2. BAI TAP LUYEN TAP TONG HQP

Chuyén dé 10. CAN BANG CUA VAT RAN

KHI KHONG CO CHUYEN PONG QUAY
1. Ba ngudi khiéng mot khung sat hinh chir nhat ABCD c6 khdi tdm & giao diém cac dudng chéo. Khung
dugc giit cho luén nam ngang, canh AD khéng c6 ngudi d& vi méi son (trir hai dau A va D). Mot ngudi do
khung & M cach A mét khoang AM; = d. Tim vi tri M2 va M3 cuia hai ngudi kia dé ba ngudi cing chiu luc
béng nhau. Bién luan.

Bai giai

Chon hé toa d6 Gxy (hinh v&, G 1a khéi tAm cua hé).

Gia str ngudi thir hai @& & canh BC, nguoi thir ba d& & Y4
B M, C
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canh CD: x, =—;, =2 ~ Pz
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-
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Tu (1), (2) va (3), ta duogc: {
Nty +y,=0
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Viay M; ¢ trung diém canh BC; M3 & cach trung diém canh CD mét doan d vé phia D.

<

Bién luan:
+ M,=A= M, =trung diém canh CD.

+ M, —trung diém AB= M, — D



+d< % do M; khong thé vuot qua D.

2. Mot khung thép nhe, cing c6 dang tam giac vuong ABC voi

g0c nhon?l = ; canh AB = a dugc dit trong mit phang thing
dtng, canh huyén ndm ngang. Trén hai canh goéc vudng co
xuyén hai vién bi thép nho (coi la chat diém) khéi lwong lan

lugt 1a m; va mp. Chung dugc ndi véi nhau bﬁng thanh nhe, co

chiéu dai / (/ < AC), thanh nhe c6 thé truot khong ma sat trén A C
hai canh goc vudng. Tha hé hai vién bi va thanh nhe tir dinh géc vudng B. Khi thanh nhe ndi hai vat hop véi
canh AB mdt goc £ thi hé vat dat trang thai can br?mg bén. Tim hé thic lién hé gitta m,,m,,ava 3.

Bai giai
Goi M (x,,y,)vaN(x,,,)la toa dd cta hai vién bi.

- Khoi tam cta h¢ gobm hai vién bi va thanh noi la:

mx, +nm,x, yﬁ
X, =—+—1—2, B
m, +m,
_my, +my, m,
G :
m,+m
1 2 m, B
Xéty, = my,+my, (1) g
m, +m, a R
Véi A C x
y,=(a—Icos B)sina (2)
v, :lsina(a—ﬂ)+y, =asina—1sinfcosa (3)

Thay (2) va (3) vao (1) ta duoc:

m,(a—Icos B)sina+m,(asina—Isin fcosa)

Yo =
m, +m,
) m,lcosa | m )
<y, =asina—————| —Ltanacos B +sin
m,+m, \ m,

Xét biéu thirc X =—Ltanacos S+ sin f=bcos f+sinf,v6i b=—Ltana.
m m
2 2

- Ap dung bét dang thirc Bunhia-capxki, ta dugc:
(bcosﬁ+sinﬁ’)2 < (bz +])(cos2 L+ sin’ ﬂ) = (bz + I)

I . cos : m
Dau “=" xdy ra khi: bﬂzsm,ﬁ:cotﬂ:b:—ltana.
m2



- Khi cot B = b thi biéu thirc X dat gia trj 16n nhat, khi d6 y, dat gia trj nhé nhat, hay khdi tm & vi tri thap

nhét, do d6 hé & trang thai can br:ing bén.

A A 2 e A N A . m
Vay: H¢ ¢ trang thai cAn bang bén khi: cot f =—Ltana.
mZ

3. Treo mot cdy compa trén mot sgi day nhu hinh v&. Cho rﬁng hai nhanh cua
compa 1a cung chiéu dai, khéi lwong phan bd déu va bang nhau. Bé qua khdi lugng

cua cac 6c van va khop nodi. Hay tinh goc mé cua hai nhdnh compa sao cho khop

ndi dat cao do 16n nhat khi treo.

Bai giai

B

Goi goc mé cia compa la AOB = 20; chiéu dai ciia mot nhanh compa 1a /; 1 goc hop giita phuong day treo

va nhanh AO cua compa la §.

- Khi thay doi goc md, quy tich khdi tAm G cua compa s& chuyén dong trén mot cung tron tam I, duong kinh

0G

- Treo dau A clia compa vao day, khi can bang, khdi tim G cua
compa ludn nim trén dudng thing dtng di qua day treo.

- Khép ndi O s& dat do cao 16n nhat khi goc S dat gia tri 1on nhat.
Khi d6 phuong day treo phai tré thanh tiép tuyén véi dudng tron
tam I, duong kinh OG;.

[
Ta c6: sin maxzﬁzi:i.
M 503

4

=B, =1947°a=90°-f, =70,53.

- G6é¢c mo cua compa la: A/O\B =20= 2% =a=70,53.

Vay: Goc mé ciia hai nhanh compa sao cho khép nbi dat cao d6 16n nhét khi treo 1a AOB=7 0,53°.

4. Mot thanh dong chat tiét dién déu, chiéu dai a duoc dat
trong mot 1ong cbi hinh ban cau ban kinh R. Giira thanh va
c¢bi khong co ma sat.
a) Truong hop thanh ¢é can bang, xac dinh vi tri can bang cta
thanh (géc hop boi thanh va phuong ngang)
b) Tim diéu kién cta a dé thanh c6 can bang.

Bai giai

a) Vi tri can bang cua thanh




- Céc luc vao thanh: trong luc P ; cac phan luc QQ:

- Goi I 1a trung diém cua AB, K 1a trung diém cua thanh, o 1a

goc hop boi thanh va mat phang ngang khi ¢ can bang. Ta co:

AB:2Rc0sa;KB:AB—%zZRcosa—%

HB = KB cos o = 2R cos’ a—%cosa

OH=RcosZa:R(Zcosza—l):2Rc0s2a—R

MaR =OH + HB = 2R cos’ & — R + 2R cos”’ a—%cosa

a+~a’ +128R’

I6R

< 8Rcos’a—acosa—4R=0= cosa =

a+~a +128R° ]

= a =arcos
( 16R

Vay: Khi thanh c6 can béng, xac dinh vi tri can bﬁng cua thanh la o =ar cos[ 16R

a+~a’ +128R’ ]

b) Piéu kién cta a dé thanh ¢ can bang

Thanh chi can bang khi K (trung diém cta thanh) luén nam trong khoang AB:

AKZ%SABZZRCOSO(

a a+a’+128R°  a+~a’ +128R’
& —<2R = =>a<4R
2 16R S8R
Viy: Diéu kién cua a dé thanh c6 can béng laa <4R. C

5. Thanh déng chat AB, dai [ = 2m, trong lugng P, ding yén trén mat

san nam ngang, tya vao mot con lan nho khong ma sat C gan vao dau

—_
—

I3 2ENANRANNAN \\N\
| &
|

btrc tuong dd cao h = Im (hinh v&). Thanh ludn can bang véi bat ki gia 0
tri nao ctia @ >70°, nhung sé& trugt néu 0 < 70°. ST A o
Hay tinh hé s6 ma sat nghi giita thanh va san. A
Bai giai
PatdC=x= Si:Q;GC :x—é: SiZH _é'

- Céc lyc tac dung vao thanh: trong lyc P ; cac phan luc QQ—C ; luc ma sat nghif*’ msn.

- Phan tich trong luc P 1am hai thanh phan FAE . Theo quy tic hop luc song song, ta co:



P=P+P.

P _F _P+F _Psinb
izﬂbh_i_l_h_h
Fe G4 sind 2 2 sin6
:>PA:P(]_Ismé’j’_PC:PI;Zlé’

- Phan tich trong luc E lam hai thanh phan EE (hinh v€). Ta c6: P, = P sin 6.

- Phan tich trong luc FZ 1am hai thanh phan EE (hinh v¢€). Ta c6:

.3
P =P sing=L1sin" 0

2h

. 2
P, = P,cos 0= Plsm22?cos<9

- Ap luc vudng géc thanh AB tac dung 1én san tai A: N =P, + P,

; . 3 . 2
<:>]\[:P(]_lsn’lé?j_'_Plsm 0 :P_Plschos 0

2h 2h

- Dé thanh khong truot: F, > P, <> kN > P,.

. 2 . 2
-k P_Plsmé?cos 0 S Plsin” Ocos 6
2h 2h
Pl sin’ 0 cos 6
k> 2h _ I sin’ O cos 0
P Plsin@cos’ @ 2h—1sinbcos’ 6
2h
[ sin’ O cos 6

=k, = s—mng voi 6 =70°
2h—I[sinBcos” 0
. 2sin’ 70° cos 70°
va k

= e O:0,336:>k20,336.
2.1—2.sin70°cos” 70

Vay: Hé s6 ma sat nghi giita thanh va san 1a k > 0,336.

6. Mot vong truot nho A, trugt tu do doc theo mot thanh nhian B ¢6 dang mot nira

duong tron ban kinh R. Tat ca lai quay v6i van tdc goc @ khong doi xung quanh

mot truc thing dimg OO’ . Xac dinh goc « tmg véi vi tri cAn bing cua vong truot.
(Trich d@é thi Olympic 30/4, 1996)

Bai giai

- Chon hé quy chiéu gén vé6i thanh B (hé quy chiéu khong quén tinh).



- Tai goc 1éch a, vong truot A can béng nén: P+ Y?; +N=0 (1)
voi F, = mre’ = mRo,.sina

- Chiéu hé thuc (1) 1én phuong tiép tuyén tai A, ta duoc:

mR’ sinocos —mg sina =0

& sina(Ra)z cosa—g) =0

- Céc vi tri can bang cua vong A ung vdi céc gia tri sau day cua goca :

+sina=0=>a=0

+ Rw’ cosa—g=0=cosa = gz = a =arcos gz , VO1 a)>‘/£.
Raw Raw R

7. Trén mot tim van nghiéng mot géc a so véi mit phang nim
ngang cd vat nho. Van dung yén thi vat cling dung yén. Cho van
chuyén dong sang phai véi gia toc a song song v6i duong nim

ngang.

Tinh gié tri cyc dai cua a dé vat van ding yén trén van. Biét hé s6
ma sat k.
(Trich d@é thi Olympic 30/4, 1998)
Bai giai
Chon hé quy chiéu gin v6i tim van.
- Céc lyc tac dung vao vat la:
Trong luc P ; luc quan tinh ]7‘; =—ma (nguoc chiéu
Vo1 Zz); phan luc Z} va luc ma sétF_ms’ .
- Pé vat con ¢ trén tAim van: 0>0 (1)

-Pé vat ding yén thi luc ma sat phai 13 ma sat

nghi: F, <kN =kQ (2)

- Vat ndm cén bang nén:
P+F, +Q+F, =0. P
- Chiéu hé thirc vecto trén 18n hai truc Ox va Oy, ta dugc:

—-mg.sina—ma.cosa+F,_ =0

= F =mg.sina+ma.cosa 3)

ms

va —mg.cosa+ma.sina+Q =0

= Q0 =mg.cos @ —ma.sina 4)



-Tu(l)va(@d)suyra: a<gcotga (5)
- Tu (2) va (4) suy ra:

gsina+acosaSk(gcosa—asina)

i o
< g( cosa szna) ©)
ksina+cosa

v, kcosa—sina cosa glkcosa—-sina
Mat khac: < =a = ( )

ksina+cosa sina e

ksina+cosa

Vay: Gia tri cuc dai ciia a d€ vat van ding yén trén van la

g(kcosa —Sina)
amax = *

ksinoa+cosa

8. Trén mdt tam van nghiéng mdt gécar so véi mat phang nam

ngang, c6 mot vat nho dung yén. Cho van chuyén dong sang phai voi

gia toc a song song voi duong nam ngang. Tinh gia tri cyc dai cua a

dé vat van dung yén trén van. Biét hé s ma sat 13 4.
(Trich d@é thi Olympic 30/4, 2015)
Bai giai
Chon hé quy chiéu Oxy gan véi tim van.
- Céc luc tac dung lén vat: trong luc P ; phan luc é; Iuc ma sat fm: ; luc quan tinh]?q (Fq = ma).
- Vat démg yén trén tAm van nén:

13+@+F,;+77;:5. (1) Y

- Chiéu (1) 1én hai truc Ox va Oy, ta dugc:

Q 0

F, —mgsina—macosa =0
= F, =mgsina+macosa
Q+masina—mgcosa =0

:Q:m(gcosa—asina)

- Vit con nam trén van thi:

L A Ll L VA A A A A e

O>0=a=gcota.
- Bé vat khong truot trén van la: F < uN=uQ.
<:>gsina+acosaSy(gcosa—asina)

_ <gcosoz—sina:> gcosa—sina
a<————=a, =

cosa+ usina " cosa+ usina



A s . 2 oA X A A a1 cosa—sina
Vay: Gia tri cuc dai cua a dé vat van dimg yén trén van laa, = g—
cosa+ usina

9. Ba thanh nhe¢ khong trong luong c6 cung do dai / dugce lién
s . . . o R
két bang cac ban I¢€ tai cac diem C va D. Hai dau con lai ctia A B

hai thanh ngoai dugc gin vao cac diém A va B bang cic ban
1& & cting d6 cao. Khoang cach AB = 2I. Tai ban 1& C ngudi ta

treo mot vat khoi luong m.

