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HUONG DAN SU DUNG SACH

M&i bai hoc trong séch Todn 12 thudng c6 cac phén nhu sau:

&

Hay bao quan, giir gin sach gxﬁﬁk]iuad@ﬂ&htﬁng” cac em hoc si"nhléﬁmﬁ“



Loi néi dau
Sach Toan {2 thudc bo sach giao khoa Chdn tréi sdang tae duoc bién soan theo Chuong trinh
giao duc pho thong nam 2018 cua Bo Giao duc va Dao tao.
Céau tric sach Todn 12 duoc chia thanh hai tap.
Tép hai bao gom ba chuong:
Chwong IV: Nguyén ham. Tich phdn.
Chwong V: Phuwong trinh mét phang, dicong thing, mdt cdu.
Chwong V1: Xde sudt cé diéu kién.

Pau mébi chuong déu cé néu rd cac kién thirc co ban s& hoc va cic yéu cau can dat caa chuong.
Céc bai hoc déu xdy dung theo tinh than dinh hudng phat trién ning luc va thuong duoc thng
nhit theo céc budc: khdi dong, kham phd, thuc hanh, vdn dung. Sach s& tao nén mét méi truong
hoc tap va giang day tuong tac tich cuc nhdm dam bao tinh dé day, dé hoc déng thai hd tro cac
phuong phap giang day hiéu qua.

No1 dung sach thé hién tinh tich hop, ga';m bo mon Toan vai cac mon hoc khac. Nhirng hoat dong
trai nghiém duoc ting cudmg gitp ngudi hoe co thém co hoi van dung Toan hoc vao thue tién,
dong tho1 ung dung cong nghée thong tin vao vice hoc Toan.

Ching t6i tin tuéng rang véi cach bién soan nay, sach gido khoa Todn 12 sé hé tro quy thay,
cO gido mot cach tich cuc va hiéu qua trong qua trinh day hoc, dong thon giup cac ban hoc sinh
hitng thi hon khi hoc tap b6 mon Toan.

Rt mong nhan dugc sur gop y cua quy thé},f, €0 giao va cac ban hoc sinh dé sach duoc ngay cang
hoan thién hon.
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Phin| MOT s6 YEU TO GIAI TiCH

o " 'IUA NGUYEN HAM. TICH PHAN

Nguyén ham va tich phin 13 hai khai niém todn hoc cho phép biéu thi va tinh todn nhiéu dai luong khic nhau
xuat hién trong khoa hocva cudc song.

Trong chuong nay, chiing ta sé tim hiéu vé hai khai niém noi trén va mot 56 tinh chat co bin dia chiing, vin dung
chiing dé gidi mdt s6 bai toan thuc tién lién quan dén nhiing dai luong quen thudc nhu dién tich, thé tich, quang duing
chuyén déng, ....

| S R
Néu biét tic @d clia xe trong qua trinh chuyén déng thi xic dinh dudc quing duing d3 i duoc tai moi thoi diém ala
qua trinh do.

f&l Hoc xong chuong nay, ban c6 thé:

- Nhan biét dugc khai niém va tinh chat co ban cia nguyén ham.

- Xac dinh dugc nguyén ham clia mét s6 ham sé so cap; tinh dugec nguyén ham trong
nhiing trudng hop don gian.

- Nhan biét dugc khai niém va cac tinh chat cla tich phan; tinh dugc tich phéan trong
nhirng truong hop don gian.

- St dung dugc tich phan dé tinh dién tich hinh phang, thé tich hinh khéi va giai quyét
nhiing bai toan lién quan dén thuc tién. r




ai 1. Nguyén ham

Tirkhoa: Nguyén ham.

Khi dugc tha tir 6 cao 20 m, mot vat rai T~
vdi gia tdéc khong ddi @ = 10 m/s. Sau khi
roi duac t gidy thi vat cé téc dé bao nhiéu
va di dugc quang duong bao nhiéu?

1. Khai niém nguyén ham
’@ Cho ham sb f(x) = 2x xac dinh trén E. Tim mot ham ) F{x) sao cho F'(x) =f(x).

Ki hiéu X la khoang hodc doan hodc nira khoang cua .

* Cho ham sb f(x) xac dinh trén K. Ham s6 F(x) dwoc goi la mguyén ham cia ham sb f(x)
trén K néu F'(x) = f(x) v&i moi x thude K.

Vi du 1. Chitng minh ring:

a) F(x) = 5x + x* 1a mdt nguyén ham ctia ham sé-fi:x} =5+2xtén R.
1 o [ T r[)
— trén | ——;— |.
cos™ x 2°2
Giai

a) Taco F'(x) = (5x +x)' =5 + 2x = f(x) vai moi x thudc B.

b) G{x) = tanx la mot nguyén ham cua ham s0 g(x)=

Vay F(x) la mot nguyen ham cua ham S0 f(x) trén F.

b) Taco G'(x) = (tanx) =
0s X

HI;I
| =
\-._._.-"

= g(x) vo1 mo1 x thuoe [

Vay Gi(x) la mot nguyén ham cua ham s6 glx) trén ( E g]

; Cho ham sé f(x) = 3x* xic dinh trén R.
a) Chirng minh rang F(x) = x* la mot nguyén ham cua f(x) trén .
b) Véi C la hing so tuy ¥, ham sé H(x) = F(x) + C c6 la nguyén ham cua f(x)
trén [ khong?
c¢) Gia sir G(x) la mot nguyen ham cua f(x) tren B Tim dao ham cua ham S0 (r(x) — Fix).
Tir d6, c6 nhan xét gi vé ham sé G(x) — F(x)?



Tong quat, ta co:

e V&1 moi hfmg sd C, ham sb F(x) + C cting la mot nguyén ham cua f(x) trén K

Cho F(x) 1a mét nguyén ham cua ham s6 f(x) trén K. Khi do:

e Néu G(x) 1a mot nguyén ham cuia ham sf:-f{x) trén K thi ton tai h:"mg s6 ( sao cho
(G(x) = F(x) + C vo1 moi x thuoc K.
Nhur vy, moi nguyén ham cia ham sé f(x) trén K déu c6 dang F(x) + C, voi C la
hang s6. Ta goi F(x) + C, C € R 1a ho tat ca cac nguyén ham cua f(x) trén K, ki hiéu
j Fx)dx va viét

f f(x)dx=F(x)+C.

Chai y: Biéu thirc f(x)dx goi la vi phin cua nguyén ham F(x) ciia f(x), ki hiéu 1a dF(x).
Vay dF{(x) = F'(x)dx = f(x)dx.
Vidu 2. Tim:

N 1
a) Ix‘dx trén R; b) I dx trén (0: m).

sin” x
Griai
X' x’
a) Vi {?J = x°, vol moi x thuéc B nén F(x) = Y la mét nguyén ham cua x° trén R.

1
A

Viy [x'dx = "3 + Ctrén R.

b) Vi (—cotx)' = — I, vl moi x thuoe (0; m) nén F(x) = —cotx la mot nguyén ham cua
sin- x

|

sin” x

: ', trén (0; ). Vay j'
SN X

dx =—cotx + C trén (0; w).

Chiy:
a) Moi ham s f(x) lién tuc trén K déu c6 nguyén ham trén K.

Bai toan tim nguyén ham cua mot ham s6 ma khong chi ré khoang K thi duoc hiéu la
tim nguyén ham trén timg khoang xac dinh cua ham sé do.

b) Tir dinh nghia nguyén ham, ta co J.f‘(_t)dx = fix) + C.

% Chirng minh ring F(x) = ¢ ' 1a mdt nguyén ham cta ham s6 f(x) = 2¢* ' trén R.



2. Nguyén ham ctia mét sé ham sé so cap
Nguyén ham ctia ham s6 luy thira
;@ a) Gidi thich tai sao [0dx = Cva [1dv =x+C.

a+l

b) Tim dao ham cua ham sé F(x)= x (a #—1). Tir do, tim J.x“d.r_

o+1
Tur #@, ta co:
'@‘ xﬂ-‘l-l
« [0dx=c; « [ldv=x+C; . [xtdx= —+C (a=-1).
cL
Chil y: Ngui ta thudng viét [dx thay cho [1dx.
- 1
Vidu3. Tim: a) J'x"dx; b) J'—dx.
' Jx
Giidi
for. o I : 1 o ._% = % 8
a) jxdxmgx +C: b) J'ﬁctruj,x dv=2x2+C=2Jx+C.
1
Tim: a) [x'dy; b) [=dx; ¢) [Vxdx (x>0).
¥ X
- n » a - 1
Nguyén ham clia hamsé y = —
X
'® Cho ham s6 F(x) = In |x| véix £ 0.
1
a) Tim dao ham cua F(x). b) Tir do, tim [—d.
X

o e
Tir J{:i, ta co:

0

" 1
j_dx=1nlx1+f:.
X

: 1
Vidu 4. Cho ham s6 f{x) = — vai x # 0. Tim nguyén ham F(x) cta f'(x) thoa man F(-2) = 0.
X
Giai
|
Taco [—dv=Inlxl+C nén F(x)=Infx|+ C (x#0).
X

Do F(-2)=0nén In}-2| + C=0hay C=-In2.
Vay F(x) = In|x| - In2 (x = 0).



Nguyén ham ctia mét sé ham sé lugng giac
’ a) Tim dao ham cua cac ham séy =smX,y=-cosX,y=tanx,y=-—cotx.

b) Tir do, tim Icnsxdx, J’sinxdx, j 1, d vé,I 1, dr.

cos X sin” x
Tir ,@, ta co:

0

=
. Imsxdx =sinx+C; . J'siﬂxdx =—cosx+ (;
1 1
-I —dx =tanx + C; -J,E dx =—cotx+ C.
Ccos X sin” x

Vidu 5. Tim [2sin %cus %dx.

Giai

JEsinicosidrmjsinxdr =—cosx+C.
2 A
% Tim nguyén ham F'(x) cua ham sé}f[x‘,i = cos x thoa man F(0) + F[g] =0

Nguyén ham clia ham sé mi

A

,@ a}Timﬂaﬂhﬁmcﬂacﬁchémsé}l=£T,_1'=lﬂ véia>0,a#l.

