; 1 — 2t; 2 — 2¢), tir d6:
IM=ReIM’=R?< 0 +4+4°=17TtP=1 <t ==1.
Khi d6:
= Véit =1 thi ,(4; —1; 0), tir d6 ta dugc:
Tam 1, (4; —1,0)
(Sh):
Bén kinh R=v/17
= Véit, =—1 thi I(-2; 3; 4), tit d6 ta dugc:
Tam I, (-2; 3; 4
) [T (39
Bén kinh R=/17

Vay, ton tai hai mat cau (S)), (Sz) thoa mén diéu kién dau bai.

S x—4P+y+ 1) +22=17.

() X +2P+(y =3+ (z— 47 = 16.
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g. Talan luot:

Véi dudng phan gidc (A)) ta c6 phuong trinh mat phang phan gidc (Q)):
Qua M(l; I 2)
(Q): .
vtpt M|N, (4; 3; 3)

Khi d6, ta co:
a. Toa do tam T, ctia mat cau (T;) 1a nghiém cua hé:

& (Q): 4x + 3y +3z— 13 =0.

X=-2+V x=-11
y oY — Ty(=11: 0: 19).
z=1-2v z=19

4x+3y+3z-13=0 v=9
b. Bén kinh R, duoc cho bdi:
[wra]
Ri= d(Tl, (dl)) =
o
Tt d6, ta c6 phuong trinh mat cau (T;) nhu sau:
(T): (x+11)> +y*> +(z—19)* =424.
V6i dudng phan gidc (A,) ta ¢ phuong trinh mat phang phan gidc (Q.):
( Qua M(l; 1; 2)
2): -
vtpt M|N, (O; I; - 1)
Khi do, ta co:
c. Toa do tam T, ctia mat ciu (T>) 1a nghiém cua hé:

=424 .

S Q):y—-z+1=0.

X=—2+v X=-2
=0 =0
Y =177 S0,
z=1-2v zZ=
y—z+1=0 v=0
d. Ban kinh R, dugc cho boi:
‘[MlTZ,ul]‘
Ri=d(Ts, (di) = =——=——=12.

2
Tt d6, ta c6 phuong trinh mat cau (T>) nhu sau:
(T,): (x+2) +y* +(z—1)> =2.

Vay, ton tai hai mat cau (T)), (T») thoa mén diéu kién dau bai.

& Cha y:  V6i hai dudng thang (di) va (d2) chéo nhau, ching ta thudng gap

thém cac yéu cau:

1. Tinh géc giita hai duong thang (d;) va (d).

2. Tinh khoang céch gifta hai dudng thing (d;) va (d).

3. Viét phuong trinh mat phang (Q,) chita (d;) va song song véi (da).
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4. Viét phuong trinh cidc mat phang (Q)), (Q») theo thit tu chita (d)),
(d») va song song v6i nhau.

5. Viét phuong trinh mét phing (Q) song song va cich déu (dy), (d»).

6. Viét phuong trinh dudong vuong géc chung cta (d;) va (dy).

7. Viét phuong trinh mat cau cé ban kinh nhd nhat ti€p xdc véi ca

(di) va (do).
8. Viét phuong trinh mat ciu ti€p xuic véi ca (di), (d2) va c6 tam
thuoc duong thang (A).

*+ V6i yéu ciu "Tinh géc giia (di) va (d2)", chiing ta thuc hién tuong tu nhu
trong phan chd y vé hai dudng thang cit nhau.

* Vi yéu cu "Tinh khodng cdch giita (d;) va (d»)", ching ta c6 két qua:
* (dy) di qua diém M;(x:; y1; z1) va c6 vicp uﬁ (ar; bi; c1).

* (dy) di qua diém Ma(x2; y2; 22) va c6 vicp uj (az; ba; c2).
Khi d6, khoang cach gitta (di), (d2) duoc cho bai:
‘[ul,uz].M,M2

o]
Ngoai ra, con c6 thé sir dung két qua trong yéu cau (3) hodc yéu cu (6).
+ Véi yéu cau "Viét phuong trinh mdt phang (Q1) chita (d)) va song song véi
(d2)", ching ta thuc hién theo cac budc:
Budc1; Tim u, va u, 12 vtep clia (di) va (d2) va ldy diém M, € (d,).
Budc2: Mat phang (Q;) dugc cho béi:

Qua M,
(Ql): {tht Hl' =|:1T], ITZ'] .

+ Vi yeu cau "Viét phuong trinh mdit phdang (Q) song song va cdch déu hai duong
thdng chéo nhau (d,) va (d») cho trudc”, chiing ta thuc hién theo céc budc:
Budc1: Tim u, va u, lavtep clia (di) va (do).
Lay M € (di) va M; € (do), suy ra toa do trung diém M clia M;M..
Budc2: Mat phang (Q) dugc cho boi:

Qua M
@ Lot =[5,
+ VGi yéu cau "Viét phuong trinh duong vuong géc chung cia (d) va (da)",
chiing ta c6 thé lwa chon nhitng c4ch giai sau dé thuc hién:
Cdch 1: Ta thuc hién theo cac budc:
Buoc 1: Gia st A, B theo thi tu 1a chan duong vuong géc chung
trén (d;) va (d).
Budc2:  Chuyén phuong trinh (d) va (d;) vé dang tham s6, suy ra toa
do cta A, B theo phuong trinh tham s6 cua (d) va (d).

d((dy), () =




Buoc 3: Tix diéu kién:
{(d) 1(d,) {E Lu, {E.uT =0 {t
= Py =

@L@) " |ABLu,  |ABw =0  |u
= Toado A, B
Buoc 4: Khi d6 phuong trinh dudng vudng géc chung (d) duge
cho bai:
quaB
(d): { .
vtcp AB

Cdch 2: Thuc hién theo cac budc:
Budc1; Tim u, va u, 1a vtep ciia (di) va (d2). Goi u 1a vtcp ctia
duong vuong gbc chung (d), ta co:
Ce o
lj li = uz[ul,uz].
ulu,
Budc2: Goi (P1) 12 mat phing chia (d) va (d,), khi dé:
Qua M, €(d,)) qua M, €(d,)
(Py): { L e (P L

Cap vtep uva ITI vipt rTl = [ﬁ,lTl]
fm— (P1)
Buoc 3: Goi (P2) 1a mat phing chita (d) va (do), khi dé:

d d
(Py): {Qua M, e(d,) o (Po): {qua M, e(d,)

Capvtep u va u, vipt n, =[u,u,]
= (P2).
Budc 4: Puong thang chung (d) chinh 13 giao tuyén cta (P;) va
(P2) nén gém céc diém M(x; y; z) thoa man hé:

P, .
{EP' )) => Phuong trinh tham s6 hodc chinh tac ctia (d).
2

Cdch 3: Ta thuc hién theo cac budc:
Bu6c 1: Tim u, v u, la vtcp ctia (di) va (d2). Goi u 1a vtcp clia
duong vuong géc chung (d), ta co:
o -
11 11 = uz[ul,uz].
ulu,
Budc2: Goi (P1) 12 mat phing chia (d) va (d,), khi dé:
Qua M, €(d,)) qua M, €(d,)
(Py): { L e L

Cap vtep uva u, vtpt rTl = [ﬁ,lTl]

= (Pl).
Budc 3: Gia stt (d)(d2) = {B} suy ra (P))(d2) = {B} = toa do B.
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Buoc 4: Khi d6 phuong trinh dudng thang (d) duoc cho boi:
quaB
(d): -
vtcpu
Cdch 4: (Ap dung trong trudng hop hai dudng thing (d,), (d2) chéo nhau va
vuong gbc v6i nhau): Ta thuc hién theo cic budc:
Budc 1: Dung mat phing (P;) thod man:

{(dl) c(P)

(P)L(d,)

Budc 2: Dung mat phing (P») thoa man:
{(dz) < ()
(P)L(d)"

Buoc 3: Puong thang chung (d) chinh 1a giao tuyén cta (P;) va
(P2) nén gém céc diém M(X; y; z) thod man hé:
P, .
{EP' )) => Phuong trinh tham s6 hodc chinh tic ctia (d).
2
*+ VGi yéu cau "Viét phuong trinh mdt cdu c¢6 bdn kinh nhd nhdt tiép xiic voi
cd (dy) va (d»)", ching ta di viét phuong trinh mat cau duong kinh AB véi
A, B theo tht tu 1a chan duong vuong géc chung trén (d;) va (dz).
% Vi yéu cdu "Viét phuong trinh mdt cdu (S) tiép xiic véi cd (dy), (d2) va cé tam
thudc duong thang (A)", ching ta thuc hién theo cic budc:
Buoc 1: Chuyén phuong trinh cic duong thing (A), (di) va (d2) vé dang
tham s va tim c4c vtcp tuong Gng u, , u, .
Buoc 2: Gia sit mat ciu (S) ¢6 tam I va tiép xuc véi (dy), (dz) theo thi tu tai
A va B, suy ra toa do I, A, B theo cac phuong trinh tham s6.
Buoc 3: Ta cé diéu kién:

IA L (d,) IA Lu, 1A, =0

. . — Toadol
AIBL(d,).< {IBlu, < {Bu,=0 = N

IA =IB IA =IB A% = B> B

Buoc 4: Viét phuong trinh mét cdu (S) tam I ban kinh R.
Thi du 3. Cho hai duong thdng (d)) va (da) ¢é phuong trinh:

x=1 x=1+u
dp)y=t,teR, (d,):qy=0 ,ueR.
z=1 z=2

a. Chitng minh rdng hai dwong thdng (d), (d2) chéo nhau. Tinh
khodng cdch va goéc giita chiing.
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b. Viét phuong trinh cdc mdt phdng (Qv), (Qu) theo thir tw chita (d,),
(d») va song song voi nhau.

Viét phuong trinh mdt phdng (Q) song song va cdach déu (dy), (da).
Viét phuong trinh duong thing di qua diém A(0; 1; 0) cdt cd (dy), (dy).
e. Viét phuong trinh duong thang cdt cd (d,), (d2) va song song voi

/o

duwong thdng (AI):?zy—Tz ZIl
f. Viét phuwong trinh duong thing di qua diém B(2; 1; 2) va vuong géc
voi cd (dy), (da).
g. Viét phuong trinh duong vuong géc chung cuia (dy) va (d,).
h. Viét phuong trinh mdt cdu cé ban kinh nhd nhdt tiép xiic voi cd

(d1) va (d).
i. Viét phuong trinh mdt cdu tiép xiic voi cd (dv), (dz) va c¢é tdm thudc
, ~1 ~1
duong thang (A,): Xl =%= Zl .

j. Viét phuong trinh mdt cdu cé bdn kinh R =~/5/2 tiép xiic vdi (d,)
tai diém Ci(1; 1; 1) va tiép xiic véi (dy).

L5 Gidi
a. Taco:

* Dudng thang (d;) ¢6 vtep LTI(O; 1; 0) va di qua diém M;(1; 0; 1).

» DPudng thang (dz) ¢6 vtecp ut(l; 0; 0) va di qua diém Mx(1; 0; 2).

Nhan xét rang:

[u), u; | MM, =1 = (d) v (d2) chéo nhau.

Khoang cach giita (d;) va (d») duoc cho bai:

o0, M,

[unu:]
Cosin géc a giita hai duong thang (d;) va (d») duoc cho bi:

d((dy), () = - =1.

u,.u, T
COSOl = —1— =0 a=—.
o] fu 2

b. Goi n 12 vecto thod man:

el foa )
S0 = n=[uu, |=(0:0:~1) chon n(0; 0;1).
nlu,

Khi d6, ta 1an luot c6:
Qua M, (1; 0; 1)
Q): !
vtpt n(0; 0; 1)

Qua M, (L; 0; 2)

- & (Q:z—2=0.
vtpt n(0; 0; 1)

< Q):z—1=0;(Q: {
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c. Goi M la trung diém M;M, thi M(l; 0; %)

Khi d6, phuong trinh mat phang (Q) duoc cho béi:
ua M(1;0;3/2
Q): Q Q( )<:>(Q):22—3:0.
vtpt n(0; 0; 1)

d. Ta c6 thé lua chon mot trong céc cdch sau:
Cdch I: Gia st (a) 1a dudng thang can dung va (a) cit (di) va (d») theo thit tu tai c4c

diém M, N. Khi dé6:
= PiémM e (d))suyra M(1; t; 1) va AM(; t—1; 1).
= Diém N e (dy) suy ra N(1 +u; 0; 2) vA AN(u+1;—1;2).

Ba diém A, M, N thang hang ta duoc:
| =Kk(u+1)

t-1=—k =
1=2k

1
2 = N(2;0;2).
1

u=

AM =kAN <

Khi dé, dudng thing (a) dugc cho boi:
Qua A(0;1;0) X y- 7
: . a): —="——=—.
vtep AN(2;-1; 2) W=
Cdch 2: Gi st (a) 12 duong thang cin dung, khi d6 (a) 12 giao tuyén clia hai mat
phang (P;) va (P»), trong dé:
Qua A .
(Py): va (P2):
d)c(P)
Phuong trinh mat phang (P;) dugc cho bdi:
Qua A(0;1;0) Qua A(0;1;0)
(P): — . &s(P): S P):x-z=0.
Capvtcp AM, va u,
Phuong trinh mat phing (P2) duoc cho béi:
P Qua A(0;1;0) ( Qua A(0;1;0)
7 Capvtcp AM,, va g 7 vtpt ;1; =[AM,, ﬁ;] =(0;2;1)
& P):2y+z-2=0.
Vay, duong thing (a) chita cac diém M(x; y; z) thoa man hé:
{x -z=0

2y+z2-2=0

Bang viéc dat y = t, ta bién d6i hé (1) vé dang:
y=t x=2-2t
x—z=0 & qy=t ,te R.