Xac dinh lyc nho nhit F_dat vao ban 18 D dé giit cho thanh ¢ D
giita luén luén nam ngang. m

Bai giai
- Véiban 18 C:

+ Cac lyc tac dung: cac trong luc 13; Etéc dung vao vat m va
vao ban 1&; cac luc cing T, 72 cta hai thanh AC va CD.

+ Piéu kién can bang:

P+ B+T,+T, = 0 (1)

+ Chiéu (1) 1én truc vudng goc véi AC, ta duoc:

Psina+ P, sina—Tcosa =0

= Tcosa=(m+m,)gsina (1)

P+P,

- Véi ban 1€ D:

+ Cac lyc tac dung: luc F ;trong luc T’b tac dung vao ban 18; cac luc cing ii cta hai thanh BD va CD.
+ Diéu kién can bang: F + Fb +]Tj +i =0 ()

+ Chiéu (2) 1én truc vudng goc v6i BD, ta duogc:

Fcos B+ P, sina—Tcosa=0
= T cosa =F cos f+m, sina (2)

Tcosa—m, sinaa mgsina

cos B cos B

- T (I')va(2'), ta duge: F = > mg sina

mg

=>F=F_ =mgsina= TVé F vuong goc voi thanh BD.

min

Vay: Luc nho nhat dat vao ban 1& D dé giir cho thanh giira ludn luén nim ngang 1a F. = % .

nin



10. Budc qua cau khdi lwong m = 500g vao hai soi ddy. Hai dau con lai ciia ching
budc vao hai diu mot thanh thang dimg quay voi van toc goc w . Khi qua cau quay
trong mit phang nam ngang thi cac soi day tao thanh goc 90°. Chiéu dai cua day
trén 1a a = 30cm, cua day dudi la b = 40cm.

Soi day nao sé dut trude va khi d6 véan téc gbc w1a bao nhiéu? Biét ring day dut
khi lyc cangT =12,6 N.

Bai giai

Chon hé quy chiéu gin vé6i vat quay (hé quy chiéu phi quan tinh).
_ - _ o \\J/
- Céac lyc tac dung 1én vat: Trong luc P; cac luc cang 7,7, ; luc quan tinh F, .
- Diéu kién can bang ciia vat: P+ i + 77) + Fq; =0
- Chiéu hé thue trén 1én phuong cac soi ddy, ta duogc:
-mg.cosa+T,—F,.cos f=0 (I)
mg.cos B+T, —F,,.cosa =0 (2)

Véi F, = mw’'R=ma’.—2 % SN b

T,’COS(Z =
va +b

T,=mg.cosa+F,.cos§  (I)

- Tu (1) va (2) suy ra:
T,=-mg.cosa+F,.cosa (2')

- Thay cac gia tri ndy vao (/')va (2'), ta duoc:

T a +mw
=mMg ———+mo ——
’ a’+b’ a’+b’

Vi b>anénT, >T,:day a s€ dut trudce.

Khi 7, =T day a s€ dat va khi d6 van toc goc wla: © w
5 T(az +b2)—mga\/a2+b2
@ = >
mab
JT@f+bﬁ—ngawf+b2 12,6.(0,3 +0,4°)-0,5.10.0,3:0,3 +0,4°
> o= =
mab’ 0,5.0,3.0,4°

116(@3?+a4ﬁ—051003.032+a42
= w= 212,75(rad/s).

0,5.0,3.0,4°



Véy: Day a s& dut trude va khi d6 van toc goc w = 12,75(rad/s).

11. Mot thanh cing dugc udn thanh hinh thuéc nhwa BAC (vudng tai A). Canh AB dit nghiéng goc o = 30°
so voi phuong ngang. Hai qua cau c6 khdi luong m; va ma duoc nbi véi nhau bang diy khong dén /. Cac qua
cau co thé truot trén AB va AC v6i hé sé ma sat u, = 11, =0, 2.

a) Tim moi quan hé giita m; va my dé co thé giit cac qua cau dimg yén & moi vi tri ma day ndi chung bi cing
theo phwong nam ngang. A

b) Giir nguyén khdi luong cac qua ciu da tinh ¢ cau a,

cho hé quay tron déu quanh truc thang dimg (A) véi toc

dd goc w sao cho khi quay day ndi cac qua cau van cang

theo phwong nam ngang. Xac dinh:

- Truc(A) phai ndm trong khoang nao?
- Quan hé giltaw va vi tri cua truc (A) .

Bai giai
a) Mbi quan hé giita m; va my dé c6 thé giit cac qua cau dimg yén ¢ moi vi tri ma day ndi ching bi cing theo
phuong nim ngang
- Cac lyc tac dung 1én cac qua cau:
+ Qua cau 1: trong lyuc f’] ; phan lyc Q ; luc cang T; luc ma sat F o1,
+ Qua clu 2: trong lyuc FZ; phan luc @ ; luc cang T; luc ma sat F s
- Diéu kién can bang cia hai qua cau:
+Quaciul: P+0,+Fu+T=0 (1)
+Quacau2: P+ Q, + Fu:+T=0 (2)

- Chiéu (1) va (2) 1én hai tuc Ox va Oy, ta dugc:

+ Qua cau 1:
T+F, cos30°—Q,sin30°=0 B
Q,cos30°+F, ,sin30°—P, =0
T+ 30°—=Q,sin30°=0
H,Q; cos 30 =0, sin — T =3,059P, 3)
Q,cos 30°+ u,Q,cos 30°— P, =0

) -7 - cos 60°+Q, cos 30° =0
+ Qué ciu 2: #:0: o ~T=1137P, (4
0, cos 60°+ 1,0, cos 30°—P, =0

Tir (3) va (4) Suy ra:m, =0,371m,.



Vay: D€ co6 thé gilt cac qua cau dimg yén ¢ moi vi tri ma day ndi chung bi cdng theo phuong nam ngang

thim, =0,371m,.

b) Trudng hop hé quay tron déu quanh tryc thing dimg (A) véi toe d0 goc @
Goi R; va R, 1a ban kinh quy dao cua cac qua ciu, ta co: R, +R,=1(5)

- Phuong trinh dinh luat II Niu-ton cho hai qua cau:

+Quaciu1: P +Q, +Fu+T =m,a, (1)

+Qua cdu2: P, +Q, + Fu:+T =m,a, (2)

- Chiéu (/") va (2')1én hai truc Ox va Oy, ta dugc:

A Q,=1,0531P,
+ Lén Oy: (6)
0,=1458P,
Lén Ox: < T+ 1,0, cos 30° = Q, sin 30° = m,w’ R,
~T —u,0, cos 60°+ Q, sin60° = —m,w’R,

Yo 9,91 (7)
0,37IR, - R,
- T (6), d¢w >0 thi 0,37IR, — R, >0 (8)

=0,7291.

1
-Te(5) va(®) suyra: R, >
(5) va (8) suy 170371

>

Vay: Truc (A) phai ndm cach qua cau / mot doan / > R, >0,729]va mdi quan hé giita téc d6 goc o va khoang

cachR,1a = L
0,371R, —R,

12. Cai “diéu tiét li tAm” & hinh bén dung dé him may khi truc co toc do Alsl
vuot qua n = 120 vong/phut. N6 gdm mot vong C khéi luong 4kg co thé
truot khong ma sat trén truc AB, hai vat D ¢6 cung khdi luong m. Khung

ADCD hinh thoi, canh dai 30cm, khdi luong khong déang ké quay cung véi

truc. Bé qua moi ma sat.

Tinh m dé co dong tac ham khi doan AC bﬁng 43cm. Tinh lyc tac dung 1én B
cac thanh luc do.
Bai giai
Chon hé quy chiéu gén véi khung quay. Khi AC = 43cm = 30~/2cm , hinh thoi ADCD tr& thanh hinh vudng.
- Céc lyc tac dung vao mdi vat D: trong luc P ; cac phan luc fi cta cac thanh ndi; luc quan tinh li tam ]7‘;

- Mbi vat D can bang trong hé quy chiéu nay nén:



P+ T’] + i + f?; =0 (1)
- Chiéu (1) 1én hai truc ndm ngang va thing dung, ta dugc:

—T,cos45° =T, cos45°+ F, =0

<:>—£T,—£T2 +F, =0 (2) D
2 2

q
Va -T,sin45°+ 1T, sin45°+ P =0

. 3

@—77} '|‘7T2 +mg:0 (3)

- Tuong tu, v&i vat M, ta c6: Mg =~2T,  (4)

M+2
- Tir (2), (3) va (4), ta dugc: F, = (m+M)g;T, =(+—m)g;T2 _ Mg

NG}

- Mat khac: F, = mo’r =m.A4r’n’r < (m+M)g =m.A4x’n’r.

Sm=— 8 _ 9.4 =I,7kg;r=30.—\/§ =2lem=0,2Im.
dr°nr-g 4.3,14°.2°.0,21-9,8 2
4+2.1,7).9.8 .
VéTJ:( ) _305N;T, =225 _ 277w,

V2 2
Viy: Pé ¢6 dong tac ham khi doan AC bﬁng 43cm thi m = 1,7kg va luc tac dung l1én cac thanh luc do6 1a
T,=39,5N;T,=27,7N.

13. Hai vat nang A, B c6 kich thudc nhu nhau va déu nang
100N. Chung ndi véi nhau béng hai thanh nhe AC, BC va
cc ban 18. Vat A chi c6 thé truot ngang, vat B chi truot

trén mit nghiéng goc30°so v6i phuong nim ngang. Dé

duy tri sy can bang nhu hinh v€, can tac dung vao diém C

o

mdt luc F theo phuong thing dimg hudng xubng dudi.

Néu hé s6 ma sat gitta A, B voi cac mat truot déu 13 1 =0, 5 thi d6 16n cta luc F s&nim trong pham vi nao?
Bai giai

-Vipu=0,5<tan30°=0,577 nén khi F = 0, B s& trugt xudng dudi. Do d6 luc F phai cé gia tri ti thiéu nao

d6 dé B khong truot xudng: F = F.

- Khi F tang dan tir F; thi B ¢6 xu hudng di 1én cho dén khi F = F; thi sy c4n bang bi pha v&. Ta xét hai trang

thai to1 han nay.

