CHUGONG 4 — SO PHUC

é‘ KIEN THUC CAN NHO
I. SO PHUC

1. KHAINIEM SO PHUC
Pinh nghia 1
Mot s6 phike la mot biéu thitc dang a + bi trong dé a, b la cdc s thuc va so'i
théa man i* = —1. K{ hiéu s6 phiic d6 1a z va viét z = a + bi.
i duoc goi la don vi do, a duoc goi la phan thuc va b duoc goi la phdn do
cuia s phiic z = a + bi.
Tap hop cac s6 phic dugc ki hiéula C.

@& Chuy:
1. SO phiic z = a + 0i ¢6 phan ao bang 0 dugc coi 12 s6 thuc va viét 1a:
a+0i=a,aec RcC.
2. S6 phiic ¢6 phan thuc bang 0 duoc goi 1a s6'do (con goi 12 thuan 40):
z=0+bi=bi(beR);i=0+ 1li=1i.
3. S60=0+0i=0i vira la s6 thuc vira 1a s6 ao.

Pinh nghia 2
Hai s6 phitc z = a + bi (a, beR), z = a' + b'i (a,, b'e R) bdng nhau néu va
chi néu:

a=a, b=Db"
Khi d6, ta viet z=7'.
2. BIEU DIEN HINH HOC S6 PHUC
Mbi s6 phiic z = a + bi (a, be R) dugc biéu dién bdi diém M(a; b). Khi do, ta
thudng viét M(a + bi) hay M(z). Goc O biéu dién s6 0.
Mt phang toa do véi viéc biéu dién so phitc duoc goi 1a mit phdng phiic.
* Truc Ox goi la truc thuc.
* Truc Oy goi la truc ao.
3. PHEP CONG VA PHEP TRU SO PHUC

Dinh nghia 3
Tong ciia hai s6 phitc 7, = a; + bii, 7o = a, + bai (ay, by, a2, bae R) la s6 phiic
71 + 2= (a; + a2) + (b + by)i.
Nhu vay, dé cong hai s6 phiic, ta cong céc phan thuc véi nhau, cong cdc phin 4o
v6i nhau.
Tinh chdt cua phép cong so phirc
1. Tinh chdt két hop:
Z+2)+2z3=21+ 2+ 23) V6 imOi 21, 25, z3 € C.
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2. Tinh chdt giao hodn:
Zi+Z=2+71v6imoiz,z2 € C.
3. CongvoiO:
z+0=0+z=zv6imoize C.
4. V6i mobi so phiic z=a + bi (a, be R ), n€u ki hiéu s6 phiic —a — bi 1a —z thi ta c6:
z+(-z)= —z+z =0.
S6 —z dugc goi la sé doéi cua so6 phiic z.
Dinh nghia 4
Hiéu ciia hai sé phiic z; = a; + bii, o = a, + bsi (a1, by, a2, bre R) la tong ciia
71 VO1 —25, tic la:
Zi— 7> =71 + (=22) = (a1 — a2) + (b1 — by)i.
Y nghia hinh hoc ciia phép cong va phép trir sé phiic
Mai s6 phitc z = a + bi (a, be R ) duoc biéu dién boi diém M(a; b) ciing c6 nghia
1a vecto OM .
Khi d6, néu u, , u, theo tht tu biéu dién s6 phiic z, z, thi:
= u, + u, bidu dién s phtc z; + z.
= u, — u, biéu dién s6 phic z — z.

4. PHEP NHAN sO PHUC
DPinh nghia 5
Tich cﬁa hai SOA/phI,’t’C Z1=a + b]i, nr=a + bzl (3.1, b], a, sz R ) la SOA/p/’lIZ'C
71.Z2 = a1a2 — bib + (a;by — axby)i.
@ Nhdn xét: Tx dinh nghia, ta co6:
*  V6i moi so thuc k, va moi so phiic a + bi (a, be R ) ta ¢6 k(a + bi) = ka + kbi.
» 0z =0 v6i moi s6 phiic z.
Tinh chdt cua phép nhdn sé phirc
1. Tinh chdt giao hodn:
7122 = 77 V6imoi z;,z2 € C.
2. Tinh chdt két hop:
(2122)23 = 21(2023) v6i MOi 71, 72,23 € C..
3. Nhdnvdil:
lz=z1=zvéimoiz e C.
4. Tinh chit phan phai (ctia phép nhan déi véi phép cong):
21(22 + 73) = 2122 + 2123 VOi MO1 21, 7o, 73 € C.

5. SO PHUC LIEN HOP VA MODUN CUA S PHUC
Dinh nghia 6
IS5 phiic tién hop ciia 2= a + bi (a, be R) la a — bi va duge ki hiu bdi 7.
Nhu vay, ta co:
z =a+bi =a—Dbi.
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& Nhdn xét: T dinh nghia ta thdy:
1. S6 phiic lién hop cha z lai 12 z, tic 1a z = z. Vi thé ngudi ta con néi z va z 1a
hai s6 phtc lién hop vGi nhau.
2. So6 phic lién hop khi va chi khi céc diém biéu dién ctia ching doi xing nhau
qua truc Ox.

Tinh chdt
1. Véimoiz,z € C tacé:

Zl '|‘Z2 =Zl +Z2 N ZIZZ =Z1.Z2 .
2. V6i moi s6 phuc z, 0 z.z ludn 1a mot s6 thuc, vanéu z=a + bi (a, be R) thi:
z.z =a’+ b

Dinh nghia 7
Moédun ctia so phitc z = a + bi (a, be R) la s6 thuc khong dm a* +b*> va

duoc ki la |z|.
Nhu vay, néu z =a + bi (a, be R) thi:

7| = N2z = Ja> +b° .

& Nhdn xét:
1. Néu z la s6 thuc thi modun cta z 1a gid tri tuyét do6i cta s6 thuc do.

2. z=0khi va chi khi |z] = 0.
6. PHEP CHIA CHO SO PHUC KHAC 0
Dinh nghia 8

S6 nghich ddo ciia so phiic z khdc 0 la s6'z7' = I

2
zl

Thuong 2 thia phép chia s6 phiic 7' cho sé phiic z khdc 0 la tich cia z' vdi
z

N7 . , ) Loy L
5O phiic nghich dao cua z, tuc la — =7'.z7".
z

& Nhdn xét: Nhu vay, néu z# 0 thi = = |
VA VA

1

& s a e T z'z VAN A/ . N
Chu y: C6 thé viet — = —— = —= nén deé tinh — ta chi viéc nhan ca tlr va
VA

2
[z 7.7 z

méu s6 v6i z va dé y ring zz = |7

N | —
Il
—_
N
Il
N,

& Nhdn xét: 1. V6iz#0,tacé
2. Thuong ? lass phtic w sao cho zw = z'. Tix d6, c6 thé néi phép chia
z

(cho s6 phiic khéac 0) 1a phép toan ngugc cua phép nhan.
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II. CAN BAC HAI CUA SO PHUC - PHUONG TRINH BAC HAI
1. CAN BAC HAICUA SO PHUC

Pinh nghia 1
Cho s6 phitc w. Méi sé phiic z théa man 7> = w duoc goi la mot can bdc hai
cua w.
N6i cach khic, moi can bac hai cia w 14 mot nghiém cua phuong trinh:
22— w =0 (v6i 4n z).

& Chu y 1: Dé tim can bac hai cha s6 phiic w, ta ¢6 hai trudng hop:
Truong hop 1: Néu w 1a so thuc (tic 1a w = a):
= Véia>0 thi wcé hai can bac hai la ++/a .
» Véia<O0 thi wcé hai can bac hai 1a +iv-a .
Truong hop 2: Neuw=a+Dbi(a,be R vab#0)thiz=x+yi(X,ye R) la can bac
hai ctia w khi va chi khi:
?=wo X+yi)=a+bi
22 —
S ®-yY)+2xyizatbio i Y T
2xy =b
Ghi nhé vé can bac hai cta s6 phic w:
# w =0 c6 ding mot can bac hailaz=0.
# w # 0 c6 ding hai can bac hai 1a hai s6 d6i nhau (khéc 0).
bac biét:
+ So thuc duong a c6 hai can béac hai la++/a .
+ S0 thuc Am a ¢6 hai can bac hai 1a +i+/-a .