I cf

b) Tir do, tim _[e’"dx‘ va _[a'dr (a=0,a=1)

-c;:ﬁ ,@,tacé:
1 . Ie'd.r=e‘+C; . Ia"‘dx= ;;+C (a>0.a=1).

Vidu 6. Tim nguyén ham F(x) cua ham séf[_r} = 2" thoaman F(0)= 1.

Giii
Taco j'z*dx= +C nén F(¥)==—+C.
In2 In2
Do F(0) = 1 nén LA S R
) o~ MR o e g
2" 1
Viy Flx)=—+1——.
Ay f=g St 5

m Tim: a) I_’n*'dx; b) IE"*{[‘(.




3. Tinh chat co ban cia nguyén ham

Nguyén ham cla tich mét sé véi mét ham sé

'® Ta co [J; J =x" va (x’) =32

a) Tim J'xldx va 3 j' *dx.

b) Tim [3x’dx.
¢) Tir céc két qua trén, giai thich tai sao Il'rx:dx = EJ.xlch'.

Trong truong hop tong quat, véi f(x) 1a ham s6 lién tuc trén K, ta c6:

-Z(;?}

J.'kf(x)dn.tjf{x]dx, voik e B, k0.

Vidu7. Tim:

i |
a) fzs;nxd’f; b) ,[32 dx.

Giai
a) jzsmxdr=Ejsin.rdxz—gcﬂs_r+f;
3 3

x-1 x X
h)f3 dx:ljidlejs*du S

2 27 3 6 61n3

@_-' Tim: a) I[—mjx)dx; b) IZI“'ELT.

Nguyén ham clia tong, hiéu hai ham sé

@ Ta co (x_] =x, (xz}’=?.xvé(£+:c3] =x42x.
¥4 3 3

a) Tim [xdx, [2xdv va [x'dx+[2xdr.
b) Tim [ (x* +2x)dx.

¢) Tir cac két qua trén, giai thich tai sao _I.ll[x1 +2x)dx = J'xldx + ledr.

Trong truong hop téng quat, vot f(x), g(x) la cac ham so lién tuc trén K, ta co:

- [[F)+g@]de=[ f(x)dx+ [ g(x)dx;
. I[f{.r]'_g{x]]dx=If{x}d_r_jg{x}d_r_



Vi du 8. Tim nguyén ham cua cac ham so sau:

a}f{x}=3cﬂ~5x—i; b) g(x) = (2x + 1)°.
x S
Gidi

a}j[?:cnsx—g]dx =3Icos.rdx—4f%dx= 3sinx—4Inlx|+C (x=0);

b) j[2x+1fdx=_[(5f +12x° + 6x + 1)dx = ijjdx+lljx2dx+6jxdx+jldx

=2t +4Ax + 3 +x+ C.

& Tim:a}I[Bf%—-;%Jdr{x}ﬂ}; b) I[ A ].ir,
X o0

s'x sin’x
Vidu 9. Tra 1i céu hoi trong (») (trang 6).
Gidai

Ki hiéu v(r) 1a toc d6 cua vat, s(7) la quang duomg vat di duoc cho dén thoi diém 1 giay
ké tir khi vat bit dau roi.
Vi a(?) = v'(f) voi moi £ = 0 nén

V(1) =_[a{r)cu = j'md: =101+C.
Tacov(0)=0nén 10 .0+ C=0 hay C=0. Vay v(1) = 10¢ (m/s).
Viv(f) =5'(f) voa mo1 { = () nén

s(0)=[v(t)yde = [10ede =57 +C.
Taco s(0)=0nén 5.0°+ C=0hay C=0. Viy s(¢) = 5¢ (m).
Vatroitirdo cao 20 mnén s(r) < 20.suyra0 <7< 2.
Vay sau khi vat roi duoc ¢ giay (0 < ¢ < 2) thi vat co toc do v(r) = 10 m/s va di duoc
quang dudng s(1) = 5 mét.

Mot 6 t6 dang chay véi toe do 19 m/s thi him phanh va chuyén dong cham dan véi
toc d6 W(r) = 19 — 2¢ (m/s). K& tir khi ham phanh, quing duéng & t6 di duoc sau 1 gidy,
2 pidy, 3 gidy la bao nhiéu?

BAI TAP
1. Tinh dao ham cua ham sé F(x) = xe', suy ra nguyén ham cia ham sé f(x) = (x + 1)e".

2, Tim:
a) [xdx; b) I;J%dx(x >0); ¢) [7dx; d) Is—:rir.
X

3. Tim nguyén ham F(x) cua ham séﬂx} = — 11 thoa min F(-TZE) =1
s5In X
4. Tim: g
5 . . . NY 2, w22 dx.
a) [(2x’+3)dx;  b) [(Scosx—3sinx)dv; c) j'[ - ].:Lr. d) I(e = _1-]

X




5. Tim:
. 1A 2 £ qr
a) [x(2x-3)dx; | b) [sin S dx ¢) [tan’xdx; | d) [23 -:'ir. ‘
6. Ki hiéu / (x) la chiéu cao cua mét cay (tinh theo mét) sau khi trong x nam. Biét ring sau
nam déu tién ciy cao 2 m. Trong 10 nim tiép theo, cay phat trién véi toe d6 &' (x) = - (m/nidm).
a) Xac dinh chiéu cao cua caysaux nam (1l =x<11).
b) Sau bao nhieu nam cay cao 3 m?

7. Mot chiéc xe dang chuyén déng véi téc dé v, = 10 m/s thi ting téc voi gia toc khong doi
a =2 m/s’. Tinh quing dudng xe dé di duoc trong 3 giay ké tir khi bit dau ting tdc.

Bai 2. Tich phan

Titkhoa: Hinh thang cong; Tich phan; Can tich phan; Biéu thifc dudi ddu tich phan;
Ham s dudi dau tich phan.

QJ Mat 6 td dang di chuyén véi toc d6 20 m/s
thi ham phanh nén toc 6 (m/s) clia xe
thay ddi theo théi gian t (gidy) duoc tinh
theo cong thic ’

v(t)=20-5t(0<t<4).

K& tir khi ham phanh dén khi dimg, 6 td
di dugc quang dudng bao nhiéu?

1. Dién tich hinh thang cong

@ Cho ham 55,1‘=f[.‘r] =x+ 1. Voi méix = 1, ki hiéu S(x)

’ la dién tich cua hinh thang gidi han bai d6 thi ham sé
v =/ (x), truc hoanh va hai duong théng vuong goc vol
Ox tal cac d iém c6 hoanh do 1 vax.
a) Tinh S(3).
b) Tinh S(x) voi méi x> 1.
c¢) Tinh §'(x). Tir do suy ra S(x) la mot nguyén ham cua
S(x) trén [1; +oo).
d) Cho F(x) la mdt nguyén ham ctia ham s6 f(x). Ching t6
rang F(3) — F(1) = S(3). Tir d nhan xét vé cach tinh S(3)
khi biét mét nguyén ham cua f(x).




Trong 4, ta thiy dién tich S(3) c6 thé tinh dwoc théng qua mét nguyén ham bét ki cia
ham s6 y = f(x). Ta s& mo rong két qua nay cho truong hop dién tich hinh thang cong.

Cho ham s vy = f(x) lién tuc va khéng am trén doan [a; b]. Hinh phing giéi han
b&i d6 thi ham sé y = f(x), truc hoanh va hai duong thing x = a, x = b duoc goi la
hinh thang cong.

Ta s€ dura ra cong thac tinh dién tich § cua hinh thang cong nay. 4 =75

Ki hiéu S(x) la dién tich hinh thang cong gio1 han bon do thi

ham s6 y= f(x), truc hoanh va hai duong thang vudng goc vai smqs

truc Ox tai cac diém co hoanh do 1a a va x. Ta duoc ham s0 ///

S(x) xac dinh trén doan [a; b]. 0l a X b o x

Tn::ing quat két qua cua 9 ¢, nguéi ta chimg minh duoc rs"mg: Hih2

S(x) la mot nguyén ham cua ham 56 f(x) trén doan [a; b].

Gia sir F(x) la mot nguyén ham cua f(x) trén [a; b]. Khi d6. ton tai hing sé C sao cho
S(x) = F(x) + C. Vi §(a) = 0 nén F(a) + C =0 hay C =—F(a).

Tit d6, S = S(b) = F(b) + C = F(b) — Fla).

Vay ta c6 két qua sau:

Néu ham sb y= f{x) lién tuc va khong dm trén doan [a; 4] thi dién tich S cua hinh thang cong
gi6i han boi d6 thi ham s6 y= f{x), truc hoanh va hai duong thang x = a, x = b dugc tinh bai
§=F(b) - Fa),

trong do F(x) la mét nguyén ham caa f(x) trén doan [a; b].

Vi du 1. Tinh dién tich hinh thang cong giéi han boi
d6 thi ham s0 y=f{(x) = 2 — x°, truc hoanh va hai dudng
thfmg x=-1,x=1 (Hinh 3).

Gidi

Him sé y= f(x) = 2 — x° lién tuc, duong trén doan [1; 1]

3

v ¢6 mot nguyén ham 1a F(x) = 2x — 53-

Do db. dién tich hinh thang cong cin tim la v 4

1 1y 10

S=F1)-F-1)=[2—=|-| 2+=|=—.
-Fen=(2-3 ) 2+3)=5

& Tinh dién tich hinh thang cong gion han bon dd thi //

ham s6 y = f{x) = €', truc hoanh, truc tung va dudng 0 i .

thang x = 1 (Hinh 4).

Y

Hinh 4




2. Khai niém tich phan
Q Cho ham sb fx)=2x- 1. Lay hai nguyﬂﬂ ham tuy y F(x) va G(x) cua f(x), roi tinh
F(3)-F(0)va G(3)- F{D} Nhan xét vé két qua nhan duoc.