- Truong hop vat B ¢6 xu hudng trugt xudng:

+ Chon hé truc toa do Oxy nhu hinh v€. Phuong trinh dinh luét II Niu-ton cho vat B trén hai truc Ox va Oy:



e Trén Ox:

Psin30°—f, , —F., cos30°=0 (1)
e Trén Oy:

Pcos30°+ F,, sin30°-Q, =0 (2)

Va f,, =N, = u0, 3)

< Psin30°— puQ, — Fopcos 30°=0

Pcos30°+F,, sin30°-Q, =0
< 1005sin30°-0,50, — F,, cos 30° =0 (I')
100sin30°+F.,, sin30°— 0, =0 (2)
+Tu (1), (2')ta dugc: F, =6,0023N.
Suyra: F, = F,tan30°=6,0023.tan30° = 3,4774N.

- Trudng hop vat B ¢6 xu hudng di 1én: Tuong tu, ta c6 cac phuong trinh:

1005in30°+0,50, — Fyp cos 30° =0 (4) [
[ B
100cos 30°+ F; sin30°—Q, =0 (5") 7
60" .-°
Tur(4') va(5') ta dugc: F, = 151,4569N. R
F

Suyra: F,=F_,tan30°=151,4569.tan30° = 87,4437 N.
- Trudng hop A c6 xu huéng chuyén dong sang trai:

+ Chon h¢ truc toa do Oxy nhu hinh v€. Phuong trinh dinh luat II Niu-ton cho véat B trén hai truc Ox va Oy:

oTrén Ox: f, ,—F,.cos30°=0 (6)
oTrén Oy: P+ F,.sin30°-Q,=0 (7) Y
Va fmsA =IUNA =IUQA (8) ~

< pQ,—F,.cos30°=0

P+F, sin30°-Q,=0 A f
msA

< 0,50, —F,.cos30°=0 (6’) W;Ju 7 2

100+ F,. sin30°-Q,=0 (7’) FCA v

+Tir (6")va(7'), ta duge: F,.=81,1655N.
-Tlr quan hé can bang d6i véi ban 1& C, suy ra: F, = F, . sin 30°.

< F,=81,1655.5in30°=40,5827N



Vay: Do 16n cta luc F dé hé can bang 1a: 3,4774N < F < 40,5827 N.
14. M6t qua ta d6i dugc dit thang dimg trén mit san ndm ngang. Ta d6i gdm
hai qua cau gidng nhau gan vao mot thanh co khéi luong khong dang ké, dai

[. Tai mot thoi diém nao do, qua cau trén nhan dugc mot van toc dau v, theo

phuong ngang. Héi \70 c6 gia tri tbi thiéu bang bao nhiéu dé qua cau dudi nay

1én ngay khoi san va ta d6i s& cham san & tu thé nim ngang?
Bai giai

- Piéu kién dé cau dudi khong nay 1én:

P+T,+0,=0 (1)

ST +0,-P=0=0,=mg-T,20

=T <mg

- Khi 4y, qua cau trén quay quanh qué cau dudi:
P,+T,=ma, 2)

2

2
my, my
L >T=—"2

ST, +P =

-mg <mg =v, <2gl

- Tur d6, dicu kién dé qua cau dudi nay 1én la: v, > 2gl..
- Khi qué cau dudi ndy 1én thi qua ta doi chuyén dong vira tinh tién vura quay quanh khoi tdm. Khi qué cau

trén nhan duoc van toc vo thi khdi tAm nhan duoc van tbc —Va chuyén dong giég nhu mot vat bi ném ngang.

- Thoi gian dé khoi tam roi dén san la: ¢ = / \/7 h=BG =

- Vi momen luc ddi v&i khéi tam G ciia ta d6i M = 0 nén ta ddi: quay véi van tde goc  khong ddi quanh khoi

A A A \ 5 A3 3 N 1 A 5 . A
tdm. Muon cho ta doi cham san ¢ tu thé ndm ngang thi trong thoi gian ¢ = /— , ta do1 phai quay dugc mot
g

goc t6i thiéu bang —

-Tu o= a)t<:>——a)\/7:a)—

-Mat khac: vAG—a)2 2 :—\/_

mm

A 2 A Lt 1A \ ae o \ P A Aoy s T
Vay: D€ qua cau dudi nay Ién ngay khoi san va ta doi s€é cham san ¢ tu thé nam ngang thi v = 3«/ gl.

O(min)



Chuyén dé 11: CAN BANG CUA VAT RAN CO TRUC QUAY CO PINH

15.Thanh déng chit AB, diu A tua trén san ngang c6 ma sat, dau B duoc
giit nho luc F vudng goc v6i AB. Thanh AB nam nghiéng cin bang. Hé
sO ma sat truot gitta AB voi san 12 4 .
a) Lap biéu thirc xac dinh u theo a.

b) Véi gia tri nao ctia a hé s6 ma sat 4 1a nho nhat. Gia tri nho nhat nay

1a bao nhiéu?
(Trich dé thi Olimpic 30/4, 1998)
Bai giai

a) Biéu thuc x4c dinh x theo

Quy tic mémen lyc ddi véi truc quay : Ol.cosa =F, | (sin o+ _] J
Sina

(I 1a nira chiéu dai caa thanh AB)

sina.cos o 1
Suyra: F, = — =
1+sin” o 2tana +cot o
\ 1
ViF, <uN=>u>—— N=0
2tana +cota

Vay: Biéu thirc xac dinh g theo o 1a p> ——-——
2tana +cota

b) Gi4 tri clia o dé 2 nho nhat

Theo bét dang thirc Co-si, ta c6: 2tana +cota > 22 tana.cota = 24/2.

I .
=tana=—=VvVa u=u,..

1
tana \/5

= a=3526°va ,uZL: V2

1
2\/5 lumin_z\/z_ 4

Dau “=" xay ra khi: 2tana = cota =

Vay: Gia tri ctia o dé g nho nhét 1a o = 35,26° va = g

16.Hai qua cau dong chat, tim O1; Ozban kinh R;> Ry trong lwong P> P, twa vao nhau ¢ diém B va cing
dugc treo vao diém O nhd day OA| = Rava ddy OA» =R;. Tinh goc nghiéng o ctia OAvéi dudng thiang dimg
khi can bang.

Bai giai

Taco: OO0, =04,+R, =R, +R,=0,0,.



Va: 00, =04,+R, =R, +R, =0,0,.

Do d6,A 00,0, déu.

- Qua cdu Oichiu tac dung cua 3 lyc:trong luc E ; luc
cang déyfj ; ap luc ﬁl .

- biéu kién can bang ddi véi truc quay qua O:

M M

Flo ~— N, jo°

< P.OH, =N, OH

J3

< B(R,+R,)sina=N,(R, +Rz)7

_2PN3 Py

= N, sina.

- Qua cauOxchiu tac dung cua 3 luc: trong luc FZ ; luc cang day i ; ap luc ﬁz .

- Piéu kién can bang ddi vai truc quay qua O: MF/O = MF/O.

NG

< P,.O,H,=N,.OH < P,(R,+R,)sin(60°—a)=N, (R, +R2)7

2PN3 .

=N, = P sin(60°—a)

-Vi: N, =N, = P,sina = P, sin(60°—a).

< P sina = P, sin60° cos a — P, sin o cos 60°

3 1
<:>Plsina=PZ§cosa—PZ§sina<:>(2P] +P)sina=P~3cosa

2P +P, 2P +P,

PA3
2P +P,

Vay: Goc nghiéng o ciia OA1 voi duong thing ding khi can bang 1a o = arctan

17.Hai thanh bé tong mong tao thanh hé nhuhinh v&. Céc thanh c6 thé
quay khéng ma sat quanh céc truc di qua cac dau A, B. Dau trén cua
hai thanh tya vao nhau va tao thanh goc 90°.Goc giita thanh AC (khi
luong M) va phuong ngang bang « , thanh con lai c6 khéi lugng m.

a) Xéac dinh hé sb ma sat nho nhit giira hai thanh dé khong xay ra su

truot.




b) Trong truong hgp M = 3m, o = 45°. Hay xac dinh c4c phan luc tai A va B.
Bai giai
a) Hé sb ma sat nho nhat giira hai thanh dé khong xay ra su truot

- Céc lyc tac dung lén thanh AC: trong luc E ; phan luc Q ,
cua thanh BC; phan lucQJ cia ban 18 tai A; luc ma

sat £ vé6i thanh BC.

ms 1
- Thanh AC cin bing (ddi v6i truc quay qua
A):M

pa =M,

4
= F}.Tc.cosa =Q,.AC

1 1
=0, =—Pcosa=—Mgcosa (1)
2 2
- Céc luc tac dung 1én thanh BC: trong luc 172 ; ap luc E cua thanh AC; phan luc @ pcua ban 1é tai B; luc ma

sat F_ v6i thanh AC.

ms2

- Thanh BC can bang (d6i vdi truc quay qua B): My =M, ..
= PZ.BTC.sina =F ,BC=>F ,= éPZ sina = émgsina (2)
(Q,=N,;F,,=F,,)
. . F. Emgsina
- b€ thanh khong truot: F, <N, = k> ==4———=—1tana.

N, ;Mgcosa

m
=k =—tana

min

Vay: Hé s6 ma sat nho nhit giita hai thanh dé khong xay ra su truot 1a k,. = %tan a.
b) Xéc dinh céc phan lyc tai A va B khi M =3m,a =45°

Goi X ,,Y,, X,,Y,1a cac phan luc tai A va B theo cac phuong OX va OY. Ta co:

X,—-F

ms1

1
cosa—Q,sina=0= X, :Z(M+m)g.sin2a:>XA =mg.

X, —F ,cosa—N,sina=0= X, zé(M+m)g.sin2a:>XB =-mg.



Y,-F

ms1

sina+Q,cosa-Mg=0=Y, =é[M+(M+m)Sin2 a]g:>2,5mg.

Y,+F ,sina—N,cosa—mg=0=Y, zé[m+(M+m)cos2 a]g = 1,5mg.

Tirds: 0, =\[X2+7] =\(mg)’ +(2,5mg)’ ~2,7mg.
Q, =X, +Y; :\/(—mg)z +(1,5mg)2 ~ 1,8mg.

Goc gitra Q—A,Q—B va truc Ox dugc xac dinh boi:

Y, L5mg

tanp = —— =-15=>¢p~56,3°.
g Mg

Vay: PhanluctaiAvaBla Q, = 2,7mg va Q, = 1,8mg.
18.Thanh AB déng chét tiét dién déu, co chiéu dai AB = L. Pau A tua trén san nim ngang, dau B duoc gilr
bang luc F . Cho luc F ¢o gia hop v6i phuong thiang ding mot goc fva & vi tri cAn bang thanh hop véi
phuong thing dimg mot goc e . Biét hé s6 ma sat nghi nho nhat giita thanh va san dé thanh can bang khi

2. 1 .
goca thay doi (30°<a<45°)1a u,, = 37 X4c dinh goc 3.

Bai giai

- Céc lyc tac dung 1én thanh: trong luc P ; phan luc @; luyc ma séta ; luc nang F.

- Piéu kién can bang ciia thanh AB di vdi truc quay qua O:

ms

L . L
M@/O:Ma/0©Q3sma:F (Ecosa-l-OCj (1)

oc 1
Sin|:7f—(Ol+ﬂ):| "~ 2sinf’

- Ap dung dinh 1i ham s6 sin trong ABOC , ta dugc:

Lsi +
- 0C L e sin(a + ) 2
sin(a+/3) 2sin 2sin B
- Thay (2) vao (1), ta dugc:
Lsi +
Q£Slna =Fms écosa+M
2 2 2sin f
S F - Q'sznaSl.nﬂ < 4N = 30
" cosasinB+sin(a+f)
S sina sin sina sin _' P # AL

B cosasinﬁ+sin(a+ﬂ) cosa sin B+ sina cos f+ sin fcos



sina sin B 1

S U2 =
2cosasin f+sinacos B 2cota+cot B
. 1
-Voi 30°P<a<dS° > uz2————=p,. .
2+cot B
1

1
S ——=—=cotf=1= [=45°
2+cotf 3

Viay: Goc f3 giita lyc F va phuong thing dimg 14 8 = 45°.

