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Mbi bai hoc trong sach Chuyén dé hoc tap Toan 10 thudng cé cac phan nhu sau:




Lot noi dau

Céc ban hoc sinh, quy thiy, c6 gido than mén!

Sach Chuyén dé hoc tip Tozin 10 thuéc bo sach Chén trivi sang tao duoc bién soan theo
Chwong trinh gido duc phé théng nam 2018 cua Bo Gido duc va Pao tao.

Séach bao gébm ba chuyén dé:

Chuyén dé I. Hé phwong trinh bac nhét ba 4n va ing dung.
Chuyén dé 2. Phwong phap quy nap todn hoc va nhi thirc Newton.
Chuyén dé 3. Ba dwing conic va img dung.

Céc chuyén dé nay nhim muc dich:

~ Cung cap thém mét so6 kién thirc va ki ning toan hoc nham ddp g yéu cau phan hoa,
tao co hoi cho hoce sinh van dung Toan hoc dé giai quyét cac van dé lién mén va thuc tidn,
gop phs"in hinh thanh co so khoa hoc cho giao duc STEM.

— Guap hoc sinh hiéu vai trd va nhimg (ing dung cua Toan hoc trong thuc tién: lam co so
cho dinh huémg nghé nghiép sau Trung hoc pho thong; tao co hdi cho hoe sinh nhén biét
nang khiéu. s thich ciia minh, tir do tao dam mé khi hoc Toan.

Méi chuyén dé déu cb néu cac kién thirc co ban s& hoc va cic yeu cau can dat cua chuyén
dé. Cac bai hoc déu xiy dung theo tinh than dinh huéng phat trién nang luc va thuong
duoc thong nhat theo cac budc: khoi dong, kham pha. thuc hanh, van dung.

Chung t6i hi vong ring sach Chuyén dé hoc tip Toan 10 sé hé tro quy thay cé trong qua
trinh day hoc, dong thai gitip cac ban hoc sinh himng tha hon khi hoc tap b6 mén Toan.
Rét mong nhan duoc su gop y cua quy thay. cé gido va cac ban hoc sinh dé sich ngay cang
hoan thién hon.
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Chuyén deé 1

HE PHUGNG TRINH BAC NHAT
BA AN VA UNG DUNG

(' 16p dudi, ching ta da duac hoc cach gidi hé phuong trinh bac nhat hai dn. Trong chuyén dé nay, chiing ta sé tim
hiéu vé hé phuong trinh bacnhat ba an va cich gidi hé phuang trinh nay Iling phuong phap Gauss. Chiing ta ciing
sé hoc cach vian dung hé phuong trinh bic nhat ba an dé gidi quyét mat sé vin delmng thuic tién cudc sdng.

m————w_

- Nhén biét dugc hé phuang trinh bac nhat ba an, nghiém cta hé phuong trinh béc
nhat ba an.

- Giai dugc hé phuong trinh bac nhat ba an bang phuong phap Gauss.
- Tim dugc nghiém ctia hé phuong trinh bac nhat ba an bang may tinh cam tay.

- Vén dung hé phuong trinh bac nhat ba an dé giai quyét mot s6 van dé trong khoa hoc
va trong thuc tién cudc sdng.



ai 1. Hé phuong trinh bac nhat ba an

Tir khod: Hé phuong trinh bac nhit ba an; Nghiém; Phuong phap Gauss.

@ Chiing ta da biét cich mé ta moi lién hé giita hai n s6 x, y phai thoa man déng thoi
hai didu kién ax + b y=c, (&' +b] >0) vaa,x+b,y=c, (a; +b; >0) bang cich
str dung hé phuong trinh bac nhét hai an:

{alx +hy=c¢

a,x+by=c,.
Trong bai hoc nay. ta sé hoc cach giai quyét tinh huéng cin mé ta méi lién hé giira
ba 4n s6 x, v, = phai thoa man dong thoi ba diéu kién:

ax+bytez=dsaxtbhytoz=d vaax+by+tcz=d,

1. Pinh nghia hé phuong trinh bac nhat ba an

O Ba lép 10A, 10B, 10C gém 128 hoc sinh cing tham gia lao déng trong cay. Mdi hoc
sinh 16p 10A trong dwoc 3 cdy bach dan va 4 cay bang. Mm hoe sinh lép 10B trong
duoc 2 ciy bach dan va 5 cay bang. Mdi hoc sinh lép 10C tmng duoc 6 cay bach dan.
Ca 3 1ép trong duoc 476 cay bach dan va 375 cay bang. Goi x, v, = lan luot 13 sb hoc
sinh cua cac lop 10A, 10B, 10C.

a) Lap cac hé thirc the hién moi lién hé gitta x, y va z.

b) Trong bang dir icu sau, chon cac 50 ligu pht hop voi 56 hoc sinh cia moi lop 10A,
10B, 10C va giai thich sy lua chon cia ban.

X ¥ o
41 43 44
40 43 45
42 43 43

O 4, ta nhan duoc ba hé thirc thé hién méi lién h¢ gifra x, y va z. Mi hé thirc d6 dugc
goi la mot phuong trinh bac nhat ba an (von an la x, y, z). Ba phuong trinh do tao thanh
mot hé phuong trinh bac nhat ba an.
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Téng quat ta co:

® Phurong trinh bic nhit ba dn 1a hé thic co dang:

ax+ by + cz=d,
trong do x, v, z goi la ba .ffn va a. b: ¢, d 1a cac sd thuc cho truoc goi la cac hé s&:,
thoa man a, b, ¢ khong dong thoi bang 0.
Moi bé ba Sfﬁ {:rn;‘ ¥, Z,) thoa mén phuong trinh trén goi 1a mot nghiém cua phuong
trinh bac nhat ba an.
® H¢ ba phwong trinh bic nhiit ba dn 13 hé c6 dang:

ax+by+ez=d,

a,x+bytec,z=d,

ax+by+ez=d;
trong do x, y, z la ba an, a b,c,d lacac s6 thure cho trude gol la cac hé 56.0 day cac
hésda,b,c (i=1,2,3)khong dong thoi bing 0.
Moi bo ba so (xﬂ; Yy :“} thoa min dtf"-ng thoi ca ba phuong trinh cua hé goi 1a mét
nghiém cua hé phuong trinh.
Giai hé ba phuong trinh béic nhat ba an la tim tat ca cac nghiém cua né.

Chu y: Hé ba phurong trinh bac nhét ba 4n con duoc gol tat 1a hé phicong trinh bac nhat
ba dn.

Vidu1

Hé phuong trinh ndo dudi day la hé phuong trinh bic nhat ba 4n? Mai bé ba s6 (1; 2; 2),
(—1; 2: 3) co la nghiém cua hé phuong trinh bac nhit ba an dé khong?

2x—3y+4z=4 3x—2y" 44z=
(1) —x+2y+z=8 (2) 44x—5y+2z=-3
x+dy—z=2; x+3y—z=-1.
Giai

Heé phuong trinh (1) la hé phuong trinh bac nhit ba an.
Hé phuong trinh (2) khong phai la hé phuong trinh bac nhét ba an, vi phuong trinh thar
nhat cua hé cé chira y*.
« Thay x = 1, y =2, z= 2 vao vé trai ctia tirng phuong trinh & hé (1) va so sanh vé&i vé phai,
ta duoc:

Phwong trinh thir nhat: 2 — 6 + 8 = 4 (thoa min);

Phuong trinh thir hai: -1 +4 + 2 =5 = § (khong thoa man).
Vay (1; 2; 2) khong la nghiém cua hé phuong trinh (1).
» Thay x =1, y =2, z = 3 vao vé trai cua tirng phuong trinh & hé (1) va so sanh véi
veé phai, ta duoc:

Phuong trinh thur nhit: -2 -6+ 12=4 (thoa man);



Phuong trinh thir hai: 1 +4 + 3 = 8 (thoa man);
Phuong trinh thir ba: -3 + 8 — 3 = 2 (thoa man).
Vay (—1; 2; 3) la nghiém cua he phuong trinh (1).

% He phuong trinh nao dudi day la hé phuong trinh bac nhét ba an? Mi bo ba sd (1; 5; 2),
; (I; 1; 1) va (-1; 2; 3) co la nghiém cua hé phuong trinh bac nhat ba an do khong?

4x—-2y+z=35 x+2z=
(1) yd4x=z—5y+2z=-17 (2) 12x—y+z=-1
—x+3y+2z=3; 3x-2y=-1.

2. Giai hé phuong trinh bac nhat ba 4n bang phuong phap Gauss

O céc 16p dudi, ching ta da biét cach giai hé hai phuong trinh bac nhat hai an. Déi vai
hé phuong trinh bic nhét ba an, chiing ta c6 thé tim duoc cach giai nhu thé nao?

f@? Cho cac hé phuong trinh:

2x—y+z=1 2x—-y+z=1
(1) Jy—z=2 (2) 294 z=-1
2z=3 2y—z=-4.

a) Heé phuong trinh (1) co gi dac biét? Giai hé phuong trinh nay.
b) Bién doi hé phuong trinh (2) vé dang nhu hé phuong trinh (1). Giai hé
phuong trinh (2).
Hé phuong trinh co dang nhir hé phuong trinh (1) duoc goi la hé phwong trinh bic nhit
ba in dang tam gidc.
Moi hé ba phurong trinh bac nhat ba an déu bién déi duoc vé hé phuong trinh béc nhét ba
an dang tam giac.
Vidu2

Bién ddi hé phwong trinh sau vé hé phuong trinh bic nhét ba n dang tam giac roi giai hé
vua tim duoc.

3x—y+ z=3 (H

xX—y+ z=2 (2)

y+2z=1. (3)
Gidi

Nhén hai vé ciia phuong trinh (2) v&i -3, cong vé véi vé cia phuong trinh nhan dugc véi
phuong trinh (1), gitr nguyén cac phuong trinh (1) va (3), ta dugc hé:

3x—y+ z=3 (1)
2y—2z=-3 (2.1)
y+2z=1. (3)



Nhan hai vé cua phuong trinh (3) v&i -2, cong vé v&i vé cua phuong trinh nhan dwoc
vo1 phuong trinh (2.1), gitr nguyén cac phuong trinh (1) va (2.1), ta duoc he:

3x—y+ z=3 (1)
2y—2z=-3 2.1
—6z =-5. (3.1)

Tir phuong trinh (3.1), ta co =z =%.

5 2
Thay :=E vao phuong trinh (2.1), ta duoc ¥ =—§.

2 5 |
Thay y=—§ va :=E vao phuong trinh (1), ta duoc I=E.

Vay hé phuong trinh di cho ¢6 nghiém duy nhat la (%—%%)

Pé giai hé phuong trinh bac nhit ba an, ta co thé su
dung cac phép bién déi twong dwong dé dua nd vé hé
phuong trinh bac nhat ba an dang tam giac, tir d6 tim
nghiém cua hé.

Cach giai nhu trén goi 12 gidi hé phiwong trinh béc nhat

ba én bang phiwong phdp Gauss. Nha todn hoc ngudi Dic
&P gpaap Carl Friedrich Gauss (1777 — 1855)

Vidu3
Giai hé phurong trinh sau hﬁng phuong phap Gauss:

x—2y+3z= (1)

2x+3y—z=4 (2)

x+5y—4z=2. (3)
Giai

Nhin hai vé cta phuong trinh (3) véi -2, cong vé véi vé caa phuong trinh nhan duoc vai
phuong trinh (2), gitr nguyén cac phuong trinh (1) va (2), ta duoc hé:

x—2y+3z= (1)
2x+3y—-z=4 (2)
~7y+72=0. (3.1)
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Nhan hai vé ctuia phuong trinh (1) véi —2, cong vé véi vé cua phuong trinh nhan duoc véi
phuong trinh (2), gitr nguyén cac phuong trinh (1) va (3.1), ta duoc hé:

x—2y+3z=9 (1)
Ty—T=z=—14 (2.1)
~Ty+7z=0. (3.1)

Cong vé vdi vé cua phuong trinh (2.1) véi phuong trinh (3.1). gitr nguyén cac phuong
trinh (1) va (2.1), ta duoc hé:

x—2y+3z= (1)
Ty-Tz=-14 (2.1)
Oy+0z=—14. (3.2)

Phuong trinh (3.2) vo nghiém. Do do, hé phuong trinh da cho vo nghiém.

Vidu4
Giai hé phuong trinh sau bang phuong phép Gauss:

2x+2y—z=-] (1)

x+4y+z=-8 (2)

x—2y-2z=17. (3)

Gidi

Nhén hai vé ctia phuong trinh (3) véi —1, céng vé véi vé cia phurong trinh nhan duoc véi
phuong trinh (2), gitr nguyén cac phuong trinh (1) va (2), ta duoc hé:

2x+2y—z=-1 (1)
x+4y+z=-8 (2)
6y+3z=-15. (3.1)

Nhén hai vé cua phuong trinh (2) von 2, trir vé cho vé ciia phuong trinh nhan dwoc cho
phuong trinh (1), gitr nguyén cac phuong trinh (1) va (3.1), ta duoc he:

2x+2y-z=-1 (1)
6y +3z=—15 (2.1)
6y+3z=—15. (3.1)

Hai phuong trinh (2.1) va (3.1) gidng nhau, nén co thé viét hé phuong trinh thanh:
2x+2y—z=-1 (1)
6y +3z=-15. (2.1)
Tir phuong trinh (2.1), ta ¢6 z = -2y — 5, thay vao phuong trinh (1) ta duoc x =-2y - 3.
Vay hé phuong trinh c6 v6 s6 nghiém dang (-2y — 3; y; -2y - 5) véiy € R.



Nhén xét: Mot hé phuong trinh bac nhit ba an c6 thé c¢6 nghiém duy nhat, vé nghiém
hodc vo SO nghiem.

% Gial cac hé phuong trinh sau béﬂg phuong phap Gauss:

x—2y=1 Ix—y+2z=2 X—y+z=
a)yx+2y—z=-2 b) 4x+2y—z=1 c)sx—4y+2z=-1
x—3y+z=3; 2x—3y+3z=2; 4x—y+3z=1.

@ Tim phuong trinh cua parabol (P): y = ax? + bx + ¢ (a # 0). biét (P) di qua ba diém
A(0; -1), B(1; -2) va C(2; -1).

3. St dung may tinh cam tay tim nghiém ctia hé phuong trinh bac nhat
ba an
Ngay nay, cung voi sur phat trién cia khoa hoc ki thuat, nguol ta da san Xudt ra nhimg
chiéc may tinh cam tay nho gon, de dang su dung dé ho tro viéc tinh toan.
Cé nhiéu loai may tinh cdm tay c6 thé gitip tim nghiém cua hé phuong trinh bac nhat ba an
mot cach dé dang. Chﬁng han. ta co thé thue hién trén mot loar may tinh cam tay nhur sau:
Vidu5s
Xet heé phuong trinh:

X=3y+2z=35
X+2y—-3z=4
3x—y—=z=2.

Sau khi m& may, an phim [MENU) dé man hinh | . e
Mg i g [58]g

hién lén bang lua chon.

An lién tiép cac phim m @ dé man -ﬁ: Oy + Dz
hinh hién thi nhu hinh bén. | AN
Tiép theo, lan luot nhap céc hé s6 cua timg 0
phuong trinh h;%mg céch an lién tiép cac phim

nhur sau:

Nhép hé s6 ctia phurong trinh thir nhat: s T

45N

IECEEDAEERE |° 5 e

Nhap hé s6 cua phwong trinh thir hai: !

DEEREEEE

Nhap hé s6 cua phwong trinh thir ba:

BEeOE0ERAE

1]

n



Tiép theo, an lién tuc 3 lan phim @ dé xem két qua.

. Pg] v : W va o s
x= y= z=

7| 5 S

: 58 57
Vay nghiém cua hé phuong trinh la [—T; —?: ——S-J
Chu y: DPbi vai cac hé phuong trinh béc nhét ba an vo nghiém hodac vo sb nghiém,
sau khi thue hién twong tu nhu Vi du 5, ta nhan duoc két qua hién thi trén man hinh may
tinh cdm tay nhu sau:

It ] [ ]

No Solution Infinite Solution
Hé phuong trinh vo nghiem Hé phuong trinh ¢4 v6 sb nghiém

% Sir dung may tinh cam tay, tim nghiém cua cac hé phuong trinh sau:

2x+y—z=-1 2x=3y+2z=5 x—y—z=-1
a)ysx+3y+2z=2 b) x+2y—3z=4 c)12x=y+z=-1
Ix+3y—3z=-5; 3x—yp—z=2; —4x+3y+z=3.