2. PHUONG TRINH BAC HAI

Cho phuong trinh:
Ax*+ Bx + C=0, v6i A, B, Cla nhitng s6 phtic va A #0.
Xét biét thitc A = B2 — 4AC, ta ¢6 céc truong hop:
Truong hop 1: Néu A # 0 thi phuong trinh cé hai nghiém:
-B+6 -B-5
7= vazp =
2A 2A
trong d6 6 1a mot can bac hai cta A.
Ddc biét:
=  Néu A la s6 thuc duong thi phuong trinh ¢6 hai nghiém:
~B+J/A g TBT JA
2A o2A
»  Néu A la s6 thuc am thi phuong trinh ¢6 hai nghiém:
~B+iv-A g ~B-iv-A
2A o2A

71 = 7

71 =

2
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Truong hop 2: Néu A = 0 thi phuong trinh c6 nghiém kép z, =z, = —% .
& Chii ¥ 2: 1. Moi phuong trinh bac hai (v6i hé s6 phic) ¢6 hai nghiém phic (c6
thé tring nhau).
2. Moi phuong trinh bac n:
Az + A" '+ L+ A 1iz+ A =0

trong d6 Ao, A, ..., A la n + 1 s6 phiic cho trudc, Ao #0 va n la
mot s6 nguyén duong luon c¢6 n nghiém phiic (khong nhat thiét
phan biét).

III. DANG LUGNG GIAC CUA SO PHUC - UNG DUNG

1. sO PHUC DUGI DANG LUONG GIAC

Dinh nghia 1

(Acgumen ctia s6 phiic z # 0): Cho s6 phitc z # 0. Goi M la diém trong mdit
phdng phitc biéu dién s6 z. S6" do (radian) ciia méi géc luong gidc tia ddu
Ox, tia cuéi OM duoc goi la mot acgumen ciia z.

& Cha y:

1. Néu ¢ la mot acgumen ctia z thi moi acgumen cta z ¢6 dang ¢ + 2knt, ke Z .

2. Hai s0 phtic z va Iz (v6i z# 0 va I 1a s6 thuc duong) c6 ciing acgumen.
Dinh nghia 2
(Dang luong gidc ciia so phiic): Dang z = r(cos@ + i.sinQ), trong dé r > 0
duoc goi la dang luong gidc cuia so phiic z # 0. Con dang z = a + bi (a,
be R) duoc goi la dang dai 56 ciia so phiic z.

& Nhdn xét: Dé tim dang lugng gidc r(cose + i.sing) clia s6 phic z = a + bi (a,
be R) khac 0 cho trudc, ta thuc hién theo cac budc:

Buéc 1I: Tim r: d6 1a modun cla z, r = va’ +b” ; s6 r d6 ciing 1a
khoang cdch tir g6c O dén diém M biéu dién s6 z trong mat
phéang phiic.

Buidc 2: Tim @: d6 1a acgumen ctia z, ¢ 1a s6 thuc sao cho CosQ =

a . . b . P N N .
— vasing = —; sO ¢ do ciling 1a s6 do mot géc luong gidc
T T
tia dau Ox, tia cudi OM.
Chiing ta tong két hai budc thuc hién trén bang phép bién doi:

z=\/a2+b2( a b i] = Va’ +b’ (cos@+i.sing).

+
Ja?+b?  Wa?+b?

@& Chuy:
1. |z| = 1 khi va chi khi z = cos + i.sinp (pe R).
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2. Khi z =0 thi |z] = r = 0 nhung acgumen cta z khong xdc dinh (do6i khi coi
acgumen cua 0 12 s6 thuc tiy ¥ va van viét 0 = 0(cos + L.sing)).
3. Can dé y doi hoi r > 0 trong dang lugng gidc r(cos@ + i.sing) ctia s6 phiic z # 0.

2. NHAN VA CHIA sO PHUC DUGI DANG LUONG GIAC
Dinh li: Néu z = r(cos@ + i.sin@) va z' = r'(cos@' + i.sin@") véir, r' >0 thi :
77" = 11'[cos(@ + @) + i.sin(Q + ¢')]
z - L' [cos(p — @) +i.sin(p — ¢")] khir' > 0.
r

& Chu y: Néu cdc diém M, M' biéu dién theo thit tu cc s phic z, z' khac 0 thi

N A , R . -
acgumen cua — la s6 do goc lugng gidc tia dau OM, tia cudi OM.
Z

3. CONG THUC MOA-VRO (MOIVRE) VA UNG DUNG

Cong thitc moa—vro: V6i moi s6 nguyén duong n, ta co:
[r(cosp + 1.sin@)]" = r*(cosn@ + i.sinne).
Khir = 1, ta dugc:
(cos + 1.sin@)" = cosn + i.sinne.

Ung dung vao luong gidc: Ta cé:
(cos@ + i.sin)® = cos3¢ + i.sin3¢.
Mait khéc, str dung khai trién liiy thira bac ba ta duoc:
(cos@ + i.sin)® = cos*p + 3cos’.(i.sin@) + 3cos.(i.sing)* + sin’.
T d6, suy ra:
cos3¢ = cos’@ — 3cos.sin’Q = 4cos’p — 3cosy,
sin3¢ = 3cos?@.sing — sin’e = 3sing — 4sin’¢.
Cadn bdc hai cua so phitc dudi dang luong gidc: SO phic z = r(cos@ + i.sing), r > 0 cé
hai can bac hai la:

\/; cos$+i.sin8
2 2

va —+/r cosg+i.sin9 =\/; cos 9+7t +1.8in 9+Tc .
2 2 2 2

B PHUGONG PHAP GIAI CAC DANG TOAN LIEN QUAN
®

§ 1. S6 paiC
Dang toan 1: S@ phiic va thudc tinh cua né
Phuong phap
Vi s6 phtic z = a + bi, cac dang cau hdi thuong dugc datra la:
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Dang 1: Xac dinh phan thuc va phan ao cta s phuc z. Khi do, ta c6 ngay:
= Phan thuc bang a.
= Phan 4o bang b.
@ Chu y: Mot cau hoi nguge 1a "Khi nao so phiic a + bi la s6 thuc, s6
do hodc bang 0", khi d6 ta sir dung két qua trong phan chd
y sau dinh nghia 1.
Dang 2: Hay biéu dién hinh hoc s6 phtic z
Khi d6, ta st dung diém M(a; b) d€ biéu dién s6 phic z trén mat
phang toa do.
@ Chu y: Mot cau hoi nguoc 1a "Xdc dinh sé phiic duoc biéu dién
bdi diém M(a; b)", khi d6 ta c6 ngay s6 z = a + bi.
Dang 3: Tinh modun cta s6 phic z, khi d6, ta c6 ngay |z|=+a’ +b .
Dang 4: Tim s6 d6i cua s6 phc z, khi d6, ta co ngay —z = —a — bi.
Dang 5: Tim s6 phuc lién hgp cua z, khi 6, ta co ngay z =a— bi.

Dang 6: Tim s6 phiic nghich ddo cta z, khi d6, ta co ngay z™' =

Ik
Thi du 1. Xdc dinh cdc sé phitc biéu dién bdi cdc dinh cia mét tam gidc déu cé
tam la goc toa do O trong mdt phdng phiic, biét rang mot dinh biéu
dién so —i.
L5 Gidi
Gia st tam gidc déu ABC (nhu trong hinh v&) thdéa mén di€u kién diu bai, khi dé
gid str dinh A(0; —1) biéu dién s6 phic —i.

Goi a la do dai canh AABC, ta c6 ;i—AO ]l a= \/§
Twr d6 suy ra

* Din hB(—% lj la s6 phitc z, ——g+li.

y
> B
O X
* DinhC ﬁ,l la so phiic zC:£+li. ii
272 2 2 R

A

Dang toan 2: Céc phép toan vé sé phiic
Phuong phap
St dung dinh nghia cting v6i tinh chat cta cac phép toan (cong, trit nhan,
chia) trén tap s6 phuc.
Ching ta c6 cac hiing déng thic:
a2+ b’>=a’>—(bi)’ = (a+bi)(a—bi) =7zz
—

z
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(a + bi)> = 2% — b* + 2abi; (a - bi)? = > — b” — 2abi.