19.Xe cut kit trén dudng nam ngang phai vugt qua mot bac co chiéu cao h = 5cm. Banh xe ¢6 ban kinh R =
20cm. Cang xe OA 1am véi phuong ndm ngang mot goc = 30°. Trong luc ciia xe va tai P = 1200N c6 gia di
qua tam O cua banh xe. Xét hai truong hop: diy xe (hinh a) va kéo xe (hinh b). Lyuc cua tay c6 phuong cta
cang xe.

a) Tinh cac luc déy F4 va kéo Fy tdi thiéu can tac dung. Két luan.

b) Tinh cac phan luc Qava Qx ctia diém tiép xtic B giita banh xe va bac. Banh xe khong truot & B.

¢) PinhadéF, =F,.

Hinh a Hinh b

(Trich d@é thi Olympic 30/4, 1997)
Bai giai
a) Luc day F,vakéoF; 4t6i thiéu can tac dung
* Trudng hop day xe:
- Céc lyc tac dung Ién banh xe: Trong lugng xe 7’; luc déy Xe E va
phan lyc cua bac Q,.
- Khi lyc day F, =F thi mdmen ctia no d6i v6i truc B phai can bang

v&1 momen cuia trong lyc P:




M, ,=M,,=POH (1)

F;/B

Véi OH =\JOB’ — HB> =J20° - 15% = 5\7cm = 0,05\7m
- Canh tay don cua lyc day F, la: d, :Rsin{%—(a+ﬁ)} =Rcos(a+p)
=M, =FdRcos(a+ﬁ) ()
.. 15
Vi cosﬂ:%=0,75:>,8:41,4°

POH  _ 1200.0,057
Rcos(a+ﬂ) 0,20608(30+4],4)

-Tr(1)va(2)taco: F, = = 2488N

* Truong hop kéo xe:

- Momen cta P nhu cii, canh tay don cua luc kéo Fi la:

e |z
dk:Rsm{3+a—ﬁ}:Rsm{g—(ﬂ—a)}:Rcos(ﬂ—a)
=d, =20cos(11,4°)=19,4cm =0,194m

POH  _ 1200.0,05\7
Rcos(,b’—a) 0,2000s(41,4—30)

- Luc kép: F, = =810N

Vay: Luc day va luc kéo t6i thiu can tac dung 1a F, = 2488N va F, = 810N.
Vi F, < F,nén kéo dé hon day.
b) Phan luc Qq va Qk cua diém tiép xuc B giita banh xe va bac

* Truong hop day xe: Ta co: O, cos =P+ F, sina.

P+ F,sina 1200+ 2488.sin 30°

=0, = =3259N
cos cos41,4°
* Truong hop kéo xe: Ta co: O, cos p=P—F, sina.

_P-F, sina  1200-810.sin30°
cos cos41,4°

=0 =1060N

Vay: Phan luc Qq va Qi ctia diém tiép xac B giita banh xe va bac khi day xe 14 Q, = 3259N va khi kéo xe
1AQ, = 1060N.

¢) Tinh adéF,=F,.

-ViM, , =M, ,(khi F, )nén F, =F khid, =d, hay:

Rcos(a+ﬂ):Rcos(ﬂ—a)

= o =0: Hai luc c6 phuwong ndm ngang.



POH _ 1200.0,057

= =1058N
R.cosf0,20.cos41,4°

-Khido, taco: F, = F, =

Vay: Dé F, = F,thi a=0.
20.Trén mat trong rit nhin cia mot ban cauban kinh R,
ngudi ta dat mot thanh AB khdi luong khong dang ké co
chiéu dai / = R, hai d4u thanh c6 gin hai qua cdu nho c6 B
khéi lugng ma = 200g va mg = 100g.
a) Thanh nam can bang & trang thai hop véi dudng nim

ngang mdt goc  bang bao nhiéu?

b) Tinh cac phan luc Qa; Qg clia ban ciu tic dung 1én cac
qua cau. Lay g= 10m/s>.
Bai giai
a) Tinh géc
Goi G la khéi tm cua thanh AB,
vi m, =2m,nén GA =§GB :g;
dat OG=d,P = Mg =3mg.
- Ap dung dinh li ham s sin cho AAOG , ta dugc:

d = R =sinf= _R_ (1)
sin60°  3sin 2d\/§
- Ap dung dinh li ham sb cosin cho AAOG , ta dugc:
R’ R R\7
d’ =R’ +?—2R?cos60° =d =T\/7 (2)

- Tu(1) va (2) ta dugce: f=19°6";a =90°—60°— p =10°54".
Vay: Thanh nam can bang ¢ trang thai hop v6i dudng nam ngang mot goc o = 10°54".
b) Cac phan luc Qa; Qg ciia ban cau tac dung 1én cac qua cau

- Ap dung quy tic momen luc vdi truc quay qua A, ta dugc:

QBRsin60°:P£cosa:>QB :Mg.cosw 4 _ 0,3.10.0,98 _1134N
3 3sin60° 5 J3
2

. § ) 2R
- Ap dung quy tdc momen lyc véi truc quay qua B, ta duoc: O, R sin60° = P TCOS a.

~0 _ Mg.cos10°54' _0,3.10.2.0,98 5 268N
4 35in60° 3 J3 ’
"2




Vay: D6 16n cac phan luc cta ban cau tic dung 1én cac qua cau la Q, =2,268N va Q, = 1,134N
21.Mot thanh ning OA tua trén mot tim gd c6 thé quay
quanh khép O xung quanh mot tryc nam ngang (hinh v&).
Biét thanh ning c6 khéi luong my va hop véi phuong ngang
mot gbca ; tAm gd nam ngang trén san c6 khéi lwong mo; hé
s0 ma st giita thanh ning va tim g6 la u,, giita thim gd va

san la u,. Ho1 phai tdc dung vao tam gd mot luc ndm ngang

bang bao nhiéu dé co thé kéo no ra vé phia trai? Bién luan két
qua tim duoc. Biét gia toc trong truong 13 g.
Bai giai
- Céc lyc tac dung 1én cac vat nhu hinh ve.
-Thanh ning m;: Phuong trinh momen luc d6i véi truc quay

qua O:

Qlcosa—F

msl

lsina—P,écosa=0 (1)

- Tam van my:
+ Khi tam van chuyén dong déu: a =0

!
ms

P+0,+F+F +F +N,=0 )

+ Chiéu (2) 1én cac truc toa do Ox va Oy, ta dugc:

F_Fr};s] _Fms2 :0 (3)
va 0, =P, +N, 4)

Trongdo: N, =Q,; F, ,=F, =N, =pu0;F,,=u,N,=u0, (5

0, - P cosa (6)

Z(Sina — U, cos a)

- Tu (1), (4) va (5) ta duogc: P
cosa
Q,=P,+ , (7)

2(sina — U, cos a)

P+ 1)
2(1-p tancr)

- T (3), (5), (6) va (7) ta duoc: F = u,P, + (8)

Vay: Tir (8) ta thay:

B+ 1)

+V6i u, tana < Ithi lyc can tim 1a: F = u,P, + .
2(1-p,tanar)

+ V61 y, tan o > 1thi khong thé kéo tim gd vé phia bén trai (xdy ra su ném chit).



22.Mot van dong vién leo nui co khéi lugng m = 60kg, dang ngéi nghi gitra hai khe nti cia mét vach nui c6
do rong [ = 1m. Khéi tam cua nguoi ndy cach vach da ma vai ti vao mdt doan d = 0,2m. H¢ sb6 ma sat gitra
gidy va da 1a ko= 0,9, gifta vai va da la k; = 0,6. Liy g= 10m/s”.
a) Ngudi nay phai ép vao tuong mot luc nho nhat bao nhiéu dé khoi roi?
b) Véi luc ép nho nhat & ciu (a) nguoi nay phai giit khoang cach thing dimg giira chan va vai bao nhiéu
moi ngdi vimng?
¢) Thuc té van dong vién dat chan thép hon vi tri da tinh trong cau (b) 10cm. Anh ta lam cach nao dé gitr
dugc thé can b?mg, tinh cac lyc ma sat lic nay.
(Trich dé thi Olympic 30/4, 1999)
Bai giai
a) Luc ép vao tudong nho nhat dé khoi bi roi

- Céc luc tac dung vao nguoi: Trong luc P ; cac phan luc Q@ ; cac luc ma sétﬁ, Sosa-

- Dé nguoi khong roi: 73+m+ 2 +Q+@ =0

- Chiéu hé thuc trén 1én hai phuong nam ngang va thang dimg, ta dugc:
0-0,=0=0=0,=0

P Fos1 = Jus2 =0

- Vi ma sat 1a ma sat nghi nén: f,
= P= [+ fo: <(k+k,)0

_9%_ 4008
k,+k, L5

o S k1N1 = k]Qp'fmsz < kzNz = szz-

va 0>

Vay: Luc ép toi thiéu phai dat 1én vach dd1aN,, =Q,. = 400N .
b) Khoang cach thing dung giita chan va vai dé ngudi ngdi vimng
- Ap dung quy tdc mOmen, v4i truc quay la diém tua cta vai dit vao vach da, ta duoc:

M,+M, =M

fms2

_ mgd +Oh

=——<k
Vé6i: P=f,  + [, = S 1 L
f;nsl =P_fms2 SkIQ
mgd + Qh < k,Ql
mgl —mgd —Qh > k,Ql

- 60.10.0,2+400h <0,9.400.1
60.10.1-60.10.0,2—-400h > 0,6.400.1



120+400h <360
@ {480—400}1 > 240
=>h<0,6mva h>0,6m=h=0,6m
Vay: Khoang cach thiang dung giita chan va vai dé ngudi ngdi vimg 1a i = 0,6m.
¢) Cach dé giir dugc thé can bang
Theo dé&: & = 0,7m. T (1) va (2), ta c6:
0> mgd _60.10.0,2 _
k,l-h 091-0,7
mgl —mgd _ 60.10.1-60.10.0,2
kl+h 0,6.1+0,7

600N

= 0> 600N
= 369N

02>

Vay: Mubn can bang ngudi ay phai ép minh vao vach da mot luc c6 d6 16n QO > 600N .



Chuyén dé 12: CAN BANG TONG QUAT CUA VAT RAN
23.M6t thanh mong ddng chat OA, khéi luong m, c6 thé quay
trong mat phang thang dimg quanh truc c¢b dinh O nam ngang.
C la diém tiép xtic cua thanh véi khéi tru dit trén mat phing
nam ngang. Khéi tru khéi luong m dugc giir can bang boi mot

tam chan thang dung nhu hinh v&. Biét goc nghiéng cua thanh

S . .
lad. Poan AC dai bang ZChléu dai / cia thanh. B6 qua moi

ma sat. Hoi thm chin tac dung 1én khdi tru moét luc 1a bao
nhiéu? (Giai theo cac hing sém, g,6).

Bai giai
- Céc luc tac dung lén thanh OA: trong luc 13; phan luc Z) cua hinh try tai C va phan lucﬁ cta ban 1& O
(hinh v¢).

- Piéu kién can bang cia thanh véi truc quay qua O: M pio =Myo (1)
1 3 [ 3
& P—cos@=0—1 < mg—cos0=0-1
2 Ol =me o
2
= QZEngCOSH

- Céc lyc tac dung 1én khéi tru: trong luc 7’; cac phan luc Q,Q ctia tAm chin va mat phéng nam ngang; va
ap luc N ctia thanh OA (N=Q).

- Khéi try can bang nén:

P+ Q + Q +N=0 (2)

- Chiéu (2) 1én phuong nam ngang, ta duoc:

I

0, :Nsin9=Qsin@=§mgsin6’cos@=§mgsin26’

PNNNN

Vay: Luc do tAm chén tac dung Ién hinh tru la

0 = émg sin 26.

24.Thanh AB c6 khdi lugng khong dang ké. Pau A gin vat nang m,
= 600g, dau B gén vat ndng my = 400g. Buoc mot sgi day khong dan
vao hai diu AB r6i treo vao mét diém C ¢ dinh khong ma sat sao
cho thanh cén bang.