Cho f(x) la ham s6 lién tuc trén doan [a; b]. Gia st I (x] va (7 (x) la hai nguyén ham cua f (x)
trén doan [a; b]. Khido, G(x)=F(x)+ Cva hang so C nao do. Do do,

G(b)-G(a)=F(b)+ C~[(F(a)+ C)]| = F(b) - F(a).
Nhur vay, hicu s6 F (b) — F(a) khéng phu thudc vao viéc chon nguyén ham F(x) cua f(x).

0:

* Cho ham s f(x) lién tuc trén doan [a; b]. Néu F(x) la mot nguyén ham cua f(x) trén doan

]
[a; b] thi hiéu s F(b)— F(a) duoc goi 1a tich phén tir @ dén b ciia ham s6 f{x), ki hiéu j £(x)dx.

Hiéu sb F(b) - F(a) con duoc ki hicu la F(x) IE -

b
Vay [ f(x)dx = F(x)[, = F(b) - F(a).
h

Ta goi I la dau tich phan, a va b 1a can tich phan, a 1a can dwoi, b 1a can trén, f(x)dx la

7]

biéu thirc duwdi dau tich phdn va f(x) 1a ham 56 dudi ddu tich phén.
Chii y:
a) Trong truong hop a = b hoac a = b, ta quy woc

il b i
j f(x)dx=0 va J.f(x}lir =—J’f{_r]dr.
i d i
b) Nguoi ta chirng minh duoe l“:"'lﬂg. tich phan chi phu thuée vao ham 50 fvacaccana, b
] [/
ma khong phu thude vao bién sé x hay ¢, nghia la If{x]dr = If{i']d!.

c) ¥ nghia hinh hoc cua tich phan

Néu ham sb y = f(x) lién tuc va khéng am trén doan [a; ] ¥4 =)
b
thi I f(x)dx la dién tich § cua hinh thang cong gio1 han
)’ 8
bai db thi ham s6 y = f(x), truc hoanh va hai dudng thing e L
x=a,x=b. Hinh 5
Vay

S = j £ (x)dx.



Vidu 2. Tinh cac tich phan sau:

T

2 : .:1 3
a) | x dx; b) | -dr; ¢) | cosxdx.
i ! |
Giii '
- 3 IJ ’ 1 3 3 ? H}' -
xdx=—| ==(2"-1")=—; b) |-dt=Inz7| =lne—Inl=1;
E}I 3 3( ) 3 }J'r |

[ §
Ia

2

c) Icusxdx = —_‘. cos xdx = —(sin x}Fﬂ = —[sin g _Ein(_EH =—2,

Chay:
a) Néu ham s6 f(x) c6 dao ham f'(x) va f'(x) lién tuc trén doan [a; b] thi

f(b)~fla)=[ f (x)dx.

b) Ta d3 biét ring, dao ham cua quing duomg di chuyén cua vit theo thoi gian bang
téc d6 cua chuyén déng tai mdi thai diém (v (1) = §'(1)). Do d6, néu biét téc do v (1)
tai moi thoi diém ¢ € [a; b] thi tinh duoc quing duong di chuyén trong khoang thot gian
tir a dén b theo cong thire

B
s=5(b) ~s(a)=[ r)dr.

Vidu 3.
a) Tinh quang duong xe di chuyén tir khi him phanh dén khi dimg trong tinh hudng
o (® ) (trang 12).
b) Tinh toc do trung binh cua xe trong khoang thoi gian do.
Gidi
a) Xe dirng khi v(#) =20 - 5t=0hay =4 (v(1) =20 - 51 = 0 vo1 moi1 1 € [0; 4]).
Tir d6, quing dudng xe di chuyén tir khi bat dau ham phanh dén khi dimg la

4

s=[v(oydr = [(20-5r)dr =[2ﬂ:—5ﬂ — 40 (m).
] o

L1
b) Téc dé trung binh cua xe trong khoang thai gian dé la:
s %

4

) th 4
Nhén xét: Cho ham sd f(x) lién tuc trén doan [a; b]. Khi d6 »

=10 (m/s).
1

—d

B
[ £(x)dx duoc goi la

gia tri trung binh cta ham s6 f(x) trén doan [a; b].



@ Tinh cac tich phan sau:

a) j?xd‘r; b) isinrdr; c) If“dz.‘.
| [i] o

(s j Sau khi xuét phat, 6 t6 di chuyén véi toe do
vi)=2t- 0,037 (0 <t < 10),
trong do v(r) tinh theo m/s, thot gian ¢ tinh theo giay vo1 7= 0 la thot diém xe xuat phat.
a) Tinh quing duong xe di duoc sau 5 gidy, sau 10 giay.
b) Tinh téc d6 trung binh cia xe trong khoang thoi gian tir £ = 0 dén r = 10.

3. Tinh chat cua tich phan
Tinh chat 1

;@ a) Tim mét nguyén ham F(x) cita him sb f (x) = 6x°. Tix 6, tinh = [ 6x°dx.
2 0

b) Tinh J = j' .

L]

c) Co nhan xet gi vé gia tri cua / va 6.7

_ tl s ; o
T ,@, mot cach tong quat, ta co:

- -
- -
- -

*  Cho ham s6 y = (x) lién tuc trén doan [a; b], & la s6 thue. Khi do:

i#f(x)dnkj.f{x}dx.

Vi du 4. Tinh cac tich phéan sau:

2 I ) 2 4
Al == dx: b dx; e¢) |27 dx
}!43:‘ }1[35in‘r }:‘;
3
Giai
2 2 2
a} j-l_‘dxz.l_‘llx_:dxzir.i_x_]r :—ini =—l(l—l]=.1..;
| 4y 4+ 4 -1 4 x|, 4\ 2 8
2, i3 2% 1] 2 m .m) 2 2
b —dx =—— —dx = ——(—cot x)|? =—[mt——cnt—]=— 0-1)=——;
}-J[Ssin‘x BIsin‘x { }[; 3 3( ) 3
3 ]
0 [ e =2 Pax=8[2ax =82 =2 a-n=2.
. n % In2|, In2 In2




% Tinh cac tich phan sau:
-1 B 2 Sx—l

1
4x"dx; b) | —dx; —— %
a):[ » }_llﬂx o | 2

Tinh chat 2
|
@ a) Tim mt nguyén him F(x) cia him sb £ (x) = * + ¢". Tir d, tinh [ (x* +*)dx.
& l | °
b) Tinh | x’dx+ [e'dx.
1] ]
¢) C6 nhan xét gi vé hai két qua trén?

Tir ,@ mot cach tfmg quat, ta co:

% Cho hai ham s6 y = f(x), y = g(x) lién tuc trén doan [a; b]. Khi dé:

i.[f{r}+ g{x}] dr= j-f{x}dx+ng(x)dx;

j.[f{x}—g{x)]dx = j.f{.T]dt—j.g{x}dx_

Vidu 5. Tinh céc tich phén sau:

; 5

a) [(3x*-8x)dr; b) |

-1 l;_
Giiii

a) j.l:?:xl —8x)dx = j3x2dx— ijdr: Bj xrdy— Bj.xdt
£y - — K -1

o+

: .
[ 1L, 3 )dx= L dv++/3 L = (tan )’ +3 (~cotx)
; + SIn~ X 3
r

-

= [2° (1)) - 412 (1)1 =-3;

1]

cos x sincx

—
—
| 0 ey s | 4

n
k]
x
3




Vi du 6. Tai mot nha may, goi C(x) 1a tong chi phi (tinh theo triéu dong) dé san xudt x tin
san pham A trong mét thang. Khi dé, dao ham C'(x), goi la chi phi can bién, cho biét téc do
tang téng chi phi theo luong san phém duoc san xuat. Gia su chi phi can bién (tinh theo
triéu dﬁng trén tin) cua nha may duoc ude luong boi cong thire

C'(x) =5~ 0,06x + 0,00072x% véi 0 < x < 150,
Biét ring C(0) = 30 triéu dong, goi 1 chi phi ¢ dinh. Tinh tong chi phi khi nha may
san xuét 100 tan san phﬁm A trong thang.

Giai
Ta co:

L1 1] 0D
C(100) - C(0) = j C'(x)dx = j'{s—n,nsx+n,nnn?2x1}dx
o 0

100 100

=5 { dx—ﬂ,ﬂﬁ! xclx-t—ﬂ,ﬂﬂr[l?zjrrldx

100 3 1L
| +0,00024x |“ = 440,

=5x|," —0,03x

Suy ra C(100) = C(0) + 440 = 30 + 440 = 470 (triéu dong).
Vay khi nha méy san xuat 100 tdn san phiam A trong thang thi tong chi phi 1a 470 triéu dong.

Q Tinh cac tich phan sau:

o 1 1
a) Ix_ldx; b) j(1+zs'mﬂ g)m; c) j[_r—zfdwjmx—f}d;
o -2 -2

@2 Tai mot nha may san xuat mot loai phan bon, goi P(x) la lo1 nhuan (tinh theo tméu dﬁng]

thu duoc tir viéc ban x tan san pham trong mét tuan. Khi do, dao ham P'(x), goi la

loi nhuén cén bién, cho biét toc d6 ting loi nhudn theo lvong san pham bén dwoc. Gia sur

lon nhuan can bién (tinh theo trién don g trén Iin] cua nha may duoc uoc luong bt cong thire
P'(x)=16-002x vo1 0 = x < 100.

Tinh lo1 nhuan nha may thu dugc khi ban 90 tin san pham trong tudn. Biét r:;'a.ng nha may

16 25 triéu &é-ng néu khong ban duoc lwong san pham naoe trong tudn.

Tinh chat 3

’@ Cho ham sé f(x) = 2x. Tinh va so sanh két qua:

£(x)dr va jf{x;dﬁj_f(x)dx.