@ Ba ban Nhan, Nghia va Phiac di vao cing tin cua truong. Nhan mua mot |1 tra sira, mot
2 i nudc trai cy, hai cai banh ngot va tra 90 000 dong. Nghia mua mét i tra sita, ba cai
banh ngot va tra 50 000 n:it“:-ng. Phiic mua mét li tra sira, hai li nudc trai cay, ba cai banh
ngot va tra 140 000 déng. Goi x, y. = lan luot la gia tién ctia mot li tra sira, mét li nudc
tra1 cdy va mot car banh ngot ta1 cang tin do.
a) Lap cac he thuc thé hién moi lién heé gitra x, y va =.
b) Tim gia tien cua mét i tra stra, mot i nuoce trai cdy va mot cai banh ngot tai
cang tin do.

BAI TAP

1. Trong cac hé phuong trinh sau, hé nao 1a hé phuong trinh bac nhat ba an? Mdi bé ba so
(=1:2; 1), (-1.5; 0.25; —1,25) co 1a nghiém cua hé phuong trinh bac nhét ba an do khong?

2x—4y—3:=_—1
3x—2y+z=—-6 5x—2y+3z=4 4
a) s—2x+y+3z= b) 43x+2yz—z=2 c) ‘3I+S‘]x'—4:=£
dx—y+T7z=1; x—=3y+2z=-1; Zl
21’+3y—2;=1.
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2. Giai cac hé phwong trinh sau bang phwong phap Gauss:

2x+3y =4 Xty+z= xX—y+5z=-2
a) 1x— 3y =2 b) x+3y+2z= c) 12x+y+4z=2
2x+y—z=3; Ix—y+z=4; x+2y—z=4.
3. Sur dung may tinh cam tay, tim nghiém cua cac hé phuong trinh sau:
x—5z= 2x—y+z=3 x+2y—z=1
a)s3x+y—4z=3 b) {x+2y—z= c)12x+y—2z=
—x+2y+z=-1; Ix+y-2z=12; 4x—Ty-4z=4.

4. Tim phuong trinh cua parabol (P): y = ax* + bx + ¢ (a £ 0), biét:
a) Parabol (P) c6 truc d6i ximg x = 1 va di qua hai diém A(1: —4), B(2; -3);

r 3 .
b) Parabol (P) co dinh I[EE] va di1 qua diem M(-1; 3).

5. Mot dai li ban ba leal gas 4, B. C von gia ban moi binh gas lin Iuot la 520 000 di;:‘lng,
480 000 ﬂéng, 420 000 ﬁ-:;mg. Sau mot thang. dai li da ban duoc | 299 binh gas cac loai
voi tong doanh thu dat 633 960 000 déng. Biét ring trong thang d6, dai li ban duoc sé
binh gas loa1 B hﬁng mét nira tong s6 binh gas loai A va C. Tinh s6 binh gas moi loai ma
da1 li ban duoc trong thang do.

ai 2. Ung dung hé phuong trinh
bac nhat ba an

rrrrr

trinh (bac :lhat bac hmj hoac hé phuong trinh (bac nhat hai an}

Trong bai nay. ta s& lam quen véi cach giai mot sb bai toan thuc té trong nhiéu linh
vue khac nhau bang cach lap hé phuong trinh bic nhat ba an.

1. Giai bai toan bang cach lap hé phuong trinh
Trude khi xét mét sé irng dung trong cac mon khoa hoc tu nhién va trong kinh té & hai
muc tiép theo, trong muc nay ching ta lam quen v cac budce giai bai toan I::u&"mg cach lap
hé phuong trinh bac nhét ba an.

Dé giai bai toan bang cach lap hé phuong trinh bac nhét ba an, ta thuc hién cac budc sau:

"% Buwdc I: Lap hé phwong trinh
Chon an la nhirng dai luong chua biét.
Dua trén ¥ nghia cua cac dai lwong chua biét, dat diéu kién cho an.
Dua vao dir kién cua bai todn, 1ap hé phuong trinh véi cac an.
Birdc 2: Giai hé phuwong trinh.
Buwdc 3: Kiém tra diéu kién cia nghiém va két lufn.
13



Vidu 1
Gid vé vao xem mot hllé}i biéu dién xiéc gom ba loai: 40 000 ddng danh cho tré em
(dudi 6 tudi), 60 000 dong danh cho hoc sinh va 80 000 dong danh cho nguai lon. Tai
budi biéu dién, 900 vé da dwoc ban ra va téng sb tién thu duoc la 50 600 000 dong.
Ngudi ta dd ban duoc bao nhiéu vé tré em, bao nhiéu vé hoc sinh va bao nhiéu vé
ngudi 16n cho budi biéu dién d6? Biét ring s6 vé ngudi lén bing mét nia s6 vé tré
em va hoc sinh cong lai.
Giai

Goix, v,z lan luot la sO vé tré em, vé hoc sinh va vé nguoi 16n da duoc banra (x, v, = € I).
Co6 900 ve da duoc ban ra, ta co

x +y+z=900.
Téng s6 tién thu duoc trong budi bicu dién nay la 50 600 000 dong, ta co

40000x + 60000y + 80000z = 50600000
hay 2x + 3y + 4z = 2530.

S0 vé ngudi lon bing mot nia so vé trée em va hoce sinh cong lai, ta co

+ 1V
z= tz‘] hay x + y - 2z=0.

Tir do, ta co hé phuong trinh

xX+y+z=900
2x+3y+4z=2530
x+y—2z=0.

Str dung may tinh cam tay giai hé phuong trinh, ta duoc: x = 470, y = 130, = =300.
Viay c6 470 vé tre em, 130 vé hoc sinh va 300 vé ngudi lén da duoc ban ra.

@ Ba van dong vién Hung, Diing va Manh tham gia thi ddu néi du_ng ba mén phéi hop:
chay, boi va dap xe, trong d6 toc d6 trung binh cua ho trén méi chang dua duoc cho
o bang duom day.

14

Dap xe
Hung 12,5 3.6 48
Diing 12 3,75 435
Manh 12,5 4 45

Biét tong thoi gian thi dau ba mén phoi hop cua Hing 1a 1 gio 1 phat 30 gidy, cua
Diing 1a | gio 3 phit 40 gidy va cua Manh la 1 gig 1 phit 55 gidy. Tinh cu li cua

moi chang dua.



2. Ung dung trong giai bai toan Vat li, Hoa hoc, Sinh hoc

Vidu2
Ba té bao 4 . B, C sau mot s lan nguyén phan tao ra 88 té bao con. Biét sb té bao B tao ra
gap doi s6 té bao A tao ra. S5 lan nguyén phan cua té bao B it hon s6 lan nguyén phan cua
té bao C 1a hai lan. Tinh s6 lan nguyén phan cia mdi té bao, biét ring mot té bao sau mot
lan nguyén phan sé tao ra hai té bao mdi gidng té bao ban dau.

Gidi
Goix,y, z lan luot la s6 lan nguyén phan ciua moi té bao A, B, C (x, ¥,z € N).
Téng céc té bao con 1a 88, ta co 2+ + 20 + 2: = 88,
So6 té bao B tao ra gap doi so té bao A tao ra, tacd 2’ =2, 2%,
S6 lan nguyén phén cua té bao B it hon sé lan nguyén phin cua té bao C la hai lan, ta c6
y+2=z

Tir do, ta co hé phuong trinh
24V +27 =88  [24+2742°=88  [27427 +2° =88
2’ =2.2° hay 12:2'=2" =0 pay42.2°-2" =0
y+2=z 2= 4.2’ -2 =0.
a+b+c=288
bita=2", b=2', c¢=2°. Ta co hé phuong trinh {2a-b =10
4b-c=0.

Sir dung may tinh cam tay giai hé phuong trinh, ta dwoc a =8, b= 16, c = 64.
Dodox=3,y=4.z=6.
Vay s0 lan nguyén phan cua ba té bao 4, B, C lan lwot 1a 3, 4, 6.

Vidu3

Pé nghién ciru tic dung ciia ba loai vitamin két hop véi nhau, mét nha sinh vét hoc muén
moi con tho trong phong thi nghiém ¢6 ché d6 in uéng hing ngay chira chinh xic 15 mg
thiamine (B1), 40 mg riboflavin (B2) va 10 mg niacin (B3). Co ba loai thite dn vo1 ham
luong vitamin duge cho bai bang dudi day:

Thiamine (B1)
Riboflavin (B2)
Niacin (B3)

Mai con tho cin phai duoc cung cap bao nhigu gam thirc in mdi loai trong mét ngay?
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Giai
Goix,y,z lan luot 1a so gam thirc an loai /, I/, II] ma méi con tho 4n trong mét ngay
(x=0,y=0,z=0).

Mai con tho c6 mét ché dé an udng hang ngay chira chinh xac 15 mg Bl, ta c6
0,03x + 0,02y + 0,02z = 15.
M&i con tho ¢6 mét ché dé dn udng hing ngay chira chinh xac 40 mg B2, ta c6
0.07x + 0,05y + 0,07z = 40.
M3i con tho c6 mét ché dd an uéng h;?mg ngay chira chinh xac 10 mg B3, ta co
0,02x + 0,02y + 0,01z = 10.
Tir do, ta co he phuong trinh
0,03x+0,02y+0,02z =15
0,07x+0,05y+0,07z=40
0,02x+0,02y +0,01z=10.
Str dung may tinh cdm tay giai hé phuong trinh, ta duoc: x = 300, y = 100, = = 200.

Vay mét ngay mdi con tho can duge cung cip 300 g thirc dn loai I, 100 g thic an loai /7
va 200 g thae an loai /11,

Vidu 4

Cho so d6 mach dién nhu Hinh 1. Céc dién tro c6 sé do lan luot laR =6 0, R, =4 Qv
R3= 3 Q. Tinh céc cuong dé dong dién I], Iz va Ij.

Hinh 1
Gidgi
Tong cudng d6 dong dién vao va ra tai diém B bang nhau néntacé / =1, + 1.
Hiéu dién thé giita hai diém B va C duoc tinh boi:
U= LR, =4I, hoac U,.= I,R, = 31,, nén ta c6 41, =31,
Hiéu dién thé giita hai diém 4 va C dugc tinh bai:
Ue=IR, + LR, =6l, + 31,
Mat khéc U, =6, néntaco 6 + 31, =6 hay 21, + [,=2.



Tir do, ta co hé phuong trinh

t—d; A=
45, -3, =0
2L +1,=2.

: SO i , 7 1 4
Sir dung may tinh cam tay giai hé phuong trinh, ta duoc [, = EA’ 1= ER, o= —g—A.
Vidus
Cin bing phuong trinh phan {mg hoa hoc khi dét chay nhém trong oxygen:

Al+0, -1t ALO.

Giai
Giasirx,v,zlaba s nguyén duong thoa méan can bf:'mg phuong trinh phan g hoa hoc:
xAl+y0, £ zAL O..
S6 nguyén tir nhém & hai vé bing nhau, ta c6 x = 2=.
So nguyen tu oxygen o hai vé hﬁng nhau, ta co 2y = 3z.
x=2z
2y=3z.

Vivla s6 nguyen duong nén ta chonz = 2n, voi n la S0 nguyen duong.

Tir do, ta co hé phuong trinh {

Hé phuong trinh c6 v6 sd nghiém dang (4n: 3n: 2n), trong dé n la sé nguyén duong.
Dé phuong trinh c6 hé s6 don gian, tachonn=1,tacox=4,y=3vaz=2.

Vay phuong trinh can bﬁﬂg phan g hoa hoc la 4A1 + 30, S 2A10..

@ Mot nha hoa hoe co ba dung dich cting mot loai acid nhung voi nﬁng do khac nhau la
' 10%, 20% va 40%. Trong mot thi nghiém, dé tao ra 100 m/ dung dich nong dé 18%,
nha hoa hoc da sir dung luong dung dich nong dé 10% gap bon lin luong dung dich
nong d6 40%. Tinh s6 mililit dung dich mdi loai méa nha hoa hoc dé da sir dung trong

thi nghiém nay.

) Balogi té bao 4, B, C thyc hiénsé lannguyénphanlin I, 160
luot 1a 3, 4, 7 va tong so té bao con tao ra la 480. Biet £ |-
rang khi chua thuc hién nguyén phan, sé té bao loai B
bing tong s té bao loai A va loai C. Sau khi thuc hién
nguyen phan, té-ng s0 té bao con loai 4 va loai C duoc ;2 . _
tao ra gép nam lan sé té bio con loa1 B duoc tao ra.

— 4V

Tinh sb té bao con méi loai lic ban dau. 5V
. 40 I
@ Cho so do mach dién nhu Hinh 2. Tinh cac cuong do F—
=< dongdién/, I, val, Hinh 2
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Ung dung trong giai bai toan kinh té

Vidué
M6t éng chu trang trai c6 24 ha dat canh tac du dinh sir dung dé trong khoai tay, bap cai
va su héo‘ voi chi phi dau tr cho moi hecta lan luot la 28 triéu dong, ,24 t}'iéu dong va
32 triéu dong. Qua tham do thi tmﬁmg Emg dﬁ tinh toan duoc dién tich dat trong khﬂai tﬁy
can gap ba dién tich dat trong bép cai. Biét rang Dng -:u tong nguon 'mn sir dung dé trong
ba loai cay trén la 688 triéu dnng Tinh dién tich dt can sur dung dé rn::rng moi loai cay.
Giai
Goi x, y, = lan luot 13 dién tich dét can s dung dé trong khoai tay, bap cai va su hao
(don vi: hecta, x>0,y =0,z=0).
Téng dién tich dat sir dung dé tréng ba loai cay la 24 ha, ta co
x+y+z=24
Téng ngudn von st dung dé trong ba loai cay la 688 triéu dong, ta c6
28x + 24y + 32z= 688 hay Tx + 6y + 8z=172.
Dién tich dat tréng khoai tay gﬁp ba dién tich dét trf*:rng I:lfip cai, ta co
x=3yhayx—3y=0.
Tir do, ta co hé phuong trinh
x+y+z=24
Tx+6y+8z=172
x=3y=0
Str dung may tinh cdm tay giai hé phuong trinh, ta duge: x =12, y=4 vaz=8.
Vay dién tich dét can I:mng khoai tay la 12 ha, tr::mg hap caila 4 hava tr:;:lng su hao la 8 ha.

Vidu7
Gasu P, P, P, lan luot la gia ban (goi tit 1a gid) mbi kildogam thit lom, thit bo va thit ga
trén thi trirdmg. Qua khao sat. ngudi ta thay ring luong cung (luong san pham duoc dua
vao thi truong dé ban) cua tirng san pham nay phu thudc vao gia cua no theo cong thirc
nhur sau:

San phim Thit lon Thit bo Thit ga

e et Q,=-238+2P, | O, =-247+P, | O =-445+3P,

Qua khao sat, nguon ta thay luong cau (lrong san pham ma nguot tieu dung co nhu cau
mua) cua tung san pham khong chi phu thudc vao gia cua san pham do ma con phu thuoe
vao gia hai san pham con lai theo cac cong thuc sau:

San phdm Thit lon Thit bo Thit ga

lugngedu | O, =22 P +P,—P, | Q, =283 +P —-P,-P,| 0, =25-P,+P,-P,




Ta nbi thi triweomg cdn bang néu luong cung mdi san pham bang lwrong cau cia san pham
do, tacla: O, =0,,, O, =0, va Oy =0,.
Gia clia mdi san pham trén biing bao nhiéu thi thi trudng can biang?

Giai

Dé tim gia ctia mdi kildgam thit lon, thit bo va thit ga, ta xét hé phuong trinh:

Os, =0, —23842P=22-P+P-P, 3B-P +P, =260
Qs =0, ticla {—247+P,=283+R—-P—P, hay {—R+2P+P, =530
0. =0, —445+3P,=25-P+P,-P, P — P, +4P, =470.

Sir dung may tinh cam tay giai hé phuong trinh, ta duoc: P =120, P,=250, P, =130

Vay thi truéng can bing khi gia ban cia mdi kildgam thit lon, thit bo, thi ga lan lwot la
120 nghin dong, 250 nghin dérng, 150 nghin dong.