2t+z-2=0 z=2-2t
D6 chinh 12 phuong trinh tham s6 clia duong thang (a) can dung.

Qua A
(d,)c(P)

vtpt n, = (-1;0;1)

&)
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@ Luu y: Ching ta c6 thé t6i wu 16i giai trong céch 2 nhu sau:
Gia sir (a) v6i vtcp u, la dudng thing cin dung, khi d6 (a) 1a giao tuyén
ctia hai mat phang (P;) va (P,), trong d6:

~|Qua A .. |QuaA
v {(dl)c(Pl) va (b {(dz)c(g)'

= Mt phang (P) ¢6 vtpt n, dugc cho boi:
n, =[AM,, u,]=(-10;1).
= Mt phang (P2) ¢6 vtpt n, duoc cho béi:
n, =[AM,, u,]=(0:2:1).
= vtcp u, cua dudng thing (d) duoc cho béi:
u, =[n. 0, |=(-2:1:-2) chon u(2: -1;2).
Khi d6, dudng thang (d) dugc cho boi:
Qua A(0;1;0) _
: - (:)(a):iz—y 1=£.
viep u(2;-1; 2) 2 -1 2
Cdch 3: Gia st (a) 1a dudng thang cin dung va (a) cat (d») tai N.
» Goi (P)) la trinh mat phang qua A va chia (d,), ta cé:
Qua A(0;1;0) Qua A(0;1;0)
) <P —_ .
Capvtcp AM, va u, vtpt n, =[AM,, u,]=(-10;1)
< P):x—-z=0.

* Toa do diém N dugc xé4c dinh bing céch thay phuong trinh tham s6 clia (d»)
vao phuong trinh (P;), ta dugc:
l+u-2=0<u=1= N(20;2).
Vay, phuong trinh dudng thing (a) ¢6 dang:
. {QuaA(O;l;O) x y-1 1z

vtcp H\I(Z;—l; 2) < (a):Ez—_l 2"

Cdch 4: Gia stt (a) 1a dudng thang cin dung va (a) cat (d;) tai M.
* Goi (P») la trinh mat phang qua A va chia (dy), ta cé:
Qua A(0;1;0) Qua A(0;1;0)
(P2): { (P2): {

u, vpt n, =[AM,, u,]=(0;2;1)

Capvtcp AM,, va u,

& P):2y+z2-2=0.
* Toa do diém N dugc x4c dinh bang cdch thay phuong trinh tham s6 cua (d,)
vao phuong trinh (P)), ta duoc:

2t+1-2=0< ‘[=l = M(l;l;l}
2 2
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Vay, phuong trinh duong thang (a) c6 dang:
Qua A(0;1;0) z

a): . S (a):—= —.
vtep AM(1;—1/2;1) chon (2; -1; 1) 2 -1 2

e. Ta c6 thé lua chon mot trong cdc cach sau:

Cdch I: Gia sir (b) 1a dudng thang can dung va (b) cat (di) va (d») theo thit tu tai cic
diém E, F. Khi dé:
* PiémE e (d) suy ra E(1; t; 1).
* Piém F € (dy) suy ra F(1 + u; 0; 2).
* Vi EF song song vé6i dudng thing (A;) ¢6 vtep uTl(l; —1;1) ta duogc:
EF=ku, < %:_—Iz% —t=u=1=E®; 1 1).
Khi d6, dudng thang (b) dugc cho boi:

Qua E(L:1:1) x=1+t

b): — (11 & (b):sy=1-t,te R.
t =1
viep uy ( ) z=1+t

Cdch 2: Gia sit (b) 12 dudng thing cin dung, khi d6 (b) 1a giao tuyén clia hai mat
phiang (R;) va (R,), trong d6:
A R A R
R): {( DIRD o Ry {( VIR
d)cR) (d,)=(R,)
» Phuong trinh mat phang (R,) duoc cho béi:
Qua M, (1;0;1) Qua M, (1;0;1)
Ry): S, Ry): U
Capvtcp u,, va u, vtpt ny, =[u,,, u,]=(-10;1)
< R):x—-z=0.
*  Phuong trinh mat phing (R) dugc cho béi:
Qua M, (1;0;2) Qua M, (1;0;2)
(R2): T e R T
Capvtcp u,, vau, vtpt ny, =[n,,, u,1=(0;1;1)
& Ro):y+z-2=0.
Vay, duong thing (A) chita cdc diém M(x; y; z) thod man hé:
x—z=0
{ . 2)
y+z-2=0
Bang viéc dat x = t, ta bién d6i hé (2) vé dang:
X=t x=t
t—z=0 & qy=2-t,te R.
y+z-2=0 z=t
D6 chinh 12 phuong trinh tham s6 cia duong thang (b) cin dung.
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Cdch 3: Gia st (b) 12 dudong thang can dung va (b) cit (d») tai F.
* Goi (Ry) 12 mat phing song song v6i (A1) va chita (d), ta cé:
Qua M, (1;0;1) Qua M, (1;0;1)
Ry): { : Ry): { !

Capvtcp u,, va u, vtpt ng, = [u—m, uT] =(-10;1)

< R):x—-z=0.
* Toa do diém F duoc xéac dinh bang cdch thay phuong trinh tham s6 cua (d,)
vao phuong trinh (R;), ta dugc:
l+u-2=0u=1= F(2;0;2).
Vay, phuong trinh duong thang (b) ¢6 dang:
Qua F(2;0;2) _ _
: i o by XT2oy 272
vep u,, (L-1;1) 1 -1 1
Cdch 4: Gia st (b) 12 dudong thang can dung va (b) cat (d,) tai E.
* Goi (R1) 12 mat phang song song véi (A1) va chita (d»), ta c6:
Qua M, (1;0;2) Qua M, (1;0;2)
(R2): { ’ (R2): { :

B
Capvtcp u,, va u,

vipt ng, =[n,,, u,]1=(0;1;1)
& R):y+z-2=0.
* Toa do diém E duoc xdc dinh bing cdch thay phuong trinh tham s& ctia (d;)
vao phuong trinh (R»), ta dugc:
t+1-2=0t=1 :>E(1;1;1).
Vay, phuong trinh duong thang (b) ¢6 dang:
_{QuaE(l;l;l) x-1 y-1 z-1

— b): = =
vep u,, (L-1;1) I T

f. Gid sir (c) 1a dudng thing cn dung va (c) ¢6 vtep u, , ta co:

{(c)udl) - {uiiu?

= u,=[u,u; |=0;0;-1).

(c) L(d,) u,lu,
Vay, phuong trinh duong thang (c) c6 dang:
Qua B(2;1;2) x= f .
C): — < (C): = ,te .
vtep uC(O;O;—l) (©):1y
z=2—-t

g. Ta c6 thé trinh bay theo céc céch sau:
Cdch I: Gia su P, Q theo tht tu 1a chan duong vuong goc chung trén (d) va (d) thi:
P(1; t; 1) va Q(1 +u; 0; 2) = PQu; —t; 1).
Tir diéu kién:
{(d)“d‘) o {?“ﬁ o {?“izo et=u=0=P(1: 0; 1) va Q(l; 0: 2).
(d) L(d,) PQ Lu, PQu, =0
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Khi d6, phuong trinh duong vuong géc chung (d) duoc cho bai:

x=1
uaP(1;0;1
d):{Q _( ) & (d):qy=0 ,te R.
vtep PQ(0; 0; 1) ye et

Cdch 2: Goi (d) la dudong vuong goéc chung ctia (d;) va (d»), khi d6 mot vtep u cla
(d) thda man ﬁz[f{, uj} =(0;0;-1).

Ta lan luot:

*  Goi (o) 12 mat phang chita (d) va (dy), khi d6:

Qua M, (1;0;1) Qua M, (1;0;1)
(an): . e (o) - - —
Cap vtep u vau, vtpt n, = [u, u, ] =(1, 0, 0)
< (o):x—1=0.
*  Goi (02) 12 mat phang chita (d) va (d»), khi d6:
Qua M, (1;0;2) Qua M, (1;0;2)
(02): L e (o) -
Capvtep u vau, vipt n, = [u, uJ =(0; -1, 0)
& (o) y=0.

Vi (d) chinh 12 giao tuyén ctia (o) va (o2) nén duong thang (d) can dung chita cdc

diém M(x; y; z) thod man hé:

o
Bang viéc dat z = t, ta bién déi hé (*) vé dang:

z=t x=1

x-1=0 &< Jy=0,te R.

y=0 z=t

D6 chinh 14 phuong trinh tham s6 ctia dudng thing (d) cin dung.
Cdch 3: Goi (d) 1a dudng vuodng géc chung ctia (di), (dz) va gia st (d) cat (d») tai Q,
khi d6 mot vtep u cta (d) thoa man:
u=up, u, |=(0;0;-1).
Ta lan luot:
*  Goi (o) 12 mat phang chita (d) va (dy), khi dé:
Qua M, (1;0;1) {Qua M, (1;0;1)

(ou): L e (o) - - —
Capvtep u vau, vipt n, = [u, u, ] =(1;0;0)

< (o):x—1=0.
* Toa do diém Q duoc xdc dinh bang cdch thay phuong trinh tham s6 ctia (dz)
vao phuong trinh (o), ta dugc:
x=1=Q(; 0; 2).
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Khi d6, phuong trinh duong vuong géc chung (d) duoc cho bai:

x=1
uaQ(1;0; 2
d): Q ?( )<:>(d): y=0 ,te R.
vtepu(0; 0; —1) 22—t

Cdch 4: Goi (d) 1a dudng vuong goc chung cta (dy), (d) va gia str (d) cat (d;) tai P,
khi d6 mot vtcp u clia (d) thda man u = [uT, uj] =(0;0;-1).

Ta lan luot:

* Goi (a2) 12 mat phang chita (d) va (d»), khi dé:

Qua M, (1;0;2) Qua M, (1;0;2)
(o) L e (o): .
Capvtcp u vau, vipt n, = [u, uzJ =(0;-1;0)
& (o) y=0.

* Toa do diém P duoc x4c dinh bing cdch thay phuong trinh tham s6 cua (d)

vao phuong trinh (o), ta dugc:

y=0=P(1;0; 1).

Khi d6, phuong trinh dudng vuoéng géc chung (d) duge cho bai:

QuaP(1;0;1) x=1
(d): - & (d): (d):{y=0 ,te R.
vtepu(0; 0; —1) 1t

Cdch 5: Tu két qua cau a) ((di) va (dz) vudng géc vé6i nhau), ta lan lugt c6:
* Goi (B1) 12 mat phang chita (d;) va vuong géc véi (d), khi dé:

Qua M, (1;0;1)
(Bo): _ & B):x—1=0.

vtpt u, (1; 0; 0)
*  Goi (B») 1a mat phing chia (d») va vuong géc véi (di), khi dé:
qua M, (1;0;2)
(B2): _ < Bo):y=0.

vtpt u, (0; 1; 0)

Vi (d) chinh Ia giao tuyén cta (B1) va (B2) nén dudng thang (d) cin dung chia cic
diém M(x; y; z) thoa man hé:

X—1=0. ()
y=0

Bing viéc dat z = t, ta bién doi hé (**) vé dang:
z=t x=1

x-1=0 &< Jy=0,te R.
y=0 z=t
D6 chinh 12 phuong trinh tham s6 clia duong thang (d) cin dung.
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h. Mat cau (S) duong kinh PQ véi P, Q theo thi tu 1a chan dudong vudng géc chung
trén (di) va (d2) chinh 12 mat c4u can dung. Dé viét phuong trinh mat cdu (S) ta ¢
thé trinh bay theo cdc cdch sau:
Cdch I: Mat cau (S) v6i dudng kinh PQ c6:

Tam I 1a trung diém PQ Tam I(l; 0;3/ 2)

S): < (S):
®) Bénkinth% ©) R ;

= (S):(x—1)2+y2+(z—§j -

Cdch 2: Mat céu (S) v6i duong kinh PQ gom:
M(x; y; z) € (S) < PM L QM < PM.QM =0
Sx-Ly,;z-Dx-1;y;z-2)=0
SE-DE-D+yy+z-1D)z-2)=0=x>+y*+22-2x-3z+3=0.
D6 chinh la phuong trinh mat cau (S) can tim.
Cdch 3: Mat céu (S) v6i duong kinh PQ gom:
M(x; y; z) € (S) < AMPQ vuong tai M < PM? + QM? = PQ?
SE-D?+y+@-1)P+E-1)1+y*+(z-2)7°=1
Sx2+y?+22-2x-3z+3=0.
D6 chinh la phuong trinh mat cau (S) can tim.
i. Chuyén phuong trinh duong thang (A.) vé dang tham s6:
x=1+v
(A):3y=v ,ve R.
z=1+v
Gia st mat cau (S) ¢6 tam I va tiép xtc véi (d), (d2) theo thit tu tai Dy va Dy, suy ra:
I(1+v;v;1+v), Di(1;t; 1), Do(1 +u; 0; 2)
= D_li(V; v—1t; V) va D—Zl(u—v; -v;1-v).
Ta lan luot ¢6 cac diéu kién:
= (S) ti€p xtc v6i (dy) tai Dy khi:
DIl (d)< DIly < Dlu =0 v-t=0cv=t= DI(v;0;V).
= (S) tiép xtc vai (d») tai D khi:
Dl L(dh)< DI Lu, < D,lu, =0 ©u-v=0=u=v=> D,I(0; —v; 1-V).
= (S) tiép xtc vai ca (di) va (d») khi:
DIl =D.l < D|I? = D.I?