Biét AC + CB = 30cm.




a) Tinh chiéu dai mdi doan CA va CB.

b) Biét thanh AB hop voi mit phiang nim ngang mot goc a = 10° . Tinh chiéu dai cua AB.
Bai giai

a) Chiéu dai mdi doan CA va CB

- Céc luc tac dung 1én thanh AB: céc trong luc T’IE, cac lyc cang f,i

- Vi thanh AB cén bang nén: M, =My ;M =M, ,.

< T ABsina, = PABcosa < T,sina, = P cosa (1)

Va I,ABsina, = PLABcosa < T, sina, = P,cosa (2)

- Vi T, =T, =T (khong c6 ma sat tai diém treo C)

P=mg=0,610=6Nva P,=m,g=0,4.10=4N.

3sina,
2
- Ap dung dinh i ham sin cho AABC, ta dugc:
CB AC <:>CB_Sl'na]_3

- Tu (1) va (2), ta dugc: sina, =

3)

sina, sina, AC sina, 2

- Mit khéc: AC + CB =30cm, suy ra: AC = 12cm; CB = 18cm.
Vay: AC=12cm; CB = 18cm.
b) Chiéu dai thanh AB

- Thanh AB can bang nén: fj + F] + ]7*2 + E =0 4)
- Chiéu (4) 1én phwong nim ngang, ta duoc:
T, cos(a,—a)=T,cos(a, +a)
Sa,-a=a,ta=a,=a,+2a=a,+20°

CTU(): sin(a, +20°) = 251 %

— o, =31,38° va a, = 51,38
= f=180°—(a, +a,)

= 1800—(51,38°+31,38°) =97,24°

- Ap dung dinh 1i ham s6 sin cho A4BC, ta dugc:
AB BC

sinff sina,




. AB=BC. sin =18.Sll’l97,24

=22,89cm.
sina, sin51,38°

Vay: Chiéu dai thanh AB 13 22,89cm.

25.Mot thanh dong chit BC tira vao tuong thing ding ¢ B nhd day AC dai 7 hop

v6i tuong goc a . Cho BC = d. Hoi hé sb ma sat giita thanh va tuong phai thoa

man dicu kién nao dé thanh can bang?

(Trich d@é thi Olympic 30/4, 1995)

Bai giai
- Céc luc tac dung 1én thanh: Phan lucﬁ cua tuong dat vao dau B; trong
lwong thanh P ; lyc cang day T .
- Thanh nam can bang nén: P+T+R=0
va: M, = M, (d6i véi truc quay qua B)
hay:ﬁ+f+ﬁ+7:5 (1)

va: mg.%sinﬂ =Thsina ()

(Phan tich R 1am hai phan: Phan luc vudng gécﬁvé phan luc ma sat 7;

datAB=h va goc ABC = S, hé quy chiéu 1a Bxy; trong luong thanh 1a

P = mg).

- Chiéu (1) 1én hai truc Bx va By, ta duoc:
N=Tsina; f=mg-Tcosa (1)
. mgd.sin ,

-Tu 2)suyra: 7' =————" 2
(2)suy 2h.sina ( )

- Ap dung dinh 1y ham sin trong tam giac ABC:
d [ h

= fr 3
sina  sinff sin(a+p) (3)
:hzw va T:M @
sino 2sin(a+ P)
Suy ra: N = M&sina.sinp
2sm(a+ﬂ)
va: f =mg. ]—M :mg‘Zsma.co.S,B+cosa.smﬁ 5)
Z.Sin(a+,3) 2sin(a+ )

>

LSS S ALY

- Dé ¢6 can bang thi ma sat phai 1a ma sat nghi va ta c6: f < kN véi k 1a hé s6 ma sat.



2sina.cos B+ cosa.sin < mg.sina.sin 3

2sin(a+ p) ~ 2sin(a+pB)
:>k22sma.cosﬂ+smﬂ.cosa: 2 N [ ©)
sina sin tanf tana
Nd’ =1 sin” a

1
- Tu (3) ta co: Sinﬂz;sina:cosﬂ: y

Nd? -1 sin*a /
_l_

Isina tana

- Thay vao (6) ta dugc: k >

. . 2Nd? =1 sin’ a /
Vay: B¢ thanh can bang thi &k > . LI .
[sina tana
26.Thanh AB ddng chét. Pau A tya 1én san nham. Pau B giit can bang
boi soi ddy treo vao C. Hé sb6 ma sat giira thanh va san 1a k. Goc gitta

thanh va san 12 45° . Hoi day BC nghiéng voi phuong ngang goc o bang

bao nhiéu thi thanh bat dau trugt?
(Trich dé thi Olympic 30/4, 2000)
Bai giai
- Cac lyc tac dung 1én thanh AB: Trong luc TD; luc cang 7’; phan

luc évé luc ma sat nghi I*Tm;

-Thanh nam can bang khi: ﬁ+T+@+ITm=5 (1)
va MFM/B+MFQ/B=MFP/B (voi truc quay qua B) (2)
- Chiéu (1) xubng hai truc nim ngang va thiang dung, ta dugc:

F . =Tcosa (1)

P=0+Tsina 2)

1
-Tu (2): F,,.AB.sin45°+ Q.AB.cos 45° = EP.AB. cos 45°

= Q=§P—Fm =§(Q+Tsina)—FmS

= Q=Tsina—-2Tcosa =T (sina—2cos)
- Thanh nam can bang nénma sat phai 1a ma sat nghi, do do: F . <kN =kQ.
=>Tcosa < kT(sina—2cosa)

+ 2k

< cosa(1+2k)<ksina= tana >



L ) 1+2k
Vay: Thanh s€ bat dau truot khi: o < arctan .

27.Mot thanh ddng chat AB khdi lwong phan bd déu, trong lugng
P. Pau A tya Ién san nim ngang tai vi tri c6 mot go thiang ding.
Pau B twa 1én mit phing nghiéng c6 goc nghiéng « so voi phuong

ngang. Khi cin bang, thanh hop vdi phuong ngang mot goc 5. Bo

qua moi ma sat. Xac dinh 4p luc do thanh nén Ién mit ngang, mat A

nghiéng va go thang dtng.

Bai giai
Goig,@,glé phan lyc do mat ngang, mat nghiéng va go
thang dimg tac dung 18n thanh.

- Thanh AB can bang nén: ﬁ+@+g+@=6 (1)

vaM, =M, (truc quay qua A) ()
-Tu(1):
0,=0,sina;,P=0,+Q,cosa (I')
. 1 :
- Tu(2): PECOS,B =0,4K = QBlcos(a —ﬂ) (2 )
5
" ar Pcos
ST (2): @, = L8P
ZCos(a—ﬂ)
Psinacos f
- Thay Q,vao (I')ta dugc: Q) =———.
yQB ( ) ¥ QD ZCOS(a—ﬂ)
CTur (1,). 0. =p|I- cosacos
4 ZCOS(a—,B) '
Vay: Ap luc do thanh nén 1én mit ngang, mit nghiéng va go thang dimg 1a
cos a cos Pcos Psina cos
N,=0Q,=P ]——ﬁ N, =0, =—ﬂ;ND =0, :—’B.
ZCOS(a—ﬁ) ZCos(a—ﬁ) 200s(a—ﬂ)

28.Thanh AB ddng chét tiét dién déu, khéiluong m = 100kg.
Thanh duoc dit ndm nghiéng mot g(’)c((o = 200) v6i phuong nam

ngang. Pau B cua thanh tya trén mat san nam ngang voi hé s6 ma

sat ki =0.5.




Dau A cua thanh twa trén mit phang nghiéng v6i hé s6 ma sat ko = 0,1, goc hop boi mit phangnghiéng véi
phuong ngang laa =30°. Tac dung 1én diu A coathanh mot luc kéo F hudng 1én doc theo mit phing
nghiéng.

Tinh gid tri cuc dai cia lyc kéo F dé thanh van nam yén can bang.

(Trich dé thi Olimpic 30/4, 2003)

Bai giai
- Céc luc tac dung lén thanh AB: lyc kéo F ; trong luc 13; cac luc
ma sétm,m ; cac phan luc Q@
- Gia tri cyc dai cua F ung véi thanh AB c6 xu hudng truot 1én,
déng thoi cac luc ma sat nghi co6 tri cuc dai:

F,, =kN, vaF,, :kzNz(Nz =0, N, :Qz)~

- Thanh nam can bang khi:
FiPaQ 00t Ty s =0 0 i
M, =M, (véitryc quay qua A) (2)

-Chiéu (1) 1én phuwong ndm ngang va phuong thiang ding, ta dugc:

- Fecosa+Q,sina+k,Q,cosa+k,Q,=0 (3)
Fsina+Q,cosa—k,Q,sina+Q,—P=0 (4)
-Tu (2): §P100S¢—Q1[COS(D—/€1Q1 sing =10 (5)

Tir (S)suyra: O =—— & 10010 _ 5y
Y T Ik ang) ~ 2(1+0,51an 30°)

- T (3) va (4) ta duoc: Q, =394N va F'=351IN.
Vay: Gia tri cuc dai cua lyc kéo F dé thanh van nam can bﬁng la F,, =51IN.
29.Thanh AB c6 trong lugng P = 2N, chiéu daiAB =20cm; dau A
tua vao mat dat, dau B chiu tac dung cua luc F vudng gocvdi thanh
tai B. Tai diu A cua thanh nguoi ta dat 1én n6 mot hinh hdp co
trong luong P; = IN, phuong trongluc cua vat T’] di qua diém A nhu
hinh v&. Héthdng can bang tai vi tri thanh hop v6i mit phing ngang
mot gécax = 20°. Goi h¢ s6 ma sat gitra thanh va mat dat 1a ki, gitra

thanh va vat hinh hop 13 k. Ly g = 10m/s.

a) Tim do 16n cua luc F.



b) Tim diéu kién ctak,, k, dé hé can bang.
(Trich d@é thi Olympic 30/4, 2004)
Bai gidi

1. D6 16n cia luc F

- Céc lyc tac dung 1én vat hinh hop: Trong luc E ; phan luc Q ; luc ma sat F

msl *

- Dé vat hinh hop khong truot trén thanh AB thi: P, sina < E.,.

< Psina<k,Pcosa=k,>tan20°=0,364

- Xét hé gém thanh AB va vat hinh hop. Piéu kién can br:ing cua hé:
73+FI+Q—H+F—M+}7:?) (1)

Mm =M7,//1 (truc quay qua A) (2)

- Chiéu (1) 1én hai truc Ox (ndm ngang) va Oy (thing dung), ta dugc:

-F +Fsina )
va —P-P+Q,+Fcosa=0 4)
-Tu (2): F.AB = P.ATBcosa (5)

= F= 2é.cos20° =0,94N

Vay: B 16n cua lyc F = 0.94N.

2. Diéu kién cuak,,k, dé hé can bang

-TW(3): F, = F sina=0,94.sin20° = 0,32N. p
-T (4): Q,, = P+P,—Fcosa=2+1-0,94.cos 20°=2,12N.

Dé hé can bang thi: F,_<k,N,, =k,0,,.

0, 212

Vay: Dé hé can bang thi k, > 0,15k, > 0,364.

30.M0ot vat co khbi luong 10kg hinh lang tru déng chét co tiét dién
thrfmg la tam giac déu ABC canh a = 60cm. Vit dugc ké trén mot gia
d& ¢b dinh D sao cho mat BC thing dimg, mat AB tiép xtic v6i gia do
tai E, v6i EB = 40cm. Coi hé s6 ma sat giira vat voi gia d& va giira

vat vdi san 1a nhu nhau.

Biét h¢ nam can bang, tim h¢ s6 ma sat gitra vat va san.




(Trich dé thi Olympic 30/4, 2010)
Bai giai
- Cac luc tac dung vao vat:
+ Trong luc P.

+ Phén luc QI , luc ma sat F ., cua san.

+ Phén luc Q2 , luc ma satF ., cua gia do.