(a+bi)’=a’-3a+ (3a’b — bd)i; (a—bi)’=a’+ 3a— (3a’b + b)i.
Thi du 1. Tim phdn thuc phdn do cia s6 phitc z = (x + iy)*> — 2(x + iy) + 5 (v6i
X,y € R).Vdix,y nao thi sé phiic dé la so thuc ?
&S Gidi

a. Ta bién doi:
z=(X>+2xyi —y) — (2x + 2yi) + 5= x> — y? = 2x + 5 + 2y(x — 1)i.
Vay n6 ¢6 phan thuc bang x* — y> — 2x + 5 va phan ao bang 2y(x — 1).
b. S6 phitic da cho 1a s6 thuc diéu kién la:
2y(x—1)=0< x=1hoacy=0.

Thi du 2. Tim phan thuc phan do va médun cua sé phiic z.= 31+ %1 + 31 _21' )
—1 — 21
&5 Gidi
Ta c6 thé trinh bay theo hai céch sau:
Cdch I: Ta bién doi:
_ G200+ (1-DB+20) _ 1+5i 5-i _ 23 63.
2 13 2 13 26 26

/4498

26

Vay né c¢6 phan thuc bang % , phan 4o bang % va modun bang
Cdch 2: Ta bién doi:
_B+20)B-20)+(1—i) _ 13-2i _ (13-2i)(1+5i)

(1-1)(3-2i) T o1-5i 26
= —(23+63) =2,.8;
26 26

/4498

26

Vay né c¢6 phan thuc bang % , phan 4o bang 2—2 va modun bang

Thi du 3. Tim diém biéu dién cdc sé phiic sau:
a. z:(ﬁ+i)2+(ﬁ—i)2. b. z:(ﬁ+i)3—(\/5—1)3.
&5 Gidi
a. Ta c6 thé trinh bay theo céc céch sau:
Cdch I: Ta bién déi:

z:(\/§+i)2 +(\/§—i)2 =2+ 22 +i24+2- 22 +i2=2

Vay, diém M(2; 0) biéu dién so phiic z.
Cdch 2: Ta bién doi:
2
z= (\/5+i) + (\/_—1) =(V2 +i+2 —i)P-2(+2 +D)(+2 —i)
=8-202-)=2.
Vay, diém M(2; 0) biéu dién s6 phiic z.
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Cdch 3: Ta bién déi:
z= (\/5+i)2 + (\/5—1)2 =(\2 +i— V2 402 +2(+2 +i)( V2 —1)
— 44202 - =2,
Vay, diém M(2; 0) biéu dién s6 phiic z.

b. Ta c6 thé trinh bay theo cdc cdch sau:
Cdch I: Ta bién doi:
z= (\/§+i)3—(\/§—i)3: 22 +6i+ 342 +i3— (242 — 61 + 3242 — 1)
=12i + 2i* = 12i — 2i = 10i.
Vay, diém N(0; 10) biéu dién s6 phic z.
Cdch 2: Ta bién doi:
o= (e - (-
=(V2 +i— V2 +1P+3(V2 +D)(V2 —D) (V2 +i— 2 +1)
— 813 + 6i(2 — i2) = —8i + 18i = 10i.
Vay, diém N(0; 10) biéu dién s6 phic z.
Dang toian 3: Chitng minh tich chat caa sd phiic
Phuong phap
St dung cac phép toan trén tap s6 phtic cing nhiing tinh chat cia ching,
Thi du 1. Chiing minh rdang phdn thuc ciia s6 phiic z bang %(z + z), phdn do ciia

s0 phiic z bdang 2i (z— z).
1
&5 Gidi
Vi s6 phitc z=a + bi (a, be R), ta co:
%(z+ 7)= %(a+bi +atbi)= %(a+bi+ a— bi) = a — 1a phan thuc cta z.
%(z— )= %(a+bi— 2+ bi)(—i) = b— 1a phin 4o ctia z.
1
Thi du 2. Goi A, B theo thit ti la cdc diém ciia mdt phdng phiic biéu dién s6'z # 0
vaz = %z. Chiing minh rang AOAB la vuéng can (O la goc toa do).
&5 Gidi
Ta lan luot c6:

NG

Izl = 7|Z|,

2

lzl = —|z|.

1+1

2

1+1

OA = [0A] =z, OB = [OB| = =

1+1 —1+1

—z—z| =

AB= [AB| = OB-0A =
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Twr d6, suy ra OB = AB va:

2 2
OB’ + AB? = [gMJ + [%M] = |z]> = OA? & AOAB la vuong can tai B.

Dang toin 4: Tap hop diém
Phuong phap
Cau héi thuong duoc dat ra 1a "Xdc dinh tdp hop cdc diém trong mdt phdng phiic biéu
dién cdc s6 phiic z thoa man diéu kién K",
Khi dé:
Dang 1: S6 phic z théa man biéu thic vé d6 dai (modun). Khi do, ta s
dung cong thiic |z =va’ + b .
Dang 2: S6 phiic z 1a s6 thuc (thuc 4&m hodc thuc duong), s6 do. Khi do, ta
st dung két qua:
a. DEzlasd thuc diéu kiénlab=0.

Y NN A N N N
b. Dbeé zla s6 thuc am diéu kién la:

a<0
{bzo'
c. Dézla sd thuc duong diéu kién la:
a>0
{b:O'

A NN I IUN N
d. Pézlasoao diéukiénlaa=0.

& Chu y: Dé tang do khé cho yéu cdu vé tap hop diém, bai toan thudng duoc cho
duéi dang mot biéu thiie phiic.

Thi du 1. Xdc dinh tip hop cdc diém trong mdt phdng phiic biéu dién cdc sé phiic
z sao cho 7*:
a. La sd do. b. La so thuc dm.
c. La s thuc duong. d. C6é modun bang 1.

25 Gidi

V6i s6 phiic z=x +yi (x, ye R), ta cé:
72 = (X +yi)? = x? — y? + 2xyi.
a. Dé 77 1a s6 4o diéu kién la:
—v=0
)(2—y2:O<::>(x—y)(x+y):0<:>{X y=2
x+y=0

Vay, tap hop diém cdc diém M thuoc hai dudng phan gidc clia géc giita truc thuc,
truc ao.
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b. Dé 72 1a s6 thuc duong diéu kién la:

X’ =y’ >0 x#0
<~ .
xy =0 y=0

Vay, tap hop diém M thuoc truc Ox (truc thuc) trir géc O.
c. Dé 72 1a so thuc am diéu kién la:

X’ -y’ <0 x=0
<~ .
xy =0 y#0

Vay, tap hop diém M thuoc truc Oy (truc 4o) trir goc O.
d. Dé 7> ¢6 modun bing 1 diéu kién Ia:

\/(xz—y2)2+(2xy)2 =1 < ()(2+y2)2 =l ox*+y*=1.

Vay, tap hop diém M thuoc dudng tron don vi.

Thi du 2. Xic dinh tdp hop cdc diém M trén mdt phdng phitc biéu dién cdc sé
phiic théa man (1 +1~/3)z + 2, trong dé lz—1] <2.
&S Gidi

Ta bién déi:

(1+1\/§)Z+2:X+yl<:>(1+1\/§)Z:X_2+yl<:>Z= X_2+yl

1+i\/§

Khi dé:

lz—1]

_ |X—2+yi_1‘ _[x-3+iy+43)

| 1+i3 1+iV3

_|x =3+ + V310 -iV3)| _|x+ yV3 +ily—x3+3V3)|
4 B 4

|Z— 1 | <2& ‘x+y\/§+i(y—X\/§+3\/§)‘S8

<:>\/(x+y\/§)2+(y—X\/§+3\/§)2 <8

o \/4[(x—3)2+(y—ﬁ)2] <8 (x—3P+(y—3R<16.
Vay, tap hop diém M thuoc hinh tron tam I(3; J3)bankinh R = 4.