C>V2+V2=(—V)2+(1—V)2<:>1—2V=0<:>t=u=V=%

=1 i;l;i va ban kinh Rz‘ﬁﬁ‘zi.
27272 2
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Khi d6, phuong trinh mat cau (S) c6 dang:

3’ 1Y 31
(S)(X_Ej +(y—5) +(Z—Ej =7
j.  Gia sirmat cau (S) c6 tam I(a; b; ¢) va tiép xtdc vdi (d,) tai Cs, suy ra:
Gyl +u;0;2) = Cl(a-1;b—1;¢c—1) va C,l(a—u—1; b; c—2).
Ta 14an luot ¢6 cac diéu kién:
= (S) ti€p xtc v6i (dy) tai C; khi:
CILd)e Clly < Cluy,=0<b-1=0sb=1.
= (S) ti€p xtc v6i (do) tai C; khi:
Gll(d) e Cllu, & Clu,=0 ©@a-u-1=0cu=a-1.

= (S)cébankinh R = g ti€p xtc vai ca (dy) va (d) khi:
R=ClI=Cl< R?*=CI?=CGI?
& 22(3_1)2 +(b-1) +Cc-1)’=@a-u-1)’+b*+(c-2)°

4
<:>%=(a—1)2+(c—1)2=1+(c_2)2
- %=1+(C—2)2 @{402—126c+15=0 *
(=17 +(c—1P =14 (c—2)y @7D=4-2c

Phuong trinh (*) ¢6 cdc nghiém c, =% va c, =§. Khi doé:
L 3.
* V6i ¢, =— thi:
2

a-1=1 a =2
a-1Y=1< = i
—-1=-1 a,=0
Tir do:

- Vé6i a; =2 ta duge tam [ (2; 1; Ej nén c6 mat cau:

2
3) 5
S):(x=2) +(y-1) +|z—-=| ==.
9:(x-2) (1) + 23] =3
- Véia; =0 ta dugc tam 12(0; 1 %) nén c6 mat cau:
3} 5
S,):x2+(y=1)+|z-2| ==.
i 4 (y-1) +2-2] =2
» Vdi ¢ =§ thi (a — 1)* = —1, vo nghiém.

Vay, ton tai hai mat cau (S)), (Sz) thoa mén diéu kién dau bai.
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Dang todn 5: Vi tri tuong d6i ctia mit cau voi duong thgng
Phuong phap
Ta lwa chon moét trong hai cach sau:
Cach 1: Thuc hién theo cac budc:
Buoc1: Xac dinh tam I va tinh ban kinh R ctia mit cau (S), tit d6 tinh:
d =d(I, (d)).
Budc2: So sanh d v6i R d€ dua ra két luan:
» Néud>R< (d)n(S)=9 (Hinh 1).
= Néud =R < (d) ti€p xuc vi mit cau (S) tai H (Hinh 2).
* Néud <R« (d)n(S)={A, B} (Hinh 3).

&

Hinh 1 Hinh 2
Cach 2: Thuc hién theo cac budc:
Bugc 1: Chuyén phuong trinh (d) vé dang tham s6 theo t.
Budc2: Thay x, y, z cua (d) vao (S), ta dudc:
AP +Bt+C=0 1)
Budc 3: Két luan:
* Néu (1) vo nghiém < (d) N (S) = &.
» Néu (1) c6 nghiém kép ty < (S) tiép xtic v6i (d) tai diém
H(x(t); y(to); z(t0))-
# Néu (1) ¢6 hai nghiém phan biét t;, < (d) N (S) = {A, B} véi
A(x(t); y(t); z(t1) va B(x(t); y(t); 2(t2)).
Vi cédc bai todn khong chita tham s6, khi st dung cach 1 ching ta dé dang két
luan duoc vé vi tri twong déi cua (d) va (S), tuy nhién:
*= Trong truong hop (d) N (S) = {A, B} hodc (d) » (S) = {M} ching ta
khong nhan dugc toa do ctia A, B va M.
* Vi cac bai toan c6 chia tham s6 khi sit dung cach 1 sé€ rét phuc tap, do vay,
tot nhat hay chon cach 2.

& Chau y: Trong trudng hop dudng thing (d) cit mit cdu (S) (tam I ban kinh R)
tai hai diém A, B chiing ta thudng gap thém cau hoi:
1. Tim toa do A, B (hoac d6 dai doan AB).
2. Viét phuong trinh dudng thang (A) song song véi (d) va cat mat
cau (S) tai hai diém E, F sao cho EF c6 do dai 16n nhat.
3. Viét phuong trinh céc mat phing (Pa), (Ps) ti€p xtic véi (S) theo thit
tu tai cdc diém A, B.
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4. Viét phuong trinh mat phang vuong géc véi (d) va:

a. Tiép xuc v6i mat cau (S).

b. Cat mat cdu (S) theo thiét dién 1a mot dudng tron 16n cua (S).

c. Cat mat cdu (S) theo thiét dién 1a mot dudong tron (C) c6 ban
kinh bang r (hodc biét chu vi dudng tron hodc biét dién tich
hinh tron do).

5. Viét phuong trinh mit phiang chita dudng thang (d) va cit mat
cau (S) theo thiét dién la mot duodng tron 16n cua (S).

6. Viét phuong trinh mat phiang chita dudng thang (d) va cit mat
ciu (S) theo thiét dién 1a mot duong tron nhan AB lam dudng
kinh.

7. Viét phuong trinh mat phang chita dudng thang (d) va cat mat ciu
(S) theo thiét dién 1a mot dudng tron (C) c6 ban kinh bang r (hoac
biét chu vi duong tron hoac biét dién tich hinh tron do).

% V6i yéu cdu (1) thi trong phan xét vi trf tuong d6i gitta (d) va (S) chiing ta st
dung céach 2.

Véi yéu cau (2) thi dudng thang (A) can dung sé& di qua I va song song véi (d).
Vi yéu cau (3) thi chiing ta cé ngay:

= Mt phang (Pa) di qua A va c6 vipt 1A

= Miat phing (Ps) di qua B va c6 vipt IB.

Luu y: Néu chi vé6i yéu céu tinh géc a gitta (Pa), (Ps) thi o = g(IA, IB).

+#

# Vi yéu ciu (4), ching ta thuc hién theo cdc buéc:
Budc 1; Ta co:
=  Dudng thing (d) c6 vicp u(a; b; ¢).
= Mat cau (S) c6 tam I va ban kinh R.
Budc2: Goi (P) 1a mat phang can dung, thi vi (P) vuong géc véi (d) nén:
(P):ax +by +cz+D=0.
Budc 3: Ta lan luot:
a. Dé (P) tiép xuc véi (S) diéu kién 1a:
d(L, (P)) =R = D = Phuong trinh c4c mit phang (P;), (P2).
b. Dé (P) cat mat ciu (S) theo thiét dién 1a mot dudng tron 16n cla
(S) diéu kién la:
I € (P)) = D = Phuong trinh mat phang (P).
c. Dé (P) cit mat cau (S) theo thiét dién 1a mot dudng tron (C) ¢
bén kinh bang r diéu kién la:
d(, (P))=vR* -1’ = D = Phuong trinh cdc mat phing
(P1), (P2).
+ Véi yéu cau (5), goi (Q) 1a mat phang can dung thi (Q) = (I, (d)) = JAB)
va chiing ta da biét hai cdch dé viét dugc phuong trinh mat phiang di qua ba
diém khong thang hang.

% V§i yéu ciu (6), ching ta thuc hién theo céc budc:
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Budc 1: Goi H 1a trung diém AB, suy ra toa do ctia H.
Budc2: Goi (Q) 1a mat phing can dung thi IH L (Q). Do dé:
Qua H
Cvtpt IH
% V6i yéu ciu (7), ching ta thuc hién theo céc budc:
Budc 1: Goi (Q) 12 mat phang can dung, gid st
Q):Ax+By+Cz+D=0.
Vi (Q) chira (d) nén A, B thudc (Q). (1)
Budc2: Dé (Q) cat mat ciu (S) theo thiét dién 1a mot dudng tron (C) ¢6 ban
kinh bang r diéu kién la:

d(L, (Q))=vR*—r* . 2)

Tt (1), (2) ching ta nhan dugc gia tri tuong ung cua A, B, C, D.

Thi du 1. Cho duong thdang (d) va mdt cdu (S) ¢ phuong trinh:
x—1 y-2 z+1
d): = = ,
@ 2 1 2

(S): (x— 4P+ (y + 1)’ + (2= 2) = 27.
a. Chiing minh rdng duong thang (d) cdt mdt cdu (S) tai hai diém A,
B. Tinh d¢ dai AB.
b. Viét phuong trinh duong thdng (A) song song voi (d) va cdt mdt cdu
(S) tai hai diém E, F sao cho EF ¢6 d¢ dai I6n nhat.
c. Viét phwong trinh cdc mdt phdng (P), (Ps) tiép xiic voi (S) theo thit tw
tai cdc diém A, B. Tinh cosin géc giita hai mdt phang (Pa), (Ps).
d. Viét phuwong trinh mdt phdng vuong géc vai (d) va:
a. Tiép xiic vdi mdt cdu (S).
b. Cadt mdt cdu (S) theo thiét dién la duong tron lon ciia (S).
c. Cdt mdt cdu (S) theo thiét dién la mot duong tron (C) 6
dién tich bang 18.
e. Viét phuwong trinh mdt phdng chita duong thang (d) va cdt mdt cdu
(S) theo thiét dién la mot duong tron lon cua (S).
f. Viét phuong trinh mdt phdng chita dwong thang (d) va cdt mdt cdu (S)
theo thiét dién la mot duong tron nhdn AB lam duong kinh.
g. Viét phuong trinh mdt phdng chita duong thdng (d) va cdt mdt cdu
(S) theo thiét dién la mot duong tron (C) ¢é bdn kinh bdng
r=+/54/5.
&5 Gidi
Ta c6:
* Puong thang (d) c6 vicp 6(2; 1;2) va di qua diém M(1; 2; -1).

= Mat cau (S) ¢6 tam 1(4; —1; 2) va ban kinh R = 33,
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a. Ta c6 thé trinh bay theo céc céch sau:
Cdch I: Chuyén phuong trinh ctia (d) vé dang tham so:
x=2t+1
(d): qy=t+2 ,te R.
z=2t—-1
Thay phuong trinh tham s6 cua (d) vao phuong trinh mat cau (S), ta dugc:
t=0=>A0;2;-1)
QRt=3 +t+37+2t-3y =279 -18t=0< .
t=2= B(5; 4; 3)
Khi do6:
AB=(5-12+(4-2%+(B+1)?*=36< AB=6.
Cdch 2: Nhan xét rang:

[i.4]
[
Khi d6, v6i 1a trung diém AB thi:

AB=2AH= 2JR?-d* = 2\/(36)2 —(3«@)2 =6.

b. Puong thang (A) cit mat cau (S) tai hai diém E, F biét EF c6 do dai 16n nhat khi
(A) di qua tam I ctia mat céu (S). Do d6, ta co:

Qual(4;-1;2 _ _
(A):{ ( ) x4 _y+l_z-2

d=d(, (d)) = =3J2<R = (d) " (S) = {A, B.

- <= (A):
vtepu(2; 15 2) 2 1 2

c. Talan luot c6:
= Mat phang (P,) ti€p xiic v6i mat cau (S) tai diém A 1a:

QuaA(1;2;—1)

(Pa): .

vtptIA(—3; 3; —3) chon(1;-1;1)
= Mat phang (Ps) ti€p xtic v6i mat ciu (S) tai diém B la:
QuaB(S; 4; 3)

(PB)l

S Pa)x—y+z+2=0.

. < Pp):x+35y-z-22=0.
viptIB(1; 5; - 1)
Khi dé, ta duoc:
[1-5-1| 5
cosa = ==
VI+1+141+25+1 9
d. Goi (P) 1a mat phang can dung, thi vi (P) vudng géc véi (d) nén cé vtpt 1a u do dé
c6 phuong trinh:
P):2x+y+2z+D=0.
a. Dé (P) ti€p xiic v6i (S) diéu kién la:
8-1+4+D|

V22 412 + 22

d{, (P)) =R < 3V3 & D+11=93 & D=-11£93.
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Khi dé:
» V6i D=-11+93, ta duoc mat phang (P)): 2x +y + 2z — 11+9/3 =0.
= V6i D=-11+9/3, ta duoc mat phang (P2): 2x +y + 2z — 11-93 =0.
Vay, ton tai hai mat phang (P;) va (P,) thda man diéu kién ddu bai.
b. Dé (P) cit mat cau (S) theo thiét dién 12 mot dudng tron 16n cla (S) diéu kién 1a:
leP)<=24-1+22+D=0<=D=-11.
Vay, ta dugc phuong trinh mat phiang (P): 2x +y +2z— 11 =0.
c. Goi r 1a ban kinh cua duong tron (C), ta co:
So=18n < nrr=18n< r=32.
Dé (P) cat mat céu (S) theo thiét dién 12 mot dudng tron (C) c6 béan kinh r = 32
diéu kién la:

AL (PY) = JRE _1* o [B21+44D] \/(3\/_ 3) - (3v2)

V22 417+ 2
< |D+11|=9 < D =-2hodc D =-20.
Khi dé:

*  V6i D=-2, ta dugc mat phang (Ps): 2x +y +2z—2=0.

=  Vé6i D=-20, ta dugc mat phflng (Ps): 2x +y +2z-20=0.