Nhdn xét: Trén thi truémg, luong cung mot san pham phu thudc vao gia ban san phﬁm
d6 (con goi la gia thi truong). Gia thi trudng cua san pham do cang cao thi luong cung
san pham dé cang l6n (do nha san xuit va nha phan phoi cang cé déng luc san xuat va
phan phoi san pham dé thu duoc nhiéu loi nhuan). Ching han, & Vi du 7 ta thay luong
cung 0. =-238 + 2P cua thit lon cang lon néu gia P cua moi kilégam thit lon cang lém.
Bén canh do, luong cdu cua mot san pham ciing phu thudc vao gia thi truong cua san
pham dé (gia cang cao thi luong cau cang giam).

Mat khac, luong cung va luong ciu ciia moi san phém con phu thudc gia thi triromg cua
nhitng san pham khéc. Chang han. néu gia cua thit bo hodc gid cua thit ga thap hon so véi
gia cua thit lon thi nguol tiéu dung co xu huong mua thit bo hoéac thit ga thay vi mua thit lon.
Nhu trong Vidu 7 ta th'fi}'. luong ciu cua thit lon phu thudc vao gia P, cua thit lon, gia P,
cua thit bo va gia P, cua thit ga.

Vidus

Mét nha dau tu du dinh sir dung 1 ti dong dé dau tur vao ba loai trai phiéu: ngan han,
trung han va dai han. Biét lai sut coa ba loai trai phiéu ngén han, trung han, dai han moi
nam lan luot 1a 3%, 4%, 5%. Nguoi do du dinh s& dau tu s6 tién vao trai phiéu trung han
gap déi so tién dau tr vao trai phiéu ngan han véi mong muén nhan duoc tong tién lai
trong ndm déu tién 1a 4,2% sé tién dau tu. Nguoi d6 nén dau tur vao moi loai trai phiéu
bao nhiéu tién dé dap img duoc mong mudn cua minh?

Giai

Goix,yvaz lin Iuot la s6 tién dau tu vio ba loai trai phir':‘u ng:'in han, trung han va dai han
(don vi: ti dong, x =0,y = 0, == 0).

Téng s6 tién du dinh dau tur 1a 1 ti dong, ta co

x+y+z=1.
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Lai suat ctia ba loai tri p!ﬁéu qgﬁ'n han, trung han, dai han méi nam ifin luot 14 3%, 4%, 5% va
mong muon nhan duoc tong tién 131 trong ndm dau tién la 4,2% so6 tién dau tu, ta co
0,03x + 0,04y + 0,052=0.,042 . | hay 3x + 4y + 5z=4.2
S6 tién dau tu vao trai phiéu trung han gip déi sb tién dau tu vao trai phiéu ngin han, ta co
y=2xhay 2x -y =0.
Tir do, ta co6 hé phuong trinh
X+y+z=
3x+4y+5z=4,2
2x—y=0.
St dung may tinh cim tay gia1 hé phuong trinh, ta duoc: x=02: y=04; z=04.

Viy nha dau tu nén diu tu 200 triéu dong vio trai phiéu ngin han, 400 triéu déng vao
trai phiéu trung han va 400 triéu dong véo trai phiéu dai han.

Xét thi truomg cheé, ca phé va cacao. Goix,yvaz lan luot 1a giacua | kgche, 1 kg ca
phe va l kg ca cao (don vi: nghin dﬁng, x>0, y=0,z=0). Cac luong cung va lugng
cau cia moi san pham duoc cho nhu bang sau:

Che QS. =—380+x+y QD] =350 -x-=z
Ca phe Q;, =-405+x+2y-z O, =760=2y—z
Ca cao Oy, =—350-2x+ 3z O = 145=% vz

Tim gia cua mdi kildgam ché, ca phé va ca cao dé thi truong can bang.

Q Pé ma n:mg san sudt, mot cong ty da vay 800 triéu déng tir ba ngan hangA B V& £

voi 1di suat cho vay theo nim lan lrot 13 6%, 8% va 9%. Biét rang tﬂng sn tién
1ai ndm déu tién cong ty phai tra cho ba ngin hang la 60 triéu dﬂng va s6 tién 1ai
cong ty tra cho hai ngan hang A va C la héng nhau. Tinh sé tién cong ty da vay tir
moi ngan hang.

% Bic Nhan c6 650 triéu dong du dinh giri tiét kiém vio cac ngan hang 4, Bva C. Biét cac

ngéan hang A, B, C tra 13i suat lan luot 1a 8%/nam, 7,5%/nam va 7%/nam. D& phi hop
véri nhu cau, bac Nhin mong muon sau mot nam, té-ng so tién 13i bac nhan duoc la
50 triéu déng va s6 tién bac giri vao ngan hang B 1én hon s tién giri vao ngan hang C
1a 100 triéu déng. Hay tinh gitp bac Nhan sé tién giri vao mdi ngin hang sao cho dap
ung duoc yéu cau cua bac.

@ Mot cong ty san xuat ba loai phan bon:
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— Loa1 A co chira 18% nito, 4% photphat va 5% kali;
— Loai B co chita 20% nito, 4% photphat va 4% kali;
— Loai C co chita 24% nito, 3% photphat va 6% kali.

Céng ty san xuat bao nhiéu kilégam mdi loai phan bon trén? Biét rang cong ty da
dung hét 26400 kg nito, 4900 kg photphat, 6200 kg kali.
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Mot dai li ban ba mau may diéu hoa A, B va C, véi gia ban méi chiéc theo timg mau lan
lwot 1a 8 triéu déng, 10 triéu dong va 12 tridu dong. Thang trude, dai li ban dugc 100 chiée
gom ca ba mau va thu duoc sb tién la 980 triéu dong. Tinh s6 lvong may diéu hoa méi
mau dai li ban duoc trong thang trudrc, biét réng s6 tién thu duoc tir ban may d iéu hoa
mau A va mau C la bﬁng nhau.

. Nhan dip ki niém ngay thanh lap Poan Thanh nién Céng san H6 Chi Minh, mét truéng

Trung hoc phf‘:l thong da to chirc cho hoc sinh tham gia cac tro choi. Ban to chirc da
chon 100 ban va chia thanh ba nhom 4. B, C dé tham gia tro choi thar nhat. Sau khi tro

choi két thiic, ban té chire chuyén % s6 ban & nhom A sang nhom B; zl;séu ban o nhom B

sang nhom C; s ban chuyén tir nhém € sang nhém 4 va B déu bang % 56 ban & nhom

C ban dau. Tuy nhién, ngudi ta nhan thii:-,r s6 ban & mdi nhom la khong doi qua hai tro
choi. Ban t6 chitc da chia méi nhém bao nhiéu ban?

. Mét cira hang giai khat chi phuc vu ba loai sinh té: xoai, bo va mang ciu. Pé pha méi

li (coc) sinh to nay déu can dung dén sira dac, sita tuoi va sita chua vai cong thire cho
o bang sau.

Sinh t& (1)

Stra dc (mi)

Sia tuai (ml)

Sita chua (ml)

Xoal

20

100

30

Bo

10

120

20

Mang cau

20

100

20

Ngay hém qua cira hang da dung hét 2 / sira dic; 12,8 / siva tuoi va 2,9 [ sita chua. Cira hang
dé ban duoc bao nhiéu li sinh t6 méi loai trong ngay hém qua?

. Baté bao A, B, C sau mét s6 lan nguyen phan tao ra 168 té bao con. Biét s6 té bao A tao

ra gf;p bén lan s6 té bao B tao ra va so lan nguyéen phan cua té bao C nhiéu hon s6 lan
nguyen phan cua té bao B la bon lan. Tinh s6 lan nguyén phén cua moi té bao.

Cho so d6 mach dién nhu Hinh 3. Biét R, =4 Q, I, R

R2= 4 Q) va R3 = 8 Q). Tim cac cudong do dong dién I:
LsLval. >
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6. Can bang phuong trinh phan tng khi dét chay khi methane trong oxygen:
CH,+ 0, ——> CO, + H,0.

7. Mot nha may c6 ba bo phan cﬁt, may, dong goi dé san xuit ba loai san ph{'im: ao thun,
4o so mi, a0 khoéc. Thai gian (tinh bang phit) clia mdi b phan dé san xuat 10 cai a0
méi loai duoc thé hién trong bang sau:

Cit 9 12 15
May 22 24 28
Dong goi 6 8 8

Céc b phan cit, may va déng gbi cé t6i da 80, 160 va 48 gitr lao dong tuong img mdi
ngay. Hay lap ké hoach san xuat dé nha may hoat dong hét cong suat.

8. BaHaco | ti dong dé dau tw vao cd phiéu, trai phiéu va gii tiét kiém ngéan hang. C6 phiéu
sinh loi nhudn 12%/nam, trong khi trai phiéu va giri tiét kiém ngén hang cho 1ai suit lan
lwot 13 8%/nam va 4%/nam. Ba Ha da quy dinh ring sé tién gui tiét kiém ngén hang phai
bang tong cua 20% s tién dau tr vao ¢ phiéu va 10% sé tién dau tw vao trai phiéu.
Ba Ha nén phén bd ngudn vén cia minh nhu thé nio dé nhan dwoc 100 tridu dong tién lai
tir cac khoan dau tu d6 trong nim diu tién?

9. Trén thi trudmg c6 ba loai san phim A, B, C véi gid mdi tan san pham twong fmg 1a x, y, z
(dom vi: triéu dong, x = 0, y = 0, == 0). Luong cung va hrong cu ctia mdi san pham duoc
cho trong bang duc day:

A O =4x—y—z-3 0, =—2Zx+ty+z+9
B Qs =—=x+4y-z-5 O =x—-2y+tz+3
C O, =—x-y+dz-1 Oy =x+y-2z-1

Tim gia ban cia mdi san pham dé thi truéng can bang.
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10. Vé vao xem mét vo kich cé ba mirc gia khéc nhau tuy theo khu vire ngdi trong nha hat.
So luong vé ban ra va doanh thu cua ba suat dién duoc cho bai bang sau:

Sust dién . etguddng)
Khu vue 1 Khu vuic 2 Khu vue 3 .I !-. T
10h00 - 12h00 210 152 125 212,77
15h00 — 17h00 225 165 118 2244
20h00 - 22h00 254 186 130 2522

Tim gia vé tmg v6i mdi khu vue ngdi trong nha hat.

Ban c6 biét?
Qua trinh quang hop cua thuc vat

Quang hop la qua trinh trao déi chat va chuyén hoa
ning lrong thuong dién ra o thuc vat. Nhe ¢ chat
diep luc, cay xanh s¢ hﬁp thu nang lwong tir anh sang
mit troi, dé chuyén hoa nuée va khi carbon dioxide
(CO,) nod hit duoc hinh thinh nén dudng va ﬂéng
thot cung s€ nha ra khi oxygen (O,). Khi O 5 co vai
trod rat quan trong trong qua trinh du} tri su am:g cua
con nguol. Co thé noi, quang hop chinh la chudi phan
ung hoa hoc quan trong khung thé thiéu. N6 tao ra
nang luwong cho sur song; bu dap lal nhu‘ﬂg chat hiru
co da b1 su dung trong qua trinh Sﬂﬂg giip can I:lang
khi O, va CO, trong khong khi. Trﬂng tur nhién, phan
ung quang hcrp xay ra theo so do sau:

Anh sang mat trdi

CO, +H’D—*CH O, + 0,

612 6

Dé can b:'mg phuong trinh hoa hoc trén, ta lam nhur sau:

Goi x, y. z. ¢ 1an luot 1a hé sb can bang cua CO,, HO,CH O, vaO, trong phuong trinh
hoa hoc trén (x, v, z, f ¢6 uéc chung 16m nhét bang 1).

Do s6 nguyén tir cling tirng nguyén to & hai vé phai bing nhau nén ta ¢ hé phuong trinh:

x=6z x=6z (1)
2x+y=06z+24 = 2x+y=06z+2t (2)
2y=12z y=6z (3)

Thay (1) va (3) vao (2) taduoc 12z + 6z=6z+ 2r <> 1= 6.
Do x, ¥, z, t ¢6 uéc chung 1én nhat bang | néntachonz=1=x=y=7=6.
Viy ta ¢6 phuong trinh hoa hoc: 6CO, + 6H,0 i C.H, O, + 60,
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BAI TAP CUOI CHUYEN PE 1

1. Trong cac hé phuong trinh sau, hé nao la hé phuong trinh bac nhat ba an? Mai bo ba )

(=1;0; 1), [%;—% —1] c6 la nghiém cua céc hé phuong trinh bac nhét ba an d6 khong?

2x—y+z=—1 4x—-2y+z=2 3x—2y+zx=2
a) .—x+2y =1 b) {8x+3z 1 c) sxy—y+2z =
Iy—2z =-2; —6y+2z 1 x+2y—3yz=-12.
2. Giai cac hé phwong trinh sau bing phuong phap Gauss:
x=2y+z = Ix—2y—4z=3 x+y+z =1
a) —y+z =2 b) <4x+6y—=z =17 e) 3x-y—z =4
y+2z=1; x+2y =3; x+3y+iz=-1.

3. Tim phuong trinh cia parabol (P): y = ax? + bx + ¢ (a # 0), biét:
a) Parabol (P) cit truc hoanh tai hai diém phéan biét ¢6 hoanh d6 lin luot lax=-2;x=1
va d1 qua diem M(-1; 3);
b) Parabol (P) cit truc tung tai diém cé tung dd y = -2 va ham s6 dat gia tri nho nhat
bang —4 taix = 2.

4. Mot vién lam ngoc va hai vién hoang ngoc tn glﬂ gap 3 lan mét vién ngoc bich. Con ba},r
vien lam ngoc va mot vién hoang ngoc tri g1a gap 8 lin mot vién ngoc bich. Biét gia tién
cua bo ba vién ngoc nay la 270 tricu ﬁong. Tinh gia tién moi vién ngoc.

5. Bén ngu dan gop von mua chung mot chiéc thuyén‘ S6 tién nguol dau tién dong gop héﬂg

.. T N = i : raoeiy s a L TN 1l .: £
mot nira tong so tien cua nhirng nguol con lai. Nguon thar hai dong gop bang H tong so

tién cua nhimg ngudi con lai. Ngudi thir ba déng gop bing & tong so tién cua nhimg

ngudi con lai. Nguoi thir tu déng gop 130 triéu dong. Chiée thuyén nay duoc mua gia
bao nhieu?

6. M6t quy dau tr du kién danh khoan tién 1.2 ti déng dé dau tu vao co phiéu. Dé thay
duoc mirc dd i ro, cac co phiéu duoc phan thanh ba loai: rai ro cao, rii ro trung binh
va rui ro thap. Ban Giam déc cua quy wdc tinh cac ¢6 phiéu rui ro cao, rai ro trung binh
va rui ro thap s& c6 loi nhuan hing nam lan luot 1a 15%, 10% va 6%. Néu dit ra muc tiéu
dau tur c6 loi nhuén trung binh la 9% / nam trén téng s6 von dau tu, thi quy nen dau tu bao
nhiéu tién vao mdi loai cd phiéu‘? Biét rf';.ng, dé an toan, khoan dau tu vao cic cd phiéu rui
ro thap s& gap déi tong cac khoan dau tu vao cic cd phiéu thude hai loai con lai.

7. Ba loai té bao A, B, C thuc hién sé lan nguyén phén lan luot 1a 3, 4, 5 va tong s té bao
con tao ra la 216. Biét ring khi chua thuc hién nguyén phén, s6 té bao loai C béing trung
binh cong s6 té bao loai A va loai B. Sau khi thuc hién nguyen phan, téung s té bao con
loai 4 va loai B duoc tao ra it hon s6 té bao con loai ' duge tao ra la 40. Tinh so té bao
con moi loai lic ban dau.
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8. Cho so d6 mach dién nhu Hinh 1. Biét ring I R
R =R, = R,= 5Q. Hay tinh céc cudng dé . P i
dongdien [, val,.

R

|
4V R
Hinh 1

9. Cho A, B va C la ba dung dich cung loai acid co ni’mg d6 khac nhau. Biét réng néu tron ba
dung dich moi loai 100 m/ thi duoc dung dich néng do 0.4 M (mol/lit); néu tron 100 m/
dung dich 4 voi 200 m/ dung dich B thi duoc dung dich ﬂf‘:rng do 0,6 M: néu tron 100 m/
dung dich B véi 200 m/ dung dich C thi dugc dung dich né-ng dé 0,3 M. Moi dung dich
A, Bva C c6 nong d6 bao nhiéu?