Dang toan 5: Phuong trinh phtc
Phuong phap
Ta 6 thé lwa chon mot trong hai cach sau:
Cdch1: St dung cac phép bién ddi dai s6 va cac phép toan vé s6 phic.
Cdch 2: Thuc hién theo cac budc:
Budc 1: Gid st s6 phiic can tim 1a z = a + bi (x, ye R).
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Buéc2: Thay z vao phuong trinh va st dung st dung bang
nhau ctia hai s§ phitc d€ tim a, b.
Buéc3: Kétluan vé s6 phic z can tim.

Thi dv 1. Tim nghiém phiic cua phuong trinh:
2+1 —1+3i . - . .
a. :z= TR b. (IZ+1)(2—2+1)|:(2+1)Z—Z+1]=0.
&5 Gidi

a. Ta c6 thé trinh bay theo hai céch sau:
Cdch 1: Bién déi phuong trinh vé dang:
(2+i)(1+i)z_ (14302 -1) - (1+3i)Z_ 1+7i

1’ +1? 2241 2 5
J_2 1471 2 (14730 _ 2244
51431 5 1P+3 25
Vay, phuong trinh c6 nghi¢m z = 22 + 4 1.
' ) 25 25
b. Ta bién déi phuong trinh vé dang:
iz+1=0 )
7-2+i=0 )
(2+i)z—z+1=0 (3)
Ta lan luot:

= V6i phuong trinh (1), ta bién d6i iz = —1 < z=—+ =i,
1

* V6i phuong trinh (2), ta bién doi:
z=2-i ©z=2+1i
* V6i phuong trinh (3), ta ¢6 thé trinh bay theo hai céch sau:
Cdch 1: Ta bién d6i (3) vé dang:
. 1 -1a-i) 1 1.
lI+1)z=—1<z= — = TR :—5+51.
Cdch 2: Giasttz=a+ bi (a, be R), ta co:
B R2+i)a+bi)—(a+bi))+1=0
<2a-b+(@a+2b)i—-(a+bi)+1=0<a-b+1+(@+b)i=0

a-b+1=0 -2b=-1 a=-1/2 1 1.
= = = Sz=——+—1.
a+b=0 a=-b b=1/2 2 2

Vay, phuong trinh cé banghiémz=i,z=2+ivaz= —%-I—%i.
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§ 2. CAN BAC HAI CVA S& PHYC
VA PHUONG TRINH BAC HAI

Dang todn 1: Cin béc hai cua s phiic
Phuong phap

Str dung kién thiic trong phan can bac hai ctia s6 phtc va luu y t6i cac truong hgp
dac biét.

Thi du 1. Tim cdc can bdc hai ciia méi s6 phiic sau:
a. 22-3. b. i.

&5 Gidi

a. S6 22 -3 <0 nén c6 hai can bac hai la:

+i[-(2V2-3) = £iV3-2V2 = i|(V2-1) = =i(V2-1).

b. Giaslrs6z=x+yi(x,yeR)lacan bac hai ctla i, tic la ta c6:
i=x+yi)P?=x*—y?+ 2xyi
1

2
y: 1 = [
{Xz_y2=0 2x y=-— YRS

xy=1 1Y '
XY= xz—(—) —0  |4x*-1=0 |xoy=_Y2
2

Vay, s0 i c6 hai can bac hai la i%(l +1).

@ Nhdn xét: Nhu vay, dé tim can bac hai ciia cic s6 phc trén:

» Cau a) chiing ta s dung ngay két qua cua truong hop 1 trong
chu y cta phan can bac hai.

= Cau b) ching ta st dung thuat toan da dugc trinh bay trong
truong hgp 2 clia chu y clia phan can bac hai.
Vi s6 a0 dang z = bi néu ching ta sit dung dénh gia vé dau
clia X va y thi s& nhanh chéng tim duoc nghiém cua hé phuong
trinh. Cu thé hé trong cau b) s& dugc thuc hién nhu sau:

2 _ 2 — 0 — i X= y
X y - X y } . ’ - i |
2xy =1 2xy =1vax,ycungdau X" = 5
V2
S X=y=+t—om-.
2
Thi du 2. Tim cdc cdn bdc hai ciia méi s6 phiic sau:
a. 3+4i. b. 4+6iV5.

&5 Gidi

a. Ta c6 thé trinh bay theo céc céch sau:
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Cdch I: Giasus6z=x+yi (x,ye R) la can bac hai ctia 3 + 4, tiic 1a ta c6:
3+4i=(x+yi)>=x>—y>+ 2xyi

Y‘z 2
{Xz_y2=3 X o y:;
2
2xy=4 xz—(zj =3 x'-3x*-4=0
X
2
- y=; - x=2 vay=1
o4 x=—-2vay=-1

Vay, s0 3 + 4i c6 hai can bac hai 1a £(2 +1).
Cdch 2: Ta c6 phan tich:
3+44i=3+22i=3+22i=Q2+1i)>~
Vay, s6 3 + 4i ¢6 hai can bac hai 1a (2 + 1).
b. Ta c6 thé trinh bay theo c4c cich sau:
Cdch I: Gid sirs06 z=x +yi (x, ye R ) [a can bac hai clia 4+ 6i+/5 , ttc 12 ta ¢6:
4+6iV5 = (x +yi)? = x> — y? + 2xyi

s

{Xz—y2=4 X y=£

- - ) & X

2xy =635 Xz_(3\/§_j -4 x'—4x*-45=0
X

:_3\/5 l:x=3 Véy=\/§

= y X <&
x2=9 X=—3Véy=—\/§

Vay, s6 4+ 6iv/5 ¢6 hai can bac hai la i(3 +i\/§).
Cdch 2: Ta c6 phan tich:

44615 = 442351 = 4423(V5i) = 3 +23(5)+(V5i) = (3+5i) -
Vay, s6 4+ 6iv/5 ¢6 hai can bac hai la i(3 + 1\/5)
& Nhdn xét: Y tudng cho cdch giai 2 trong thi du trén v6i méi s6 phic dang a + bi
(a, b thuc khac 0) c6 thé dugc giai thich nhu sau:

Ta viét bi= 2.gi , t6i day can mot phép phan tich s6 gi thanh hai s6

bi va bai sao cho b? +(b,i)’ =a .
D6i v6i cdc em hoc sinh da biét van dung dinh 1i Viét dé nhim
nghiém cua phuong trinh bac hai thi day la cong viéc don gian.
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Dang toan 2: Phuong trinh bac hai
Phuong phap

Str dung kién thic trong phan phuong trinh bac hai.

Thi du 1. Tim nghiém phiic cua cdc phuong trinh sau:
a. 22-2z+2=0. b. z22-2iz+1=0.
&S Gidi
a. Ta c6 thé lua chon mot trong hai céch sau:
Cdch I: Phuong trinh ¢6 A' = 1> — 2 = —1 nén n6 c6 hai nghiém phan biét 1a:
71,2 = 1 i‘i.

Cdch 2: Bién déi phuong trinh vé dang:
z-1)Y=-1=Pz-1=ticz,=14.
Vay, phuong trinh c¢6 hai nghiém z; , =1 £ 1.
b. Ta c6 thé lya chon mot trong hai cdch sau:
Cdch I: Phuong trinh c6 A = (—2i)? — 4 = —8 = A ¢6 hai can bac hai 1a +2iV/2 .
Nén phuong trinh dé c6 hai nghiém phan biét la:

.
zl,Z:# = (1+2)i

Cdch 2: Bién d6i phuong trinh vé dang:
2-2iz—-1=2c@z-i)P=2cz-i=4iV2 ©z.,=(1=2)i
Vay, phuong trinh ¢6 hai nghiém z;., = (1 £ +/2)i.