- Vat nim cén bing: P+ Q1 +F, T Qz E ,=0 (1)
va M, =M, (truc quay qua B) 2)
- Chiéu (1) 1én hai tryc Ox (ndm ngang) va Oy (thing dimg), ta duoc:

Q,sin30°—-F, ,cos30°—F, , =0 (3)
0,+0,cos30°+F, ,sin30°—P=0 (4)

- Tx(2): Q,.BE-P.GH =0

Voi: GH = ( ﬁ:QZ:—\/gP.
6 3 4
- ThayQ, :\EP vao (3) va (4) ta duogc:
V3P 1 V3 _ J3p 3
~ FmsZ‘__Fmsl_O —__F _F 7 0 - msl
4 2 2 8 2 ™ ms P
3P 3 I g 5P 1 '
PN e L opy Q+—+ F.,=0
Q] 4 2 m.s22 1 2 2
NE) INEYRT - P
R
= = sp
5P
Fms2=7_2Q1 Ens2:7_2Q1

- Vétkhéngtmot F;m]: \/7P+\/_Q]<#Q]:ﬂ>\/__££

2 0

F, = pH0O,
P 1 P
- Khi xay ra sy truot: \/_p:>Q1 5———.\5—’”
0, = 2 3

msZ lu 2

3
:>y23—£;<:>,u2—i,u+1>0

NE]



s
<V

- Chon diéu kién: %— /g < p=> u>0,23vi diéu kién trén khong théa (F,, # uQ,).

a3
- Tu(5)suyra: O, :%P:%P:§.10.10:43,3N.
3

- ThayQ, =43,3Nvao cac phuong trinh (3) va (4), ta duoc:2,65u° —100u+21,65=0, véi diéu

kitnu<l= u=0,22.

Vay: Hé s6 ma sat giita vat va san 1a u ~ 0, 22.

31. Mot kién hang hinh hop chir nhat déng chét tha truot trén
mit phing nghiéng nhd hai con lin rit nho A va B. Hinh hop
c¢6 chiéu cao h gip x1an chiéu dai /. Hé s6 ma sat giita cac con
lan A, B v6i mit phang nghiéng 1a k. Mat phang nghiéng hop

v6i phuong ngang mot goc nhon ¢ (hinh v&). Bé kién hang van
) . h . A g
truot ma khong bi 14t thi h¢ s6 y = 7 phai thda man diéu kién

gi?

Bai giai

(Trich d@é thi Olympic 30/4, 2011)

- Céc lyc tac dung 1én kién hang: Trong luc P ; cc phan luc Q;,Q; ;cac lucmasat f, . f ..

- Phuong trinh dinh luat II Niu-ton chuyén dong ctia kién hang:

P+QA+QB+ msA+ mSBzO (1)
- Dé kién hang truot ma khong bi 1at thi di voi tam quay 1a khbi
tam: M, =M, (2)

- Chiéu (1) 1én phuong vudng goéc v6i mit phang nghiéng, ta

duoc:
Pcosa—-Q,-Q, =0 3)

. 1 h h 1
- TII (2) QA E+ mSAE—Ff;nSBE:QBE

Tl <



& 0,1+kQ,h+kQ,h =0,

1-kh 1-ku
=0,
1+ kh I+ku

=0,=0, (4)

- Tir(3) va (4), ta duoc: Q, :%mgcosa;QB _ It hu

mg cos A.

- Nhan xét: Q, > 0nén dé kién hang khong b 1at chi can diéu kién caaQ,1a 9, > 0.

<:>QA:ﬂmgcos0520:>,uﬁi

2 k
A 21 A s x o AL s LA A h 1
Vay: B¢ kién hang van trugt ma khong bi 1at thi h¢ so /12732.

32. Trén mat ban ndm ngang c6 mot khdi ban tru ¢ dinh
ban kinh R. Trong mat phang thang dimg vudng goc véi
truc O cua ban try (hinh v&) c6 mot thanh dong chit AB
chiéu dai béng R tua dau A 1én ban tru, ddu B & trén mat

ban. Trong luong cua thanh 1a P. B6 qua ma sat gitra ban

tru cua thanh. Hé s6 ma sat gitta thanh va mat ban
\ \/§ r r g . \ - \ 5. 5 ~ (DN A 3 A 5 re A
lau= B Go6c «a (goc hop boi thanh AB va mit ban) phai théa man di€u ki¢n gi dé€ thanh ¢ trang thai can

bang?
(Trich d@é thi Olympic 30/4, 2011)
Bai giai

- Thanh AB chiu tac dung cua céac luc: Trong luc P , phan lyc Q cua ban truc ¢ A, phan luc Q cua mat ban

0 B, luc ma sat F’

ms *

- biéu kién can bang cua thanh AB:

P+0,+0,+F =0 (1)

M,=M (d6i véi truc quay qua B) (2)

ng

- Chiéu (1) 1én hai truc Ox, Oy ta duoc:

Q,cosa—F, =0 (3)

O, sina+Q,-P=0 4)
. Rcosa .

-Tu (2): P =0, Rsin2a Q)

( AOAB can, nén BAN =2a)



- Mét khéC: Fms S /’IQZ = gQZ (6)

R P
- T () ta duoe: O, = 2SiZ;Z - 4sina

Thay biéu thirc Q, vao (3) va (4) ta dugc:

P 3P

F = 0O, =P-0,sinct =—

" Ytana Z o 4
-Tuwdo: F SﬁQZ = P SﬁS—P
] 3 4dtanco 3 4

1
=Stanaz—=aoaz=30°

NE

(7)
G
4

- Mt khac, do diu A cua thanh ludn tua trén ban tru nén gia tri 16n nhét cua goc a dat dugc khi thanh AB

tring voi phuong tiép tuyén voi béan try tai A.

Suyra: a,,, =45°

Vay: Trang thai can bang ctia thanh tmg véi didu kién: 30° < o < 45°.

33.Thanh AB déng chét tiét dién déu, dai 2m, trong luong cua thanh

50N. Pau A twya vao tudng nhdn thang dung, dau B ndi voi day C

manh BC dé thanh cin bang. Thanh AB can bang tng véi

g6c o = DBA = 30°.
a) Tinh d¢ dai doan AC.

b) Tinh lyc cang day BC va phan luc ctia tuong tdc dung 1€n thanh

tai A.

¢) Gia sir bay gio gitra tuong va thanh c6 ma sat. Bé thanh AB can D

bang nhu trén(a =3 0°) thi day BC hgp voi phuong ngang BD

mot goc = 60° . Tim diéu kién ciia hé sb ma st k giita twong va thanh.

Bai giai

Ta co: AB=2m;P=50N;a=DBA=230° =CBD.

a) B¢ dai doan AC

- Cac luc tac dung 1én thanh AB: trongluc ﬁ; luc cang day f; phan luc @cﬁa

tuong lén thanh.

- Thanh can bang nén: P+T+ @ =0

(1)

Vi E; = Onén diém ddng quy O cua 3 lyc trén phai & trén ddy BC. Do do:

B




szna:%:@ a GA=GB
AG
= 0G=GE
1 1

va OGZEAC;GEZEAD: AD = AC

Via:30°:>AD=éAB=1m:>AC:]m

Vay: Bg dai doan AC = Im.

b) Luc cang day BC va phan lyc cua tuong tac dung Ién thanh tai A
- Chiéu (1) 1én hai truc Dx va Dy (hinh v&), ta duoc:
O-Tcosfp=0=0=Tcosp

Tsinf—-P=0=P=Tsinpf

Ta cd: DB = AB.cosa = 3

ABN3 243
2 2 V3m

BC? = DB’ + DC> :(\/§)2+22 — 7= BC=7m.

Slnﬂ:%:imé]—v: P _
7 sin

D

0

_20 7 =257 =66.14N
BC 2

G|

NG

Vay: Luc cang day BC va phan lyc cua tuong tac dung Ién thanh tai A 1a 7= 66,14N va Q = 43,3N.

va Q:Tcosﬂ=25\/7(1—£ij J:25\/§:43,3N.

¢) biéu kién ctia hé s6 ma sat k gitra tuong va thanh

- Céc luc tac dung 1én thanh AB: trong luc P ; luc cang day T; phan lyc Q; luc ma sat nghi F—ms .

—

- Thanh cén bang nén: P+T+ Q +F, = 0 ()
Va My, =M, 3)
- Chiéu (2) 1én hai truc Dx va Dy, ta duoc:

—Tcos f+Q=0=>Q=Tcosf (2')
—P+Tsinf+F, =0=>F, =P-Tsinff  (2")

- Bé thanh AB khong truot:

F  <kN =kQ 4)

Thay(2') va (2”) vao (3), ta duoc:




P—Tsin B <kT cos .

S P—-Tsinp

—k= T cos B ®)

AK
- Tu(): AKP=TAH=T="""P (6

. AH
Véi:siny =——
AB

= AH = AB.siny =2.sin30°=1m(y = a =30° 8 = 60°).

BB

cosa=£:>AK=AG.cosa=1—=—m
AG 2

2
B3

- Thay vio (6), ta duoe: 7'===.50= 25\3N.

50—2sﬁ.£ s
- Tt (5), ta dugc: k> 2 =

25\/5.; 12,5V3 V3

A s A [N 5 A A r c~ \ \ B 1
Vay: Diéu kién cua hé s6 ma sat k gitta tuong va thanh 1a £ > —.

3

34.M0t con lic gém mét thanh nhe chiéu dai / va mét qua nang o dau. Pau kia ca con
lic gan mot dng 16t hinh try nhe ¢6 ban kinh r 4p vao truc quay nam ngang. Hé s6 ma
sat giita ong va truc 1a . Hay xac dinh goc léch cuc dai ctia thanh khoi phuong thing
dtng khi can bang. !
Bai giai m
- Céc lyc tac dung 1én hé “con l4c + 6ng 16t”: trong lucf’ tac dung vao vat m ; phan lyc @cﬁa truc quay; luc
ma sat voi truc ﬁ :
- Khi con lic cin bang:
+ Pbi voi truc quay qua diém tiép xtc cta dng 16t con lic véi truc:
XM =0 (1
+ P+ Q + a =0 (2)
- Tw(2):

Fmssin,B=Qcosﬂ:>tanﬁ=Fg=F£=— 3)
) o u

- Trén hinh v&:rcos f =Isina 4)




Ma cos f = 12 = ,u2 (5)
\/1+tanﬂ \/1+,u

- Tu(4)va(s): sina:% £ :a:arcsin[l. 2 J

\/1+,u2 ) \/l+,u2

Vay: Goc léch cuc dai ciia thanh khoi phuong thangdimg khi can bang 1a o = arcsin L% £ ]

35.Mot rong roc ¢ trong lugng Q, ban kinh R, truc rong roc ¢6 ban kinh r.
Truc rong roc dugc dat 1énhai gid cdé dang mang hinh try ban kinh Ry c6
duong sinh song song véi truc hinh try nhu hinh bén. Mot soi day khong
dan khéi lugng khong dang ké vat quarong roc hai ddu mang hai trong
luong P; va P (soi day khong truot trén ranh cua rong roc). Hé sb ma sat
gifra truc rong roc va gia do la u.
a) Py phai c6 gia tri trong khoang nao dé rong roc con cén bang?
b) Kich thudc bé nhat ciia mang tru (cung AB) 1a bao nhiéu dé rong roc
khong bi lan ra khéi mang?
c) Ap dung: P = 100N, Q= 10N, R= 10cm, r= Icm, Ryp = 20cm, 1 =0,2.
Bai giai

a) Gia tri cua Py
- Truong hop B > P
+ Rong roc bi lan sang phai dén vi tri C va cén bang.
Ta co: E+7)+§+N+I~Tm:6 (1)

M,=M,, (2)

+ Chiéu (1) 1én hai tryc Ox va Oy. ta duoc:

Ncosa+F, sina—(F+P+0)=0 3)
F cosa—Nsina=0 4)
= F, =Ntana < uN = tana < u (5)

+Ti Q:(R-P)R-F,r=0=F, =2(R-P) (6
r

R

+ T (5) va (6): N =
rtanao

(R-P)

+Thay N va F vao (3), ta dugc:

2

I+ u

]

o
=

O

P



y A

rsino

+ Tir (6) tathdy P, tmgvoi F, = uNtana = u

max ms

2
roou
P

va =

Imax

R 1+ 4 1
- B ]

- Truonghop B <P

Tuong ty nhu trén nhung thay P; bé1 P va P boi Py, ta dugce: £, khi tana = pu.