10. Xang sinh hoc ES5 1a hén hop xang khéng chi truyén théng va con sinh hoc (bio — ethanol).
Trong loal xang nay chira 5% con sinh hoc. Khi dong co dot chay luong con trén thi
xay ra phan ung hoa hoc

C,HO+0, —t 5 CO, + H,0.
Can b;:-mg phuong trinh hoa hoc trén.

11. Trén thi truémg hang hoa c6 ba loai san pham A, B, C véi gia mdi tan twong tmg la x, y, =
(don vi: triéu dong. x = 0, y = 0, = 0). Luong cung va luong cau cua moi san phdm dwoc
cho trong bang dum day:

A O; =—60+4x-2z O, =137-3x+y
B O;, =-30-x+5y—z Op =131 +x—4y+z
5 O =-30-2x+3z Op =157 +y-2z

Tim gia cua moi san pham dé thi trudng can bang.

12. Giai bai toan ¢6 sau:
Trdm trau, tram co
Trau dumg an nam
Trdu ndm dn ba
Lu khu trau gia
Ba con mot bo

Hoi co bao nhiéu con trau dirng, trau nam, trau gia?
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Chuyén dé 2

PHUONG PHAP QUY NAP TOAN HOC
VA NHI THUC NEWTON

26

Chuyén dé nay 6 hai ni dung trong tam.

Dau tién, ching ta sé di tim hiéu vé phuong phap quy nap toan hoc, mdt céng cu quan trong va hiéu qua
clia toan hoc. Chiing ta lam quen va thuc hanh sit dung phuong phap nay dé ching minh nhiéu loai ménh dé
toan hoc khac nhau.

Tiép theo, chiing ta sé tim hiéu sau hon va day @i hon vé cing thiic nhi thiic Newton va tam giac Pascal, ciing nhu
thuc hanh va van dung chiing trong gidi toan.

@' Sau chuyén dé nay, ban cé thé:

o

- Str dung phuang phap quy nap toan hoc dé chiing minh nhiéu ménh dé toan hoc
khac nhau.

~ Sl dung céng thic nhi thiic Newton va tam gidc Pascal dé khai trién cc biéu thiic
dang (a + b)"; van dung cong thiic khai trién gidi mot s6 bai toan lién quan.



Bai 1. Phuong phap quy nap toan hoc

Tirkhoa: Quy nap todn hoc; Gi thiét quy nap.

@ Trong mét tro choi domino, cac quan domino duoc
xep theo thir trr tir quan dau tién dén quan cuoi cung.
Bict rang xay ra hai diéu sau:
1) Quén domino déu tién do:
2) Néu quan thir k d6 thi quan thit & + 1 d6.

Cb thé két luan rang tat ca cac quan domino déu d6
khong? Hay giai thich.

Tro chot domino nhur trén 1a hinh anh mé phong cia mét nguyén li toan hoc quan trong
ma ta sé& tim hiéu trong bai nay.

1. Phuong phap quy nap toan hoc

J"@ Bing cach t6 mau trén luéi 6 vuéng nhu hinh dudi day,

A l

143+5+7+9=35

1+3+5+7=4
14+3+5=3
1 +3=2°

=7

Hinh 1
mot hoc sinh phat hién ra cong thire sau:
1+3+5+7+ .. +(2n-1)=n’ (1)
a) Hay chi ra cong thirc (1) dung voin=1, 2, 3.4, 5.

b) Tir viéc to mau trén luot 6 vuong nhur Hinh 1, ban hoc sinh khfmg dinh réng cong
thitc (1) chic chin ding v&i moi sb tu nhién n > 1. Khang dinh nhu vy da thuyét
phuc chua? Tai sao?
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Vé6i mbi s6 tu nhién n 2 1, cong thirc (1) la mét ménh dé toan hoc (ménh dé). Ta néi ménh
dé nay phu thuéc s6 tu nhiénn > 1.
Mbi lan t6 thém mot hang va cot nhitng 6 vuong, ban hoc sinh da kiém nghiém cong
thirc (1) thém mot truong hop cua »#. Tuy nhién, bai tap hop M* la vo han nén cach lam
do6 khong thé chimg to cong thirc (1) dang véi moi n € N*, Dé dat duoc diéu nay, ta can
ding suy luan.
Nguyén li quy nap toan hoc cho ta mot phwong phap suy luan manh mé va hiéu qua dé
chimg minh nhidu ménh dé phu thuée s6 tu nhién.
Nguyén li quy nap todn hoe
O i

Gia str vol moi s0 tu nhién s 2 1, P(n) 1a mét ménh dé. Gia sir hai diéu kién sau thoa man:

1) P(1) ding;

2) V&i moi s6 tu nhién & > 1. néu P(k) dang thi Pk + 1) ding.

Khi d6, P(n) ding véi moi so tw nhién n = 1.

bé chirng minh mot menh dé phu thuoc s6 tu nhién dung vo1 mo1 n € N* hﬁng phuong
phép quy nap todn hoc, ta can thwc hién hai budc:

Biroc 1. Chi ra ménh dé dung voin = 1.

Burde 2. Gia sir ménh dé dung véi so tu nhién n = k > 1 (goi 1a gid thiét quy nap), chimg
minh ménh dé dang vein =k + 1.

Tir d6, theo nguyén li quy nap toan hoc, ta két luin ménh dé ding véi moi n & IN*,

Vidu1
Bing phuong phap quy nap toan hoc, chirng minh céng thirc (1) trong ,-@ ding van
moi n € [*,
Giai
Buecge 1. Vo1 n = |, cong thuc (1) tro thanh | = 12
Pay la ménh de dung. Vay (1) dung voan= 1.
Bueoe 2. Gia sur (1) ding voin=k = 1, nghia la ta co
1+3+5+7+..+Qk-1)=k.  (gid thiét quy nap)
Ta can chimng minh (1) dang v&i n =k + 1, nghia la can chimg minh
1+3+5+7+..+(2k-1)+(2k+1)=(k+ 1).
Theo gia thiét quy nap, ta c6
1434547+ +@k-D+2k+1)=[14+3+5+T7+ . +(2k-D]+(2k+ 1)
=+ (2k+1)
=(k+1).
Vay (1) dung voin=£& + 1.

Theo nguyen li quy nap toan hoc, (1) ding voi1 mor n € [¥*,

28



Chd y: Déi khi, ta cin chimg minh ménh dé P(n) dang v6i moi sé tu nhién n 2 n, voin,
1a s6 tu nhién nao d6. Khi dé, trong chimg minh bing phuwong phap quy nap toan hoc.
& Bude | ta chi ra ménh dé diing véi n =n, va & Budc 2 ta gia thiét ménh dé ding véi
n=kzn,
Vidu2
Chimg minh ring bat déng thirc 2* > »? dang v&i moi s6 tr nhién n = 5.

Gidi
Budc 1. Véin =5, tacd 27 =25= 32 va n> = 52 = 25. Vi 32 > 25 nén bat dang thirc ding
valn = 5.

Burée 2. Gia sir bat dang thirc ding véi n =k = 5. nghia 1a ¢6

Faghe- " -

Ta chimng minh bit dang thirc ding véi n =k + 1, nghia la can chimg minh:
26+ > (k+ 1)

Sur dung gia thiét quy nap, voirhruy k= 5, ta co
pLadie E

>2UC=K+E>2+5k=K+2k+ 3k
>EB+2k+1=(k+ 1)
Vay bat dang thirc dang véin=k + 1.

Theo nguyén li quy nap toan hoc, bat dang thirc ding véi moi s6 tu nhién n = 5.

@ Chung minh réng dang thirc sau ding véi moi n € N*:;

nin+1)

1+243+..+n=

% Chirng minh réng bat dang thirc sau ding véi moi s6 tur nhién n > 3:

22>l e n+ 2.

2. Ung dung phuong phap quy nap toan hoc

Phuong phéap quy nap toan hoc duoc sir dung trong nhiéu linh vuc toan hoc khic nhau
(55 hoc, da: s6, hinh hoc, giai tich, ...). Dud day, ta xét thém mot vai img dung.

Vidu 3
Chirng minh ring 32" * 2 — 81 — 9 chia hét cho 64 véi moi n e N*.
Gidi

V&i mdi n e N*, xét ménh dé (32— 8n - 9) : 64. Ta can chimg minh ménh dé nay ding
volrmol n € [¥*,
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Buwoc ]l Voun=1taco
32 _Bn—-9=3"-8-9=81-8-9=64:64.
Vay ménh dé ding véin = 1.
Budre 2. Gia sir ménh dé ding véi n=k > 1, nghia 1a c6 (3% 2~ 8k - 9) } 64.
Ta can chimg minh ménh dé dang v&i n =k + 1, nghia la can chimg minh
[3D+2_B(k+ 1)-9] : 64.
Taco
FUAD=I_Bk+1)-9=9.32*D_Bk - 17=9[32**V - Bk - 9] + 64k + 1).
Tﬂng nay co s6 hang dau chia hét cho 64 (do gia thiét quy nap) va 50 hang thir hai duong
nhién chia hét cho 64, nén no chia hét cho 64. Vay meénh dé ding voin=k + 1.

Theo nguyén li quy nap toan hoc, ménh dé ding véi moin e N*,

Vidu 4
Trong mit phang, cho n (n = 2) dwong thing, trong dé khéng cé hai duong thiang nao
song song va khong c6 ba duong thing nao déng quy. Goi S la s0 giao diém cua n dudng
thi';.ng nay.
a) Tinh §.. S, §,. §. ing v&i truéng hop co 2, 3.4, 5 duong thing.
b) Tir d6, du doan cong thire tinh § va chirng minh cong thiic do bang phuong phép quy
nap toan hoc.

Gidi
a) Tir hinh v&, ta c6 két qua nhu sau:

| N
A T
|| -\ / !
S,=1 5 =3 5,=6 S, =10
b) Ta co
SZ=I;
S,=3=8,+2=1+2;
5,=6=5,+3=1+2+3;
S =10=§,+4=1+2+3+4.
Tir d6. ta du doan rang
s
SH=1+2+3+...+{n—]]=H{n} 2)

2
vo1 moi 50 tu nhién n = 2.



Ta s& chirng minh céng thirc nay bang phuong phap quy nap toan hoc.

n(n-1)

2

Buoc I. Véin=2,taco §,=1va =1 nén cong thire (2) ding vo1 n = 2.

k(k-1
Budc 2. Gia su (2)ding voin=k=2,nghialaco §, = —(-—]- . Ta chirng minh (2) ding
voin =k+ 1, nghia la can chimg minh:

(k+1)k

2

k4l =
Goi duong thing thir & + 1 1a 4. Theo gia thiét quy nap, & duong thing da cho cét nhau

k(k-1 ; .
tal §, = ( > } diém. Mat khac, do khong co hai duong thang nao song song va khong

co ba duong tl}éng nao délng quy nén duong thﬁng d cat k duong I:hE:mg do tai k diém khéc
nhau va khac véi S, diém kia. Do do, s6 giao diém ctia k + 1 dudmg thing nay la
k(k—1 == ¢ (k+1)k
soe g RS UL b R R
2 2 2
Vay cong thirc (2) dung vouin=k + 1.

Theo nguyeén li quy nap toan hoc, cong thirc (2) ding vor mot s6 tur nhién n > 2.

% Chimng minh riing n’ + 2n chia hét cho 3 véi moi n e N*.

& Chung minh r::’mg dang thirc sau day ding véi moi n € N*:

H

I—gq
l—g

l+g+@d+¢@+g+..+g"'= (g#1).

@ Chirng minh rang trong mét phing, n duong thing khac nhau cing di qua mot diém
chia mét phéng thanh 2» phén (n € N*).

(Cong thire Idi kép) Mot khoan tién 4 dong (goi la von) duoc gui tiét kiém cd ki han
& mt ngén hang theo thé thirc 1ai kép (tién 1ai sau mdi ki han néu khong rit ra thi
duoc cong vao von cua ki ke nﬂp} Gia sir la suat theo ki la r kh{mg déi qua cac ki
han, ngucn gm khong rat tién von va lai trong sudt cac ki han dé cap sau day. Go1 T

la tong s tién von va 13 cua nguol gui sau ki han thir n (n € [N*).
a)Tinh T, T, T.

b) Tir dé6, du doan cong thirc tinh T va chirng minh cong thirc do bang phuong phép
quy nap toan hoc.
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Chirng minh céc ding thirc sau ding véi moi n € N*:

a)1.24+2.3+3. 44 .. +n.(n+1)= H{H+l;[u+2);
b)l1+4+9+ .. +n= n(n+1)(2n+1)
2 :

¢)d+2+ 2+ 4 V4. 2=,

. Chirng minh rang, véi moi n € N*, ta co:

a) 5% — 1 chia hét cho 24; b) n* + 5n chia hét cho 6.

. Chirng minh ring néu x > 1 thi (1 + x)* = | + nx véi moi n € N*.

. Cho a, b = 0. Chimg minh rang bat dang thirc sau ding v&i moi n € N*:

a*+b" (a+b)”
- 5
. 2

. Chirng minh ring bat ding thirc sau ding v&i moi so tur nhién i = 2:

Yo ] 1 2n
I+ —+=4eiidb—>——,
23 n n+l

. Trong mit phang, cho da giac AAA,...A concanh(n=3).Ga§ la tong sb do céc goc

trong cua da giac.

a) Tinh S, §,. §. twong tmg v&i trudng hop da giac la tam giac, tir gidc, ngi gidc.

b) Tir do, du doan cong thire tinh 5§ va chung minh cong thire do béng phuong phap quy
nap toan hoc.

. Hang thang, mét ngudi giri vao ngan hang mdt khoan tién tiét kiém khong déi a dong.

Gia sir lai suat hang thang la r khéng d6i va theo thé thirc 1ai kép (tién 13i cua théng trudce
duoc cbng vao von cua thang ké tiép). Goi I (n=1)Ilatong tién vén va lai cua nguoi d6
co trong ngan hang ta1 thol1 diém ngay sau khi guri vao khoan thir n + 1.

a) Tinh 7,7, T

2oy
b) Du doan cong thirc tinh 7 va chimg minh cong thirc do bing phwong phap quy nap
toan hoc.

Gei y: Luu  cong thirc & Gh.



Ban cé biét?
Bai toan Thap Ha Noi

Bai toan Thap Ha Noi 1a mét tro choi toan hoc duoc nha toan hoe nguai Phiap Edouard
Lucas (1842 — 1891) phat hién vao nam 1883. Ngay nay bai toan trd nén ndi tiéng trén
thé g6, dac biét la trong linh vue Khoa hoc may tinh.

Thap Ha Noi trong trd choi nay gom ba cot & B C

(4. B, C) va n dia co duong kinh khac nhau,
mbi dia c6 15 o gitra dé c6 thé ludn vio cac cot
(xem Hinh 2). Lic dau céc dia déu o cot 4,
theo thir tur “nho trén 1ém dudi™. Muc dich cua

tro choi 1a chuyén tat ca cac dia tir cot A sang [~ 3
oo i min e A
sao cho thoa man hai diéu kién:

o r - - -
. M6i buée chi duoe chuyén mét dia; Hinh 2. Ma hinh Thap Ha N&i véin = 8
2. Cac dia dugc chuyén qua lai gifra cac cot,
nhung & bat cir thoi diém nao cac dia trén
mbi cot déu “nho trén lon dudi”.
Bai toan dit ra la:
Lém thé nao dé chuyén cdc dia tir cét A sang cét C?
S6 bude it nhat bang bao nhiéu?
Goi S, la sb bude it nhat dé chuyén n dia tir ¢t A sang cét C (n € N*). C6 thé dé dang chi
ra§ = 1,8 =3.Veain= 3, tathuc hién cic bude nhur Hinh 3 duéi day va nhan duoc §, =7.
Budc 1

e Buude7
‘ | 'I:' " "._| ‘ | ‘ ! III_-' "'_I l ‘ ‘ 3 F ‘ “ ‘ |
(3 6) {7 (8)

Hinh 3

Gilta S, va S, c6 moi lién hé. That vay, dé chuyén tir trang thai dau tién dén trang thai (4)
ta cin S hm:rc chuycn (Buoc 1, 2, 3} T]Ep do, thue hién mot bude (Budc 4) dé chu}'ﬂn
trang thai (4) sang trang thai (5). Tiép theo, thuc hién S, budc (Budc 3, 6, 7) dé chuyén
trang thai (5) dén trang thai (8). Tir d6, ta c6 S,=28 + l
Téng quat hod qué trinh trén, ta co !;hc tim dwoc méi lién hé gita S, va §, | (n € N*, n = 2).
Tir do, c6 thé du doan cong thirc tong quat:

Sogt=l (y= 1,28, ..))
va chirng minh céng thirc nay bang phwong phap quy nap toan hoc.
Ban hdy thir thiee hién diéu nay nhé.
Cdc ban co thé cimg choi tro choi thi vi va bo ich nay voi cdc vt dung sdn cé xung
quanfr nhiw dong xu, quyén sdch, ... thay thé cho cdc dia ¢ trén.
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ai 2. Nhi thuc Newton

Tir khoa: Nhi thiic Newton; Tam giac Pascal.