@ Cha y: a. V6i phuong trinh bac hai c6 biét s6 A 1a s6 phic ching ta thuc
hién theo cic budc sau:
Budc 1: Tinh biét s6 A =a + bi.
Buoc 2: Tim hai can bac hai ciia A (gia sit £8) theo thuat
toan da biét trong dang toan 1.
Buoc 3: K&t luan, phuong trinh ¢6 hai nghiém:
-B+6
2A
b. Tu d6, ta thdy cong thitc Vi-ét vé phuong trinh bac hai v6i hé s6
thuc van ding cho phuong trinh bac hai véi hé s6 phic khong, vi:
-B+6 -B-9 B
tz,= + =——
2A 2A A

_-B+3 -B-3 B’-% B’-A 4AC_C

71,2 =

z,2, >
2A T 2A 4A 4A 4A° A
Thi dy 2. Tim nghiém phiic ctia cdc phuong trinh sau:
a. Z2+((2-i)z-2i=0. b. 422-2z- i3 =0.
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&S Gidi
a. Phuong trinh c6:
A=Q2-i)+8i=3+4i=2+1)
nén phuong trinh c6 hai nghiém phan biét la:
z, =%[—(2—i)—(2+i)]=—2 va 7, =%[—(2—i)+(2+i)]=i.

Vay, phuong trinh c6 hai nghiém z, = -2 va z, = i.
b. Phuong trinh c6 A'=1+4iy/3 .
Gid sl s6 8 =x +yi (x, ye R) 12 can bac hai chia A'=1+4i/3 , tic 12 ta ¢6:
1 +4+/31=(x +yi)?=x2—y*+ 2xyi
2B 243
{X i), Ay
2xy =43 xz—(2\/§/x)2=1 xt—x*=12=0
:& y:&@ x=2 Véy=\/§

= X P " ! f
K- +3)=0  |x’ =4 x=—2viy=—3

Tic 1a, biét s6 A' c6 hai can bac hai la £(2 + i3 ) nén phuong trinh cé hai
nghiém phan biét la:

z, =i[1—(2+i\/§)]=—i(l+i\/§) Vi z, =i[1+(2+i\/§)}=i(3+i\/§).
(1+iV3) va 2, =—(3+143).

1 1
4 4
& Nhdn xét: Nhu vay, dé giai cic phuong trinh trén:
= O cau a) bing viéc nhan xét dugc ngay ring 3 + 4i = 2 + i)?
chiing ta da giam thiéu duoc cdc budc tim cin bac hai cla A.
= Cau b) chiing ta cin st dung thuat toan dé tim céan bac hai cla
A'. Tuy nhién, v6i nhitng ngudi c¢6 kinh nghiém ho cé thé
nhiam duoc.

2 2:1 y

Vay, phuong trinh ¢6 hai nghiém z, =

Thi du 3. Tim hai s¢ phiic, biét tong cuia chiing bang 4 — i va tich cua chiing
bang 5(1 —1).

L5 Gidi
Vi hai s6 phiic zi, z, théa man di€u kién dau bai, ta cé:
z,+z,=4-1
{zl.z2 =5(1-1)
suy ra zi, z, 1a nghiém cta phuong trinh:
22-(@4-1)z+5(1-1)=0
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phuong trinh ¢6 A = (4 —1)> - 20(1 —i) = -5 + 12i.
Giastrs6 6 =x +yi (x, ye R ) la can bac hai ciia A = -5 + 124, tic 1a ta co6:
=5+ 12i = (x + yi)> = x> — y* + 2xyi

Y_6 6
2 2 —
— = — X = — = —
@{X y 5@ 6 & Y X = Y
2xy =12 xz—[—j =5  |x*+5x°-36=0 |x’=4
X
:2 3 =
- X vay=3 .
Xx=-2vay=-3
Ttc 1a, biét s A c6 hai can bac hai la £(2 + 3i).
Nén phuong trinh dé c6 hai nghiém phan biét la:
Zl:wﬁ” Zz:wZI_Zi'

Vay, hai s6 can tim 1a 3 +iva 1 — 2i.

Dang toian 3: St dung phuong trinh béc hai gidi phuong trinh bic cao
Phuong phap
a. DI véi phuong trinh bdc ba thi ching ta can thuc hién phép nham nghiém dé
phén tich da thitc thanh nhan tir (ttc nhan dugc mot phuong trinh tich).
b. Péi voi phuong trinh bdc bon dang dac biét ching ta st dung phuong phap

dat 4n phu.
Thidu 1. Gidi cdc phuong trinh sau va biéu dién hinh hoc tdp hop cdc nghiém
ctia moi phwong trinh (trong mdt phdng phitc):
a. 22-1=0. b. 22—32+4z—2=0.
L5 Gidi
a. Ta bién d6i phuong trinh vé dang:
z-1=0 —14i
Z-D@Z+z+1)=0s| @zl—l,z23=1_—h/§.
z+z+1=0 ' 2

Vay, phuong trinh c6 ba nghiém z;, z, z; va ching theo thit tu duoc biéu dién

bang cdc diém M;(1; 0), M, [—%; ?J va M, (—%; —?J trén mat phang phtc.

b. Vi tdng cdc hé s6 bang 0 nén phuong trinh ¢c6 mot nghiém bang 1 nén ta bién déi
phuong trinh vé dang:

z-1)Z2*-22+2)=0< )
(=1 ) L2—2z+2=0 z,,=1£iV3

Vay, phuong trinh c6 ba nghiém zi, 7, z; va ching theo thit tw duoc biéu dién
béng céc diém M;(1; 0), M, (l; \/5) va M, (1; —\/5) trén mat phang phic.

Z—1:0 {lel
=
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& Cha y: a.

Rat nhi€u hoc sinh khi thuc hién cau a) do théi quen tim nghiém
thuc nén da chi ra nghiém duy nhét x = 1. Cac em hoc sinh can
ghi nhé noi dung chi y 2 trong phén 1i thuyét, nén st dung hang
dang thic dé bién déi phuong trinh ban ddu vé dang tich.

b. O cau b) chiing ta s dung két qua a + b + ¢ + d = 0 thi phuong
trinh az’ + bz’ + cz + d = 0 (vdi a, b, ¢, d 1a nhiing s6 thuc) ¢
nghiém béang 1, do d6 né dugc phan tich thanh:
(z-1)AZ+Bz+C)=0.

Tuong tu, néu phuong trinh az® + bz* + cz + d = 0 ¢6:
a-b+c—-d=0

thi n6 ¢6 nghiém béang —1, do d6 né dugc phan tich thanh:
(z+1)AZ2+Bz+C)=0.

c. Cédc em hoc sinh hdy ching minh rang "Két qud trén van diing vdi
phutong trinh bdc ba cé hé so phiic".

Thi dv 2. Gidi cdc phuong trinh sau:
a. z'-1=0. b. z'+1=0.

&5 Gidi

a. Bién doi phuong trinh vé dang:

Z—1)

Z*+1)=0<z=+t1vaz=Hi.

b. Bién déi phuong trinh vé dang:

A=

Ta lan luot:

Z* =i )

o@(ZZ—i)(z%i):o@[ .
2= ()

»  Véi phuong trinh (1), gid st s6 z = X + yi (X, ye R) la can bac hai cua 2i, tic

la ta co:

i=x+yi)P?=x*—y?+ 2xyi

x?—y*=0 X =4y Y Y
= = - ey, 1 1
2xy =1 xy =1vax,ycungdau X =5 x=i—2
P X—y—+L
5
Suy ra, phuong trinh (1) ¢6 hai nghiém la i%(l +1).

= Véi phuong trinh (2), gia st s6 z = X + yi (x, ye R) 1a can bac hai ctia —i, tic

Ia ta co:

—i=(x+yi)?=x*—y>+ 2xyi

o
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1
= = S x=-y=t—.