P(R1+’UZJ+Q

roH
Vé Pmin:
1 R WH
rooou
Tudo: P, <P <P,
R 1+ 1 R+
Pl = +Q Pl1+———|+0
rooou rH
PN <B<
5 2
E'\/H,u 1 E_\/li_l
roou roH

Viy: Dé rong roc can bang thi Piphai ndm trong khoang: b . <B<R

b) Kich thudc bé nhit cuia mang tru dé rong roc khong bi lan ra khoi mang
Ta c6: AB = 2R,.tano = 2R, 1.

Vay: Kich thudc bé nhét ciia mang try 13 AB = 2R, u.

¢) Ap dung
V6i P = 100N, Q = 10N, R = 10cm, r = Icm, Ryp = 20cm, y1 =0,2 , ta dugc:
2
100 1410 NI¥0.27) 4
1 0,2
P]max = :]04N
R 1+ 4’ 3

rooou



2
100 10 NIH0.27 0
)i 0,2
Imt'n: 2 :96N
R NI+
rooou

ABoin = 2.20.0.2 = 40cm.

Vay: Véicac giatridachotrénthiP,, =96N; P, =104N va AB in = 40cm.

36. Mot thanh rin déng chét, tiét dién déu BC tua vao tuong thrfmg dimng tai B A
nh¢ day AC cé chiéu dai L hop véi tudng mot goc nhu hinh v&. Biét thanh BC ¢6
d6 dai d. Xéc dinh hé s6 ma sét giita thanh va tuong dé thanh can bang.
Bai gidi d
B

Dit AB=h va ABC = f3

- Céc lyc tac dung vao thanh BC: trong luc P ; luc cang ?’; phan lyc Q; luc ma SatF .

ms

- Diéu kién can bang cta thanh: P+T+ é + F—m =0 (1)

va: M, ., =M, , (truc quay qua B) ()

ng/B

- Chiéu (1) 1én cac truc toa do cia h¢ toa do Bxy (hinh vé€), ta duoc:

Q-Tsino=0 3)

F . —P+Tcosa=0 “4)

-Tu (2):Pi.sinﬂ=Th.sina:>T=mg.M (5)
2 2h.sina

- Ap dung dinh 1i ham s sin trong tam giac ABC, ta dugc:

d _ L h
sina  sin sin(a+,3)

b d.sin(a+ B)

= . (6)
sina
- Tu (5), (6) va (3) ta duoc:
_ mg.sinfp _ mg.sinasinf
_2sin(a+ﬂ)’Q_ 2sin(a+,3) @
N _ cosasinf
-Tw (4):F,, = mg(] —ZSin(a +ﬂ)] (8)

- Pé thanh cén bang thi lyc ma sat phai 12 ma sat nghi nén: F <kN=kQ,véiklahé sO ma st.



o mgl 1 cosa sin < mg.sina sin )
2sin(a+ B) 2sin(a+ p)
:kZZSlnac?sﬂ+Slnﬁcosa: 2 N 1 (10)
sina cos tanf tana
T ST _ L.sina
- T dinh 1y ham s0 sin & trén, ta c6: sin = 7
[ 72 72 2
— cos fi = d —-L sin”«a )
d
272 .2
T (loy: k> N4 ZLsima (12)
L.sina tano
[ 12 72 . 2
Vay: Pé thanh cin bang thi hé s6 ma sat giita thanh va tudng phai 12‘1k22 d_ L sin c . !

L.sina tana’

37.Mot thanh dong chat, trong luong QO = 233N ¢6 thé quay
quanh chét ¢ dau O (hinh v&). Pau A cua thanh duoc nbi bang
day khong dan, vit qua rong roc S, véi mot vat cé trong luong P
= IN. S & cing do cao voi O va OS = OA. Khéi luong cia rong
roc va day nho khong dang ké.
a) Tinh géca = S/Ojalﬁng v6i can bang cua hé thong va tim
phan luc caa chét O.
b) Cén bang nay la bén hay khong bén?
Bai giai
a) Tinh goc a = S04 g véi can bang cua hé thong va
tim phan lyc ctia chét O
- Céc lyc tic dung 1én thanh OA: trong luc @; luc
cang T (T=P); phan lyc R (ctia chdt O).
- Thanh OA can biang nén: OQ+T+R=0 (1)
Va: M,,=M,, 2)
- Chiéu (1) 1én hai truc Ox va Oy cua hé toa d6 Oxy, ta

duoc:

R =-Pcosf = —Psin% 3)

gl



: a
R, :Q—Psmﬁ:Q—PCOSE 4)
\ o 1
- Tu(2): Plcos—=Q—cosa (5)
2 2
(B =90° —%; /13 chidu dai cta thanh OA)

Détcosg= x ta dugc Px =2(2x2 —]).
2 2

Thay P=INva Q= 27/3N vao ta duoc:

43 —2x—23=0= =122

43
NE

-ViO<a<%:>x:7:cos%:>a:60°:ASOA 1a tam giac déu.

Twdo: R = —Pszn3=—l sin30°=-0,5N;

3J_

R =0- PcosE—ZI 1l.cos 30° =

= R= R +R’ =\/(0,5)2 (N_J =~7N.

Vay: Géc « = 60° va phan lyc cta chét O 1én thanh 1a R =~/7N.
b) Loai can bang? Thanh OA dang can bang véi goc a = 60°:
- Khi 1am cho thanh OA quay theo chiéu ngugc chiéu kim dong hd quanh truc O mét goc nho (tirc diém A

dich 1én trén) thi goc a gidm khi do cos o s€ tangnhanh hon cos%lém choM,,>M,,. Két qua nay lam cho

g/o
thanh OA quay tré vé vi tri can bang.

- Nguoc lai, khi lam cho thanh OA quay theo cing chiéu kim déng hd quanhtruc O mot goc nho (tic diém A

dich xudng duéi) thi goc « ting khi d6 cos a ségiam nhanh hon cos%lém choM,, <M,,. Két qua nay

o/o

1am thanh OA quay tréveé vi tri cAn bang.

Vay: Can bang cua thanh OA 1a can bang bén. A
38.Mot doan day thép ddng chét, tiét dién déu duoc udn thanh nira
vong tron ban kinh R. Pau trén duoc gén chdt véi mot vong nho khdi
lwong khong dang ké roi treo vao dinh A dong nim ngang trén tudng

nhin, thing dimg. Vong dugc d& boi dinh B déng trén tuong, hai




dinh cing ndm trén dudng thang dimg va cach nhau mot khoang bang R. Nira vong ddy nim cin bang trong

miat phing thiang dimg. Cho biét khdi tim G cua nira vong ddy niam cach tim O cia nd mot

2R
khoang OG = —. B6 qua ma sat. Tim lyc do nira vong day thép tdc dung 1én dinh A.

V4

Bai giai

Goi P la trong lugng ntra vong day thép. Céc luc tdc dung 1én nira vong day thép: trong luc P; cac phan luc
cua dinh AvaB:0,,0,.
- Nira vong day thép nam can bang nén:
P+0,+0,=0 (1)
Mg;/a=MF/4 )
- Chiéu (1) 1én hai truc Ox va Oy, ta dugc:

0, - 0,560 -0, %2 (1

QAy =P—QB COS6OO=P—% (1”)

- T (2): Q,sin60° = P(R—OG cot 60°)sin 60°

2R 1

2
<:>QBR —P(R—7$j:>QB —P(l—ﬂ-—\/gj (3)

P 2
2.-5(1+75)

- Phan lyc do dinh A téc dung 1én nira vong day thép: O, =.,/0; + ij.

e s B

- Thay (3) vao (1) va (2) ta dugc:

(4)

- Luc do ntra vong day thép tac dung lén dinh A: N, =Q, =P 1—L+i2.
73 3z
A R A A oA A a 2 4
Vay: Lyc do nira vong day thép tdc dung lén dinh A: N, =P |1 -——=+

a3 37t



39.Trén mat phéng nam ngang dat mot thanh AB déng chét. Nguoi ta nang thanh mdt cach tur tur bﬁng cach
tac dung mot lyc F khong d6i vao déu B va ludn vudng goc véi thanh. Xac dinh hé s6 ma sat giira thanh va
mit ngang dé nang thanh dén vi tri thang dimg ma dau dudi ciia n6 khong bi truot?

Bai giai
Goi [ va m 1a chiéu dai va khéi luong ctia thanh. Do nang thanh tir tir nén c6 thé coi rang thanh luén can bang
& moi Vi tri.
- Tai vi tri thanh hgp véi phuong ngang mdt goc « , cac luyc tac dung lén thanh: trong lucﬁ; phan h.J:cQ—A ;

lyc ma sat F_; lyc nang F.

ms

y
- Thanh ludn can bang nén:
P+ Qj + FT“ +F=0 (1)
Va M, =M., (2)

- Chiéu (1) 1én hai tryc Ox va Oy, ta duoc:

Fsina=F, (1)
Q,=P-Fcosa (1)
. 1 P , F
- Tu(2): P.E.cosa=F1<:>F=Ecosa (2) s P

Tu(1'),(1")va (2') ta duoc: F, =§.sinac0s a;Q, = §(1+sin2 a)

. P . P .
- Dé thanh khong truot thi: /< uN,=uQ, < Esmacosa < ,uE(lJrsmz a)

sinacosa  tana 1 1

> .
22

= Uu> = =
a l+sin‘a  1+2tan’ @ 1 L0 tan o
tan

Vay: Pé nang thanh dén vi tri thing ding ma dau dudi khong bi truot thi: 4 > ﬁ

40. Mot vat khdi lugng m = 10kg hinh lang try ding c6 tiét dién C
thrfmg la tam giac déu ABC canh a = 60cm, duoc ké trén mot gia do a

¢ dinh D sao cho mit BC thing dimg, mit AB tiép xuc véi gia d&

tai E ma EB = 35cm. AQ-———=—- H

Coi hé s6 ma sat tai gid do va san la nhu nhau. Tim hé s6 ma sat Y

gifra vat va san. Xac dinh phan lyc ctua gid do va cua san tac dung D 4 a

1én vat. LAy g = 10m/s2. T T i
' E B

Bai giai



F

ms2*

- Céc lyc tac dung vao vat: trong lyuc P ; cac phan lyc Q, 0, ; cac lyc ma SAtF

ms12

- bDiéu kién can bang cua vat:

P+Q1+Q2+F +F =0 (1)

ms1 ms2

- Chiéu (1) 1én hai truc Ox va Oy, ta dugc:

Va M

P/B =M

Q,sin30°-F

ms2

c0s30°—F =0 (1)

—P+0,+0Q,c0830°+F, ,sin30°=0  (1")

- Tu(2): P.GH=0Q,.BN < P, “\f =0, EB__ Qz.zﬂ (2

a3

- Tu(2'), ta duoc: mg.

:Qz- \/5

101020 _a33N.

4EB 4.0.35
- Tu(1),(1"), ta duoc:

1 NG

S A3,3-"= 43,3 - pd3,3=0

2
V3 |

—10.10+Q1 +743,3+EIIJ43,3 =0

= 0, =mg.

& 21,6547 =100 +21,65=0= 11 =0,22.
- Thay u=0,22vao phuong trinh trén tinh dugc: Q, =57,75N.
Vay: H¢ s6 ma sat gitra vat va san la £ = 0,22 ; phan luc cua san va gia do tac dung Ién vatla Q, =57,75N va

0, =43,3N.