= e L



Trong truomg hop tong quat, ta co:

= Cho ham sb v = f(x) lién tuc trén doan [a; b]. ¢ € (a; b). Khi do,

[ Fde=[ f@des [ fds

- x

3 3
Vidu 7. Tinh j(sinx+msx)dx+ I(sinx+msx]dx.
0 u

4
Giai

(sinx+cosx)dx = I[si11x+cos.‘c}d‘c

r
4
I(sinx+cnsx)dx+
o

d | F — e |

b | 7

e 1

sin xdx + j cosxdxy

1] 1]

P (0-1)+(1-0)=2.

=(—cosx) E +(sin x)
3
Vidu 8. Tinh [|x* —2x|dx.
]
Giai

3 2 3
Ta co I|x:—2;r]dx zj|xJ —2.r]dx+f|xl—2x1d_r
Li]

0 2

=j[—1': +2r_‘,idx+1-{_1:: —Ex)d_r:[_'z +I:J
[i] 2 o

% Tinh:

1

1
3 3 3 n
a) I(4.\"1—5}E|_T—]{4I; —5)dx; b) j|r—1!d‘r; c) jlcﬂs_ﬂdx.
~1 | 0 L1

Biét Fﬁng tc do v (km/phit) cua mot ca nod
cao toc thay doi1 theo thot gian ¢ (phit) nhu sau:
0.5, 0<t<2,
v(t) = 1, 2=<t<15,;
4-0,2t, 15<1 < 20.

#
¥

\: Yy

b

Tinh quing dudmg ca nd di chuyén duoc
trong khoang thoi gian tir 0 dén 20 phit. Hinh 6




BAI TAP

1. Tinh dién tich hinh thang cong gion han boi:
a) P6 thi ham s6 y = x°, truc hoanh va hai duéng thing x = 0, x = 2 (Hinh 7);

. . 1 .
b) D6 th1 ham s6 y =—, truc hoanh va hai duong thang x = 1, x = 3 (Hinh 8).

X
4
=X
o 2 x x
Hinh 7 Hinh 8
2. Tinh cac tich phan sau: .
2 2 1 1 2
a) | x'dx: b) | —=dx: c) —dx: d) |3 dx.
/ Iz = /
3. Tinh cac tich phan sau: ; g
4 e 2 UM - 3
a) [(x+D(x-Ddx;  b) Iﬂdx; ¢) [Bsinx-2)dv;  d) [——dr.
. : x . o 1+cosx
4. Tinh cac tich phan sau: p
1 4 7
a) J'|2x+2|dx; b) j’|x1—4|¢r; c) I]sin.rldx.
-2 1] n

5. Mat cit ngang cua mot Eng dan khi nong 13 hinh vanh khuyén
nhu Hinh 9. Khi bén trong Dﬂg duoc duy trl - 150 C: Blet rang
nhiét do T (°C) tai diém A trén thanh Dng la ham sé cua
khoang cach x (cm) tir 4 dén tam cua mat cat va

T'(x) :—E (6=<x<8).
X

(Nguén: Y.A.Cengel, A.L.Gahjar, Heat and Mass Transfer,
Mc Graw Hill, 2015)
Tim nhiét do6 mat ngoai cua ong. Hinh 9

6. Gia sir toc do v (m/s) cia mot thang may di chuyén tir ting 1 1én ting cao nhit theo thoi gian
t (giay) duoc cho bot cong thire:
t, 0<t<2,
W) = 2, 2<1<20,
12—-0,5t, 20 <t <24,

Tinh quang duong l'.‘hl]‘_‘,-’éﬂ dong va toc do trung binh cua thang may.



Bai 3. Ung dung hinh hoc ctia
tich phan

Tit khoa: Khai tron xoay.

\
@f Ta da biét cdng thiic tinh thé tich cia khdi cau
bankinh Rla
_AnR’
3
Lam thé nao dé tim ra cong thiic d6?

v

1. Tinh dién tich hinh phang

Hinh phing gidi han béi @6 thi cia mét ham sé, truc hoanh va hai duéng thingx=a,x=b

'Q Goi d 14 db thi ctia ham sb y = f(x) = 6 — 2x. Ki hiu “\"‘
S, la dién tich hinh phéng gion han bai d. truc hoanh 6

va truc tung; S, 1a dién tich hinh phing gidi han bai d,
truc hoanh va duong thﬁng x=75 (Hinh 1).

i
a) Tinh S, va so sanh véi [ /(x)dx.
]

b) Tinh §, va so sanh vai j_;"{ x)dx.
3

¢) So sanh [|£(x)|dx véi 5, + ..

Ta da biét, néu ham s y = f(x) lién tuc va khéng am trén doan [a: 5] thi dién tich hinh thang
cong giol han boi do thi1 ham SO v = f(x), truc hoanh va hai duong thfmg Xx=a. x=bdwoc

L]
tinh boi S = j' £ (x)dx.

Mot cach tong quat, ta c6 két qua sau:
% Cho ham sb y = f(x) lién tuc trén doan [a; b]. Khi d6, dién tich hinh phing gidi han bai
d6 thi cua ham s6 y = f(x), truc hoanh va hai duong thing x = @, x = b duoc tinh bai
cong thire:

S=[|f()]dv.




$ O

Vidu 1. Tinh dién tich hinh phing giéi han bai d6 thi cua ham s6 y = f(x) = x* — 4x + 3,
truc hoanh va hai duomg thing x=0, x = 3.

Giii
Dién tich can tim 1a § = J‘|f—4x+ 3|dx.

Taco:x*—4x+3=0<x=1hodcx=3.

Voix e [0; 1] thifix) = 0. Vo1 x € [1; 3] thi f(x) < 0. \d’
3

y=x—4x+3

vay5=j|f—4x+3|dx

(x° 4r+3}d~r+j[—(r —4x+3)]dx

3

L) | oo

1

|

x X

2 S b= =22 3%
(F-2e] (52003

Chd y: Gia sir ham s6 y = f{(x) lién tuc trén doan [a; b].
Néu f(x) khéng dbi dau trén doan [a; b] thi

1

jl.f(r}lcﬂ: jf (x)dx|.

Néu phuong trinh f(x) = 0 khéng c6 nghiém trén khoang (a; b) thi céng thirc trén van dung.

Vi du 2. Tinh dién tich hinh phing giéi han bai dé thi cua ham s6 y = sinx, truc hoanh
va hai duong thang x = 0, x = 3n.
Gii

in

" .v
Dién tich can tim la § = “sin x|dx. I ‘Iy_\ .....................
0 n 2 /r\]n _

=Y

Trén khoang (0; 37), phuong trinh sinx = 0 Di \-/

chi co hai nghiem lax=mvax=2n. =5

in T In = I in
Vay § = I|sinx|dx=j| sinx|dx+j|sinx|dx=_[]sinx|dx+f|sinx1dx+j|sinx|dx
o ] X o n In

Ix

j sin x dx

In

b4

= Isin.rdr +

1]

In
Isinxdx -

= |{—cns _T)|;[+‘(—cﬂs I}Iiﬂ‘+]{—

=[2[ + -2] + 2] =6.
Tinh dién tich hinh phing gii han boi d6 thi cua ham s6 y = 2x — ¥, truc hoanh va
hai duong thing x =0, x =3,

Tinh dién tich hinh phﬁng 2101 han boi do thi cua ham S0 v =cosx — 2, truc hoanh va
hai duong thingx=0.x=m.



Hinh phang gidi han bai dé thi chia hai ham sé va hai duéng thingx=a,x=b

Y x=2

f Cho hai hirn 58 3= 4% — ¥ vi = x 1iin birgt cb a5 thi e

(P) va d nhu Hinh 4.

a) Tinh dién tich S, cua hinh phfmg g161 han bo (P),

truc hoanh va hai duong thang x =0, x = 2.

b) Tinh di€n tich § cuia hinh phﬁng g101 han bot (P), d

va hai duomg thing x =10, x = 2. ‘ /
3

Cho hai ham 55y=fl (x) vay=/f,(x) hén tuc trén doan [a; b]. 5
Goi S la dién tich hinh phing giéi han boi d6 thi cua Hinh4

hai ham s trén va hai duong théng x=a,x=>b.
1-“.

Xet truong hop f, (x) = £, (x) vor mo1 x € [a; b]. Ki hicu i y=fx)
S,. S, 1a dién tich hinh phing gidi han béi truc hoanh,
hai duémg thing x = @, x = b va dd thi cia ham so6
¥y =1,(x), y=f,(x) tuwong ing. Khi do, y=filx)

'] b b
§=5-5, =!,ﬁ(x)dr—!f2[_r)¢r = ![ﬁ{.‘r} — fu(x)]dx. b\

Trong truéng hop tong quat, ta c6 két qua sau:
¥ Cho hai ham s6 y =1, (x), y = £, (x) lién tuc trén doan [a; b]. Khi d6, dién tich hinh phing

giéri han bai dd thi cua hai ham s y = £, (x), v = £, (x) va hai duong thing x =a, x=b
duoc tinh bat cong thire:

S = [|A(x)— £(x)|dx.

Vi du 3. Tinh dién tich hinh phang giéi han bai d6 thi cua hai ham sé y=x>, y=2-x
va hai dudng thang x=0, x = 2.

Gidi
Dién tich can tim Ia
§=[|¥*~(2-x)|dv=[|x* +x—2|dx. 4 /.r=f'
0 1] .)-\\' dt+------
3
Tacoxr +x—-2=0<x=1hoficx=-2. N
1 2
Viy § = '|x1+x—2|dx+[|xf+x—21dx 5 .
I"I:I \ =i
| 1. i
=j(xl+x—2)dx+ [x1+x—2'jdx‘ ; .
0 1 0 1 2 X
;o . . . ) 4 Hinh &
f Ea ¥l o e e =_E‘ i35,
1 3° 2 13 2 | 6| |6




2. Tinh thé tich hinh khai

&

Vi du 4. Tinh dién tich hinh phing gi6i han boi d thi cia hai ham sé y =x* - 3x, y = x va
hai dudng thing x =1, x=2.