2 V2
Suy ra, phuong trinh (1) ¢6 hai nghiém la i%(l —1i).

Vay, phuong trinh da cho ¢6 bon nghiém la

12 i%(

1£i).
& Nhdn xét: 1. Nhu vay, qua vi du trén:
a. O cau a) ching ta sit dung hing dang thic dé chuyén
phuong trinh ban dau vé tich ctia hai phuong trinh bac hai.
b. O cau b) ching ta sir dung tinh chét i* = —1 dé lam xuét
hién dang A> — B* = (A — B)(A + B).
2. Ching ta déu biét rang céc phuong trinh trang phuong dang:
az' +bz?+¢c=0
duoc giai bang viéc st dung 4n phu t = 7%

§ 3. DANG LUGNG GIAC CUA SO PHUC
VA UNG DUNG

Dang toan 1: Dang lugng giac ctia cta sd phiic
Phuong phap
Str dung kién thic duoc trinh bay trong nhan xét cua phan 1.

Thi du 1. Tim dang luong gidc ctia cdc s6 phiic 7,—z, i ,kz (k € R"), biét:
zZ
a. z=1+14/3. b. z=r(cose + i.sin®), v6ir > 0.
L5 Gidi

a. Ta c6 thé trinh bay theo hai céch sau:
Cdch 1: Véiz=1+i3 , ta co:
Modunr= +1+3 =2,
Acgumen ¢ thoa man cos¢ = 1 va sing = g

:>ch()n(p:§.

va khi do:

w
U2

« iz T .. T
T d6, suy raz = 2(cos§+ i.sin—

- T .. T T . . i
z = 2| cos——1.sin— | = 2| cos| —— |+ 1.sin| —— ||;
( 3 3) { [ 3j ( 3H

T .. X T .. T 4n . . 4m
—7 = -2| cos—+1.sin— | = 2| —cos——1.sin— | = 2| cos— +1.sin— |;
3 3 3 3 3 3

291



N | —

1 1 T T 1 T .. T
=—7=— 2 cos—+1 sin— | = —| cos—+1.sin— |;
7.7 3 3 2 3 3

s .
2k cos—+1 smgj néuk >0

—2k COS— +1i. sm%} néuk <0
Cdch 2: Ching ta thu’(mg stt dung ngay phép bién doi:

z=1 +1f = (—+1§J :2(cos§+i.sin§}
7= 1+i\/§ =1 —ix/g = 2(1—1£J = 2|:COS(—EJ+LSH'1(—EJ:|;
2 2 3 3
—z=-1-i3 = 2(—1—1£J = 2(0054—n+i.sinﬂj;
2 2 3 3
1 1 1-i3 1+iV3 1(1 .\/§j 1( T nj
- = = = = = 5 cos— +1i.sin— |.

z 1-iW3 1+3 4 202 2
b. Talan luot c6:

S6 phiic z ¢6 modun r v acgumen bang —¢ nén c6 dang:
7= r[cos(—@) + i.sin(—@)].

S6 phiic —z ¢6 moédun r va acgumen bang ¢ + 7 nén ¢6 dang:
—z =r[cos(p + 1) + i.sin(¢ + 7)].

R 1 I N o
= =—2z c6modun —-r= — vaacgumen bang ¢ nén c6 dang:
7.7 r r

= SO phiic

N— NI—

1 ..
= —(cos@ + 1.sin@).
r

*  S6 phitc kz ¢6 modun |kz| = |k|r va acgumen bang ¢ néu k >0 va 1a ¢ + © néu
k <0 nén c6 dang:
g = kr(cos@ +i.sin@) néuk >0
—kr[cos(q+ 1) +i.sin(¢+m)] néuk <0’
Thi dy 2. Cho hai s6 phitc v =1 +1iva z, =3 +i.
a. Tim dang luong gidc cua z., 2.
b. Sirdung két qud trong a) tinh z,z,, =

Z,

+Li = x/E(cosEJr i.sinz) s
2 4 4

&5 Gidi

a. Talan luot c6:

zl=1+i=ﬁ(

-
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\/g 1 o i
=3+1=2| —+—i|=2| cos—+1isin— |.
7=\3 (2 2 ( 6 6}
b. Ta lan luot co:

21222\/5.2 cos| =+ = |+isin| =+ 2 || =242 coss—ﬂ:Jri.sinS—Tc ,
4 6 4 6 12 12

z, 2 (n nj . (TE nj \/5( T .. nj
L= cos| ——= |+isin| =—= || =—| cos— +1isin— |.
z, 2 4 6 4 6 2 12 12

& Chui y- Néu thuc hién cic phép todn trén dudi dang dai s
a. Taco:

22, =(1+) (VB +1) =(V3-1)+(B +1)i
(3-1) (B+1)

=22 NN
tu do, suy ra \/g_lzcoss—TE \/§+1=sin5—7E
’ 22 127 22 12
b. Tacé:
1+ (+D)(V3-i) .
e [Ny
| V2(VB+1) V2(VE-1)
=— + i
2 4 4
tu do, suy ra M:cosi, M:sini.
4 12 4 12

Dang toan 2: Cac ing dung

Phuong phap
Str dung dang luong gidc ciia s6 phiic dé thuc hién cdc phép todn.
St dung cong thitc moa—vro (moivre) va ting dung.

Thi du 1. Tim dang luong gidc cua cdc cdn bdc hai cia so phiic:

Z = COS( — 1.sin¢@.

&S Gidi

Viét lai s6 phiic z duong dang chuan:

Z = cos(—@) — i.sin(—)
tir do, suy ra né c6 hai can bac hai la:

cos _° +1.8in _° va cos —9+n +1.sin —9+TE .
2 2 2 2
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. 2008
Thi du 2. Tinh (Lj .
1+1
&5 Gidi
Ta c6 thé lua chon mot trong hai cdch sau:
Cdch I: Ta lan luogt ¢6 dang lugng gidc cua cac so phuc:

TC+. . T
i COSE l.SIHE \/5( . nj

= = —| cos— +1.sin—
4 4

1+1 \/— T .. T
2| cos— +1.sin—
( 4 4)

2008
i Y (2 m..om
= | — = | —| cos—+i.sin—
1+1 2 4 4

(&

2008 1
TJ (005502n+i.sin5021t) =

Cach 2: Ta co:

2

1+i 2 2 2

PV [ e [
= | — = | —| cos—+1.sin—
1+1 2 4 4

2

2008
= [TJ (cos502n+i.sin502n) =

2 2

1

C. CAC BAI TOAN CHON LOC

2]004 .

i _id-i) = I+i_ \E(£+1£J = \E(cos£+isinﬁj
!

21004 :

Vidul: Tim diém biéu dién cdc so phiic sau:

#

a. z=(\/§+i)2+(\/§—i)2. b. z=(ﬁ+i)3—(ﬁ—i)3.

L5 Gidi
a. Ta c6 thé trinh bay theo céc céch sau:
Cdch I: Ta bién doi:

z:(\/E+i)2 +(J§-i)2 Z04 22 4242212 +i2=2.

Vay, diém M(2; 0) biéu dién s6 phiic z.
Cdch 2: Ta bién déi:

- (\/5+i)2 + (\/E—i)2 (W2 it 2 —iP =242 +D)(V2 —i)

=8-202-P)=2.
Vay, diém M(2; 0) biéu dién s6 phiic z.
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Cdch 3: Ta bién doi:
z= (\/5+i)2 + (\/_—1) =(N2 +i- 2 +D2+2(82 +D)(V2 —i)
— 44202 - =2,
Vay, diém M(2; 0) biéu dién s6 phiic z.

b. Ta c6 thé trinh bay theo cdc cdch sau:
Cdch 1: Ta bién déi:
z= (\/§+i)3—(\/§—i)3: 22 +6i+ 342+ — (242 —6i+ 322 —1))
= 12i + 2i* = 12i — 2i = 10i.
Vay, diém N(0; 10) biéu dién s6 phic z.
Cdch 2: Ta bién déi:
z= (\/§+i)3 - (\/E—i)3:(\/§ +i— 2 +iP+
+3(42 +D(V2 —D (V2 +i— 2 +D)
=8i® + 6i(2 —i%) = —8i + 18i = 10i.
Vay, diém N(0; 10) biéu dién s6 phic z.
Vidu 2: Tim médun cia cdc sé phiic sau:
i \2ai

1+1 1
b. Z=1+(1—i)+(1—i)2+(1—i)3+...+(1—i)19.