@ Ta da co cong thue
(a+b) =Cla" +Cla" 'b+..+Cia" b +..+C \ab™ +C)b"

trong truong hopn=1,2, 3.4, 5.

Céng thirc nay c6 ding véi moi s6 tu nhién 7 khong? Lam thé nao dé kiém tra?

1. Cong thuc nhi thic Newton

@ C6 ba hop, mdi hop dung hai qua cau duoc
dan nhan a va h (xem Hinh 1). L'ﬂj,r tir moi
hép mét qua cau. Co bao nhiéu cach lay dé
trong ba qua cdu IE}? ra:

a) co 3 qua cau dan nhan b?
b) c6 2 qua cau dan nhén »?
c) co 1 qua cau dan nhan b?

d) khong co qua cau nao dan nhan 57

Bing lap luin twong tu nhu ;@ , ta c6 thé sir dung td hop dé tim cac hé s cua cong
thirc khai trién
(a+byY=a +3ab+3ab +F.
That véy, ta c6 khai trién
(a+b)' =(a+ b)a+b)a+b)
=(aa + ab+ ba + bb)(a + b)
=aaa + aab + aba + abb + baa + bab + bba + bbb
= gaa + (aab + aba + baa) + (abb + bab + bba) + bbb
=g +3a’h+ 3ab* + b,
Trong khai trien trén, dé nhan duoc S0 hang &°, ta Ifiy so hang b trong thira s0 (a+ b) thir
nhét nhan v6i s6 hang b trong thira s6 (@ + b) thir hai, roi nhén v6i s6 hang b trong thira
s0 (a + b) thir ba. Do dé, hé so cua b bang s6 cach chon ba chir b tir ba chir b c6 trong ba
thira s6 (a + b), tirc bang C; =1.
Tlcp theo, xét s6 hang '_I-ab hay tﬂng abb + bab + bba. Be nhan duoc mm 50 hang cua tong
nay, ta la}r tich cua hai so hang b tir hai thira su (a+b), roi nhan voi sé hang a cua thura s

(a + b) con lai. Do do, hé sb clia ab? bang sd cach chon hai chir b tir ba chir b co trong ba
thira s6 (a + b), tirc bing C; =3.

Lap ludn twong tu, ta dugc hé so cua a’b b;ing C; =3, hé so cua @’ bﬁng C) =1.
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Tir do, ta nhan duoc
(a+b) =Cia’ +Cla’b+Clab® + Cib’.
Mat cach tong quat, véi sb tu nhién bat ki n > 1, ta c6 thé mo rong lap lun & trén dé tim

cac hé sb trong khai trién biéu thirc:
(a+by=(a+b)a+bh)...(a+tbh)

n thira s6
Khai trién biéu thirc nay, ta nhan duoc cac sb hang dang a,a" *b* voi a, la hé s,
k=0.1,....n Hé s a, bz;'s.ng so cach chon & chir b tir n chir b co trong n thira s (a+b).
Nghia la, @, =C' (0<k<n).

 au . L1rdo, ta nhan duoc két qua:
* Vi moi so tu nhién . ta co:
(a+b)' =Cla"+Cia" " b+..+Cla""b' +..+Cab™ +CB". (1)
Cong thirc (1) duoc goi la céng thire nhj thirc Newton, goi tat 1a nhi thire Newton.
Chay:
a) Trong cach viét vé phai cua (1). s6 hang {"::.a""lfmjt (0 < k < n) duoc goi la 56 hang
tong quit.
b) Vé phai cua (1) gém n+1sd hang. D1 qua cac 56 hang tir tra1 sang phai, s6 mil cua a
giam dan, s6 mii cta b tang din, nhung téng cua ching khong d6i va bang n (quy uéc
a’®=4"=1).
Vidu 1
Hay khai trién (x + 2)°.
Giai
Ap dung cong thirc nhi thirc Newton, ta c6:
(x+2}6 =Ci.x'+Ce.X°.2+4C,.x" 2 +C,.x . 2+ C.X° 2° + C x.2° + C;.2°
=x" +12x° + 60x* +160x" + 240x" +192x+ 64.

Hay khai trién:
a) (x - )% b) (1 +x)".

2.Tam giac Pascal

’Q Tir cac cong thirc khai trién:
(a+b)=1;
(a+b) =a+b;
(a+bVY=a +2ab+ b
(a+ by =a*+ 3a’h + Jab* + b
(a+ b)=a*+ 4a’b + 6a’b* + dab’ + b,

(a+ b)Y =a+ 5a*h + 10a°h* + 10a°b° + Sab® + b*; o
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céc hé s6 duoc viét thanh bang sé nhu Hinh 2 sau day. Néu st dung ki hiéu t6 hop

thi nhan dugc bang nhu Hinh 3.

: o
I 1 ¢

i 2 |
G\)\f@ 3 1
1 @ ® @ 1 G G G
1 5 10 5 1
Hinh 2

Tir cac dang thire nhu
= =1,

A

¢, =€l =4,

EHCI=C,

cO thé du doan ring, voi moi n € N,

GG =C,

co=c (0<k<n): (2)

C'+Ci=C!, (1<k<nm). (3)

Hay chirng minh cac cong thire trén.

n!
,neMO0<k<n.

Goi y: Su d ong thire Cf =————
@1 y: S dung cong thuc k!{n—k]!

Sir dung cong thire (3), véi hru § ring €° = C* =1 véi moi n € N, tir bang sé & Hinh 2,

ta ¢ thé viét tiép lan luot timg hang s dé tao thanh mét bang s6, duoc goi 1a tam gidc

Pascal (xem Hinh 4).

n=10 1

=4 1 1

i =1 1 2 1

n=3 1 3 3 1

n=4 1 4 6 - 1

n=>5 (1) (5 10 10) (5) 1

n=6 1 (6 15 20 6 1

n=17 1 7 21 35 35 21 7
Hinh 4

Trong thuc hanh, tam giac Pascal gitip ta nhanh chong xéac dinh cac hé s6 khi khai trién

nhi thirc Newton.



Vidu2
Sir dung tam giac Pascal, hdy khai trién (x — 1)
Giai
Sir dung tam giac Pascal, ta co:
(x=1Y=x"+7.x°. (-1)+21 .x% (-1)*+35.x%. (-1)
+35.x. (1) +21 . x*. (1P +7.x.(-1)F+(-1)
=x7=Tx®+21x°-35x*+35x3 - 21x2+ Tx - L.
% Str dung tam giac Pascal, hay khai trién:
a) (2x + 1) b) (x— ).

3. Van dung cong thiic nhi thifc Newton
Cong thirc nhi thirc Newton véi cac dang ma rong cua nod c6 nhiéu img dung quan trong
trong Toan hoec. Dudi day, ta xét thém vai vi du don gian.
Vidu3
Xéc dinh hé s6 caa x** trong khai trién cta (2x — )",
Gidai
Theo cong thirc nhi thirc Newton, ta co
(2x— )" =C(2x)° +CL(2x) (—y) +..+ Cf (2x) " (=)' +...+ C (=)
=20Ch ) _NChFyy T -1FPIE x it ek C oy )

S6 hang chira x** tmg véi gia tri k= 6. Do d6, hé s6 cua x%* 1a

(-1)".2.¢% =16.210=3360.

Vidu 4
Cho a 1a mét sb thuc duong. Biét ring trong khai trién caa (3x + @)%, hé sé cna x* 1a 70.
Hay tim gia tri cua a.

Giai

flp dung cong thirc nhi thirc Newton, ta co
Ix+a) =C'.(3x) +C..(3x) .a+...+C:.(3x) " .a* +..+ Cid.
( } L ] 8 b

S6 hang chira x* (g véi gid tri k= 4. Hé s6 cuia s6 hang nay la 3*.C* .a*=70.3%. &
Theo gia thiék, ta'c6 70 . 3* . 4* =170 hay o =3i4, Sy =% (via>0).

"
Vay a=-§ la gia tri can tim.

37



Vidu5s
Chimg minh ring dang thirc sau day ding véi moin € N
Cl+C+C+.+C'+C =2
Gidi
Theo cong thire nhi thitc Newton, ta c6
(x+1)' =Cx" +Cx" '+ Cx" 7 + .+ C 'x+ C).
Thay x = | vao cong thirc trén, ta nhan duoc
C'+C +C +..+C +C =2
Pay la diéu phai chimg minh.
Nhdn xét: Tir cong thirc khai trién
(I+H]H =5 Cﬂx“ + C;:c"'la +...-I—C.'Ii‘gt.""'L'r.zt +...+ C:"xa"" +Cla",

HH - o i . 4 - - - " .- H I - A
va1 moi cach chon gia tri cua x va a, ta nhan duoc moét hé thire lién quan dén cac hé so
A L 1
tohop C, Cy.... €.

Vidué
Chotap hop A4 = {a;:a ;4 jcon phﬁn tir. Tap hop A co bao nhiéu tap con?
Gidai

M&i tap con cua A ¢ k (1 <k < n) phan tir la mét to hop chép & cua 4. Do dé, s6 tap con

it

nhu viy bang C!. Mit khac, c6 mot tap con cua 4 khong cé phén tir ndo (tip rong),

tirc ¢6 C =1 tip con nhu véy. Do dé, sO tap con cua A4 bing
C'+C+C: +...+C".

Theo cong thirc nhi thirc Newton, ta co

Co+CHC +..+C) =(1#1) =2
Vay tap hop A4 co 2" tap con.

@ Xic dinh hé s6 cua x* trong khai trién cua (3x + 2.
Biét rﬁng trong khai trién ctia (x + a)® voi a 1a mét s6 thuc, hé s6 cua x* 1a 60. Tim 214
tri cia 4.
% Chirng minh réng. voi moin € ', ta co
L]
¥ 1]
Cl-C+C=C +..+(-1) C! =0.

@ Trong hép 4 c¢6 10 qua cau duoc danh s6 tir 1 dén 10. Nguai ta ldy mét s6 qua cau tir
hép A roi cho vio hép B. Co tat ca bao nhiéu cach lay, tinh ca truéng hop lay 0 qua
(tirc 1a khong lay qua nao)?
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1.

tn

Khai trién biéu thire:

a) (x — 2y)" b) (3x - 1.

. Tim hé s6 ctia x' trong khai trién cua biéu thic (2 —x)™

. Biét rﬁng a la mot s6 thuc khac 0 va trong khai trién cua (ax+ 1)% hé s6 cia x* gﬁp bon lan

hé s0 cua x°. Tim gia tri cua a.

. Biét rang hé s6 cua x” trong khai trién cua (1 + 3x)” 1a 90. Tim gia tri cia n.

. Chimg minh céng thirc nhi thitc Newton (céng thirc (1), trang 35) bang phuong phap

quy nap toan hoc.

.Biétring (3x - 1) =g, + ax+ ax* + ax’ + ax* + ax’ + ax* + ax'. Hiy tinh:

a)a,+a,+a,*+a,ta,+a.+a +a; b)a,+a,+a,+a,.

. Mt tap hop c6 12 phan tir thi ¢6 tit ca bao nhiéu tap hop con?

. Tir 15 bt chi mau co mau khac nhau do1 mot.,

a) Co bao nhiéu cach chon ra mot so bt chi mau, tinh ca trwong hop khong chon cai nao?

b) Co bao nhiéu cach chon ra it nhat 8 bt chi mau?

Ban cé biét?

Tén goi Tam giac Pascal va Nhi thifc Newton

Tam giac Pascal duoc dit theo tén cia nha toan hoc, nha vat li
hoc, nha triét hoc tai ba nguoi Phép Blaise Pascal, sau cong trinh
cua éng cong bo vao nim 1653. Thuc ra, tam giac nay cing véi
cong thire khai trién bidu thirc (@ + b)* véi n 14 s6 tu nhién da
duoc nghién ctru trude do boi cac nha toan hoe An D6 va Ba Tu
& thé ki X, hay bai cac nha toan hoc Trung Hoa ¢ thé ki XI.
Pascal co cong 16n trong viée nghién ciru mét cach hé thong cac

tinh chat cua tam gidc nay, ciing nhu phat hién ra cic moi lién hé Blaisi Pascal

gitia ching véi i thuyét xac suat. (1623 - 1662)

Cong thirc nhi thirc Newton duoc dat theo tén nha toan hoc, nha
vit li hoc vi dai nguc Anh Isaac Newton. Nhu trén da no1, thuc ra
cong thirc nay (truong hop s6 mi 13 sé tw nhién) di dwoc biét dén
trirdre thai Newton hang thé ki. Newton 1a ngudi ¢6 cong mé rong
cong thirc cho truémg hop s6 mi n la sb thuc bat ki. Ong kham pha
ra cong thitc d6 vao nam 1664, nhung dén nam 1676 méi cong bo.

Céng thirc nhi thirc Newton c¢6 nhiéu trng dung quan trong trong

Isaac Newton nhiéu nganh todn hoc khéc nhau nhu dai sb, giai tich, li thuyét xic
(1643 -1727) Suﬁt,
(Theo Britannica)
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BAI TAP CUOI CHUYEN DPE 2

1. Chimg minh ring cac dang thirc sau ding véi moi n e [*.
. ni(n+l)

a) P42 +3 + .. +n T

b) 1.4+2.7+43.10+..+n(Gn+D=n(n+1):

1 1 1 1 n

}___

TR = :
1.3 35 57 (2n-1)(2n+1) 2n+1

2. Chirng minh ring véi moi n € N*:

a) 3" — 1 — 2n chia hét cho 4: b) 7" — 4" — 3" chia hét cho 12.
3. Chimg minh ring 8" = n° véi moi n € N*.

4. Chimg minh r:;'lng bit dang thirc 1+ %+%+ +;—l’ = "TH dung voir moi n € ¥,
5. Va1 mot binh n::rng co dung tich 2 /, mot ban hoc sinh thue hién thi nghiém theo cac buoc
nhur sau:
Budce 1: Rot 1 [ nuée vao binh, roi rot di mot mura lwong nuoe trong binh.
Bude 2: Rot 1 [ nude vao binh, roi la1 rot di mot nura lwong nuoe trong binh.
Cir nhar vay. thuc hién cac buoc 3. 4, ...
Ki hiéu a, la lvong nuoc co trong binh sau buoc n (n e [¥*).
a) Tinh a,, a,, a;. Tir do du doan cong thire tinh a, voi n e [N*.
b) Chimg minh cong thire trén bfmg phuong phap quy nap toan hoc.

6. Tim hé s6 cia x’ trong khai trien cua biéu thirc sau:

7

a) (1 — 3x)*: b) [1+§J \

7. Tim hé s6 cua x° trong khai trién caa (2x + 3)(x — 2)%.

8. a) Tim ba so hang dau tién trong khai trién cua (1 + 2x)°, cac sb hang duoc viét theo thir
tur s6 mii clia x ting dan.
b) Sir dung két qua trén, hay tinh gia tri gan diing cua 1,02°,

9. Trong khai trién biéu thirc (3x — 4)'* thanh da thirc, hay tinh tong cic hé s6 cua da thirc
nhan duoc.

10. Chiung minh n%mg cac &:';.ng thirc sau ding vo1 moi n € [N*:

a) 142C, +4C +, 425 C 42 C) =3

g )

+C}

n

b) C) +C

In

ETI & et e Gl Sl S e

~2n 2n In
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Chuyén dé 3
BA DPUONG CONIC VA UNG DUNG

Chiing ta @3 biét dinh nghia va phuong trinh chinh tic cha ba dudng conic, trong chuyén dé nay ta sé cling tim
hiéu chi tiét hon vé hinh dang va cicyéu td dic trung cia ba dudng conic nhu tim sai, dudng chuan, ban kinh qua
tiéu, dong thi van dung cic kién thic nay vio gidi quyét mét sé van dé thuc tién.