Gidi
Dién tich cdn tim 14 S = j|x’ —3x— xlch: = j|f —4x|¢:h:.
-1 |

Tacox’ —dx=0=x(x’-4)=0<x=0hodicx=—2hoicx=2.
Phuong trinh chi co hai nghiem thudc doan [-1; 2] lax=0vax=2.

Vay S Jl']f —4x|dx = j}'|x3 —4x|dx+i|13 —4x]dx
0

-1

(x* —4x)dx

A5 ]L

Tinh dién tich hinh phang giéi han boi d6 thi ctia hai
ham séy=x1—lt:— l, v=x— | va hai duong thang
x=1,x=4

= ll:r{;:r:J —4x)dx|+

= r,x__zx ]
\ 4

o ey

1]

+ 4=

Tinh dién tich hinh phing giéi han boi do thi cua
hai ham s6 y = Sx — x>, y = x*— x va hai dudng thing
x=0,x=2

M3t cét cia mét cita ham cé dang la hinh phang
gii han boi mot parabol va dudng thang nam ngang
nhu Hinh 7. Tinh dién tich cua cira ham.

Trong khéng gian, cho hinh chép O.ABCD co
day la hinh vuéng canh a, 04 L (ABCD), OA = h.
Pit truc s6 Ox nhur Hinh 8. M6t mit phing vuéng gac
vol truc Ox tai diém c¢6 hoanh do x (0 <x < h),
cét hinh chop O ABCD theo mat cét 1a hinh vuéng
A'B'C"D'. Ki hiéu §(x) la dién tich cua hinh vudng
A'B'CD’,

a) Tinh S(x) theo a, h va x.

]
b) Tinh j'S(x]ctx va so sanh véi thé tich caa khoi chép O ABCD.
L]



Trong khdng gian, cho mét vat thé nim trong
khoang khong gian gitra hai mat pha'ing (P)va (Q)

cung vuong goc vol truc Ox tai cac diema va b.
Mat phﬁng vuong goc vol truc Ox tai diem co B
hoanh d6 x (a < x < b) cit vit thé theo mat cit e %
co dién tich S(x) (Hinh 9). Hinh 9

7 a—
vesh | Six)
%

Pupenin

(4]

S
i

Khi dé, néu S(x) 1a ham s6 lién tuc trén [a; b] thi thé tich cua vt thé duoc tinh bang céng thirc:

‘0: h
-
V= IS{x} dx.

Vidu 5. Cho khoi lang tru tam giac co dién
tich day S va chiéu cao /. Sur dung tich phan,
tinh thé tich ctia khoi lang tru theo S va h.
Giai

Chon truc Ox song song voi duong cao
cua khoi lang tru sao cho hai day nam trong
hai mét phiang vuéng goc voi Ox tai x = 0
vix=h (H]ﬂh 1['). Hinh 10

Mat phs;mg vuong goc voi truc Ox tai diém c6 hoanh do x (0 < x < h) cét lang tru theo
mit cit cé dién tich khéng ddi S(x) = S. Do dé, thé tich khéi lang tru 1

h ]
h
V= 1{5{1:}.11- = :[:de =Sx| = Sh.

@.’ Mot binh chrfra nuoc ¢o hinh dang nhu
Hinh 11. Bict rang khi nuoc trong binh
c¢o chiéu cao x (dm) (0 < x < 4) th1 mat

Tinh dung tich cua binh.

Hinh 11

Thé tich khéi tron xoay
: ; ; 1
*Q Cho D la hinh phang gion han b1 do thi ham so y =/ (x) = Ex. truc hoanh va duong

thﬁng x =4 (Hinh 12a). Quay hinh D xung quanh truc Ox thi duoc mot khéi non, ki hicu
la N (Hinh 12b).

a) Cat khéi N boi mit phing vudng goc véi truc Ox tai diém c6 hoanh dé x (0 < x < 4) thi
madt cit 1a hinh gi? Tinh dién tich S(x) cua mat cat do.

b) Sir dung céng thirc tinh thé tich hinh khéi, tinh thé tich cta khéi nén N.

_
o



Hinh 12

Cho y=f(x) 1a ham s6 lién tuc va khong am trén doan
[a; b]. Goi D la hinh phang gi6i han boi db thi ham sé
y=f(x). truc hoanh va hai duong thing x=a. x=5.
Quay D xung quanh truc Ox ta duoc mot hinh khdi gol
1a khoi tron xoay.

Cit khéi tron xoay trén boi mat phiang vuéng goc
vol truc Ox tai diém c6 hoanh do x vor x € [a; b],
ta duoc mat cat la hinh tron ¢6 ban kinh bang f (x)
va dién tich la S(x) = f°(x).

Viy khéi tron xoay c6 thé tich la

0: i
S
V=x[ £ (x)dx.

Vi du 6. Tinh thé tich khéi cau c6 ban kinh R dé tra 1&i ciu hoi & () (trang 21).
Gidi

Khoi cau ¢ ban kinh R 1a khéi tron xoay nhan duoc

khi quay nira hinh tron gi6i han boi db thi ham sé

y=yR —x" (R < x < R) va truc Ox quanh

truc Ox (Hinh 14).

Tir do, thé tich khéi cau la

R N
_4AnR
-

R 3
F= nf (R* —x7)dx = n(RJ:c—x?]
-R

-t

@ Goi D 1a hinh phang gidi han boi d6 thi ham s

v=1+—_ truc hoanh va hai dudng théng x=1,
x
x =2 (Hinh 15). Tinh thé khéi tron xoay tao thanh

khi quay D quanh truc Ox.




o

'?:i Sit dung tich phan, tinh thé tich khoi nén c6
" ban kinh day r va chiéu cao / (Hinh 16).

EHE'LI 'I*AP Hinh 16
1. Tinh dién tich hinh phang gidi han boi
a) D6 thi cia ham s6 y = ¢, truc hoanh va hai duong thang x=—1,x= 1.

. ; 1 5
b) D6 thi cua ham so y =x + —, truc hoanh va hai duong thangx =1, x= 2.
x

2. Tinh dién tich hinh phing giéi han bai dé thi cua ham sé y = x* — x, truc hoanh va
hai dudmg thang x =0, x = 2.

: N . ; x* 41
3. Tinh dién tich hinh phang gicn han boi d6 thi cua hai ham s6 y = = , ¥ =—%X v
x

hai duong thing x =1, x=4.

4, Tinh dién tich hinh phing gidi han bai d6 thi cua hai ham sb y=x+1,y=2va
hai duong thang x = -1, x=2.

5. Khi cat mét vat the hinh chiéc ném boi mat phing vudng
goc vol truc Ox tai diém co hoanh dé x (-2 < x < 2),
mit cat la tam giac vuong co mot goc 45" va do da
mot canh goc vuong la ﬂ (dm) (Hinh 17). Tinh

thé tich cua vat thé.

6. Cho D la hinh phang giéi han boi d6 thi ham sb
y=~4-x (x<4), truc tung va truc hoanh (Hinh 18).
Tinh thé tich khéi tron xoay tao thanh khi quay D
quanh truc Okx.

7. Trong mat phing toa dd Oxy, cho hinh thang OABC
6 A(0; 1), B(2: 2) va C(2; 0) (Hinh 19). Tinh thé tich
khéi tron xoay tao thanh khi quay hinh thang OABC
quanh truc Ox.

8. Su dung tich phan, tinh thé tich cua hinh chop tir giac
déu co canh day bang a va chiéu cao bang A (Hinh 20).

a



CAU HOI TRAC NGHIEM
Chon phwong an ding.

1. Ham sb nao sau day la mét nguyén ham
cua ham sé y = x*?

Al =2 B. 4x'.
5

xﬁ

C, ?4‘1 D —.4_'(3—1,
2. Ham s6 nao sau diy la mot nguyén ham
cia ham s6 y = ll?
X

1 |
7 (= B. ——.

x x

1 1
C. — Bl —

x X

3. Khang dinh nao sau day ding?
] '{cnsx—hinx}dx =sinx + 2cosx + C.

[ (cos x —2sin x)dx =—sinx +2cosx+ C.

(cos x—2sinx)dx =sinx — 2cos x + C.

O 0w p

.fmsx—Zsinx}dg =—sinx—2cosx+C.
4. Khing dinh nao sau day ding?

ol XE
A I—l ='£—21—1+C.
U 3 X
S 1Y, X 1
B. || x—=]| dvr=—-2x+—=+C.
N x) 3 %
i '\Iz I 3
C. J:—l dx=l x—lj +C.
b X 3!,‘ X
YA B S AN B of S
D. x—— | dy=-— x——] [1+—1)+C.
'\ xJ 3V x X

5. Khing dinh nao sau day dung?
A [3ae=—+cC.
- In9

B. [3*dx=9"In9+C.
S 2
C. .32"1:!3:=[3 ]+r:.

D. [3¥dvr=3"In3+C.

J‘ (4x* +3x% +8x)dx + _[ (4x* +3x% + 8x)dx
) |

bang
A. 16. B.-16.
C.52. D. 0.

2
. Biétring [ f(x)dr=—4.
]

2

Gi tri ctia [[3x—2(x)]dx bang
0o

A -2. B. 12.

C.14. D. 22.

2
. Gia tri cua j|x“ —x|dx bing

A B. 1

C. 2

W | = ] b2

. Dién tich cua hinh phang gi6i han bai do thi

ctia hai ham s6 y=2x", y=2x va hai dudmg thing
x=0,x=2bing
A2 B.

C D.

du | — b Lh

&0



10. Técdod chuyén dong v (m/s) cua mot ca no
trong khoang théri gian 40 gidy duoc thé hién
nhu Hinh 1. Quang duomg di duoc cua ca nd
trong khoang théi gian nay la

A 400 m. B. 350 m.
C.310m D. 200 m.
T {m/'s)
10g-r-= . .
: \ t(s)
0 8 30 40
Hinh 1

11. Cho D 1a hinh phéng gidi han bai do thi
ham sé y=+/x+1, truc tung, truc hoanh
va duong thang x = 2. Thé tich cua khoi
tron xoay tao thanh ki gquay D quanh
truc hoanh bang

A. 6m. B. 2%

C. 3. D. 4.

12. Cho ham sé y = f(x). D6 thi cua dao ham
y = f"(x) la dudng cong trong Hinh 2. Biét
rang dién tich cua cac phan hinh phang
A va B lan lwot la §, = 2 va §; = 3. Néu
£(0) =4 thi gia tri cia f(5) bang
A 3. B. 5.

c.9. D.-1.