Vay, ton tai hai mat phang (P;) va (P;) thda man diéu kién ddu bai.
e. Mat phang (Q) chita dudng thing (d) va cat mat ciu (S) theo thiét dién 13 mot
dudng tron 16n cua (S) thi (Q) = (IAB). Téi day, ching ta cé thé trinh bay theo cdc
cach sau:
Cdch 1: Goi 1 1a vtpt chia mat phang (Q), ta dugc:

= [E, ﬁa] = (18; 0; —18) chon 7 (1; 0; —1).
Khi d6, phuong trinh mat phang (Q) duoc cho béi:
QuaA(l; 2;-1)
Q- -
vtpt 1(1; 0; — 1)
Cdch 2: Gia st mat phing (Q) c¢6 phuong trinh:

< Q)rx—-z-2=0.

(Q: Ax+By+Cz+D=0v6i A>+ B>+ C?>0. (1)
Vil, A, B thuoc (Q), ta duoc:
4A-B+2C+D=0 B=0

A+2B-C+D=0 < {C=-A
5SA+4B+3C+D=0 D=-2A

Thay B, C, D vao (1), ta duoc:

QrAx-Az-2A=0<=Q):x—-z-2=0.
f.  Goi H Ia trung diém AB, suy ra H(3; 3; 1).
Goi (R) 1a mat phang cin dung thi (R) vuong géc véi IH, do doé:
ua H(3; 3; 1

. {Q (3:3: 1)

: . S Ryix—-4y+z2+8=0.
vtpt HI(I; —4; 1)
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g. Gia sir mat phang (T) cin dung c6 phuong trinh:
(T): Ax+By+Cz+D=0v6i A2+ B>+ C>> 0.
Vi A, B thuoc (T), ta duoc:
{A+2B—C+D=O {A+2B—C+D=O {B=—2A—2C
& o

SA+4B+3C+D=0

4A +2B+4C=0 D=3A+5C

Dé (T) cat mat cau (S) theo thiét dién 1a mot dudng tron (C) ¢6 ban kinh r = ,/5—54

diéu kién la:

dr, (T)):m©|4A_B+2C+D|=\/(3J§)z_(\/?J

VA® + B’ +C°

o BA-(2A-20)+2C+(3A+50) _ 9

JA? +(22A-20) +C° J5

< 5(9A +9C)> =81(5A% +8AC +5C%) < 2AC=0< A =0 hodc C=0.

Khi do:

*  V6i A=0thi B=-2Cva D =5C, ta duoc mat phang:

(T): 2Cy+Cz+5C=0< (T): 2y —z—-5=0.

* V6i C=0thi B=-2A va D =3A, ta dugc mat phang:

(T2): Ax — 2Ay + 3A =0 < (To): x — 2y + 3 =0.

Vay, ton tai hai mat phang (T)) va (T>) thdéa man diéu kién ddu bai.

& Cha y: Trong trudng hop dudng thing (d) tiép xdc véi mat cdu (S) (tam 1,
ban kinh R) tai diém A chiing ta thudng gap thém cau hoi:

1.
2.

3.

Tim toa do ti€p diém A.

Viét phuong trinh dudng thang song song véi (d) va cat mit cdu

(S) tai hai diém E, F sao cho EF c6 do dai I6n nhat.

Viét phuong trinh mat phang vuong géc véi (d) va:

a. Tiép xuc v6i mat cau (S).

b. Cat mat ciu (S) theo thiét dién 1a mot dudng tron 16n cua (S).

c. Cat mat cdu (S) theo thiét dién 1a mot duong tron (C) ¢6 ban
kinh bang r (hoac biét chu vi dudng tron hodc biét dién tich
hinh tron do).

Viét phuong trinh mat phing chita duong thang (d) va tiép xiic

VGi (S).

Viét phuong trinh mat phang chita dudng thang (d) va cat mat

cau (S) theo thiét dién 1a mot duong tron 16n cua (S).

Viét phuong trinh mat phang chita dudng thang (d) va cit mat

cu (S) theo thiét dién 1a mot dudng tron (C) ¢ béan kinh bang r

(hoac biét chu vi duong tron hoac biét dién tich hinh tron do).

Viét phuong trinh dudng thang qua A va cat mat ciu (S) tai diém

B sao cho AB c¢6 d6 dai 16n nhat.
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8. Viét phuong trinh dudng thang qua A tiép xiic véi (S) va vuong
géc v6i duong thang (d).
9. Viét phuong trinh duong thing qua A tiép xiic véi (S) va tao véi
duong thang (d) mot géc a.
% V6i yéu céc cau (1), (2), (3), (6), ching ta thuc hién theo diing phuong phép
da biét trong phan chi y vé truong hop dudng thing cit mat cau.
+ V6i yéu cic cu (4) ta thdy ngay mat phang (P) cin dung sé di qua A va c6
vipt 1a 1A .
+ V6i yéu céc cau (7) ta thuc hién viét phuong trinh dudng thang (IA).
# Vi yéu cdc cdu (8), ching ta thuc hién theo cdc budc:

pe

Buc3: Gia st dudng thing (d”) cdn dung 6 vicp u', ta c6:
d)Ld uvlu  — e —
{( )L )@{u i: u'=[u,IA].

(d)LIA u' LIA
Budc4: Khi d6, phuong trinh dudng thing (d”) dugc cho béi:
.. |Qua A
(d): { —.
vicp u

+ V6i yéu cdc ciu (9), ching ta thuc hién theo céc budc:
Buoc3: Gia st dudng thiang (A) can dung c6 vicp uj (a; b; ¢), ta c6:
= u, LIA & u, JA=0. (1)
u,.u

= o((A), (@) =a < L =cosa. )

u .u‘

A

Giai heé tao boi (1) va (2) chiing ta nhan duoc toa do clia u, .
Budc 4: Khi d6, phuong trinh duong thang (A) duge cho boi:

(A): {Qua i
vtcp u,
Thi du 2. Cho duong thing (d) va mdit cdu (S) cé phuwong trinh:
x=1+t
d): qy=2+t ,te R,(S):(x=1)P+(y—-2)*+(z—-1)*=3.
z=4+72t

a. Chiing minh rang duong thdng (d) tiép xiic véi mdt cdu (S) tai diém
A. Tim toa do tiép diém A.

b. Viét phuong trinh mdt phdng chita (d) va tiép xiic véi (S).

c. Viét phuong trinh duong thing qua A va cdt mdt cdu (S) tai diém B
sao cho AB ¢é do dai lon nhat.

d. Viét phuong trinh duong thdng qua A tiép xiic véi (S) va vuong géc
véi duomg thing (d).
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e. Viét phuong trinh duong thdng qua A tiép xiic voi (S) va tao voi
duong theng (d) mot géc 30°.
&S Gidi
Ta c6:
»  Pudng thing (d) c¢6 vtep u(l; 1; 2) va di qua diém M(1; 2; 4).
= Mat cau (S) c6 tam I(1; 2; 1) va ban kinh R = V3.
a. Thay phuong trinh tham s6 cta (d) vao phuong trinh (S), ta dugc:
C+2+Q2t+3)’=3<62+12t+6=0t=-1 = A(0; 1; 2).
Vay, dudng thing (d) ti€p xidc véi mat cau (S) tai diém A(0; 1; 2).
b. Gia sir (P) 12 mat phang cin dung, ta thdy ngay:
® QuaA(0;1;2)
. thtﬂ(—l; -1 1)
c. Gia sir (d;) 1a dudng thang can dung, ta thiy ngay:

A(0;1;2 _ _
(d): {Q‘“‘A & (d: {Qua (052) gy xoy=lz=2,
Qual

vtptﬁ(—l; -1; 1) -1 -1 1
d. Gia sir dudng thing (d’) can dung c6 vtep u', ta c6:
d)L vlu e -
{( YL@ ey o' =[u, TA]=(3; ~3; 0) chon u'(l;~1; 0).
(d) LIA u' LIA
Khi d6, phuong trinh dudng thang (d”) dugc cho béi:

&S Prx+y—-z+1=0.

x=t
ua A(0; 1; 2
(d): Q _( ) &) y=1-t,te R.
vtep u'(l; —1; 0) S

e. Gia sir dudng thing (A) can dung c6 vicp u, (a; b; ¢) # 0, ta 14n luot c6:
u, LIA © u, JA=0 <a+b-c=0&c=a+b.

‘u li‘ i’ o la.1+b.1+c.2| :ﬁ

g((A), (d)) =30 =
.u‘ Jal 402+ A1 412422 2

U,

& 2[a+b+2(+b)] =9[a’ +b*+(a+b)’ |

S ((a+b)P=a’+b’< 2ab=0<b=0hoaca=0.
Khi dé:
= V6ib=0thia=ctaduoc i(a; 0; a) chon E(I;O; 1), tir do:

Qua A(0; 1;2) x=t
(Ar): . < (A):qy=1  ,te R.
vtpt u, (1; 0; 1) ,=2 41
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= Véia=0thic=btaduoc i (0; b; b) chon uj (0; 1; 1), tir d0:

Qua A(0; 1; 2) x=0
(Ay): . & (A): y=1+t,t e R.
vtpt u, (0; 1; 1) =04t

Vay, ton tai hai dudng thang (A;), (A2) thod man diéu kién dau bai.

& Chu y: Trong trudng hop dudng thing (d) khong cit mat cdu (S) (tam I ban
kinh R) ching ta thuong gap thém cau hoi:
1. Viét phuong trinh mat phang vudng géc véi (d) va:

a. Tiép xuc v6i mat cau (S).

b. Cat mat ciu (S) theo thiét dién 1a mot dudng tron 16n cua (S).

c. Cat mat cdu (S) theo thiét dién 1a mot duong tron (C) ¢6 ban
kinh bang r (hodc biét chu vi dudng tron hodc biét dién tich
hinh tron do).

2. Viét phuong trinh mat phang chita duong thang (d) va cit mat

céu (S) theo thiét dién 1a mot duong tron 16n cia (S).
Viét phuong trinh mat phang chita dudng thang (d) va cat mat
cau (S) theo thiét dién 12 mot duong tron (C) c6 ban kinh béng r
(hoac biét chu vi duong tron hoac biét dién tich hinh tron do).
Viét phuong trinh cdc mat phang chita dudng thang (d) va tiép
xtic v6i mat cdu (S). Gia st cic ti€p diém la T, T, hdy viét
phuong trinh duong théng (T T).
*+ VGi cic yéu cau (1), (2), (3), chiing ta thuc hién tuong tu nhu trong cac

trudng hop dudng thang cat hodc tiép xiic v6i mat cau.
+ VGi cdc yéu cau (4), ching ta thuc hién theo cdc budc 16n sau:

Budc 1: Lap phuong trinh cdc mat phang (Py), (P>) chifa (d) va tiép xtc véi (S).

Budc2: Tim toa do céc ti€p diém T, T, véi céch hiéu ching chinh 1a hinh

chiéu vuong géc ctia I trén cdc mat phang (Py), (P2).
Budc 3: Viét phuong trinh duong thang (T, T»).

[9S)

&

Thi du 3. Cho duong thdng (d) va mdt cdu (S) ¢6 phuong trinh:
(d): X;3 - y;2 - Zgl, (S): X+ (y— 1Y+ (z— 27 = 14.
a. Chitng minh rdng duong théng (d) khong cdt mdt cdu (S).
b. Viét phuong trinh cdc mdt phdng chita duong thdng (d) va tiép xiic
VoI mdt cdu (S).
c. Gid sit cdc tiép diém ciia (S) voi cdc mdt phdng trong cdu b) la T,
T, hdy viét phuong trinh duong thang (TiT).

&S Gidi
Ta co:
* Puong thang (d) c6 vtcp ﬁ(9; 3;5) vadi qua diém M(3; 2; —1).
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= Mit cdu (S) ¢6 tam 1(0; 1; 2) va ban kinh R =+/14.
a. Chuyén phuong trinh ctia (d) vé dang tham so:
x=3+9t
(d):qy=2+3t ,teR.
z=-1+5t
Thay phuong trinh tham s6 cua (d) vao phuong trinh (S), ta dugc:
3 +9t)° + g3t + 172+ (5t— 3)2 =14 < 125t + 30t + 5 =0, vo nghiém.
Vay, duong thang (d) khong cat mit cau (S).
b. Lay thém diém N(-6; —1; —6) thuoc (d) va gia st mat phang (P) can dung cé
phuong trinh:
(P): Ax+By+Cz+ D=0, v6i A + B>+ C*> 0.
Ta lan luot c6:
=  ViM, N thudc (P) nén:
{3A+2B—C+D=O - {5C=—9A—3B
—-6A-B-6C+D=0 5D=-24A-13B
= Pé (P) ti€p xtc v6i (S) diéu kién la:
[Bracen] o
VA +B* +C°
& (B+2C+D) =14(A* +B* +C?).
Dé tién tinh todn, ta nhan hai vé& clia dang thic trén véi 25:
(5B+10C+5D)" =350(A +B?) +14(5C)’ . (1)
Thay (I) vao (1), ta duoc:
2A%2+3AB-2B*’=0< A =-2B hoiac B=2A.
Khi do6:
a. V6iB=2Athichon A=1suyraB=2,C=-3,D=-10, ta duoc:
P):x+2y-32-10=0.
b. V6i A=-2Bthichon B=-1suyraA=2,C=-3,D=-7, ta duoc:
P2):2x—y—-3z2-7=0.
Vay, ¢6 hai mat phang (P), (P,) thoa man diéu kién ddu bai.
c. Talan luot c6:
»  Xic dinh toa do T;: Phuong trinh duong thang (IT;) duoc cho béi:

X=t
1(0;1;2
(IT): {Qual o ary A EOED i st e R
dT) L @) vtepn, (1;2;—3)

z=2-3t

@

d1, (P) =R <

Vi (IT)) A (Py) = [Ty}, do dé:
t+2(1+20)-32-3)-10=0¢ 14— 14=0 =t = 1= Ty(1; 3; 1)
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»  X4c dinh toa do T»: Phuong trinh duong thang (IT>) duoc cho béi:

X =2t

{Qual Qual(0;1;2)
(IT): < (IT): — S T):sy=1-t ,te R
(IT,) L (P,) vtepn, (2;—1;-3) o3t

Vi (T2) N (P2) = {T2}, do dé:
4t—(1-1)-32-3)-7=0<=14t-14=0=t=1=Tx(2; 0; -1).
* Phuong trinh dudng thang (T, T») duoc cho bdi:
QuaT,(L; 3; — 1) x=l+t
(TiT2): - & (TiTh): yy=3-3t,t e R.
vtep T, T, (1; —3; 0) s =1

Dang toin 6: (Piém va duong tlzézng: Pé tim diém M thuoc dudng
thing (d) thoa man diéu kién K.
Phuong phap
Ta lwa chon mot trong hai cach sau:
Cach 1. Thuc hién theo cac budc:
Budc1: Chuyén phuong trinh dudng thing (d) vé dang tham s6:
X =X, t+at

(d:qy=y,+bt,t € R (c6 vtcp ﬁ(a; b; ¢)).
y=2z,+ct

Buéc 2: Pidm M e (d), suy ra M(xo + at; yo + bt; zo + ct)

Bugc 3: Thiét lap tinh chat K cho diém M.