- Xac dinh dugc cac yéu td dac trung clia dudng conic (dinh, tiéu diém, tiéu cu, do
dai truc, ban kinh qua tiéu, tam sai, dudng chuan) khi biét phuong trinh chinh tac
ctia dudng conic do.

- Nhan biét dugc duding conic nhu 13 giao cia mat phang véi mat nén,

- Giai quyét dugc mot so van dé thuc tién gan vdi ba dudng conic (vi du: giai thich
mdt s6 hién tuong trong quang hoc, xac dinh quy dao chuyén déng clia cac hanh
tinh trong hé Mat Trai, ...).
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Hanh tinh M chuyén déng quanh
Mat Tro1 theo mot quy dao hinh
elip nhan tam Mat Tron lam tiéu
diéem F. Lam thé nao dé tinh do da
ctia doan FM khi biét phuong trinh

chinh tac cua elip?

1. Tinh déi xiing cua elip

On tap vé elip

hoa: Elip; Truc d6i xing; Tam @i xing; Ban kinh qua tiéu; Tam sai; Duing chuan.

Ta da biét elip (E) véi phuong trinh chinh tac "—:+ ;}—_ =1 (0<b<a)(Hinh 1)co cac }?éu to:

a
Bon dinh 1a A (-a; 0). A (a; 03, Bl{ﬂl: b), B:{ﬂ: b).

Truc lon la AA, co do dai 2a. truc nho la B!B] co do

Hai tiéu diém la F(-¢;0), F(e; 0) voi e =+/a* —b*.

Tiéu cu 2c la khoang cach giita hai tiéu diem.

V4
b8, fai 2b
- '--.__H_H.Hl- adl .
[ F F, \4,
—a '\—E‘ 0 c /a X
b |B,
Hinh 1

- - '1_1 N

21 Choelip(E)cophuongtrinh chinh tac _+."— =]
a o

(0 < b < a) va cho diem M(x_; y ) nam trén (E).

Cac diem M (—x; y,), M,(xg; —,), My(—=x; —y,) cO
thude (£) hay khong?
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@ Hay gap mot manh gidy hinh elip (Hinh 5)

oA
2 2 P b |B. 0
Elip (E): —,+=b-,—=1 nhan hai truc toa d6 lam \
R A
truc déi xirng va nhan goc toa d6 1am tdm déi ximg. 4, 4,
Hinh chir nhat co cac canh di qua cac dinh cua elip B 2 .
va song song vol cac truc doi xirng duoc goi la
hinh chit nhit co sé cua elip. s b |B, R
Hinh 3
Vidu 1

3 .9 :
Cho elip (E): ET+%~ =1 (0 <b<a)cobondinh la A4 (-a; 0), A (a; 0), B (0; -b). B(0: b).
g 3 2
a) Xac dinh toa do bén dinh cta hinh chit nhét co so cua (E).
b) Cho mét diém M(x; y) bét ki trén (E). Chimg minh ring:
b<OM<a,-a<x<a.-b<y=<bh.
Gidi
a) Goi PORS la hinh chir nhét co so cua (E). Toa do bon dinh cua PORS la:
P(—a; b), O(a; b), R(a; —b), S(—a; —-b).

b) M{x: v) 1a diém bét ki trén (E) nén ta co: ya
i P B.|b 0
T, . A g Tl T M(x} y)
X V i
— = 1. :
H_ b_ ‘q'l ! "4'\
7 7 2 2 —d (¥ a x
. e E 3
DoO<bh<agnéntaco —+—=<lva —+—21.
a a b b
= " B, |-b R

Suyrabr <x*+y*<a’.nén b’ < OM < a’.

Viyb<OM<a.

2 7

<l=>x<a =»-a<x<a.

o e :
Tt —4=—=1 taco —
a b a-

2

Tuong tu, ta cting co i}—;i 1=y <b* = -b<y<h

Chii y: Moi diém thudc elip déu nam bén trong hinh chir nhét co so.
Viét phuong trinh chinh tic cua elip ¢6 kich thuée cua hinh chi nhét co s 1a 8 va 6.

Hay xac dinh toa do dinh, ticu diém, tiéu cu, d6 dai truc cua elip nay.

thanh bén phin chéng khit 1én nhau.

Hinh 5
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2. Ban kinh qua tiéu v

3 7

b
) x re M
,@ Cho diém M(x; y) nim trén elip (E): =+ :; el /' 7%
a 3 /

co hai tiéu diém 1a F (~c; 0), F(¢; 0) (Hinh 6).

f’, 0 F; x
a) Tinh FJMZ va Je‘*"zf".zﬂ"2 theo x, y. c.
b) Ching to r;%mg: F .Mt — F M*=4cx, EM—F M= A Hinh 6
i - a

¢) Tinh d6 dai hai doan MF' va 1'Iz:!'}"“1 theo a, c, x.
¥ Cho diém M trén elip (E). Cac doan thang MF, va MF, duoc goi 14 hai bdn kinh qua tiéu
cua diém M.

Db dai hai ban kinh qua tiéu cia diém M(x: ) trén elip (E): 2=+ -*;3;- =1 duoc tinh theo
Tt

cong thirc: MF =a+£x; MF, =a-<x.
a a

PRI - c . C
Chiy:Vi-a<x<anén a+—x>0vaa-—x>0.
a a

Vidu2
Tinh doé dai hai ban kinh qua tiéu cua diém M(x: y) trén elip (E): ;-r ?- =1 .
)
Giai
Tacoa=5b=3,suyrac= a =h*=4.
Do dai hai ban kinh qua tiéu cua diém M(x: y) la:
4

M =Gros=Sres MF =g Sr=5 "y,
a 3 : a 5

% a) Tinh d6 dai hat ban kinh qua tiéu cua diém M(x: v) trén elip (E£): %+ % =,
b) Tim céc diém trén elip (E): 31;4— irT =1 co do dai1 hai ban kinh qua tiéu bﬁng nhau.
@ Nguoi ta chimg minh duoc rang anh sang hay am thanh di tir mét tiéu diém, khi dén
” m - 21 .on - - - - . - a -2 . - ~
mot diem M bat ki trén elip luon ludn cho tia phan xa di qua tieu diem con lai, nghia
la di theo cac ban kinh qua ticu (Hinh 7a).
Vom xe dién ngdm cia mot thanh phé c6 mat cit hinh elip (Hinh 7b). Hay giai thich
tai sao tiéng noi ciia mot ngudi phat ra tir mét tiéu diém bén nay, mac du khi di dén
cac diém khéac nhau trén elip van ludn doi lai téi tiéu diém bén kia cung mot luc.

Hinh 7



3.Tam sai

, Cho biét ti sé ¢ =— ciia cac clip lan luot
a
3 4. 1 .
la —, —, — (Hinh 8). Tinh ti s6 E theo e
4 2 4 a
va néu nhan xét ve sur thay d6i cua hinh

dang elip gin véi hinh chir nhat co so

khi e thay doi. Hinh 8

Ti sé gitia tiéu cu va do dai truc 16n cua elip goi 1a tdm sai cua elip va duoc ki

o e c
hiéu la e, tic la e=—.
a

Véimoielip, talubned 0 <e < 1.

Nhdn sit: Tacs 2= ¢ 37 dodo:
(4]

a

— Khi tim sai e cang bé (tirc la cang gan 0) thi b cang gan a va elip trong cang “béo”.

— Khi tdm sai e cang 16n (tirc 1a cang gan 1) thi ti s6 9 cang gan 0 va elip trong cang “det”.
a

Vidu3
a) Tim tam sai cua elip (E): %+-’l}—1{;~:1 va elip (EY): %+—%:[.
b) Khong can vé hinh, theo ban elip nao “beéo™ hon?

Giai
a)Elip(E)coa=5b=4 suyra c= a—-b =3, e:E:%.

T 12 1
Elip(ENcoa=35,b=+24 ,suyrac=+a’—b" =1,e= E:E_
a
. 3 1 )
b) Ta thay E} 3 vay elip (£') “beo” hon elip (E).

" i ¥ ; pe ¥ g r ¥
a) Tim tdm sa1 cua eli t —t—=1 vaehp(E) —+—=1.
% ) P (£) 100 99 p(E) 10 1

b) Khong can vé hinh, theo ban elip nao co hinh dang *“det” hon?
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Jg;_ Trong hé Mit Troi, cac hanh tinh chu}'én dong

%3 theo quy dao la dudmg elip nhan tam Mat Tréi
la mot tiéu diem. T hinh anh mé phong quy
dao u:huyén dong cua cac hanh tinh (Hinh 9),
hay so sanh tim sai cia quy dao chuyén déng
ctia Trai Pt vi tim sai cua quy dao chuyén
dong cua ticu hanh tinh HD20782b.

(Nguon: https://www.nasa.gov)

Hinh 9

4. Pudng chuan

2 ) : 2 2z a
@Cjﬁ Cho diem M(x; y) trén elip (£): 1—:+';}—::1 va hai duong thang A: x + — = (;

a e

a . .
Asg= ; = (0 (Hinh 10). Go1 d(M. A, d(M, A) lan luot la khoang cach tir M dén

| |
a| latex|] a+ex

A,A.TacodM,A)= |x+—|= - (vie>0vaa+ex=MF,>0).
. =l | e e
M F, i+ ex
Suy ra - =g
d(M . .:?'u! y at+ex
e
; . : = MF,
Dua theo cach tinh trén, hay tinh —————.
: d(M. A,)
A v A A,

M

i .I'. - g § II: ia ]

= \ =
; & / ¢

Wy o
Hinh 10
w:
2 3 n [ s xl T‘l b r F oo ‘o
Cho elip (£) co phuong trinh chinh tic —+=—=1 va co6 hai ticu diem F (-¢: 0), F (c; 0).
2 2 2

DPuong thang A: x+ % = () dwoc goi la duomg chuan (mg véi tiéu diem F, va duong

th.z"mg A: x— % () duoc goi la duong chuan ng vol tiéu diem F, cua elip (E).
2 = 2

ME,___ME__
d(M,A) d(M,A,)

Vi1 moi diém M thudc elip, ta luon co

P I a . . 5 ‘ . - v qva T v
Chuy:Vi —— < —a < a <— nén duong chuan cua elip khong co diém chung voi elip do.
e e



Vidu4

7 T

Cho diém M(x; y) trén elip (E): %Jr Y 1.

9
a) Tim toa d6 hai tiéu diém va viét phuong trinh hai duong chuan tuong tng.
b) Tinh ti s6 khoang cach tir M dén tiéu diém va dén dudng chuan tuong img.
c) Ve elip (E), hinh chir nhat co so va hai duong chuén cua (E) trén he truc toa do Oxy.
Giai
€

Tacoa=35;b=3,suyra c= a —b' =4: e:—:%; LA
e

a) Ung véi tiéu diém F (-4 0), ta co duong chuan A x +% =0.

Ung véi tiéu diém F(4; 0), ta c6 dudng chuan A ; ; _§ =0.
byTacs — 0 4 ME _~ 4

d(M,A) d(M,A,) 5
) p b o

e,
*

=4
L

|
L|Eﬂ-‘

A
g
LS

T

I R

A|S -3 |8 R

1 1

Hinh 11

Tim toa do hai tiéu diém va viét phuong trinh hai duéng chuén tuong (mg cua cac
elip sau:

k] El

2 3 Xy
a)(E )y —+—=1; b)(E.)): —+—=1.
J(E) 'S £ J(E) 100 36

@ Lap phwong trinh chinh tic cua elip c6 tiéu cur bang 6 va khoang cach giira hai dudng
e

chuén la E.
3

BAI TAP

oy

; 3 3
1. Choeh —t =],
p(E) R

a) Tim tam sai, chiéu dai, chiéu rong hinh chir nhat co so cua (£) va vé (E).
b) Tim do dai hai ban kinh qua tiéu cua diém M(0:6) trén (E).

c) Tim toa d6 hai tiéu diém va viét phuong trinh hai duémg chuan cua (E).
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! A e T ; e . X ‘ 4
- +:-h—- =1 co do dai hai ban kinh qua tiéu nho nhat, lon nhat.

b

. Tim cac diém trén elip (E):

3. Lap phuong trinh chinh tic cua elip ¢é tiéu cu bang 12 va khoang cach giita hai duong
169

chuén la —.

- -

4. Cho elip (E): T?+11 =1

a) Tim tam sa1 va do dai hai ban kinh qua ti¢u cua diém M(3; 0) trén (E).
b) Tim diém N trén (E) sao cho NF = NF..
¢) Tim diém S trén (E) sao cho §F, = 25F.,.

n

. Trai Dat chuyén dong theo mét quy dao 1a dudng elip c6 tim sai 1a 0,0167 va nhén
tam Mat Tron la mot tiéu diem. Cho biet khoang cach gan nhat gitra Tra1 Dat va tam
Mat Tron 1a khoang 147 tricu km, tinh khoang cach xa nhat gitra Tra: Dat va tam Mat Tron.

(Ngudn: hitps://www.universetoday.com)

Hinh 12

6. Ngay 04/10/1957, Lién X6 da phong thanh
cong ve tinh nhan tao dau tién vao khon g gian,
ve tinh mang tén Sputnik I. Vé tinh do co quy
dao hinh elip (£) nhan tam Trai Patla mot tieu
diém. Cho biét khoang cach xa nhat giira vé
tinh va tdm Trai Pat 1a 7310 km va khoang
cach gfm nhat gitra vé tinh va tam Trai Pat ——
la 6 586 km. Tim tam sai cua quy dao chuyén 1’?’ “
dong cua vé tinh Sputnik L. Hinh 13

(h@u&n: https://vi.wikipedia.org)



Ban c6 biét?

Johannes Kepler va quy luat chuyén déng ctia cac hanh tinh

Kepler (Johannes Kepler) la nha toan hoc va thién vin hoc
noi tiéng nguol Puec. C‘lng la mét trong nhimg dai dién
cua cudc cach mang khoa hoc thé ki XVIL Kepler duoc
biét dén nhiéu nhit boi cac dinh luat vé chuyén dong
thién thé mang tén éng.

Ba dinh lugt cua Kepler:

Dinh ludt I: Cac hanh tinh chuyén déng quanh Mat Troi
theo quy dao la duong elip von Mat Tron nam tai mot
tiéu diém.

Dinh lugt 2: Puong ndi mot hanh tinh v Mat Tron quet
qua nhitng dién tich bang nhau trong nhimg khoang thai
gian biang nhau.

Dinh ludt 3: Binh phuong chu ki quy dao cua mot hanh
tinh ti 1€ voi 1ap phuong nura do dai truc lon cua quy dao.
Nghia li néu ta goi T, T, lan luot la thai gian dé hai
hanh tinh quay hét mét vong quanh Mat Troi va a,da,
lan luot la dé dai mira truc lém elip qu¥ dao cua hai hanh
tinh do thi ta c6:

o]

I _a

e i
\ e g - = i

Jnhanﬁes Kepler
(1571 - 1630)

{hfgr.ré:u: https://vi.wikipedia.org/wiki/Johannes kepler) :
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Bai 2. Hypebol

Tit khod: Hypebol; Truc ddi xing; Tam d6i xing; Ban kinh qua tiéu; Tam sai; Du@ng chuan.

A
@J Nhé viée thu tin hiéu tir hai tram phét song
Fhw‘a F, trén bo, hé théng dinh vi dat tal
diem M trén con tau tinh duoc hiéu so
khoang cach tir M dén F,, F, va xac dinh }
duoc mot dudng hypebol di qua M. '

600 km

S

1. Tinh déi xiing ctia dudng hypebol
On tap vé hypebol

Ta da biét hypebol (H) véi phwong trinh chinh tac

X 2 _1(a>0;b>0) (Hinh 1) c6 cic yéu tb

2

co ban sau:

— Cit tnstc Ox tai hai dinh A (-a; 0), 4,(a; 0) nhung
khong cat truc Oy.

— Truc thuc 1a 4 4, co do dai 2a.

— Truc ao la B B, co 46 dai 2b vén B (0; -b), B,(0; b)
1a hai diem trén Oy.

— Hai tiéu diem la F (¢ 0), F(c; 0) voi c=+la’ + b,

~ Tiéu cu 2c la khoang cach giira hai tiéu diém.