Hinh 2

BAITAP TU LUAN

13. Tim:
a) [[4(2-3x)* —3cos x]dx;

b) '[3f —%de;
. 2x

) (2 - ]ctx;
‘isin"x 3cos x

d) (332 1+ 4cos x)dx;

: 3
e) [ 43x* +—= |dx

T ¥ T
g) I[smi—cﬂsij dx.

14. Tinh dao ham cua F(x) =In(x+/x" +1).

1
Tir do suy ra nguyén ham cua f(x)= J— .
x +1

15. Cho f(x) =x’In x va g(x) = xIn x. Tinh f"(x)

va Ig{x}dt'.
16. Tinh cac tich phan sau:
1 2
a) I[dxa + x)dx; b) Iﬁdx,
0 x

¢) ii‘”’dr; d) _[(e’-‘ + 2" d.

17. Tinh cac tich phan sau:

i i

a) I _ ], dv; b) j(1+tanx}{:osxdx.
7 sin” x t
&

18. Mot vat chuyén dong voi toéc do
w(f) = 31 + 4 (m/s), voi thot gian 7 tinh theo
giay, ¢ € [0: 5]. Tinh quang duong vat di
duoc trong khoang thoi gian tir ¢ = 0 dén
§=§



19. Mot chat diém dang chuyén dong véi
toc dé v, = 1 m/s thi ting téc vai gia tde
khéng ddi @ =3 m/s>. Hoi toe do cua chat
diém la bao nhiéu sau 10 gidy ké tir khi

23. Néu cat chau nudc co hinh dang nhu

Hinh 4 bang mit phing song song va cich
mat day x (cm) (0 < x < 16) thi mat cét 1a
ik 0 o i M (104 ¥ Tand). Tk

bat dau tang toc? AT
& dung tich cua chau.

20. Téc d6 ting dan sé cua mot thanh phd
trong mét s6 nam duoc wde luong bai
cong thire ==

‘L'C'ITLI

P(t)=20(1,106) véi0 < <7,

I e — o - 4
e T T

trong do ¢ la thot gian tinh theo nam va =0 Hinti 4
img v&i dau nam 2015, P(f) 1a dan sb
cua thanh phé tinh theo nghin nguoi. Cho
biét dan s6 cua thanh phé dau nam 2015 1a
1 008 nghin nguoi.

24. Mét chiéc 1éu mai vom c6 hinh dang
nhu Hinh 5. Néu cit 1éu bing mat phing
song song vol mit day va cach mat day
mot khoang x (m) (0 <x < 3) thi dwoc hinh
vuong co canh V9—x" (m). Tinh thé tich

cua lén.

a) Tinh dan s cua thanh phé & thai diém
dau nam 2020 (lam tron dén nghin ngudi).
b) Tinh téc dé ting din so trung binh
hang nam cua thanh phé trong giai doan tir
dau nim 2015 dén dau nam 2020.

21. Sau khi duoc tha rot tir do tir 46 cao 100 m,
mot vt roi xuéng_ véri toe do v(1) =10t (m/s),
trong do f la thot gian tinh theo giay ké tir
khi tha vat.

a) Tinh quang duéng s (7) vat di chuyén :

25, Trén mat phang toa dé Oxy, vé nura duong
tron tim O, ban kinh » = 2 nim phia trén
truc Ox. Goi D la hinh phing giGi han bai
nua duong tron, truc Ox va hair duong
thing x = —1, x = 1. Tinh thé tich khéi tron
xoay tao thanh khi quay D quanh truc Ox.

duoc sau thon gian ¢ giay (trong khoang
thot gian vat dang rot).

b) Sau bao nhiéu gidy thi vat cham dat?
Tinh tdc d6 roi trung binh cua vat.

22.Cho §,, §, la dieén tich cac hinh phz"mg duoc

L
- . b r S ‘ j
mo ta trong Hinh 3. Tinh S—* 2
}.l “ *
y=-—x+4x D
7 =1 O =
Hinh &




Phéin HINHHOC VA PO LUGNG

PHUONG TRINH MAT PHANG,

A /NG THANG, MAT CAU

Phuong trinh mét phang, dwing thang, mat cau cd nhiéu iing dung trong thiét ké, dinh vi, san xuat, ... Trong chuong nay,
chiing ta sé tim hiéu vé phuong trinh clia mit phang, duéng thang, mat ciu trong khang gian Oxyz cing cich vin dung
ching dé tinh khodng cich, géc trong khéng gian va gidi quyét mot sé van dé thuctién.

-_, T - T
Wy L -

oo Oy i o

P -

Phuong trinh mat phiang, dudng thang, mat cau gitip xac dinh vi tri va tinh toan chinh xic trong thiét ké xiy dung.

{&I Hoc xong chuong nay, ban cé thé:

- Thiét |ap dugc phuong trinh tdng quat cia mat phang, duéng thang, mat ciu trong
khong gian Oxyz.

— Xac dinh dugc diéu kién dé hai mat phang song song, vudng goéc véi nhau; diéu kién
dé hai duéng thang chéo nhau, cat nhau, song song hoac vudng gdc vdi nhau.

- Tinh dugc khoang cach ti mét diém dén mot mat phang bang phuong phap toa dé.

~Thiét |ap dugc cong thic tinh géc gilia hai dudng thang, gilta duéng thang va mat phang,
gilta hai mat phang.

- Van dung duoc kién thifc vé cac phuang trinh noi trén dé gidi mot s6 bai todn thuc tién.

4




Bai 1. Phuong trinh mat phang

Tir khod: Cap vecto chi phuong; Vecto phéap tuyén; Phuong trinh tdng quat cia mét phang.

Q!) Trong khéng gian Oxyz, lam thé nao dé xac dinh
mdt mat phang bang phuong phép toa d6?

1. Vecto' phdap tuyén va céap vecto chi phwong ciia méat phang

'@ a) Cho vecto # khac 0. Qua mot diém M, ¢o dinh trong khéng gian, ¢é bao nhiéu
mit phing (a) vudng goc vai gia cua vecto i ?
b) Cho hai vecto a, b khéng cling phuong. Qua mét diem M, c6 dinh trong khong gian,

co bao nhiéu mat phang (o) song song hoac chira gia cua hat vecto a. b ?

wl ar ;
—
M, H ,,f'/
i
a) b)

Hinh 1
Limy

Cho mat phang (o).

e Néu vecto 7 khéc 0 vi cé gia vubng goc vai (o) thi # duoc goi 1a vecte phdp tuyén
cua (o).

e Néu hai vecto @, b khéng cing phwong, ¢ gia song song hodc nim trong (o) thi

d, b duoc goi 1 cdip vecto chi phirong cua (o).

Chu y:
a) Mot mat phﬁng hoan toan duoc xac dinh khi biét mét diém va mot vecto phap tu},rén
cua no hodc biét mot diem va mot cap vecto chi phuong cua mat phf:mg do.
b) Néu # la mét vecto phép tuyén cua mit phing («) thi k7 (k#0) ciing la mét vecto

phap tuyén cua (o).




Vidu 1. Cho hinh lap phuong ABCD A'B'C'D’.
a) Tim mot cip vecto chi phuong cia mit phing (ABCD).
b) Tim mét vecto phap tuyén cta mit phang (4BCD).

Giai

Dl
a) Vi AB va AD khcmg -:ung phuong va co gia nim trong : £
mit phang (4BCD) nén AB AD la mdt cap vecto chi phuong Af— B
cua (4BCD). :

s . D.____|] B
b) Vi 44" L (ABCD) nén AA' 1a mét vecto phap tuyén cua F,-"'F &
(ABCD). A B
Hinh 2

Q Trong khong gian Oxyz, cho ba diém A(3; 0; 0), B(0: 4: 0), C(0; D; 5).
a) Tim toa do cua mot cap vecto chi phuong cua mat phﬁng (ABC).
b) Tim toa do cua mot vecto phap tuyén clia mat ph&'ing (OAR).

@ Mot lang kinh co dang hinh lang tru dumg co day la tam giac déu o Hinh 3a dwoc v& lai nhu
Hinh 3b. Tim mot cap vecto chi phuong va mot vecto phap tuyeén cua mat phang (4'B'CY).

A

a)

Hinh 3

2. Xdc dinh vecto phdp tuyén ciia mat phang khi biét mét cép vecto
chi phuong
q Trong khong gian Oxyz, cho mat phang (ct) cd cap vecto chi phuong a = (a,; a,; a,),
b = (b,; b,; b,). Xétvecto 1 =(a.b,—a.b,;ab,—ab; ab,—ab,).
a) Vecto 7 6 khac 0 hay khong?

b) Tinh @.7i: b.ji.

¢) Vecto # c6 phai la vecto phap tuyén cia mét phang (o) khong?




T ;@‘ ta co:

*  Trong khong gian Oxyz. néu mat phang (o)

!
nhan hai vecto @ =(a,; a;a,), b =(b,; b,; b)) i i
lam ca@p vecto chi phuong thi (o) nhan vecto / % /
i =(ab; — a;by; asb, — a\by: a\b, — a,b,) &
lam vecto phéap tuyén. bl

Cha y:
a) Vecto i1 = (a,b, — a,b,: a,b, — a,b,; ab, — a,b,) duoc goi la tich c6 hwong cta hai vecto

i =(a; a;a;)va b= (b;byb,), kihieula [a,b].