Cich 2 St dung diéu kién K khing dinh M thuéc dudng (L), khi do:
(d) N (@L)={M}.

Chung thuong gap:

1. Tim trén dudng thegmg (d) diém M(xw; ym; zm) sao cho X3, +y3,+z, nhd
nhat (hodc dugc phat biéu dudi dang "7im toa dé hinh chiéu vuéng
g6cM cua O trén (d)").

Khi d6, néu st dung cach 1 thi buée 3 c6 noi dung;:

Xa + Yy + 7y =(Xo+aty + (yo+ bty + (zo+ ct)? = AL + Bt + C> %.

A b
A 2 2 2 = —— 1 = ——
Vay, ta dugc (XM +yYutZy )Mm dat dugc khi t =M.

N

Xac dinh toa d6 hinh chiéu vuéng goc cta diém A lén dudng thing (d).
Khi do:
= Néu st dung cach 1 thi budc 3 c¢6 ndi dung:

AM L (d)< AM Lu < AM.u=0 = Gid tri t = Toa do H.
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= Néu st dung cach 2 thi thuc hién theo céc budc:
Budc 1: Xic dinh vtcp @ clia dudng thing (d).
Budc2: Viét phuong trinh mat phang (P) thoa man:
(P): {qua A .
(P)L(d)
Bu6c 3: Hinh chi€u vuong géc M cha A 1én dudng thang (d) 1a giao
diém cua (d) va (P).
Tir viéc xac dinh dugc toa do hinh chiéu vuong goc cua A 1én (d), ching ta
thuc hién dugc viéc:
+ Tim toa do diém M thudc (d) sao cho do dai AM ngan nht.
+ Tim toa do diém A, d6i xdng véi diém A qua (d), cu thé ta thuc hién
theo cic budc:
Buoc 1: Xac dinh toa do hinh chi€u vuong géc M cua A 1én (d).
Budc2: Suy ratoa do diém A, tir diéu kién M 12 trung diém clia AA,.
Tuy nhién, yéu cdu ny con c6 thé thuc hién bang cich:
Budc 1: Xic dinh vtcp u ctia dudng thing (d).
Buoc2: Gia st Ai(x; y; z), suy ra:
Trungdiém M cia AA, thudc(d)
{AAI 1(d)

M(XHA YHYa ;Z+ZA]€(d)
2 2 2 = Toa do A..
AA u=0
+ Viét phuong trinh dudng thang di qua A vuong géc véi (d) va cat (d),
cu thé ta thuc hién theo céc budc:
Buoc 1: Xac dinh toa do hinh chi€u vuong géc M cua A 1én (d).
Bugc2:  Suy ra dudng thang (AM) 1a dudng thang can dung.
Tuy nhién, yéu cdu ndy con c6 thé thuc hién bang cich:
Buoc 1: Viét phuong trinh mat phang (P) di qua A va chia dudng
thang (d).
Budc2: Viét phuong trinh mit phing (Q) di qua A v vuong géc véi
duong thang (d).
Buoc 3: Puong thang cin tim chinh 1 giao tuyén clia hai mat phang
(P) va (Q).
+ Viét phuong trinh mat cdu tam A va tié€p xidc véi (d), cu thé ta thuc
hién theo cac budc:
Buoc 1:  Xac dinh toa do hinh chi€u vuong géc M cua A 1én (d).
Buoc2:  Mat cau (S) tam A va tiép xudc véi (d) duge xac dinh boi:

Tam A
(S): o .
Ban kinh R=AM
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Tuy nhién, yéu cdu ndy con c6 thé thuc hién bang cich:
Buoc 1:  Goi R 1a ban kinh mat cau (S) tam A va tiép xuic véi (d) thi ta co:

R =d(A, (d)).
Buoc2: Phuong trinh mat cau (S) duge xac dinh boi:
Tam A
(S): { - :
Ban kinh R
Thi du 1. Cho diém A(2; 6; 2) va duong thang (d) cé phuong trinh:
x-3 y-1 z-1
d): = = .
@ -2 1 2

a. Tim trén duong thdng (d) diém M(xw; ym; zm) sao cho tong
X3 + Vo + 2y dat gid tri nhd nhdt.
b. Tim toa dé hinh chiéu vuong goc ciia diém A lén duong thdng (d).
c. Timtoa dé diém A, doi xitng véi diém A qua duong theang (d).
d. Viét phuong trinh chinh tdc duong thdng di qua diém A vuong géc
voi (d) va cdt (d).
e. Viét phuong trinh mdt cau tdm A va tiép xiic voi (d).
f. Viét phuwong trinh mdt cdu tam A va cdt duong thang (d) tai hai
diém E, F sao cho EF = 6.
&S Gidi
Chuyén phuong trinh dudng thang (d) vé dang tham s6:
x=3-2t
(d): sy=1+t ,te R.
z=1+2t
a. DiémM e (d), suyraM3 —2t; 1 +t; 1+ 20).
Khi dé:
Xy 7 = (=202 + (1 + 02+ (1 +202 =92 — 6t + 11
= Gt— 12+ 10> 10.

T d6, suy ra (x3 +yiy +7y ), =10 dat dugc khi:

3t—1=0 t=1+ = Toa do diém M(Z;i;ij.
3 333
b. Goi H 12 hinh chiéu vuéng géc clia A 1én dudng thang (d), ta c6 thé trinh bay theo
hai céch sau:
Cdch 1: Pudng thang (d) c6 vtep u(=2; 1; 2).
ViH e (d)nén HB - 2t; 1 +t; 1 +2t), suy ra AH(1-2t; t—5; 2t—1).
Dé H la hinh chi€u vuong géc clia A 1én (d) diéu kién Ia:
AH1(d) < AH lu < AHu=0
& 2(1-2t)+(t-5)+2(2t-3)=0 < t=1= H(l; 2; 3).
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Cdch 2: Pudng thang (d) c6 vtep u(=2; 1; 2).
Goi (P) 12 mat phang tho4 man:

(P): {Qua A L) {Qua AZED L by ax—y- 224620,

(P) L(d) vipt u(=2; 1; 2)
Vi {H} =(d) » (P) nén toa do H 1a nghiém h¢ phuong trinh:
x=3-2t x=3-2t x=1
=1+t =1+t =2
y =Y = YT S H(1 2 3).
z=1+2t z=1+2t z=3

2x—y—-2z+6=0 9t-9=0 t=1
c. Ta c6 thé trinh bay theo hai céch sau:
Cdch I: (Dua vao két qua cau b): Vi H 1a trung diém ctia AA; nén A,(0; —2; 4).
Cdch 2: (Poc lap vé6i cau b): Puong thing (d) ¢6 vicp u(-2;1;2) va gia sit diém
Ai(X; y; z), suy ra:

X Xx+2 y+6 z+2
TrungdiémHcla AA, thuoc(d) H ; Y ; e(d)
= 2 2 2

AA, L(d) -
AA,u=0
X+2:3_2t
X =4—4t x=0
y+6
2 =1+t =2t-4 =-2
&1 2 =7 = 17T o A0; -2: 4),
z =4t =4
z+2
=1+2t t-1=0 t=1
2(x-2)+(y-6)+2(z-2)=0

d. Ta c6 thé trinh bay theo hai céch sau:
Cdch I: (Dua vao két qua cau b): Goi (d’) 12 dudng thang can dung thi:

A(2; 6;2 _ _ _
(d,):{QuaAQd,‘{Qua (2;6;2) o @)X 2_y-6_z-2
Qua H

vtcp ﬁ(l; 4; -1) 1 4 -1
Cach 2: (Boc lap v6i cau b): Goi (d’) co vtep u' la duong thang can dung.
Lay diém B(3; 1; 1) thuoc (d) va goi (P) = (A, (d)) thi (P) c6 vipt a duoc cho
boi:
n, :[E, ﬁ] =(=9; 0;—9) chon n,(L; 0; 1).
Khi d6, ta nhan thay:

{(dv)c(P) PN w'=[ny, 0= (-1 - 41).
(d)L(d) u'lu
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Vay, phuong trinh duong thang (d’) duoc cho boi:

ua A(2; 6; 2 _ _ _
d): Q ﬁ( ) @(d,):x 2:y 6:Z 2.
vicp u'(=1; -4; 1) -1 —4 1
e. Ta c6 thé trinh bay theo hai céch sau:
Cdch I: (Dua vao két qua cau b): Mat cau (S) tam A va ti€p xuic véi (d) duoc xac
dinh béi:

Tam A(2; 6; 2)
S'{ SO):x-2P+(y—6)1+(@z-2y=18.

" | Ban kinh R=AH=1/18
Cdch 2: (Doc 1ap véi cau b): Dudng thing (d) c6 vtep u(l; 2; —2) va di qua diém
B(3: 1; 1). Goi R Ia ban kinh mat cdu (S) tam A va ti€p xiic véi (d), ta c6:
R =d(A, (d) = I8.
Phuong trinh mat cau (S) duoc xac dinh boi:
Tam A(2; 6; 2)
" | Ban kinh R=1/18

f. Ta c6 thé trinh bay theo hai céch sau:
Cdch I: (Dua vao két qua cau b): Vi H la trung diém ctia EF nén mat cdu (T) cin dung
¢6 ban kinh R duoc xac dinh bai:

2
R = AE = VAH? +EH? = ,|AH? +[%) = J18+9=427.
Phuong trinh mat cau (T) duoc xac dinh boi:
Tam A(2; 6; 2)
" | Bén kinh R=+/27

Cdch 2: (Poc 1ap véi cau b): Vi H 12 trung diém cua EF nén mit c4u (T) can dung c6
ban kinh R dugc xac dinh boi:

R=AE=VAM? + EM’ \/dz (A, (d)) + (%) = J18+9=+27.

Phuong trinh mat cau (T) duoc xac dinh boi:
Tam A(2; 6; 2)

):
Bén kinh R=+27

& Chu y- Tiép tuc tng dung hinh chiéu vuong géc ciia diém trén dudng thing
ching ta xét cic dang todn sau:
& Cho hai diém A, B va duong thang (d). Tim toa do diém M trén duong thdng
(d) aé:
a. ‘m + M—B‘ dat gid tri nho nhat.
b. MA? + MB? dat gid tri nho nhdt.

S (S): (x =2+ (y—6)* + (z—2)* = 18.

S (D) (x =202+ (y—6)+(z—2)>=27.

S (D) (x=202+(y—6)+(z—2)>=27.
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Khi dé:
a. Chung ta thuc hién theo cic budc:
Budc 1: Goilla trung diém cua AB, ta c6:
[MA + MB| = 2|Mi| = 2MmI.
Tir d6, ta thdy \m + m\ dat gid tri nhd nhat khi MI nhé nhat, tic

M la hinh chi€u vuong géc cua I trén (d).
Buoc2: Tim toa do cuia M.
b. Ta c6 thé lua chon cdc cach giai sau:
Cdch I: Chung ta thuc hién theo cac budc:
Bugc 1: Goi I la trung diém clia AB, ta c6:

_ . I, . —\2 —_ —\2
MA2+ MB?= MA_ +MB- = (Mi+1A) +(MI+IB)
=MI? + 2MLIA +IA? + MI? + 2MLIB + IB?
2 2
— IMI +2M1(1A+IB)+A'% — IMI +A'%.

Tu d6, ta thdy MA? + MB? dat gid tri nho nhat khi MI nho nhét, tic
M la hinh chi€u vuong géc cua I trén (d).
Buoc2: Tim toa do cuia M.
Cdch 2: St dung phuong trinh tham s6 (gia st 12 t) clia dudng thang (d) chiing ta
bién d6i biéu thitc MA? + MB? vé dang (ta lu6n c6 a > 0):

MA?+ MB?>=at’>+bt+c 2—4A.
a

Tu do, ta thdly (MA? + MB?)min = —4A , dat duoc khi t= —23 , suy ra toa do
a a

diém M.