Chii y: Hypebol gom hai phan riéng biét nam hai bén truc ao, méi phan goi la mét nhanh
cua hypebol. Nhanh di qua dinh 4 (—a; 0) grﬁm nhimg diém M(x; y) v&i x < —a va thoa mén
MF,— MF | = 2a. Nhanh di qua dinh 4 (a; 0) gom nhirng diém M(x; y) voix = a va
thoa man MF —MF =2a.

4*@ Cho hypebol (H) vo1 phuong trinh chinh tic %;-—-';—;Il va diém M(x; v,) nam

trén (H). Cac diém M S=x s v Mdx -y ) M(=x s —y,) €6 thude (H) khong?

= 2 2

Hypebol (H): “=—2—=1 nhan hai truc toa dé lam
i

truc dii xting va nhan géc toa do lam tdm doi xing.

Hinh chir nhat co hai canh lan lwot di qua hai dinh
A, A, va song song voi truc Oy, hai canh con lai

di qua B, B, va song song v&i truc Ox duoc goi la
hinh chir nhit co so' cua hypebol (H).
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Nhén xét: Khi cang tién xa gdc toa dé, hai nhanh cua hypebol (H) cang tién gin dén hai
dudng thang chira hai duong chéo caa hinh chir nhit co so (nhung khéng c6 diém chung).

; b b
Hai dudmg thang nay co phuong trinh y = —x, y= ——x va duoc goi la hai dudgng tiém cin
a a

cua hypebol (H).
Vidu1
Cho hypebol (H) co hai dinh 1a 4 (-a: 0). A (a; 0) vatruc ao la B B, von B (0; -b). B (0; b).
a) Xac dinh toa do bon dinh cua hinh chir nhat co so cua (H).
b) Cho mét diém M bat ki trén (H). Chimg minh ring a < OM.
Gidi

a) Goi PORS 1a hinh chit nhat co so cua (H).
Toa do bén dinh cua PORS la:

P(—a; b), O(a: b), R(a; —b), S(—a; —-b).
b) Goi M(x; y) la diém bat ki trén (H).

2 .

' x
,—J, =],suyra —=1
3 8 7

Taco

a
néna*=x*sx*+ )y = 0OM.

Do do, a < OM.
Chui y: Moi diém thuéc hypebol (ngoai trir hai dinh) déu nim ngoai hinh chir nhat co so.

& Viét phueng trinh chinh tic ctia hypebol co kich thuoe cua hinh chir nhat co so la 8
; va 6. Xac dinh dinh, ticu diem. tiéu cu. do dai truc cua hypebol nay.

_& Khi bay voi van toc siéu thanh {téc do chuj,re:‘n dong lom hon toc do am thanh trong
=1 ciing méi trudng). mot may bay tao ra mét viing nhiéu dong trén mat dat doc theo mot
nhanh cua hypebol () (Hinh 4). Phin nghe ro nhat tiéng én cua viing néi trén duoc

goi 1a tham nhiéu déng. Bé rong cua tham nay gfap khoang 5 lan cao dé cua may bay.

Tinh cao do cua may bay, biét bé rong ciia tham nhiéu déng duoc do cach phia sau

may bay mot khoang 1a 40 mile (mile (dam) la don vi do khoang cach, 1 mile = 1.6 km)

va (H) c¢o phuong trinh:

X y

=].
400 100

Hinh 4
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2. Ban kinh qua tiéu

'4

52

)

Cho diém M(x; y) ndm trén hypebol (H): 2-— b’,— =
e 3
a) Chimg minh réng FM?—F M?*=4ex.
b) Gia sir diem M{x: v) thudc nhanh di qua A](—a: 0) (Hinh 5a). St dung két qua
da ching minh duge ¢ cau a) két hop vo tinh chat M,Fl - MFl = 2q da biét dé

ching minh MF, + MF = -2 2 Tirde, chimg minh cac cong thire: MF| =—a - Sx;
- a a

c
MF =a- —x.
) a

b) Gia sir diém M(x; ¥) thuéc nhanh di qua 4 (a: 0) (Hinh 5b). Sir dung két
qua da chimg minh duoc & céu a) két hop véi tinh chat MF, — MF, = 2a da biét dé

chimg minh MF, + MF, = 25 Tir d6, chimg minh céc céng thicc: MF, = a + “x;
= a I

c
MF. =—a+ —x.
N a

Hinh 5

Cho diém M thuoe hypebol (H). Cac doan théng MF, va MF duoc goi la ha ban kinh
qua tiéu cia diém M.

2

Do dai hat ban kinh qua tiéu cua diém M(x; y) trén hypebol (H): x——l;- =1 duoc tinh
2

theo cong thirc: MF, =

ba.

c
d—X
a

C
a+—X
a

; MF, =

Vidu2

+

Tinh do6 dai hai ban kinh qua tieu cua diém M(x; y) trén hypebol (H): T 1.

16 9
Gidi

Tacoa=4:b=3,suyrac=>5.

Do dai hai ban kinh qua tieu cua diém M(x; y) la:

c
ad—X
a

MF, = =

;MF, =

:P—Ex
4

4+Ex
4

c
=X
a



% Tinh do dai hai ban kinh qua tiéu cua diem M(x; v) trén hypebol (H): B i 3

@ Tinh do dai hai ban kinh qua tiéu cua dinh A (a; 0) trén hypebol (H): x—, = ;5.,, =1.
2 I

3.Tam sai

’@ Cho hypebol (H): z—!—i— =1. Chimg t6 ring %}] :

- -

= Tiso giira tiéu cu va do dai truc thue la t@m sai cua hypebol va duoc ki hiéu la e, nghia
lae=<.
a
V&1 moi hypebol, ta luén co e = 1.

Vidu3

) I] IE
Tim tam sai cua hypebol P———=1.
= () 64 36

Giai

Tacoa=8,b=6,suyra c=+a’ +b" =10.

Viy thm st coa (H) 1a e= o marn 2
a 8 4
@ Tim tam sai1 cua cac hypebol sau:
; . 2 ¥ 2 2 J':
ay(H ) ——=—=1; b(H) ——=1; c)(H) ——=—=1.
oL Ewe s 5

@ Cho hypebol (H) co tam sa1 b?mg \E . Chimg minh truc thue va truc ao cua (H) co
W g
do dai bang nhau.

o) Mot vt thé c6 quy dao la mot nhanh cia hypebol (H), nhan
=4 tam Mat Troi lam tiéu diém (Hinh 6). Cho biét tim sai cua (H)
bing 1.2 va khoang cach gan nhat giira vat thé va tam Mat Troi
122.10% km.
a) Lap phuong trinh chinh tic cta (H).
b) Lap cong thirc tinh ban kinh qua tiéu cua vi tri M(x; y) cua
vit thé trong mit phing toa d6.

Hinh 6
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4. Pudng chuan

x T

,@ Cho diém M(x; ) trén hypebol (H): -:— - E— -1

va hai dudng thang Aix+ 4= 0;
e

a
A: x— 2 =0 (Hinh 7). e
; . S

Gotd(M, A)).d(M, A)) lan luot la khoang cach

tir M dén cac duong thing ALA.

MF, Al |ﬂ +.-'_?x| o |a +€x| =

Ta co: =
dM,A) |,

Hinh 7

a C la+ex]

(4 £

MF,

Dhra theo cach tinh trén. tinh m

2 2
X

. Xy :
Cho hypebol () c¢o phuong trinh chinh tac goe b_1 =1 va co hai titudiém F (-¢; 0), F(c; 0).

Duéng thang A : x + -";- = () dwoc goi la dudng chuan tmg voi tiéu diém F, va dudng

thing A: x — 4 — 0 duoc goi la dudmg chudn (g véi tiéu diém F, ciia hypebol (H).
. 2

MF, _  MF,
dM,A) d(M.A,)

Va1 mot diém M thudc hypebol, ta luon co

Cha y: Vi —a< 22 4 nén duéng chuén caa hypebol khéng c¢6 diém chung véi
e e

hypebol do.

Vidu 4

Cho diém M(x; y) trén hypebol (H): :l%—%- =1

a) Tim toa do hai tiéu diém va viét phuong trinh hai duong chuan tuong tmg.
b) Tinh ti s6 khoang cach tor M dén tiéu diém va dén duong chuan tuong img.
Giai
¢ 5. a_a 16

Tacoa=4:b=3,suyrac= a’ +b =5, e= :-5-1; ==
a 4 e ¢ 5
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a) I'_I'ng vai tiéu diém F (-5; 0), ta c6 duong chuin Acx+ L:_? =1,

Ung véi tidu diém F(5; 0), ta co duong chuan A, : x— % =0.

MF, MF, _ 5

b) Ta co d(M,ﬁl}zd[M,_.ﬁl]= 4

Tim toa d6 hai tiéu diém va viét phuong trinh hai duéng chuin twong tmg cta céac
hypebol sau:

3 ] 5

X~ ¥ x f *
H)y ———=1; b)(H) ———=1; HY) —=—=—=1.
a)(H) T ) (H) % 64 c) (H,) 5 5

@ Lap phuong trinh chinh tic ctia hypebol co ticu cur bﬁng 26 va khoang cach giira hai
[

‘ AN 8%
duong chuian bang -

BAI TAP

5

x* y
1. Cho hypebol (H): =——2_=1.
o hypeool(H): T %5

a) Tim tdm sai va d6 dai hai ban kinh qua tiéu cua diém M(H; %—g] trén (H).
b) Tim toa do hai tiéu diém va viét phwong trinh hai duong chuan fuong ung.
¢) Tim diém N(x: y) € (H) sao cho NF, =2NF, voi1 F, F, la hai ticu diém cua (H).

2. Lap phuong trinh chinh tic cia hypebol co tigu cu bf'ing 20 va khoang cach gitra hai
duong chuan b::'mg 3—: .

3. Cho duong tron (C) tam Fr ban kinh » va mot diém F2 thoa man F]FJ =4r.

a) Chimg to rang tim cua cac dudng tron di qua F, va tiép xtc v6i (C) ndm trén mot
duong hypebol (H).

b) Viét phuong trinh chinh tic va tim tim sai cua (H).

4. Trong hoat ddng mo diu bai hoc, cho biét khoang
cach giira hai tram v6 tuyén la 600 km, véan tdc
song vo tuyen 1a 300 000 kmy/s va thoi gian con tau
nhan duoc tin hiéu tir hai tram trén bo bién ludn
cach nhau 0,0012 s (hai tram vo myén phat cac tin
hiéu cting mét thai diém). Viét phuong trinh chinh
tic cua quy dao hypebol () cua con tau.
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Ban c6 biét?
Hé théng dinh vi LORAN

2 2

A= %0
14400 8100

Ngudi ta da fimg dung tinh chat cua céc dudng hypebol dé dinh vi tau thuyén ven bién
théng qua hé thong LORAN.

Cach van hanh cua mot LORAN nhu sau:

Khi hai_ tram phat F, va F, phat tin’hiéu cung mot
thoi diem dén con tau, thi hicu s6 gira hai thon
diém con tau nhan dwuoc tin hiéu tir hai tram nhan
v toe d6 cua song vo tuyén sé cho hiéu so khoang
cach tir vi1 tri cua tau dén ."*"I va Fr Do do, con tau
dang & dau do trén mat hypebol ¢6 tiéu diém 1a F :
va I . Bang cach dua vao tram phat song thir ba,
Es cl_lﬁng ta ¢6 thé hinh thanh mét nhanh hypebol
khac von cac tiéu diem la F, va F. Khi do vi tri
cua con tau la giao diém cua hai nhanh hypebol
néu tren.

Nguyén tac dwa trén cac hypebol giao nhau nay dwoc sir dung trong hé théng dinh vi tim
xa, duoc goi la LORAN (LOng RAnge Navigation). Cac tram radar dong vai tro la ticu
diém cua cac hypebol, va tat nhién, may tinh duoc sir dung cho nhiéu thao tac can thiét
dé xéc dinh vi tri cua con tau.

(Nguon: https://en.wikipedia.org/wiki/LORAN)




Bai 3. Parabol

Tif khoa: Parabol; Truc d6i ximg; Binh; Ban kinh qua tiéu; Tam sai.

£ -
; : 7
(\:‘{3 Miat cat cua guong phan chiéu cua mot den pha la mot 4
parabol (P) véi tim cua bong dén dat tai tiéu diém ‘F g
Lam thé nao de tim khoang cach tir /' dén mot diem .
trén guong khi biét phuong trinh chinh tac cua (P)? E
Hx“x.
1.Tinh déi xding cia dudng parabol
On tap vé parabol Y1 Mx;y)

Ta da biét parabol (P) véi phuong trinh chinh tic

yi=2px (p > 0) co tiéu diém F(%;l’.}] va co ‘% .
. i P i X

dwong chuian A x= —5

Parabol (P) nhan Ox lam fruc doi Xung.

Giao diém cua parabol (P) va truc doi xing cua no A

got la dinh cua parabol.

Hinh 1

Chi y: a) Véi moi diém M(x; y) thude parabol (P): 32 = 2px (véi p > 0) ta déu co6 x > 0,
suy ra (P) thuoc nira mat phﬁng toadocox=10.
b) Vi —% < 0 nén duomg chudn cua parabol khong cé diém chung véi parabol do.

Chimng t6 rang néu diém M(x:y,) nam trén parabol (P) thi diém M( X, —¥,) cling nam
trén parabol (P).

Khoang cach tir tiéu diém dén duong chuan goi 1a tham sé tiéu cua parabol.

Cha y: Khac vai elip va hypebol, dudng parabol chi c6 mét truc doi xung, mot dinh va
khéng cé tim dbi ximg.
Vidu 1
Tim toa do tiéu diém, toa do dinh, phuong trinh duong chuan va truc doi Xing cua
parabol (P): y*= 4x.

Giai
Taco2p=4,suyrap=2. Vay (P) co tiéu diém F(1; 0), dinh O(0; 0) duong chudn A: x =-1

va nhan Ox lam truc do1 ximg.
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Tim toa db tiéu diém, toa d6 dinh, phuong trinh duéng chuén va truc dbi ximg cia cac
parabol sau:

7 2 2 ]
a) (P.): y*= 2x; b) (P,): y'=x; c)(P):y = EI.
@ Trong mat phang Oxy, cho diém A(2; 0) va dudng thing d: x + 2 = 0. Viét phuong
=4 trinh cuia dudmg (L) 1a tap hop cac tim J(x; ) ctia cac dudng tron (C) thay ddi nhung

luén luén di qua A va tiép xic véi d.

2. Ban kinh qua tiéu va tam sai cua parabol

‘}- &
#@ Cho diém M(x; y) trén parabol (P): 3*= 2px (Hinh 2). Hi M(x; y)
Tinh khoang cach tir diém M dén tidu diém F cua (P).
7 X
2
A

Hinh 2

Cho diém M trén parabol (P) c6 tiéu diém F va duong chuan A. Ta goi doan FM la
bin kinh qua tiéu ctia diém M va goiti sé e= ML L e parabol (P).
d(M, A)

Moi parabol déu ¢6 tdm sai e = 1 va parabol chinh tic (P): 2= 2px ¢6 d6 dai ban kinh

qua tiéu cua diém M(x; y) la FM =x+ %

Vidu2

Tinh ban kinh qua tiéu ciia diém M(1; 2) trén parabol (P): = 4x.
Gidi

Ta co 2p = 4, suy ra p = 2. Viy d6 dai ban kinh qua tiéu cua diém M(1; 2) la:
FM=x+£=I+E=2_
2 2
% Tinh ban kinh qua tiéu cua diém dudi day trén parabol tuong img:

a) Diem M (1; -4) trén (P)): *= 16x;
b) Biem M(3: -3) trén (P,): y*=3x;

¢) Biém M (4; 1) trén (P): y* = %_‘r.
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._ﬁ. Mot céng c6 dang mot duémg parabol (P). Biét chidu

BAI TAP

Ln

2 cao cia cong la T,ﬁ m va khoang cﬁch giﬁa hai ch&n

dlem F cua (P) bang mot doan day ndi tir dinh S cua ||
cong Tinh khoang cach tir tam ngo1 sao dén dinh cong

M3t cét cua mot chao ang-ten co dang mot parabol (P)
c6 phuong trinh chinh tac y* = 0,25x. Biét dau thu tin
hiéu cua chao ang-ten dat tai ticu diém F cua (P). Tinh
khoang cach tir diém M(0,25; 0,25) trén dng-ten dén F.