.z 3 : L T e S a4 o4
b) Bieu thirc a,b, — a,b, thuomg duoc ki hicu la b b Tuong tur, b, b, = a,b, — ab,,
al a'l - - i - A
b b = a,b, — a,b;. Nhu vay, ta co thé viet:
[&‘ h]: a; o ; d; G ; . d i
by by |by B| [ b

c)d vah cung phuong <= [E. .’J] =0,
Vidu 2. Cho mit phﬁng !:PJ nhan a =(1;2; 3), b= (4: 1: 5) lam cdp vecto chi phuong.
Tim mét vecto phap tuyén cua (P).
Gidi
Ta c6 tich co huéng cua hai vecto @, b 1a
[3,5] =(2.5-3.1;3.4-1.5; 1.1 -2.4)=(7: 7;-7).
Do do, mat phéng (P) nhan n =% [E, E:r]= (1: 1:=1) lam mot vecto phap !:uyén,

@ Cho mit phiing (0) di qua ba diém A(1; 1; 1), B(~1; 1; 5), C(10; 7; ~1). Tim mét cap
: vecto chi phuong va mot vecto phap tuyen cua ().

@ Cho biét hai vecto @ = (2; 1: 1), b = (1: -2; 0) cé gia
lan luot song song vo1 ngon tro va ngon gilra cua ban tay
trong Hinh 5. Tim vecto # ¢06 gia song song vdi ngon cai.
(Xem nhu ba ngén tay noi trén tao thanh ba duong thang

do1 mot vuoéng goc.)




3. Phuong trinh téng quat ctia mat phang
Khai niém phuong trinh téng quat cia mat phing

Q Trong khéng gian Oxyz, cho mit phang () di qua )
diém M, (1 2: 3) va nhan # = (7; 5; 2) lam vecto

phap tuyén. Goi M(x; y; z) 1a mét diém tuy y trong /M
khéng gian. Tinh tich vé huéng n. M, M theo x, v, = z v My

Hinh 6
Diéu kién can va du & M e (u) 12 7. M, M = 0 hay toa d6 cua diém M(x; y; z) thoa man
Tx+ Sy +2z-23=0(*).

Phuong trinh (*) goi la phuong trinh tong quat ctia mat phang (o).

Mot cach té-ng quat, ta co:

- -

¥  Trong khdng gian Oxyz, méi mit phang déu cé phuong trinh dang Ax + By + Cz+ D =0,
trong do A, B, C khéng dong théi bang 0, dwoc goi 1a phiong trinh tong qudt cua mit phang.

Nhén xét:

a} Méi phuong trinh Ax + By + Cz+ D=0 (trong d6 4, B, C kh{mg dnng thot hang 0)
déu xac dinh mot mat phang nhan n = (4: B: () lam vecto phap tuven

b) Cho mit phing (ct) ¢6 phuong trinh téng quat la Ax + By + Cz+ D= 0. Khi do
NG Vos Zp) € (0) &> Ax, + By, + Cz, + D= 0.
Vi du 3. Cho hai mat phang (P). (Q) cé phuong trinh téng quat la
(P)3x-5y+7z+5=0va(Q)x+y—-2=0.
a) Tim mot vecto phap myén cia moi mat phang (P), (0).
b) Tim diém thudc mit phang (P) trong so cac diem: A(1; 3: 1), B(1; 2; 3).
Giai
a) Mat phﬁng (P) co mot vecto phap tu},rén lan =(3;-5: 7).
Mit phing (Q) ¢6 mét vecto phap tuyén la #'=(1; 1; 0).
b) Thay toadoé d iém A vao phuong trinh cua (P), ta duoc:
3.1-5.3+7.1+5=0.
Vay A thuoc (P).
Thay toa dé diém B vao phuong trinh cua (P), ta duoc:
3.1-5.2+7.3+5=19=0.
Vay B khong thudc (P).




& Cho hai mit phang (o), (B) c6 phuong trinh tong quat la
(a): 2x+2y—3z—-4=0va(P):x+4z-12=0.
a) Tim mot vecto phap ru},rén ctia moi mat phf'ing (), (B).

b) Tim diém thudc mat phﬁng (ct) trong s6 cac diém: M(1: 0: 1), N(1: 1; 0).

Lap phuong trinh téng quat cia mat phing di qua mét diém va biét vecto
phéap tuyén

,@ Trpng khéng gian Oxyz, cho mit phing («) di qua b
diém M(x,; v,: z,) vanhan # =(4; B: ) lam vecto

phép tuyén. Goi M(x; y; =) 1a mét diem tuy ¥ trong /M
khong gian. / E M;

a) Tim toa d6 cua M M.

b) Tinh tich v6 huéng n.M M. Hinh 7

c) Lap phuong trinh téng quat cia mat phang (o).
Tir ,@, ta co:
T Trong khéng gian Oxyz, phuong trinh mat phang di qua diém M,(x,; y,: z,) v c6 vecto
phap tuyén s = (4: B; O) la
Alx—x))+ By -y,) +Clz—z,)=0
hay Ax + By + Cz+ D=0 va& D=—Ax,— By,— Cz,.

Vi du 4. Viét phuong trinh mat phing (P) di qua diém M(1; 2: 3) va c6 vecto phap tuyén

A =21,

Gidi
Vi (P) di qua diém M(1; 2; 3) va c6 vecto phap tuyén 7 = (1: 2: 1) nén phuong trinh
cua (P) la

Ix—-1)+2(y-2)+1(z=3)=0x+2y+z-8=0.
Lap phuong trinh téng quat cia mat phing di qua mét diém va biét cap vecto
chi phuong

’@ Trong khong gian Oxyz, cho mat phfmg (c) di qua diém M(0; 2; 1) va co cip vecto
chi phuong la a=(1; 3; 1), 5:{2; 0; 1).

a) Tim toa d6 mot vecto phap mj,rén cua mat phfmg (o).

b) Lap phuong trinh ctia mat phang ().



Tir [, ta co:

= Dé lap phurong trinh tong quat cia mat phing (o) di qua g T .
diém M,(x,: y,; =,) va cb cap vecto chi phuong a, b, ta e iy %%
thuc hién nhu sau:
o Tim mét vecto phap tuyén i = [.-:'1, E-:] /4 ‘M, /
o Viét phuong trinh (o) d qua M(x,; v, z,) va co vecto .
phép tuyén 7. Foiire

Vi du 5. Viét phuong trinh mat phang (P) di qua diém N(4; 0; 1) va co cap vecto
chi phuong la @ =(1;2; 1), b =(2; 1: 3).
Gidai
(P) co cap vecto chi phuong la a = (1: 2; 1), b= (2: 1: 3), suy ra (P) co vecto phap myén
la i = [E, E] =@2.3-1.112-1311-22)—(5;-1;-3).
Phuong trinh cua (P) la
5(x-4)-1(y-0)-3z-1)=0=5x-y-3z-17=0.
Lap phuong trinh tdng quéat clia mat phang di qua ba diém khéng thang hang

;@ Trong khéng gian Oxyz, cho mét phang (o) di qua ba diem A(0; 1; 1), B(2: 4; 3), C(5; 3; 1).
a) Tim toa d0 mot cip vecto chi phuong cua mat phang (o).
b) Tim toa do mot vecto phap tuj.rén cua mat phﬁng ().
¢) Lap phuong trinh cua mat phﬁng (o).
Tir [§, ta cé:
g Dé lap phuong trinh tong quét cua mat phang () di qua
ba diém A, B, C khéng thfmg hang, ta thuc hién nhur sau:

it
o Tim cap vecto chi phuong, ching han AB, AC. / KC/
A
& i

o Tim mét vecto phap tuyén i = {E, AC .

» Viét phwong trinh (o) di qua M(x,; y,: Z,) Vi ¢6 vecto

phap tuyén n. Hini8

Vi du 6. Viét phuong trinh mit phang (P) di qua ba diém A(1; 1; 1), B(1; 2: 2), C(4; 1; 0).
Giai
(P) di qua ba diém A(l: 15 1), B(1; 2; 2), ((4: 1: 0) nén co cap vecto chi phuong la
AB = (0; 1: 1), AC =(3; 0; —1), suy ra (P) co vecto phap ruyé-n la
ji=[4B, AC]) =(1.(~1)-1.0;1.3-0.(~1); 0.0 - 1.3) = (~1; 3; -3).
Phuong trinh cua (P) la
-lx-D+3y-1)-3=z-1)=0x-FJy+3z-1=0.



Vidu 7. Trong khong gian Oxyz, cho ba diém Ala; 0; 0), B(O; b; 0), C(0; 0; )y vna, b, ¢
déu khac 0. Viét phrong trinh mit phing (P) di qua ba diém 4. B, C.
Giai

(P) co mot cap vecto chi phuong la AB = (-a; b; 0),

AC = (—a; 0; ¢), do do (P) c6 mét vecto phap tuyén
la i = | 4B, :-iE:I = (bc; ac; ab). Suy ra (P) co
phuong trinh:

be(x —a)+ ac(y—0)+ab(z-0)=0
hay bex + acy + abz —abe = 0.

Hinh 10

n E . .I V Z
Nhdén xét: Do a, b, ¢ déu khac 0 nén co thé viéet lai phuong trinh trén thanh -+'E +==1
a ¢

Phuong trinh nay goi la phwong trink mat phdng theo doan chdn.

Q Viét phuong trinh mit phing (P) trong méi truong hop sau:

a) (P) di qua diém A(2: 0: —1) va cd vecto phap tuyén R =5=2=1.

b) (P) di qua diem B(-2: 3; 0) va co cdp vecto chi phuong la & = (2; 2; 1),

v =(3; 1; 0).

¢) (P) di qua ba diem 4(2; 1; 5), B(3; 2: 7), C(4; 1; 6).

d) (P) di qua ba diém M(7: 0; 0), N(0: —2; 0), P(0: 0: 9).
@ Trong khong gian Oxyz. cho hinh ling tru O4AB.O'A'B'.

Biét O la gbc toa d6. A(2; 0: 0), B(0: 3; 0), O'(0; 0; 5).
Viét phurong trinh cdc mit phing (O'AB) va (O'A'B’).