+ Mo rong v6i ba diém A, B, C khong thang hang (hoic tit dién ABCD) chiing ta
stt dung trong tam G ctia AABC ((hoic trong tam G clia tit dien ABCD)). Cu thé
"Cho ba diém A, B, C khong thdng hang va duong thang (d). Tim toa do diém
M trén duong thing (d) dé:

a. |MA +MB+MC| dat gid tri nhd nhdt.
b. MA? + MB? + MC? dat gid tri nhd nhat.
O day, chiing ta thuc hién phép bién déi:
MA +MB +MC =3MG .
MA? + MB? + MC? = MA~ +MB’ +MC
=(MG +GA) +(MG +GB) +(MG +GC)’
=3MG” + 2MG(GA +GB + GC)+ GA” + GB® + GC?
=3MG” +GA’ + GB* + GC’.
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Dang toan 7: (Bié’m va mdt phézngz PE tim diém M thudc miit phgmg (P)

? ~ LN ‘A
thoa man diéu kién K.

Phuong phap

Ta lwa chon moét trong hai cach sau:

Cich 1. St dung phuong trinh ban du cta mit phing.
Cich 2 St dung diéu kién K khing dinh M thudc duong (L), khi d6:
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P)n (L) = {M}.

Chung thuong gap:
1. Xéc dinh toa do hinh chiéu vuéng goc H ctia diém A lén mit phing (P).

Khi do6:
= Neéu st dung cach 1 thi:
Budc 1: Xéc dinh vipt n ctia mat phang (P).
Budc 2: Gia stt H(x; y; z) 1a chi€u vuong goc H cua A 1én (P), suy ra:
He (P) He (P) ,
< 4__. - = ToadocuaH.
AH L (P)  |AH/n
= Néu st dung cach 2 thi:
Budc 1: Xac dinh vipt n cla mit phang (P).
Budc 2: Viét phuong trinh dudng thang (d) thod man:

A
(d): {Q“a A Lo {Qua ™" — Phuong trinh tham s6 (d).

(d) L(P) vtcp n
Bugc 3: Hinh chiéu vuong géc H ctia A 1én (P) chinh Ia giao diém cia
(d) va (P).

Tir viéc xac dinh duoc toa do hinh chi€u vuong goc ctia A 1én (P), chiing
ta thuc hién dugc viéc:
+ Tim toa do diém H thuoc (P) sao cho do dai AH ngén nht.
+ Tim toa do diém A, d6i xing véi diém A qua (P), cu thé ta thuc hién
theo cic budc:
Budc 1: Xac dinh toa do hinh chi€u vuong goc H cua A 1én (P).
Budc2: Suy ratoa do diém A, tir diéu kién H 12 trung diém clia AA,.
Tuy nhién, yéu cdu ny con c6 thé thuc hién bang cich:
Budc 1: Xac dinh vipt n ctia mat phéng (P).
Buoc 2: Gia su Ai(x; y; z), suy ra:
{Trung diém M ciia AA, thuoc (P)

AA, L(P)
H(x+xA;y+yA;z+zAje(P) A
Py 2 2 2 = Toado A,.
AA,//n=0



+ Viét phuong trinh mat cdu tam A va tiép xidc véi (P), cu thé ta thuc
hién theo cac budc:
Buoc 1: Xac dinh toa do hinh chiéu vuong goc H cua A 1én (P).
Buoc2:  Mat cau (S) tam A va tiép xdc véi (P) dugc xac dinh boi:
{Tém A
(S): .
Béan kinh R=AH
Tuy nhién, yéu c4u nay con c6 thé thuc hién bang cach:
Buoc1:  Goi R 1a ban kinh mat cau (S) tam A va tiép xuc véi (P) thi ta c6:

R =d(A, (P)).
Budc2: Phuong trinh mat cau (S) duge xac dinh boi:
Tam A
(S): { - .
Béan kinh R

+ Tim trén mit phing (P) di€m M(xw; yw; zw) sao cho x2,+y2, +73
nho nhat bdi n6 dugc phat biéu lai dudi dang "7im toa d¢ hinh
chiéu vuong gocM cua O trén (P)").

+ Cho hai diém A, B va mat phfmg (P). Tim trén (P) diém M sao cho
‘m + M—B‘ dat gi4 tri nhd nhat, cu thé ta thuc hién theo cic budc:

Buéc 1: Goil la trung di€ém ctia AB, suy ra toa do cta L.
Budc2: Nhan xét ring ‘M—A +MB| = ‘2@‘ =2MI.
Tu do:
\m + M—B\ dat gid tri nho nhat <> MI nhd nhét

<> M 1a hinh chi€u vuong géc ctia I trén (P).
Budc 3: Xac dinh toa do diém M.
2. Tim diém M trén mat phéng (P) sao cho:
a. MA + MB dat gia tri nho nhat.
b. |MA —MB| dat gia tri 16n nhat.
Thi du 1. Cho hai diém A(1; 1; =1), B(=1; 3; —1) va mdt phdng (P) cé phuong
trinhx +y+2z—-6=0.
a. Tim toa do hinh chiéu vuong géc ciia diém A lén mdt phdng (P).
b. Tim toa dé diém A, doi xitng véi diém A qua mdt phdng (P).
c. Tim trén mdt phding (P) diém M(xx; ywm; zw) sao cho tong
Xy + Yy + 2y, dat gid tri nhd nhat.
d. Tim trén (P) diém N sao cho ‘ﬂJr @‘ dat gid tri nho nhdt.
e. Tim trén (P) diém E sao cho EA + EB dat gid tri nhd nhat.
f. Viét phuong trinh mdt cau tam A va tiép xiic vdi (P).
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g. Viét phuong trinh mdt cdu cé bdan kinh nho nhdt di qua A va tiép
xtic voi (P).
h. Viét phuong trinh mdt cdu cé bdn kinh nhd nhdt di qua A va cdt
(P) theo thiét dién la duong tron lon.
i. Viét phuong trinh mdt cdu tam A va cdt (P) theo thiét dién la
duwong tron (C) ¢ bdn kinh r=3+/2 .
&5 Gidi
a. Ta c6 thé trinh bay theo hai céch sau:
Cdch 1: Mit phéng (P) c6 vipt n(l; 1; 2).
Gia st H(x; y; z) 1a hinh chi€u vuong géc cua A 1én (P), suy ra:

{H e (P) - {H e(P)

AH L (P) AH(x-1 y-1 z+1)//n(;1; 2)
X+y+2z-6=0 X+y+2z=6 x=2
Six-1 y-1 z+1< 1x-y=0 <qy=2=H(2;2; 1).
11 2 2y-z=3 z=1
Cdch 2: Mt phéng (P) ¢6 vtpt n(1; 1; 2) . Goi (d) 1a dudng thing thod man:
x=1+t
A ua A(1;1; -1
(d):{%ual p @d:{Q #( )(:)(d): y=1+t ,te R.
(d) L(P) viep n(l; 1; 2) Y
Vi {H} =(d) n (P) nén toa do H 1a nghiém hé phuong trinh:
x=1+t x=2
=1+t =2
y=1+ =T S He 2,
z=—-1+2t z=1

X+y+2z-6=0 t=1
b. Ta c6 thé trinh bay theo hai cdch sau:
Cdch I: (Dua vao két qua cau a): Vi H Ia trung diém clia AA; nén A(3; 3; 3).
Cdch 2: Mat phang (P) c¢6 vtpt n(l; 1; 2) va gia sit Ai(x; y; z), suy ra:

R x+1 y+1 z—-1
{Trung diémHcta AA, thuoc(P) H( R je (P)
=

272 2
AA, L(P) L
AA,//n
x+1+y+1+2.z—1_6:0 X+y+2z=12
=22 2 o lx-y=0 = A3 3; 3).
x=1 y-1 z+1 0
1 1 2 X=z=

c. Nhan xétrang xy, +yy +Zy = (Xy —0)2 +(yu —O)2 +(zy —0)2 = OM2
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Tur do, suy ra:
(xi4 + Y + 7y )Min < OM nh6 nhét <> M 12 hinh chiéu vuong géc ctia O trén (P).

Goi (A) 1a duong thang thoa man:

X=t
0(0; 0; 0
(A): {Q“ao o @y |00 i e R,
(A) L(P) vtep n(l; 1; 2) ot

Vi {M} = (A) " (P) nén bang cdch phuong trinh tham s6 ctia (A) vao phuong trinh
cua (P), ta dugc:
t+t+4t—-6=0<6t-6=0=t=1= M(1; 1; 2).
Vay, véi diém M(1; 1; 2) thi (x3, +yy + 2y )M =6.
d. Goilla trung diém cua AB, suy ra I(1; 3; 1). Nhan xét rang:
|NA + NEB| = |2Ni| = 2NI.
Tur do:
\ﬂ + @\ dat gid tri nhd nhat <> NI nhé nhat
<> N 1a hinh chiéu vuong géc cua I trén (P).
»  Xi4c dinh toa do diém N: Goi (d’) 13 dudng thang thoa mén:

x=1+t
I(1; 3; 1
): {Q“al @(d’:{Qua 3D Ly g3t
(d") L(P) viep n(1; 1; 2) 1ot

Vi {N} =(d’) n (P) nén bang céch phuong trinh tham s6 cta (d”) vao phuong trinh
cua (P), ta dugc:
T+)+@B+)+21+2)—-6=0=6t=0<t=0= N(1; 3; 1).
Vay, v6i diém N(0; 1; 4) thoa man diéu kién diu bai.
e. (Dua vao két qua cau b): Nhan xét rang:
ta.ts=—6.(—6) =36 > 0 < A, B & vé cing mot phia vdéi (P).
Phan tich: Goi A, 1a diém doi xing véi A qua (P) va {F} = (A;B) N (P), khi d6 véi diém

E bat ky thuoc (P), ta co: A
EA + EB=EA, + EB> A,B =FA +FB. %B
Vay, ta duge EA + EB nh nhét khi E = F. s g
Phuong trinh dudng thing (A;B) duoc xac dinh bai: INZd
Qua A,(3;3;3) X =3+
(AB): _ < (AB): y=3
vtep A, B(—4; 0; —4) chon (1; 0; 1) 734t

Khi d6, dé tim toa do F ta thay X, y, z tir phuong trinh tham s6 cta (A;B) vao
phuong trinh cua (P) duoc:
3+4t+3+2B8+1)-6=0=t=-2=F(1; 3;2).
Vay, diém E(1; 3; 1) thod man diéu kién dau bai.
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f. Ta c6 thé trinh bay theo hai céch sau:
Cdch 1: (Dua vao két qua cau a): Mat cau (S) tam A va tiép xtc véi (P) duoc xac dinh boi:
Tam A(1; 1; —1)
" | Bén kinh R=AH=+/6
Cdch 2: (Doc 1ap véi cau a): Goi R 1a ban kinh mat cau (S) tam A va tiép xtc véi (P)
thi ta c6:
R =d(A, (P) = 6 .
Phuong trinh mat ciu (S) dugc xéac dinh boi:
Tam A(1;1; —1)
S):
Bin kinh R=AH=6
g. Mat cau (S) ¢6 ban kinh nho nhit di qua A va tiép xic v6i (P) chinh 1a mat cau
duong kinh AH, ta c6 ngay:
s Tam I 12 trung diém AH . Tam I(g; g; j
: < (S):
Ban kinh R:ﬂ
2 Bén kinh R=v/6 /2

5) 5Y 2 3

< (S).(X E) +£y Ej +(Z 2) =7
h. Mit cdu (S) c6 béan kinh nho nhat di qua A va cat (P) theo thiét dién 1a dudng
tron 16n chinh 14 dudng tron tam H va ban kinh AH nén:

S): (x=2+(y—-2P+(z-1)*=6.
i. Mat cau (T) can dung c6 ban kinh la:

R2=d(A, (P)) +12=6+ 18 =24 < R=+/24 .

Phuong trinh mat cau (T) duoc xac dinh bdi:
Tam A(1; 1; 1)

):
Bén kinh R=+/24

Dang toin 8: (Piém va mdt cdu): P8 tim diém M thudc mit cau (S) thod
man diéu kién K.

SO (x— 12+ (=17 +@z+1)2=6.

SO -1+ (y-112+@z+1y=6.

SOS): -1+ (y—-1)72+(z+ 1) =24

Phuong phap
Ta lwa chon mot trong hai cach sau:

Cidch 1: St dung phuong trinh ban dau cia mét cau.
Cdch 2 Thiét lap diéu kién dé M 1a giao diém ctia mot d6i tugng khac d6i véi
mit cAu (thudng 1a duong thing).
Thi du 1. Cho diém A(2; 3; 4) va mdt cdu (S): x> + (y — 1)* + (z - 2)* = 3.
a. Chitng 16 rdng diém A ndam ngoai mdt cdu (S).
b. Viét phuong trinh duong thdng (d) di qua A cdt (S) tai hai diém B,
C sao cho BC ¢é do dai lon nhdt.
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c. Tim diém M thuoc (S) sao cho MA dat gid tri I6n nhdt, nhd nhdt.
d. Viét phuong trinh mdt phdng tiép xiic voi (S) va cdch A mot
khodng lon nhdt.
e. Viét phuong trinh mdt cdu tdm A va tiép xiic vdi (S).
f. Viét phuong trinh mdt cdu c¢6 bdn kinh nho nhdt, di qua A va tiép
xtic voi (S).
g. Viét phuong trinh mdt cdu cé bdn kinh 16n nhdt, di qua A va tiép
xtic voi (S).
L5 Gidi
a. Mat cau (S) ¢6 tam I(0; 1; 2) va ban kinh R = V3, ta cé:
AP =224 (3 1P+ (@-2=126 A=23>R.,
Vay, diém A nim ngoai mat ciu (S).
b. Hai diém B, C thuoc (S) c6 do dai 16n nhat khi BC 12 mot duong kinh cua (S), do
dé dudng thang (d) can dung dugc cho boi:

X=t
ua 1(0; 1; 2
(d): Q i ) &S (d): qy=1+t,te R.
vtep TA(2; 2; 2) chon (15 1; 1)

c. Nhan xét rang:
MA > [TA =M = [IA-R|=[23 -3 =3 = MAwn = 13,
dat dugc khi M, I, A thang hang.
MA <IA +IM = IA+R =23 +1/3 =33 = MAwu = 343,
dat duoc khi M, I, A thang hang.
Tic trong ca hai truong hop {M} = (IA) N (S) = (d) N (S).
Thay phuong trinh tham s6 cta (d) vao (S), ta dugc:
M, (1; 2; 3) {AM =3

Ct+e+P=3t=1ot=%1 = [
M,(-L0;1) | AM, =33

Vay, ta c6 két luan:

*  MAwin = /3, dat dugc tai diém M(1; 2; 3).