&S Gidi
a. Taco:
:ﬁfi_ﬁ+i=<ﬁ—i><l (ﬁﬂ)_f— 2M2-\3-1,
1+1 1 2
:»|z|=\/{f2‘3] [MI IJ SN RN S
b. Xét cap so nhan (u,) céu;=1vaq=1-1i,taco:
U =u.q"

20 _N20 20
Z=Szo=ll1+ll2+...+ll20=q l=(1 1)' I =(1 1)‘ !
q-1 1-i-1 -1
= [(=2D) = 1]i = 2" — 1)i

tiic 12 z ¢6 phan thuc béng 0 va phan 4o bang 2'°— 1 nén |7|=2" - 1.

Vidu 3: Chiing minh rang:
a. SO phiic z 1a s6 do khi va chi khi z=—z -

b. V&i moi s6 phitc z,7' ta c6 z+z2'=z2+2"; z2'=2.7".

&5 Gidi
a. Tu gia thiet:
z=—z < a+bi=—a+bi =—-a+bi< a=0< SO phic z 1a s6 ao.
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b. Véihais6phiicz=a+bi,z'=a'+b'i(a,b,a’,b'eR), ta lan lugt co:
z+z' = (a+bi)+(a'+b'i) = (a+a")+(b+bhi=(@+a)—(b+Dbi
=(a—bi)+(a —bi)=z+z', dpcm.
27 = (a+bi)a'+b'l) = (aa'-bb")+(ab'+a'b)i
= (aa’ — bb") — (ab' + a’b)i = (a — bi)(a' — b']) = z.z', dpem.
Vidud4: Xic dinh tdp hop cdc diém trong mdt phdng phitc biéu dién cdc s6 thod
mdn moi diéu kién sau:
a. |z+z+3]=4 b. (2—2)(i+ 2) la s6 thuc tup y.
c. 2lz—il=lz—7z+2il. 4 [2— (20| =4

L5 Gidi
V6i s6 phiic z = x + yi (X, ye R ) dugc biéu diém boi diém M(x; y).
a. Taco:
4=|x+iy+x-yi+3] = |2x+3| @ 2x+3=14

1 . 7
& Xx=—hoacx=——.
2 ’ 2

Vay, tap hop diém M thuoc hai duong thang x = % V§1X=—%.
b. Tacé:
w=Q2—2)(i+2)=Q—x—y)(i+X—yi) == -y +2x +y+ 2 —x—2y)i
Dé w 12 s6 thuc diéu kién 1a:
2-x-2y=0<x+2y-2=0.
Vay, tap hop diém M thuoc dudng thing x + 2y — 2 = 0.
c. Tacé:
2|Z—i| = |z—2 +2i| ©2|x+yi—i| = |x+yi—x+yi+2i|

o2lx+@y—Dil = [2y+ Dil @2 +(y-17 = Jay+1y

2

©1+(y—1)2:(y+1)2c>y:%.

2
Vay, tap hop diém M thuoc parabol (P): y = XT
d. Tacé:
4= |22—(z)2| = |(x+yi)2—(x—yi)2| = |4xyi|

& (xy? :1<:>X2y2:1<:>y:il.
X

Vay, tap hop diém M thuoc hai hypebol c6 phuong trinh y = il.
X

Vidu5: Tim s6 phiic z théa man:

+i 4
=1. b (Z TJ =1.
Z—1

z—1 z—31

z—1

a. =1va

Z+1
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&5 Gidi
a. Ta c6 thé trinh bay theo hai céch sau:
Cdch 1: Patz=x +1iy (x,y € R), khi d6 ta lan luot c6:

1= 22 el =il =lz=1] ol x+iy—i =|x+iy-1

Z—1
Slx+@y-Di =lx-1+iyl @xX®+(y-12=x-12+y’<x=y.
1= 223 ol zil =l 2=31 el x+iy+i =|x+iy—3i

Z+1

Slx+y+Dil =lx+@y-3) @x2+y+12=x2+(y-3)?
&S 8y=8cy=1 =>x=1.
Vay, s6 phtic can timlaz=1 +1i.
Cdch 2: Patz=x +1iy (x,y € R), khi d6 ta lan lugt c6 nhan xét:
Z— Z1
-1,
i theo thit tw duoc biéu dién béi cic diém A(1; 0), B(0; 1)) 1a dudng trung truc
ctia doan AB. Tur d6, suy ra M thuoc duong phan giac géc phan tur thi nhat,
tic lay = x.
z-3i

=1 (véizi=1,2=

» Tap hop cic diém M biéu dién s6 phiic z thda min

* Diéukién —| =1 ching té z ¢6 phan do bang 1 (ticlay = 1).
Z+1
Vay, s6 phiic can timlaz=1 +1i.

b. Bién déi phuong trinh vé dang:
A\ 4 \2 \2 .\ 2 \2
0= (“?j 4:{(“?} —1]{(“1 +1}:HZ+TJ —M[”j —12]
Z—1 Z—1 Z—1 Z—1 Z—1
Z+1 Z+i z+i L\ z+1 .
=l ) al
Z—1 Z—1 Z—1 Z—1

z+i=z-1

] . z=0 z=0
z+i=—-z+i . .
= & (d-Dz=1-1 < z=1

z+i=(z—1)i . .
. N (I+1z=—(1+1) z=-1
z+i=—(z—-1)i
Vay, s6 phiic can timlaz=0,z=+1.
Vidu 6: Tim nghiém phiic cua méi phuong trinh sau:
a. 22+ 2z =0. b. 22+ |z| =0.
L5 Gidi
a. batz=x+1y (x,y € R), khi d6 phuong trinh c6 dang:
xX+iy) +x-yi=0<x>—y*+2xyi+x—yi=0
X’ -y +x=0

SxX-y+x+(2xXy-y)i=0<
2xy-y=0
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y=0vax’ -y’ +x=0 y=0vax’+x=0
= 1 2 2 A 1 2
Xx=—vax -y +x=0 x=—vady =3
2 2
y=0vax=0 hoac x=-1

= 1 \/g

X=—vay=t—o
2 Y 2

V3. 1 3.

Vay,phuonguinhcébfinnghiémz:O,Z:—l,z:%+71,Z:§—71.
b. Patz=x+1y (x,y € R), khi d6 phuong trinh c6 dang:
(x+iy)?+ [x+iy| =0 x2—y2+ x> +y* +2xyi=0
_ 5 o2 2 2 2
@{xz—y%r /X2+y2=0<:> x=0vax -y +4x"+y =0
2xy =0 y=0vax’ -y’ +x*+y* =0
x=0va -y’ +4y’ =0 =0vay=ti
- y \/y7 ®|:X V'fly i
y=0va x> +x2 =0 y=0vax=0
Vay, phuong trinh ¢6 ba nghiém z=0,z=1ivaz=—i.
Vidu7: Tim cdc can bdc hai ciia s6 phiic 4+ 6i5 .
&5 Gidi
Giastrs6z=x +yi (X, ye R) la can bac hai clia 4+6i5 , tic 1a ta co:
4+6iV5 = (x +yi)? =x2— y* + 2xyi
35
2 2 y=—"" 35 35
X —y =4 X =— =—
PN PN y y
B \/g NG 2 X
2xy =6 xz—[—] =4 |x*-4x*-45=0 [x*=9
X
x=3 Vﬁy=\/§
= .
x=—3véy=—\/§
Vay, s6 1 +4+/3 i ¢6 hai can bac hai I J_r(3+i\/§).