Chuyén dé 13: CAC DANG CAN BANG
41.Mo6t thanh manh, dong chat khdi lwong M, d6 dai b dwoc gin bang
mot soi day nho, khong co dan véi mét 10 xo ¢6 hé sb dan hoi k. Soi
day duoc vat qua mdt rong roc rat nho va nhan cd dinh tai O. Thanh
manh ¢ thé quay ty do quanh A khéng ma sat trong khoang goc
—7 <0 < znhu hinh v€. Khi ¢ =0, 10 xo ¢ trang thai ty nhién. Gia su
b < a, OA thang dung. Tim cacgia tri ciia @ dé hé thong can bang tinh
va xéac dinh trong mdi truong hop néu hé thdng cin bang bén, khong

bén hodc phiém dinh.

Bai giai
Goi 6, 14 goc hop boi thanh véi day nbi.
- Cac lyc tac dung I1én thanh: trong luc P ; luc cang T ; phan luc é cua truc quay tai A.

- Momen cua trong luc thanh ddi véi truc quay qua A:

b .
M, , =P551n9=

Meb ino (1)

- Momen cua luc cang day d6i véi truc quay qua A:
M, =Tbsin6, = kcbsin6), (2)

- Theo dinh li ham sin trong tam giac AOB, ta c6:

c a . .
—— =— = csinf, = asinf
sind sin6,

Do do: M, = kcbsin 6, = kbasin )

- Khi thanh cén bang: My, =M, <= MTgbsinH = kbasin 6.

= %sin@ =kasin @

- Néuka = % : thanh cén bang v6i moi @ va can bang 1a phiém dinh.

- Néuka<%: thanh can bang khi @ =0hoidcd =r.

+ Xét truong hop:@=0, coi@=0+etrong d6 &>01a mot goéc nhé. Khi d6, tong momen lyc:
M :ib(%—kajg

2
= M <0d6i véi 0 =1e;M >0d6i voi 0 =—¢.

Do d6, M ¢6 xu hudng l1am ting ¢ trong ca hai trudng hop va can bang 1a khong bén.



Xét truong hop:@=r,coif=rtetrong d6 &£>01a mot goc nho. Khi dé, téng momen lyc:

M :ib(%—kaJs

— M <0dbivéi O=m;M >04d6i v6if=r+e.

Do d6, M ¢6 xu hudng 1am giam ¢ trong cé hai truong hop va cin bang 1 bén.

- Néuka> %: thanh can bang khi@ =0 hoic 6 =r:

+ Xét truong hop: 6 = 0, can bang 1a bén.

+ Xét truong hop: 6 = 7, can bang 1a khong bén.

42.M6t hop hinh khéi lap phuong déng chat,mot canh cua
hop twa vao tudng nhan, mot canh tuya trén san nha, hé )

ma sat giita san va khéi hop 1a k. Xac dinh goca dé khbi

hop can bang.
Bai giai
- Diéu kién cén bang cua khéi hop 1a:
+ Gié cua trong luc phai di qua mit chan dé (1)
+Lucmasat F, <kQ, (2)

- Xét diéu kién (1):

+ Khi CA4 1 OAthi gia cua trong luc di qua A, ta co: 0AC =90°.

— BAO =45° :vat can bang.

+ Khi OAC > 90° = BAO > 45° : Vit truot.

(Trich d@é thi Olympic 30/4, 2002)

) %
Do do6 diéu kién (1) la: o < 45° 3) 7
\ A
- Xét didu kién (2): 7
o B 7
+Taco: P+Q,+Q,+F, =0 4) 7
. . 7

+ Vat can bang (chi€u (4) Ién Oxy) ta duogc: A

QA=P;QB=Fms (5)
+ X¢ét truc quay qua trong tam G, goi canh khéi hop 1a a, ta co:

a2 a2
2

sinff=F
2 ﬂ ms

(QA - QB ) COs IB (6)

+ Thay (5) vao (6), ta duge: (P+F,, )sin f=F, cosf




- Lsinp
cos f—sin 3

N sinff sin (45°—«)
~cosf—-sinf cos(45°—a)—sin(45°—a)

<kQ, =kP

cosa—sina 1—-tana
= k> =

2sina 2tana

= tana > =a,, =0, =arctan (7)

min

2k +1 2k +1

- Tir (3) va (7), diéu kién dé khdi hop can bang 1a: ¢, < a <45°Vvéi «, = arctan et
+

43.Mot miat phing nghiéng goc o co thé quay déu véi van téc goc w xung quanh truc thang dimg qua chan
mit phiang nghiéng. Hoi phai dat mot hon bi khéi lugng m & vi tri nao trén mang dé n6 dung yén ddi véi
méang? Bo qua ma sat. Cho biét vi tri d6 14 can bang bén hay khong bén?
(Trich dé thi Olympic 30/4, 2008)
Bai giai

Goi r 12 khoang cach tir truc quay dén vi tri trén mang nghiéng ma tai d6 hon bi ndm can bang.
- Xét hon bi trong hé quy chiéu gén v6i mang quay.
- Céc lyc tac dung vao hon bi: Trong luc p ; phan lyc Q; luc quan tinh (li tam) F}t Vo1 F), = ma’r.
- Hon bi nam can bang trén mang nén:

P+N+ Fh =0 (1)
- Chiéu (1) xuéng cac tryc Ox, Oy cua hé toa d§ Oxy, ta duogc:

Qsina-F, =0< Qsina—ma’r=0  (2)

QOcosa—P=0< Qcosa—mg =0 3)
- Tu (2) va 3) ta duoc: r =§tana 4)

- Nhén xét: Tir (4) ta thay, van tdc gbc @ ciia mang nghiéng
cang 16n thi vi tri cAn bang twong tng cua hon bi trén mang
nghiéng cang & gan truc quay, tirc 13 cang thap.

- Vitri can bang d6 13 bén hay khong bén?

+ Gia sur ta dich hon bi ra khoi vi tri can bﬁng O cua hon bi mot

chut v& phia du6i dén vi tri 4'. G vi tri A'ndy, hop luc F = P+ N c¢6 d6 16n 16n hon F, can ¢6 dé giir hon bi

t

trén vong tron quay ban kinh 7' (vi ' <r). Vi thé qua cau s¢€ trugt vé phia dudi.



+ Gia su ta dich qua cau ra khoi vi tri can béng O cua hon bi mét chat vé phia trén dén vi tri 4. O vi tri
A" nay, hop lyc F = P+ N ¢6 d6 16n nho hon F, can c6 dé giit qua cau trén vong tron quay ban kinh " (vi
"> ). Vi thé qua cau s& truot 1én phia trén. 2
Vay: A 1a vi tri can bang khong bén ctia hon bi trén mang nghiéng.

44.Thanh OA quay quanh truc thing dimg Oz véi vén tocw, .

gc')cz/O;l = o khong d6i. Mot hon bi nho khéi lwong m, xuyén qua thanh va
truot khong ma sat doc theo thanh OA. Mt 10 xo nhe c6 do cung k, chiéu dai
A tu nhién /y, mdt dau gén hon bi m, dau con lai ¢d dinh tai O. Truc 10 xo0

trung véi thanh OA nhu hinh vé.

1. Tim vi tri can bang ctia hon bi va diéu kién dé c6 can bang.
2. Can bang nay 13 bén hay khong bén? 0
(Trich d@é thi Olympic 30/4, 2011)
Bai giai
- Chon hé quy chiéu gin véi thanh OA, [ 1a chiéu daicua 10 xo khi Q
o

quay.

- Cac luc tac dung 1én hon bi: Trong luc ;’; Iuc dan héifd; phan
luc Q : luc quan tinh (11 tm) }_7‘; ,
- Piéu kién can bang cta hon bi:

13+f7;+@+77;:5 (*)

- Chiéu (*) 1én truc OA, chiéu duong hudng vé O, ta dugc:

Pcosa+F,—F, sina=0

A f
<:>mgcosa+k(l—lo)—ma)21sin2a =0;
R=Isina £
- Vi tri cAn bang cua hon bi "

/= kl, —mg cos o
k—me’ sin’ a

- Ban dau khi chua quay, vi m nhé nén 10 xo bi nén
. O >
mot doan x </, :
mgcosa—kx =0

= mg cosa = kx < kil hay kl,—mgcosa >0

- Diéu kién dé c6 can bang 1a: [ > 0 < k —mao’ sin’ a > 0.



[k 1 /k
> w< 5 = —
msin°a  sina \'m

- Dang can bang: it f,(I/)=mgcosa+k(I-1,)=ki+mgcosa—kl,; f,(I)=mae’lsin’a.

+Do thi f,(!). f,(!)trén hinh v&.

+ Theo d0 thi ta thdy khi / ting thi f, ting nhanh hon £, nén hon bi bj kéo vé vi tri can bang. Do d6 can bang
nay 1a can bang bén.

45. Mot ongx'x duong kinh nhé duoc gin cddinh vao truc quay
thang ding Oz tai diém O. Ong hop véi truc Oz thanh goc o nhu
hinh v&. Truc Oz quay véi toc dd goc . Trong dng c6 hai hon bi
nho A c6 khdi lwong M va B ¢6 khéi lugng m, ndi voi nhau bang
thanh ctng, nhe chiéu dai /. Hai bi ¢6 thé trugt khong ma sat trong
dng. Trong qua trinh quay A va B lu6n ndm trén O.

a) Dit x = OB, tinh x khi hé can bang.

b) Tim dicu kién vé @ dé€ hé can bang.

¢) Tinh luc cing thanh AB khi c6 can bang. X
d) Can bang cta hé 1a bén hay khong bén? Giai thich.

(Trich dé thi Olympic 30/4, 2012)
Bai giai
a) Tinh x khi hé can bang
- Chon hé quy chiéu gin véi éng quay.
- Cac luc tac dung 1én hé hai hon bi gin voi nhau: Cac trong luc EE, cac luc quan tinh (li tam) Fq;i ;
cac phan luc Q@ , VO1:
F,=Mw’(x—1)sina,F,, = meo’ xsina.
- Hé can bang dbi voi 6ng quay nén:
E+E+1~T,+§+§,+Q=5 (1)
- Chiéu (1) 1én truc xOx’, ta dugc: — P, cos o — P, cos a +F, sina+F,sina=0.

<:>—Mgcosa—mgcosa+Ma)2(x—l)sin2a+ma)2xsin2a:0

<:>—(M+m)gcosa+|:M(x—l)+mx]a)2sinza:0 (2)

Mi gcosa
=>x= +—=—
M+m o sin®a

€)



Ml L _8cosa

Vay: Khi h¢ can bang x = —
M+m o sin”o

b) Diéu kién ciia @ dé hé can bang
- Vi trong qua trinh quay A va B luén nam trén O nén ta phai Z

co: x> 1.

- TuB)suyra: =

1 \/(M+m)gcosa

sina ml
1 M+m)gcosa
bat: o, = \/( ) thi o < w,.
sina ml

Vay: bicu kién ctia @ d€ h¢ can bang la

1 \/(M+m)gcosa_
sina -

w <

-
ml ,

¢) Lyc cang thanh AB khi c6 can bang
- XéthonbiB,taco: P +Q,+T,+F,, =0 (4)
- Chiéu (4) 1énx'Ox, ta dugc: —T,— P,cosa + F,sina=0.

< T, =me’ xsin’ a—mg cos a.

Ml L _gcosa

- Thay x= ,
M+m @ sin’a

Ml
L _8cosa

2 .2
M+m o sin°a

ta dugc: T, = ma’ ( ]sinz a—mg cosa

Mm :
=T, = o’ sin’ a.
M+m

Mm

Vay: Luc cang thanh AB khi c6 can bang 1a7, = I lo’ sin’ a.

+m
d) Tinh chit cin bang
Néuw > @, thi F, =[ M (x—1)+mx |’ sin’ ating 1én, F, =(M +m)g cos & vin khong d6i nén A, B s& dich

chuyén ve phia trén. Do d6, can bang cua h¢ 1a khong ben.
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