" MAwm = 3+/3, dat duge tai diém Ma(—1; 0; 1).

d. Mat phang (P) can dung tiép xiic véi (S) va cach A mot khoang 16n nhat chinh 1a
mit phéng ti€p xiic véi (S) tai diém M., do d6:

Qua M, (~1; 0; 1)
(P): .
vtpt IA(3; 3; 3) chon (1; 1; 1)
e. Mait cdu tam A c6 thé tiép xiic trong va tiép xic ngoai vdi (S), nén ta c6:
»  Mait ciu (T)) tam A tiép xuic ngoai véi (S) duoc cho boi:
Tam A(2; 3; 4)
T):

):
Ban kinh R=AM, =+/3

&S Prx+y+z=0.

S (T): (x=27+(y -3+ (z-4)7*=3.
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=  Mat cau (T») tam A tiép xtc trong véi (S) duoc cho bai:
Tam A(2; 3; 4)
Ban kinh R=AM, =3/3

f. Mat cau (Si) c6 ban kinh nhé nhat, di qua A va ti€p xdc véi (S) chinh 1a mat cau
duong kinh AM,, do d6:

(T,): & (To): x—2)+(y=3) + (z—4)*=27.

e . 357
Tam [, 1a trung diém AM, Tam I, 355

S)): < (S):
&) Be’mkinhRF% &) NG
2 Ban kinh R1=7

2 2 2
& (Sl):(x—%j +(y—%) +(z—%) =%.

g. Mat cau (S,) c6 ban kinh 16n nhét, di qua A va ti€p xdc v6i (S) chinh 1a mat cau
duong kinh AM,, do dé:

s . 1 35
Tam I, 1a trung diém AM, Tam I, 355
(Sy): AM < (Sy):
Bén kinh R, =—-2
2 Bin kinh R2=¥

2 2 2
1 3 5 27
S Sy x—=| +|y-=| +|z-=| ==-.
) [X 2) (y 2j (Z 2) 4
& Cha y: Néu diém A nim trong hodc nim trén mat cdu (S) thi moi dudng

thang hodac mit phang di qua A déu cat (S). Nhan dinh nay goi y mot cich chiing
minh dudng thang hodc mat phang cit mat ciu.

Thi dy 2. Cho diém A(2; 1; 2) va mdt cdu (S) 6 phuong trinh:
(S): X+ (y— 1)+ (z— 17 =0.
a. Chiing t6 rdang moi duong thdng di qua diém A déu cdt mdt cdu (S).
b. Viét phwong trinh mdt phdng (P) di qua A cdt (S) theo thiét dién la
duong tron cé bdn kinh nho nhdt.
c. Viét phuong trinh dwong thing di qua A cdt (S) tai hai diém B, C
sao cho BC cé d¢ dai lon nhdt.
d. Viét phuong trinh duong thdng di qua A vuong géc véi duong thdng
(A): % = ll :% va cdt (S) tai hai diém E, F sao cho EF =342 .
&5 Gidi
a. Mat cau (S) ¢6 tam I(0; 1; 1) va ban kinh R = 3, ta c6:
IA2=22+(1-1)*+(2-1?=5< 1A=/5<R.
Vay, moi dudng thang di qua diém A déu cat mat ciu (S).
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b. Goi r l1a ban kinh cua duong tron (C), ta ¢6 nhan xét:
P=R2-d(I, (P)) <R2-IA2=4 =>1<2.
Suy ra ryin = 2, dat duoc khi d(I, (P)) = IA < 1A L (P).
Do d6, mat phang (P) can dung duoc cho bi:
Qua A(2;1;2)
vtep 1A(2; 0; 1)
c. Hai diém B, C thudc (S) c¢6 do dai 16n nhat khi BC 1a mot dudng kinh ctia (S), do
dé dudng thang (d) can dung dugc cho boi:

{Qua A2 1:2) x=2+21

. < (d):qy=1 ,te R.
vtep TA(2; 0; 1) st

S Pr2x+z-6=0.

d. Gia sir dudng thing (d) cAn dung c6 vtcp u(a; b; ¢), ta 14n luot c6:
* Puong thang (d) vudng géc véi (A) véi vtcp LTA (2; -1; 1) khi:
ulu, ©uu, =0 2a-b+c=0<b=2a+c
* Phuong trinh dudng thang (d) dugc cho béi:

Qua A(2; 1: 2) x=2+at
: - & (d):qy=1+bt,te R.
vtep u(a; b; ¢) s 40t

* Toa do cic diém E, F duoc xé4c dinh bing c4ch thay phuong trinh tham s6 cla
(d) va (S), ta co:
(at + 2+ b2+ (ct + 1)*=9
S@+bP+ A +2QRa+o)t—4=0. (1)
Phuong trinh ¢6 hai nghiém t, t, thod man:
2(2a+c)
a’+b*+c’
4
a’+b*+c¢’
=  Véi E(at; + 2; bty + 1; ct; + 2) va F(at, + 2; bty + 1; ¢ty + 2) thi:
EF =32
& 18 =EF? = (at1 — at2)2 + (bt1 — bt2)2 + (Ct1 — Ct2)2
= (a+b? + A)(t1 — t)? = (a% + b* + A)[(t; + t)? — 4t;t2]

t,+t,=—

tt, =

4(2a+c)’ . 16 _ 4(2a+c)’

2 2 2
=(a +b +c) =
(a2+b2+c2)2 a’+b’+¢’ a’+b’+¢’

+16

_ 2(2a+ c)’

aeaTe - <at+c’+(2a+c)=2Q2a+c)
a’+b’ +c

<1

< 3a’+4ac=0< a=0hoac a=—§c.
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Khi do6:
» Véia=0thib=cnén u(0;c;c) chon u(0;1;1), do dé ta duoc:
x=2
(d):qy=1l+t,teR.
z=2+t

= Véia= —gc thi b =—§c nén ﬁ(—%c; —%c; c] chon ﬁ(4; 5; —3), do d6 ta duoc:

X =2+4t
(d,):{y=1+5t,teR,
z=2-3t
Vay, ton tai hai dudng thang (d;) va (d») thoa man diéu kién diu bai.
Thi du 3. Cho diém A(4; 2; 2) va mit cdu (S) c¢6 phuong trinh:
(S): (x=2*+(y—-1)?*+2=9.

Chiing t6 rang diém A nam trén mat ciu (S).
Tim diém B thuoc (S) sao cho AB dat gi4 tri 16n nhat.
Viét phuong trinh mat phang tiép xic véi (S) tai A.
Viét phuong trinh dudng thang tiép xiic véi (S) tai A va vuong géc véi
vecto v(=1; 0; 1).
e. Viét phuong trinh dudng thang tiép xiic véi (S) tai A va tao véi duong

2 _3 Z
thing (A): =Y "2 _Z mot géc 45°.
g (A): === motg

/RO o

f.  Viét phuong trinh dudng thang di qua A vuong géc vé6i dudng thang

(a):%:%: 2;2 va cét (S) tai diém B sao cho AB=24/5.

&S Gidi

a. Mat cau (S) c¢6 tam I(2; 1; 0) va ban kinh R = 3, ta c6:
IA2=22+12+2°=9 < IA=3=R.

Vay, diém A nim trén mat cau (S).

b. Diém B thudc (S) c6 do dai I6n nhat khi AB la mot dudng kinh cua (S), do d6 B

doi xting v6i A qua tam I, suy ra B(0; 0; —2).

c. Mat phang (P) can dung dugc cho boi:

Qua A(4; 2; 2)

{Vtcp E(Z; 1;2)

&S P:2x+y+22-14=0.

d. Gia sir dudng thing (d) cin dung c6 vtcp u, ta co:
ulIA - o -
e us=[IAV]=(-L4-D.
ulv
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Khi d6, phuong trinh dudng thang (d) duoc cho bdi:

— 4t
Qua A(4; 2; 2) *

: - & (d):qy=2+4t,te R.
vtep u(—1; 4; - 1) P

e. Gia sir duong thing (d) cin dung c6 vtcp u, (a; b; ¢) , ta 1dn luot c6:
* Vi (d) tiép xtc vai (S) tai A nén:
u, LIA = u,JA=0 < 2a+b+2c=0<b=-2a-2c.
»  Pé gbc giita (d) va (A) bang 45° diéu kién Ia:

u,.u,

1 |-a+2b+2¢|
V2o et e 422 422

< 9[a% + (—2a — 2¢)* + ¢?] = 2[—a + 2(-2a — 2¢) + 2¢]?
< 9[5a% + 8ac + 5¢%] = 2(-5a — 2¢)?

cos45’ =

ug[[u,

< 5a% + 32bc — 37¢> =0 < a=— hoac a=3?7c.

Khi do:
= Véia=—cthib=0neén u,(—c;0; c) chon u,(-1; 0; 1), tir d6:
Qua A(4;2;2) x=4-t
di): — < (d):qy=2 ,teR.
vtep u,y (=1;0;1) s=0 4t
= Véia:%c ﬂﬁbz—&c rﬁit?d(ﬂc; —%c; c] Ch(_)ﬂuj(?ﬁ; —84;5),tu do:
Qua A:2:2) X =4+37t
(da): _ < (dy):qy=2-84t,teR.
vtep u, (37;—84;5) L =2 45¢

Vay, ton tai hai dudng thang (d;) va (d2) thod man diéu kién diu bai.
f. Gia sit duong thing (d) can dung c6 vtcp u(a; b; ¢), ta lan luot co:
* Puong thang (d) vudng géc véi (a) v6i vtcp uj(—l; 2; 1) khi:
ulu ouu =0< -—a+2b+c=0<a=2b+c
* Phuong trinh dudng thiang (d) duoc cho boi:

Qua A(4: 2: 2) X=d4+at
(d): - & (d):qy=2+bt,t e R.
vtep u(a; b; ¢) s+t
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* Toa do diém B (B # A) dugc xé4c dinh bang céch thay phuong trinh tham so
cua (d) va (S), ta co:
(at+2)+bt+ 1)+ (ct+2)’=9 < (> +b*+ A +2QRa+b+2)t=0
20 2(2a+b+2c)
St=——— 57—
a“+b +c

»  Vé6i A(4; 2; 2) va B(at + 4; bt + 2; ct + 2) thi:
AB=2.5
<20 = AB? = a’t> + b’t? + (¢*t? = (a + b + cH)t?

4(2a+b+2¢c)> _ 4(2a+b+2c)’

(aerb2+cz)2 a’+b” +c’

= (a2+b2+c2)

< 5[2b+ )+ b2+ =[2(2b+c¢) + b+ 2¢]?
&5 5(5b2 + 4cb + 2¢2) = (5b + 4c)? <> 6¢2 + 20be = 0 <> ¢ = 0 hodc c=—¥b.

Khi dé:
*  Véic=0thia=2bnén u(2b; b; 0) chon u(2;1; 0), do dé ta duoc:
x=4+2t
(d):qy=2+t ,teR.
z=2
= Vi c=—?b thi a:—gb nén a(_gb; b;—?b] chon u(4; —3;10), do dé6
ta dugc:
x—4 -2 z-2
(d): ===

4 -3 10
Vay, ton tai hai dudng thang (d,) va (d,) thoa mén diéu kién diu bai.

(.3. CAC BAI TOAN CHON LOC

Vidu 1: (D¢ thi dai hoc khoi B — 2003): Trong khong gian voi hé toa do Oxyz
cho hai diém A(2; 0; 0), B(0; 0; 8) va diém C sao cho AC (0; 6; 0). Tinh
khodng cach tir trung diém 1 ciia BC dén duong thdng OA.

&S Gidi

Gia st C(x; y;, z) suy ra:
0;6;0)=(x—-2;y;2) = C(2; 6;0) = I(1; 3; 4).

joi08]
d(I, OA) =T = 9.
04|
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Vidu 2: (D¢ thi dai hoc khoi D — 2004): Trong khong gian vdi hé toa do Oxyz
cho ba diém A(2; 0; 1), B(1; 0; 0), C(1; 1; 1) va mdt phcfng P:x+y+
z—2 = 0. Viét phuong trinh mdt cdu di qua ba diém A, B, C va cé tam
thuéc mdt phang (P).
L5 Gidi
1. Gia st mat cau (S) c6 dang:
(S): x>+ y*+27>—2ax —2by —2cz+d =0, v6i a>+b’>+c?>—d>0.