Vidu 8: Hoi khi s6 thuc a thay déi tuy y thi cic diém ctia mat phing phic biéu
dién cdc can bac hai ctia a + 2i vach nén dudong nao ?
L5 Gidi
Giastrs6z=x +yi (X, ye R) la can bac hai ctia a + i, tic 1a ta c6:

2 2

. . . X"-y =a
a+2i=x+yi)=x>—y*+2xyi < y
2xy =2
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Tir phuong trinh 2xy = 2 ching to diém M biéu dién z phai thuoc hypebol y= —. Vi

> | =

v6i mdi diém (x; y) ctia hypebol nay, tim duoc a = x> — y> nén M vach trén toan bo
hai nhanh cua hypebol d6.
Vidu9: Giai cdc phuong trinh sau:
a. 7 —4iV22-6i=0. b. (Z+2+4Z+2)—-12=0.
&S Gidi
a. Phuong trinh c6:
2
A= (Ziﬁ) +6i = -8+ 6i = (1 +3i)
nén phuong trinh c6 hai nghiém phan biét la:
z, =2iﬁ—(1+3i)=—1+(2ﬁ—3)i va z, =2iﬁ+(1+3i)=1+(2ﬁ+3)i.
Vay, phuong trinh ¢6 hai nghiém z; = -2 vaz, = 1.
b. Dit t = z? + z, phuong trinh dugc chuyén vé dang:
t2+4t—12=0<t =2 hodc t = —6.
Ta lan luot:
= Véit =2, ta dugc:
?+z2=2&77+2-2=0z=1vaz,=-2.
= Véit=-6,ta duoc:
?+z2=-672+72+6=0.
Phuong trinh nay ¢c6 A = 1 — 24 = —23 nén c6 hai nghiém phan biét Ia
_—1+iV23

2

Z3y

14123

Vay, phuong trinh ¢6 bon nghiém z, =1,z =-2va z,, = 5

Vi du 10: Cho phuong trinh z* —mz—6i=0.
a. Gidi phuong trinh voi m = 4iN2.
b. Tim m dé phuong trinh cé tong binh phuong hai nghiém bdng 5.

L5 Gidi
a. V6i m=4iv/2 phuong trinh c6 dang z° — 4iN22-6i=0.
Phuong trinh c6:

A= (21&)2 +6i =—8 +6i=(1 + 3i)?
nén noé c6 hai nghiém phan biét la:

7, =22 —(1+30) = -1+(2v2 -3},

z, zziﬁ+(1+3i):1+(2ﬁ+3)i.

Vay, phuong trinh ¢6 hai nghiém z, = -2 va z, = i.
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b. Gia str hai nghiém cta phuong trinh 1a z;, 2, suy ra:
z,+z,=m
{ZI.ZZ =—6i
Khi dé:
5=7 +7, = (1 + ) - 22122 =m*> + 12i & m*> =5 — 12i = (3 — 2i)?
& m=+(3 - 2i).
Vay, v6i m = +(3 — 2i) thdoa man diéu kién dau bai.
Vidu 11: Tim s thuc a, b dé cé phan tich:
222 — 972+ 142 —5=Qz— 1)(Z* + az + b)
roi gidi phuong trinh 2z — 9z* + 14z — 5 = 0.
L5 Gidi
Ta c6:
222 — 9722+ 14z —5=27" — (1 —a)z>+ 2b —a)z—D.
Str dung dong nhét thic, ta duoc:

1-a=9
=—4
2b—a=14<:>{a =22 —9722+ 142—5=2z— 1) (22— 4z + 5).
b=5 -
Tur phan tich trén, phuong trinh dugc bién déi vé dang:
22-1=0 22=1 _ Sl
* 474520 == | 2 T2
Z—4zt5= (z=2) =-1=i 2-2=+i |z=2+i
Vay, phuong trinh ¢ ba nghiém z =2 i va z:%.

Vidu 12: Tim s6'thuc a, b dé cé phan tich:
2t —472 — 162 — 16 = (22 —2z—4)(Z* + az + b)
roi gidi phuong trinh z* — 47> — 16z — 16 = 0.
&S Gidi
Ta c6:

7472 162— 16=7'— (2 — )2 — 2a— b + 4)72 — (4a + 2b)z — 4b.
Str dung dong nhat thic, ta dugc:

2—-a=0

2a—b+d=4 )

a S T s AP 16— 16=F— 22— NP+ az+
4a+2b=16 b=4

4b=16

b).
Tur phan tich trén, phuong trinh dugc bién déi vé dang:

{22—22—4=0 {(2—1)2:5 l:z—lzi\/g {z=1ix/§
= =

= .
22 +22+4=0 (z+1) =-3 z+1=+i3 z=—1+i3
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Vay, phuong trinh c¢6 bon nghiém z=1++/5 va z=-1+i/3.
Vidu 13: Cho phuong trinh z* + pz> + q = 0 vdi p, q la cdc so thuc.
Tim diéu kién cdn va dii vé cdc so'p, q dé phuong trinh:
a. Chi cé nghiém thuc.
b. Khoéng cé nghiém thuc.
L5 Gidi
Dat t = z?, phuong trinh dugc bién d6i vé dang > + pt + q = 0. (*)
a. Phuong trinh ban dau chi c¢6 nghiém thuc khi va chi khi:
(*) c6 hai nghiém khong am (0 < t; £ tp)
A>0 p’—4q=0 p’—4q=0
<1520 & 1 —p=20 < 9p<0
P>0 q=0 q=0
b. Phuong trinh ban dau chi khong c6 nghiém thuc khi va chi khi:
(*) vo nghiém hoac c6 hai nghiém am (t; £ t; < 0)

A<0 p’—4q<0 p’—4q<0
A>0 *_4q> *_4q>
- o | [P 0@ P —4q 0.
S<0 -p<0 p>0
P>0 q>0 q>0

@ Yéu cdu: Cic em hoc sinh hay thuc hién "Tim diéu kién dé phuong trinh cé cd
nghiém thuc va nghiém khong thuc".
Vidu 14: Cho cdc s6 phiic 21 = \J6 — iN2 , 2= —2 — 2i, 7= 2L,
Z2
a. Viét 71, 7o, 73 dudi dang luong gidc.

b. Tuw cdu a) hdy tinh cos7— va sm7—TE
12 12

&5 Gidi

a. Ta bién déi:

71=+/6 —iV2 = 22 —£+1i = 22| cos2® +isin" |,
2 2 6 6
Zp=—2—21= —2I(£+£1] = —Zﬁ[congri.singj,

z, n . . T«
=CcoS— +1.sin—.

73= —L
s 12 12

b. Taco:
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L _n _J6-iV2 _ (Je-iv2)2+2i) _ ~J6++2+ (Vo +42)i
T, 2o 8 4 :
Tur do, suy ra:
I ~J6+\V2 . n Je+2
COS— = ———— vasin—
12 4 12 4

5 B 31\/5 jZOlO

1+2i3

Vidu 15: Tinh [

&5 Gidi
Ta co:
5433 _ (5+3i3)1+2i3) _ o :—2{005(—Ej+i.sin[—£ﬂ
1-2i3 13 3 3

Tur do, suy ra:

2010
5+3i\3 ( n) - [ nj
e = {-2| cos| —— |+1i.sin| ——
1-2i3 3 3
= (-2)""[ cos(~670m) +1i.sin(~670m) | = 220,
Vi du 16: Viét dang luong gidc cia so phiic z va cdc can bdc hai ciia z cho moi
truong hop sau:

| | N A 2 . \ 5w
a. z| =3 va mOt acgumem‘ cua iz la T

| , . 3
b. |z| == va mot acgument cia i la -2~
3 1+i 4

&S Gidi
a. Gia stz =a+ bi v6i modun r va acgument ¢, ta co:

|z] = Va2 +b* =3,
51t 3n

. . . a .
iz=1i(a+bi) =-b +ai = cosQ = ——— =sin— =cos7.

Ja? +b?

N 3 . L 3rY L L, o,
Twr d6, suy raZ:3(COST+LSIHT va cac can bac hai cua z 1a:

\/§ cos3—n+i.sin3—n ; \/5 cosﬁJri.sin& .
8 8 8 8
b. Gia slrz=a + bi v6i modun r va acgument @, ta co:
|z| = Ja? +b% = %,

z  _ (a—bi)(1-1) _ a+b(l—i):>coscp: a —0.

1+i 2 2 Ja? + 12
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N 1 T . . T o ., N
Twr d6, suy raz=§ cos5+1.sm5 va cac can bac hai cua z la:

\/§ T .. T \/§ S50 . . Sm
—| cos—+1i.sin— |; —| cos—+1i.sin— |.
3 4 4 4

4) 3
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