Tim toa dé tiéu diém va phuong trinh duong chuin cua cac parabol sau:

= ,
a} ':Pl]: }11: TI, h} {.P:}: J.}_:EI: C] [PJ): J_.--: JE.I
. Tinh ban kinh qua tiéu ciia diém da cho trén céc parabol sau:
a) Diém M,(3; —6) trén (P,): y°=12x:  b) Diém M,(6; 1) trén (P,): y*= é*’“

c) Diém M, [\E,ﬁ) trén (P.): y* =f3x.

. Trong mit phiang Oxy, cho diém A( -;:: : 0) va duong thing d: x + i= 0. Viét phurong trinh

cua dudmg (P) la tap hop tdm M(x; y) cua cac dudng tron (C) di dong nhung luén luén di
qua A va tiép xic véi d.

. Cho parabol (P). Trén (P) lay hai diém M, N sao cho doan thang MN di qua tiéu diém F

cta (P). Chirng minh ring khoang céch tir trung diém 7 cua doan thang MN dén duong

; . | :
chuan A cua (P) bang EMN va duong tron duong kinh MN tiép xuc voi A.

. Hay so sanh ban kinh qua tiéu cua diém M trén parabol (P) v6i ban kinh cta duéng tron

tam M, tiép xic véi dudng chuén cua (P).

. Mot sao chdi A chu}rén dong theo quy dao co dang mot parabol () nhan tam Mat Tron 1a ticu

diém. Cho biét khoang cach ngdn nhat giita sao chéi 4 va tam Mat Troi 1a khoang 112 km.
a) Viét phuong trinh chinh tic cua parabol (P).

b) Tinh khoang cach giita sao choi A va tam Mat Troi khi sao chéi nim trén duong thing
di qua tiéu diém va vudng goc voi truc doi xung cua (P).

. Mit cat cua guong phan chiéu cia mét dén pha c6 dang mét parabol (P) cé phwong trinh

chinh téc y* = 6x. Tinh khoang cach tir diém M (1:4/6 ) trén guong dén tiéu diém cua (P).
(vo1 don vi trén hé truc toa do la xentimet).
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Bai 4. Tinh chat chung cta ba dudng conic

Ti khoa: Dudng conic; Tiéu diém; Dudng chuan; Tam sai.

Tai sao ngudi ta goi elip, hypebol, parabol la ba duong conic?

1. Giao ciia mat phang vdi mat nén tron xoay

@ Gin mot doan -f:-ng nhura vao dau bong cua mot den chiéu nho dé tao ra mot chum
s anh sang hinh médt non tron xoay (Hinh la, b). Chiéu dén lén mot birc tuong vai cac
goe nghiéng khac nhau dé anh séng tir dén hit 1én birc twong tao thanh cac béng khac

nhau (Hinh le, d, ). Nhan xét hinh anh ban nhin théy trén birc tuong.

Hinh 1



Nguoi ta chitng minh duoc c6 thé tao ra cac duong tron, elip, hypebol, parabol bing cach
_ cho mat phang cit mét non tron xoay.

Giao ctia mat mét phang v&i mot mét non tron xoay (mit phing khong di qua dinh
ctia mit non) co thé la duong tron, duong elip, duong hypebol hay duong parabol.

Vidu1

Trong Hinh 2a, giao cua mat phﬁng va mat non la mot duong parabol.

a) b) c)
Hinh 2

@ Giao cua mat phéng va mdt non trong Hinh 2b, ¢ c6 dang duong gi?

_h' Khi may bay bay song song v&i mit dat véi véan toe 1ém hon van toe ciia am thanh s&
= tao ra cac lop khong l-:h1 dao dong co hinh mat non (noén Mach] ( Hmh 3) vatao ra tlr:ng
n6 manh, goi la tleng nd siéu thanh. Nhiing nguo trén mat dat néu nghe tha],ar t1eng no

nay cung mot thoi diém thi vi tri ciia ho ciing thuée mét dudng hypebol. Hay giai thich

diéu nay.
Mon Mach =k i i T 1
1Y | ' [ I |
— d [ ] '
"ﬂ-‘||' .F i II |] | | J

Hypebol ——— } f
Mt dit

Hinh 3
2. Xac dinh dudng conic theo tam sai, tiéu diém va dudng chuan

O Cho du'ung conic co tiéu ﬂ::m F, duomg chudn A
va mot diém M 1a diém ndm trén duong conic do.

FM
d(M, A)

Tim mo1 hién he gitra ti s6 va tén gol

cua duong conic.
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Dinh nghia chung cua cic duwong conic

Cho diém F ¢b dinh va duong thing A c6 dinh khéng di qua F. Tap hop cac diém M

. 2+ MF . . : .
sao cho ti s0 ——— bang mot hang so duong e cho trude duoc goi la dirong conic.

Diém F goi la tiéu diém, A goi 1a dwéng chuin va e goi 1a tém sai cia dudng conic.
Tir dinh nghia trén, két hop van tinh chat cua elip, parabol va hypebol, ta co:

Elip la dudng conic co tamsai e < 1;
Parabol la dirdng conic c6 taim sai e = 1

Hypebol la dudmg conic co taim sai e > |.

Vidu2
Xac dinh tim sai, toa d6 mét tiéu diém va phuong trinh duong chuan tuong (g cta moi

duong conic sau:

3 .. 3 7

a) > = 14x; b) 42 =1; o =-L-r1
’ 10 5 4 12
Giai

a) Conic (P): y* = 14x la mot parabol. Tacoco 2p= 14, p=17.
- 7 . _
Suy ra (P) co tieu diem F{E ; 0), duong chuan A:x = % vatam sal e = |.

: x J’: e B
b) Conic (E): —+=—=1 la mot elip.
) (£ T p

a 2

Tach: a= ]I],J’J:\E.cz a - :JE.E:EIJE.EZEEZJE,
“ T
2
2

Suy ra (E) co tiéu diém Fl{—\/?;ﬂ] , dudmg chuan A, :x =25 vatamsai e= —

a o}
x oy

¢) Conic (H): E—_E =1 la mot hypebol.

Tacod: a=2.b=2B.c=Ja® +b* =4 e=5=2,
o

| &

Suy ra (H) c6 tiéu diém F,(4:0), duong chuan A, :x =1 va tim sai e=2.

Vidu3
Cho dudmg thang A: x + y — 1 = 0. Goi tén va lap phuong trinh cta cac duomg (L) la tap
hop cac d iém M(x; y) thoa man o O = e trong moi truémg hop sau:

{ d(M. A)

a]e=5; b) e=2; cle=1.



Gidi
Tacé MO= \[x* +y* vad(M, A)= J%!,-J’_‘E_—Il-

a)(L)coe= % < 1, do do (L) la mot duong elip.

Taco M(x;y) € (L) _MO _ 1l o= dnnn)
d(M,A) 2

& Lf'xl+y1 =—|I—i/'z__]| = B(x*+)y)=(x+y-1}

S+ =+ Y+ oy -+ 1S T+ -2+ 2x+2y—-1=0.

Vay elip (L) c6 phuong trinh 7x* + 7y — 2Zxy + 2x + 2y - 1 = 0.

b)(L)coe=2> 1, do do (L) la mot hypebol.

Taco Mix;y) e (L) = ﬂ =2 <> MO =2d(M, A)
d(M, A)
T |x+_}='—i| s -
S Nx + ) =ZT Xy =2x+y-—1)

§f+}13:2[1‘3+}r3+2x_}r—1x—.2y+ 1]*::’1'3+J":'|"4JZ}’—4I—-4_}‘+2=[]_

Vay hypebol (L) co phuong trinh x* + )12 + 4xy —4x - 4p+2=0.

c) (L) coe= 1, do do (L) la mot parabol.

Taco M(x;y) € (L) &= % =1 < MO=dM, A)

& Afx7+ B 22+ =(x+y— 1)
¥ = Vi) &2 ty)=@x+y-1)

SR+ =x2+ )2+ Ty - -2y + | a2+ 12— 2y + 2x + 2y — 1 = 0.

Vay hypebol (L) c6 phuong trinh x> +y* — 2xp + 2x + 2y - 1 = 0.

Xac dinh tim sai, toa d6 mét tiéu diém va phuong trinh duémg chuin twong (g cua
moi dudng conic sau:

¥ il o

5 : !
Y 24 TR c) ¥ =—x.
2 12 4 2
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|lﬂ1..~‘: Quy dao cua cac vit thé sau day la nhirng dudng conic. Nhimg dudng nay la elip,
N : )
=2 parabol hay hypebol?

Tén Tam sai

BAI TAP Y

1.

Trai Dét 0,0167
Sao choi Halley 0,9671
Sao chéi Great Southern of 1887 1.0
Vat thé Oumuamua 1,2 Hinh 5. Vat thé Oumuamua

Nguon: https://vi.wikipedia.org/wiki/oumuamud

Xac dinh tam sai, toa do mot fiéu diem va phuong trinh duong chuan twong trng cua mo:
duong conic sau:

o e = :
— e by ——=—=1- )Y =X
A ' 'T5 710 =3

Viét phuong trinh ctia conic ¢6 tam sai e = 1, tiéu diém F{(1; 0) va dwong chuan A: x + 1 =0.

. Viét phuong trinh cua conic (C) trong méi truomg hop sau:

a) (') co ticu diem F(8: 0). ducong chuin A: x-2=0 vatim saie=2:
. 25 .
b) (C) co hicu diem F(—4: 0), duong chuan A : .‘t'+?- =0vatimsal e=

Lh | =

4. Quy dao cua cac vat thé sau day la nhirng duong conic. Nhirng duong nay la elip, parabol

hay hypebol?

Ten Tam sai
Sao Hoa 0,0934
Mat Trang 0.0549
Sao Thuy 0,2056
Sao chdi Tkeya-Seki i Hinh 6. Sao chéi lkeya-Seki nhin tifTrai Dat
C/2019 Q4 3.5 Nguon: https://vi.wikipedia.org




6.

. Mit Trang chuyén déng theo mét quy dao la duong elip

BAI TAP CUOI CHUYEN PE 3

. Tim toa d6 cac dinh, tiéu diém va ban kinh qua tiéu (ng véi diém M(x; y) cia céc
conic sau:
a) -+ _=1; b Lo ¢)y*=11x.
169 144 25 144 ;

g p

. Choelip (E): > +2 1.

25 9
a) Xac dinh toa do cac dinh, tiéu diém va tim tim sai cua (E).
b) Viét phuong trinh chinh tic cua parabol (P) c6 tiéu diém la tiéu diém c6 hoanh do duong
cua (F).
¢) Viét phuwong trinh chinh tac cua hypebol (H) cé hai dinh 13 hai tiéu diém cua (E), hai
tiéu diém la hai dinh cua (E). Tim tam sai cua (H).

. Xac dinh tim sai, tiéu diém va dudng chuan tuong {mg ctia moi dudmg conic sau:
X Y © 5y :
a) —+—=1: by ——=1: c) y =Tx:
16 12 14 2

. Cho duémg thing d: x +y — 1 =0 va diém F(1; 1). Viét phuong trinh dwémg conic nhan F

la tieu diem. 4 la duong chuan va co tam sai e trong moi1 trrong hop sau:

aje= —; bje=1: c)e=2.

I
2
co tam sal bing (0,0549 va nhan tam Tra1 Dat la mot tieu
diem. Biét khoang cach gan nhat giira tam Trai Dat va tam

Mat Tring la 362 600 km. Tinh khoang cich xa nhét giira
tam Trai Pat va tim Mait Trang.

Ngudn: https://www.universetoday.com

Hinh 1. Trai Bat va Mat Trang

Ta da biét tinh chit quang hoc cia ba dudng conic (xem phin doc thém Ban cé biét? &
trang 72, sach gido khoa Toan 10, tap hai). Hypebol ciing ¢6 tinh chat quang hoc tuong
tu nhu elip: Tia sang hudng téi tiéu diém F, cua hypebol (#) khi gip mét nhanh cua (H)
s€ cho tia phan xa di qua F, .
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Mt nha nghién ctru thiét k& mot kinh thién vin vé tuyén chira hai gwong ¢6 mat cat hinh
parabol (F) va hinh mét nhanh cua hypebol (H). Parabol (P) c6 tiu diém F| va dinh §.
Hypebol (H) c6 dinh A4, co chung mot tiéu diémla F , vO1 (P) va con co ticu diém thu

hai F, (Hinh 3).

Nguyén tic hoat dong cua kinh thién van d6 nhu sau: Tin hiéu dén tir vii tru duoc xem
nhu song song véi truc cua parabol (P), khi dén diém M cua (P) sé cho tia phan xa theo
hu’fmg MF , tia nay gap (H) tai diém N va cho tira phan xa to1 F la not rthu tin hiéu. Cho
biet SF| = 14 m, SF, =2 m va AF = | m. Hay viét phuong trinh chinh tac cua (P) va (H).

(Nguon: https://sciencestruck.com/parabolic-mirror-working-principle-applications)

Hinh 2

7. Mat cit cua mdét chao dng-ten la mot phﬁn cua parabol (P).
Cho biét du thu tin hiéu dat tai tiéu diém F cach dinh O cia

1
chao mot khoang la Em.

a) Viét phuong trinh chinh tic cua (P).

b) Tinh khoang cach tir mot diem M(0,06; 0.2) trén dng-ten

dén F.

8. Guong phan chidu cia mot dén chiéu c6 mat cit hinh

parabol (Hinh 5). Chiéu rong giira hai mep vanh cua guong

la MN = 32 cm va chiéu sau cua guong la OH =24 cm.
a) Viét phuong trinh chinh tic cua parabol da.

{____

b) Biét bong dén dat tai tiéu diém F cua guwong. Tinh

khoang cach tir bong den to1 dinh O cua guong.

o




BANG GIAI THICH THUAT NGU

B

Bin kinh qua tiéu

Doan thang noi tieu diém cua conic voi
mdot diém ndm trén conic.

C

Cong thire nhi thirc Newton

La cong thirc khai trién:
(a+b)" =Cla"+Cla"'b+...
+Cia" ' 4.+ C ™

b

Dinh cua conic

Giao diém cua conic vai céac truc doi xing.
Duong chuin

Xem dinh nghia dwéng conic.

Dwéng conic

Tap hop cic diém c6 ti s6 khoang cach tir
diém do dén mot diém ¢6 dinh F va mét
dl.mrng thaug cd dmh A (khéng di qua F)
bang mét hang s6 e. Diém F goi 1a tiéu
diém, duong thang A goi la diwong chur.m
twong trng voi tidu diém F va hang so e goi
la tdm sai cua conic.

MF

Y= o 1
(C) =1 |d{M,a} e}
E
Elip
Puong conic co tam sate < 1.
G

Gia thiét quy nap
Gia thiét duoc dua ra ta1 bude quy nap cua
qué trinh chimg minh moét ménh dé toan
hoc biang phurong phap quy nap toan hoc.
H
Hé ba phwong trinh béiic nhit ba én
La hé 6 dang:

ax+by+cz=d,

ax+by+e,z=d,

axt+bytecz=d,
trong do x, y, = la ba an, a, b, c,d lacac
so thuc cho trude goi la cac hé so. O day
cac hésoa, b, ¢, (i = 1, 2, 3) khong dong
thot bang 0.

+C 0.

Hypebol

Puong conic co tamsaie > |.

N

Nhi thirc Newton

La cach goi tat cua cong thirc nhi thie
Newton.

Nghiém ctia hé ba phwong trinh béc nhit
ba an

La bo ba s6 (x,; y,; z,) thoa man dong thoi
ca ba phuong trinh cua hé ba phurong trinh
béac nhit ba an.

P

Parabol

Puong conic co tam saie = 1.

Phwong trinh bic nhét ba 4n

La he thire co dang ax + by + ez =d, trong
dox,y,zgoilabaanvaa, b, c,dlacacso
thue cho trirdce, goi 1a hé s6, thoamin a, b, ¢
khong dong thoi bang 0.

Q

Quy nap toan hoc

Mot nguyen li trong toan hoc, cho phep
chirng minh nhitng ménh dé phu thuéc vao
sO tu nhién dura trén hai budc.

il

Tam giac Pascal
La mot bang sn gﬂm cAc hing, mdi hang

gdm céc hé sé cua cong thirc nhi thic
Newton lan lwot ing ve1n=0, 1, 2, ...

Tam sai
Xem dinh nghia dwong conic.
Tiéu di¢m

Xem dinh nghia dwong conic.
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