* PiémAe(S)<5-4a-2c+d=0. (1)
* DPiémBe(S)<=1-2a+d=0. 2)
* PiémCe(S)<>3-2a-2b-2c+d=0. 3)
= Tam I(a;b;c)eP)<=a+b+c—-2=0. @)

Giai he phuong trinh tao bdi (1), (2), (3), (4), ta dugc
a=1,b=0,c=1,d=1, thoda man diéu kién.
Vay, phuong trinh mat cu (S): x> +y?*+ 22— 2x -2z + 1 =0.

Vidu 3: (DPé thi dai hoc khéi A — 2005): Trong khéong gian vdi hé toa do Oxyz
cho duwong thang (d) va mdt phdng (P) cé phuwong trinh:
d): X‘11=y;3=213; (P):2x + y—2z + 9 = 0.
a. Timtoa do diém 1 thudc (d) sao cho khodng cdch tir1 t6i (P) bang 2.
b. Tim toa dé giao diém A cua (d) va (P). Viét phuong trinh tham s6
ctia dwong thdng (A) ndm trong mdt phdng (P), biét (A) di qua A va
vuong goc voi (d).

25 Gidi
Chuyén phuong trinh (d) vé dang tham s6:
x=1-t
): ly=-3+2t,t e R.
z=3+t

a. Voigiathiétl € (d) suyral(l —t; 2t —3; 3 +1t).
Véi diéu kién d(I, P) = 2, ta duoc:
_ —3)— t=4
120-0)+2t-3)-2B+1)+9]| _ 2@{ .
2 +1° +(=2)° t=-2
= Véit=4,taduoc I,(-3;5; 7).
= Véit=-2,taduoc [,(3;-7; 1).
Vay, ton tai hai diém I;, I, thod man diéu kién dau bai.
b. Thay phuong trinh tham s6 ctia (d) vao (P), ta duoc:
2l -+ 2t-3)-2CB3+1)+9=0<t=1= A(0; —1; 4).
Goi a, b, n theo thi tu Ia vtep cua (d), vtep cta (A), vipt cta (P), ta ¢
a(=1;2; Hvan(2;1;-2).
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Nhan xét rang:

{(A)C(P) - {bin < b=[n,al=(5;0;5)chon b(l;0; 1).

(A) L(d) bla
Khi dé:
qua A(0,—1,4) x=t
A): - SA): qy=-1 ,te R.
vtet b(1,0,1) o

Vidu4: (D¢ thi dai hoc khoi D — 2005): Trong khéng gian voi hé toa do Oxyz
cho hai duong thdng

-1 2 X+y—-z—-2=0
e Y

! va (d»): { .
-1 2 x+3y—-12=0
a. Chiing minh rang (di) va (d2) song song vdéi nhau. Viét phuong
trinh mdt phdng (P) chita cd hai duong thang (d,) va (dy).
b. Mdt phdng toa do Oxz cdt hai duong thdang di, da ldn luot tai cdc
diém A, B. Tinh dién tich AOAB, véi O la goc toa do.

&S Gidi
a. Taco:
= (di) co vtep a (3; —1; 2) va di qua diém M;(1; -2; —1).
= (dy) c6 vicp a» (3; —1; 2) va di qua diém Ma(0; 4; 2).
Nhan xét ring a; = a, va diém M, ¢ (dy).
Vay, hai dudng thiang (d;) va (d») song song véi nhau.
Dé 1ap phuong trinh mat phiang (P) chiing ta ¢6 hai c4ch sau:
Cdch 1: (St dung chiim mdt phdng): Mat phang (P) chita (d2) nén c6 dang:

(P): A(x+y—2z—2)+B(x + 3y — 12)=0. (1)
Pé (P) chita (dy) diéu kién 1a:
M1e(P)<:>A(1—2+1—2)+B(1—6—12):OC>A:—%B. )

Thay (2) vao (1), ta dugc (P): 15x + 11y — 17z - 10 =0.
Cdch 2: Ta c6 ngay:
uaM uvaM,(1,-2,-1
(P): A o (P): a J(ﬁ _)
vtptn =[ai, MM, ]=(15,11,-17)
SP15x-1D)+11y+2)—-17z+ 1)=0= (P): 15x+ 11y —172—-10=0.
b. Ta lan luot co:
» Toa do cua A 1a nghiém cua hé tao bai (d;) va (Oxz) nén:
x—1 y+2 z+l X=-5
3 21 2 &dy=0 = A(-5;0;-5).
y=0 z=-5

cap vtepa; VaM,M,
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» Toa do cua B la nghiém cua hé tao béi (dz) va (Oxz) nén:
Xx+y—-z-2=0 x=12
Xx+3y-12=0 < {y=0 = B(12;0; 10).
y=0 z=10
Khi d6, dién tich AOAB, véi O 1a goc toa do dugc cho boi:
Ssoms = = | [0A, 08| = - [1-5: 0:-5). (12: 0: 10)1] = 5 dva.

Vidu5: (Dé thidai hoc khéi A —2002): Trong khong gian Oxyz, cho 2 duong thang:

) 420 x=1+t
X—-2y+z—-4=
(A1): Y ,(A):{y=2+t ,te R.
X+2y—-2z+4=0
z=1+2t

a. Ldp phuong trinh mdt phang (P) chita (A1) va song song voi (As).
b. Cho diém M(2; 1; 4). Tim toa do diém H thudc (As) sao cho do dai
MH ngdn nhdt.
&S Gidi
Ta lan luot c6:
a. (P) chtra (A1) < (P) thuoc chum tao bai (A), c6 dang:
P)rAx-2y+z-4)+B(x+2y—-22+4)=0
S Pr:B+AX+2B-A)y+(A-2B)z-4A+4B=0
= vtpt n, (B+ A; 2B - 2A; A — 2B).
Goi a, 1a vtcp clia (A2), ta duge a, (1; 1; 2).
Vi (P)//(A2) nén:
n, la, & n,.a, =0 < 1LB+A)+12B-A)+2(A-2B)=0<=B=A.
Vay, ta dugc (P): 2x —z=0.
b. Ta c6 thé lua chon mot trong hai cdch sau:
Cdch I: Dé He(A2): MHwmin < H 12 hinh chi€u vuong géc ctia M 1én (Ay)
Puong thang (A) c6 vtcp a,(1; 1; 2).
ViH € (A2) nén:
Hl+t2+t1+20= MH(t—1; 1+t 2t—3),
MH L (A)) < MH L &, < MH.d,=0
Sl(t-DH+1.(1+t)+2.2t-3)=0<=t=1= H(2; 3; 3).
Cdch 2: Dé He(A2): MHwin
< H 1a hinh chiéu vuong géc cua M 1én (A2) < H = (Q)N(Av),
trong do:
Q): {qua M o ( :{qua 1\£(2,1,4)
QL) vipt a,(1,1,2)

Béng cdch thay x, y, z tir (A2) vao (Q), ta dugc t = 1 nén H(2; 3; 3).

& Q):x=y+2z-11=0.
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Vidu 6: (D¢ thi dai hoc khoi B — 2004): Trong khong gian véi hé toa do Oxyz
cho A(—4; —=2; 4) va duong thang (d) c6 phuong trinh:

x=2t-3
(d): sy=1-t ,teR.
z=4t-1
Viét phuong trinh dwong thdang (A) di qua diém A, cdt va vuong goéc voi

duwong thang (d).
L5 Gidi
1. Ta c6 thé lua chon mot trong hai cdch giai sau:

Cdch 1: Pudng thing (d) cé vtep a(2;—1; 4), ldy diém B(—3; 1; — 1)e(d).
Goi (P;) 1a mat phang thod man:

ua A quaA qua A(—4,-2,4)
(Pl):{q s L e @)
chura (d) capvtcpavaAB vtptn =(1,-2,-1)

S P):x-2y-z+4=0.
Goi (P») 12 mat phang thoa man:
ua A qua A(_4’_ 27 4)
P2):{ NS
(P,) L(d) vipta(2,—1,4)
Nhan xét rang, (A) chinh 1a giao tuyén ctia (Py) va (P>) do d6 c6 phuong trinh:
x—-2y-z+4=0
(A): .
2x—-y+4z-10=0
Cdch 2: Puong thing (d) c6 vtep a(2;-1;4).
Goi H 1a hinh chiéu vuong géc cua A 1én (d), suy ra:
HQt-3;1—-t;4t—1)= AH 2t + 1; 3 —t; 4t — 5),
AH La <o AH.a =02Q2t+ 1) -G -t)+4(4t-5)=0
ot=1= AH@3;2; - 1).
Khi d6, phuong trinh dudng thang (A) dugc cho béi:
uaA(—4,-2,4 _
Jd L )Q(A):x+4:y+2zz 4
vtep AH(3,2, —1) 3 2 -1
Vidu7: (Dé thi dai hoc khéi A —2003): Trong khong gian vdi hé toa do Oxyz cho
hinh hop chit nhdt ABCD.AB,CiD; ¢6 A tring véi goc ciia hé toa do, B(a;
0; 0), D(0; a; 0), A1(0; 0; b) vdi a, b > 0. Goi G la trung diém canh CC;.
a. Tinh thé'tich khoi tir dién BDAM theo avab.

& (P): 2x—y+4z—-10=0.

b. Xdc dinh ti sa’% dé (A\BD) L (MBD).
&5 Gidi

Tur gia thiét suy ra C(a; a; 0) va Ci(a; a; b) = M(a; a; %).
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a. Taco ngay:
1), =— = —

Viepau = S | [BD,BA, |.BM | (1)
trong do:

BD (—a; a; 0), BA, (—a; 0; b), BM (0; a; g), [BD,BA, ] = (ab; ab; a?).

Tur do, suy ra:
b ’b
2l=22.
2 4
b. Goi naep, nuep theo thi tur 2 vtpt clia cic mat phang (A,BD) va (MBD), ta c6 ngay:
ab

naso = [BD, BA, ] = (ab; ab; a?), NMBD =[@,W]=(%; 7,—212)

1
Vipan = s | (abs ab; a?). (0; a;

P& (ABD) L (MBD) diéu kién Ia:
a’b* a’b’

+ —a*=0ea’=b*<=a=h.

nasp L nvep <> nasp.nmep =0 <
Vay, v6i a = b thoa man diéu kién dau bai.

Vidu 8: (DPé thi dai hoc khoi D — 2004): Trong khéng gian voi hé toa do Oxyz
cho hinh ldang tru dimg ABCAB,C,. Biét A(a; 0; 0), B(—a; 0; 0),
C(0; 1; 0), Bi(—a; 0; b), a> 0, b > 0. Goi M la trung diém canh SC.
a. Tinh khodng cdch giita hai duong thing B,C, AC,.
b. Cho a, b thay doi nhung luén thod man a + b = 4. Tim a, b, dé
khodng cdch giita hai duong thdng B,C, AC l6n nhdt.

&5 Gidi
Ta cé Ai(a; 0; b), Ci(0; 1; b). N
a. Taco: B 4 A
d(Igl(:,f%(jl) - |[I31€Eif§(zllf?(jl| — ab .
BCACI  Va+b’ NI .
b. St dung bat déng thitc Cosi, ta duoc: N\ [@ 2
ab ab Jab _a+b N
d(B:C, AC)) = < = < =2.
T e 2 2 2 '

a+b=4

Suy ra dm = +/2 , dat dugc khia=b < a=b=2.
Vidu9: (Dé thi dai hoc khéi B — 2005): Trong khong gian vdi hé toa do Oxyz
cho hinh ldang tru ding ABC.AB,C, v6i A0; -3; 0), B(4; 0; 0),
C(0; 3; 0), Bi(4; 0; 4).
a. Tim toa do cdc dinh A, C,.
b. Viét phuong trinh mdt cdu cé tam A va tiép xiic véi mdt phdng
(BCCiBy).
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c. Goi M la trung diém cia A\B,. Viét phuong trinh mdt phdng (P) di
qua hai diém A, M va song song véi BC;.
d. Mt phdng (P) cdt duong thing (A/C)) tai N. Tinh do dai doan MN.
&5 Gidi
a. A(0; =3;4), Ci(0; 3; 4).
b. Phuong trinh mat phiang (BCC,;B,) dugc cho bdi:
qua B qua B(4,0,0)
(BCCB)): _. __. &= @BCCB: - N
cZEp vtcp BCvu BB, vtptn =[ AM,BC:]=(3,4,0)
< (BCCiB1):3(x—4)+4y=0< (BCCBy): 3x +4y — 12 =0.
Mait ciu (S) tam A tiép xtic v6i mat phang (BCC;B;) khi:

R = d(A, (BCCB)) = [+ 121 _ 24

N3+ 4 5°
Vay, phuong trinh mat cau S(A, R) c¢6 dang:
576

S): x>+ (y+3) +722="—.
S):x"+(y+3)+z >s

c. Taco M(2; —%; 4) va khi do:

qua A qua A
(P): . __ =P I,
cEp vtep AM vuBCi viptn =[ AM, BCi]=(1, 4, - 2)

S Prx+4y+3)-22=0P):x+4y—-2z+12=0.
d. Phuong trinh tham s6 ctia duong thang (A,C,) duoc cho béi:

qua A, (0,—3,4) x=0 .
(AC)): . < (AIC):iy=-3+t,véite R.
vtep A, C,(0,6,0) L4

Bang céch thay phuong trinh tham s6 ctia (A,C;) vao phuong trinh cia (P) ta dugc:
0+4(-3+1)-24+12=0<t=2=N(0;-1;4)
— MN = \/(0—2)2 +(—1+%)2 +(4-4)7 = g
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