Hinh 11

4. Diéu kién dé hai mat phang song song, vudng géc
Diéu kién dé hai mat phing song song
'® Cho hai mat phéng (), (P) co phuong trinh la
(o) x—2y+3z+1=0va(B: 2x—dy+6z+1=0.
a) Néu nhén xét vé cic vecto phap tuyén cua hai mit phing trén.

b) Cho diém M(—1; 0; 0). Hay cho biét cac mat phing (a), (B) c6 di qua M khong.
c¢) Giai thich tai sao (o) song song vt ().



Trong truomg hop tong quat, ta co:

0: pi

* Trong khéng gian Oxy=, cho hai mat phang |
(@) Ax+ By +Cz+D,=0via(a) Ax+By+Cz+D,=0 ,({ /
c6 vecto phap tuyén lan luot 1a #,= (4,; B; C)). 1, = (4, By C)). A,
Khi do e ,ﬁ{ | /
n, = kn, \
(o) /(o) = {-'5'1 £kD, (k € R). T

Chi y:

() = (o) < {D :H'}: (k € R).

(a,) cét () <> 7, va i, khong ciing phuong.

Hinh 13

Vi du 8. Mit phang (P): 4x + 3y + z + 5 = 0 song song v&i mat phing nao sau day?

a)(0): 8x+6p+2z+9=0; Db)(R):8x+6p+2z+10=0; c)(Spdx+2y+z+5=0
Gidi

Cac mat phang (P), (Q). (R). (5) c6 cac vecto phap tuyén lan luot 1a 7, = (4; 3: 1),

n,=(8:6:2), n, =(8:;6;2), n, =(4;2; 1).

a) Taco n,=2n,,9%2.5. Vay (P) // (Q).

b) Taco #,=2a,, 10=2_5. Vay (P) = (R).

c) Ta co E # % suy ra i, va i, khong cung phuong. Vay (P) cit ().

Vi du 9. Viét phuong trinh mat phang (Q) di qua diém M(1: 2; 3) va song song vdi
mit phing (P): 2x+y+=z+12=0.
Giai
Dé thay diém M khéong nam trén (P). Vi (Q) // (P) nén (Q) c6 vecto phap tuyén la
n=(2;1; 1)
Phuong trinh mat phang (Q) di qua M va ¢6 vecto phap tuyén 7 la:
2x—-1)+(p—-2)+(z-3)=0hay 2Zx+yp+=z-T7=0.
@‘5 Mit phang (E): 2x — y + 8z + 1 = 0 song song v&i mit phang nao sau day?
‘ a) (F): 8x—4y+ 322+ 7=0;
b) (H): 6x =3y +24z+3=0,
¢) (G): 1x-5y+41z+1=0.




ﬂs Trén ban thiét ké db hoa 3D ciia mét canh &ong

" dién mat tron trong khong gian Oxyz, mot tam
pin ndm trén mat phang (P).6x+5y+z+2=0;
modt tim pin khdc ndm trén mét phing (Q)
di qua diém M(1; 1; 1) va song song val (P).
Viét phuong trinh mat phﬁng (O).

Diéu kién dé hai mat phidng vuéng géc
’ng Cho hai mat phéng (o) va (P) co phuong trinh la

(a): 3x+2y+z+1=0va(B). Sx—-10y+5z+9=

Hinh 14

0.

a) Chi ra hai vecto 7, #, lan luot 1a vecto phap myén cua (o) va (P).

b) Tinh tich v6 huéng n,.1, va néu nhan xét vé hai mat phﬁng (a) va (P).

Trong trudng hop tong quat, ta co:

¥ Trong khéng gian Oxyz, cho hai mat phiang

(o) Adx+ By +Cz+ D, =0via(a,):; Ax+By+ Cz+D,=0
c6 vecto phéap tuyén lan luot 1a #, = (4,; B,; C,), H,=(4,; B,: C,).

Khi d6 (o) L (at,) < #,.5, =0 4,4, + BB, + C,C,=0.

Vi du 10. Cho ba mit phing (P), (Q), (R) c6 phuong trinh la:

Hinh 15

(Pyx—4y+3:=+2=0;(0): dx+y+88=0va(R)x+y+z+9=0.

Chirng minh réng (P)L(Q)va(P)L(R).
Giadi

Cac miit phﬁng (P), (O), (R) co vecto phap tu:-,-rén lan ot la m, = (1; -4; 3), n,=(4; 1; 0),

T 131 E
Tacé @i .ii,= 1.4 +(~4).1+3.0=0. Vay (P) L (Q).
Taco n.i,=1.1+(-4).1+3.1=0.Vay (P) L (R).

& Tim cac cdp mit phang vuéng goc trong cac mét phang sau:

(F):3x+2y+5z+3=0, (H):. x-4yp+z+23=0, (G):x—y+3z+24=0.

fﬁ Hai hoc sinh dang chuyén bong. Ban nit ném béng =
' cho ban nam. Qua bong bay trén khong, léch sang
phat va ron xuéng tai v1 tri cach ban nam 3 m,
cach ban nitr 5 m (Hinh 16). Cho biét quy dao cua
qua bong nam trong mat phiang (P) vudéng goc
voi mat dat. Hay viét phuong trinh cua (P) trong
khong gian Oxyz duoc mo ta nhu trong hinh vé. x

Cr——— I

- a 13m

5m -

Hinh 16



5. Khoang céach tir mét di€ém dén mét mat phang

Q Trong khong gian Oxyz, cho mat phang (a) co

0

M,
phuong trinh Ax+ By+ Cz+ D= ﬁvad1emﬂful‘lrm_}m_u] T

fﬁ
Gor M(x,; y;; z;) 1a hinh chiéu vuong goc cua M, |
trén (o) (Hinh 17).

a) Neu nhan xet vé phuong cua hai vecto:

- Hinh 17
MtMH = (Iﬁ_xi:.]'"n_}’ﬁ =0 _:1} va i = {A; B; C).
b) Tinh M M,.7i theo A, B, C, D vé toa do cua M,
¢) Giai thich tai sao ta lai c6 dang thirc |M M | |n| A}_ﬂ?;ﬁ{
| , — . |,
d) Tir cac két qua trén suy ra cach tinh d(M,, (o)) = MM, |= T
i

Trong khong gian Oxyz, cho mat phang (cr) co phlnmg trinh Ax + By + Cz+ D=0va
diém M ol Xy ¥y Z,). Khoang cach tir diém M, dén mat phang (or) duge tinh theo cong thic:

| Ax, + By, +Cz, + D |

RS erie

Vi du 11. Tinh khoang cach tir diém M(1; 2; 3) dén cac mit phang sau:

a) (P):x+y+z+12=0: b) (0): 4x + 3y + 10=0.
Giii
2 dot, (py <\ L1H12+13+12] 18 o

JE P41 V3

4,1+3.2+0.3+10
b) d(M, (Q)) = b 20 2
V4* +37 407 5
Vidu 12. Tinh chiéu cao ctia hinh chop S.4BC co toa do cac dinh la §(5; 0; 1), A(1; 1; 1),
B(2; 3; 4), C(5; 2; 3).

Giai
Mat phang (ABF} di qua ba diém A{I 1; 1), B(2; 3; 4), C(5; 2; 3) nén co cap vecto
chi phuong la AB = {1; 2; 3), AC = (4; 1; 2), suy ra (ABC) co vecto phap tuyén
A=(2.2-3.1;3.4-1.2;1.1-2.4)=(1; 10;-7).
Phuong trinh cua (ABC) la: I{(x— 1)+ 10(y = 1)-T(z=1)=0hayx+ 10y - T7z-4=10.
Chiéu cao SH ciia hinh chép S.4BC chinh la khoang cach tir diém S dén (4BC).

[1.5410.0+(-7).1-4| 6 JE

JIE+107+(=7)? 506

Taco: SH= d(5.(ABC)) =




Vi du 13. Tinh khoang cach gitra hai mat phéng song song (P) va (0) cho boi cac
phuong trinh sau day:
(P):2x+y+2z+9=0; (O0): 2x+y+2z+99=0.
Giai
Ta lay diém M(0; —9; 0) thuéc (P). Do hai mit phiang (P) va (Q) song song nén
khoang cach gitra chung la:

204+1.(-9+2.0+99 a0
PO =AM (ay= o S ORIV 0

N LS 3

30.

@] a) Tinh chiéu cao cua hinh chop O.MNP va1 toa do cac dinh la O(0; 0; 0), M(2; 1; 2),

@6 Cho hinh chop ur giac déu SABCD cb canh day

BAI TAP

1.

Lh

N(3; 3 3).-B(4; 5; 6).
b) Tinh khoang cach giira hai mat phing song song (R): & + 6y + 70 = 0 va
(S) 16x+ 12y — 2=00.

bang a2 . chidu cao bang 2a va O 13 tam cua day.
Bing cach thiét 1ap hé truc toa d6 Oxyz nhu Hinh 18,
tinh khoang cach tir diém C dén mét phing (S4B).

Hinh 18

Viét phurong trinh cua mat phﬁng:

a) b1 qua diém A(2; 0; 0) va nhan # =(2: 1; -1) lam vecto phap l'l]}'éﬂ;

b) i qua diém B(1: 2; 3) va song song voi gia caamoi vecto i = (1:2;3) va v = (=2; 0; 1);
c) Di qua ba diém A(1; 0; 0), B(0; 2; 0) va C(0; 0; 4).

. a) Lap phuong trinh cua cac mat phﬁng toa do (Oxy), (Oyz), (Oxz).

b) Lap phwong trinh cua cic mat phang di qua diém A(-1; 9; 8) va lan luot song song véi
cac mat phang toa do trén.

. Cho tit dién ABCD c6 céc dinh A(4; 0; 2), B(0: 5; 1), C(4; —1: 3), D(3; —1: 5).

a) Hay viét phuong trinh cua cac mit phing (4BC) va (4BD).
b) Hay viét phuong trinh mat phﬁng (P) d1 qua canh BC va song song voi canh AD.

. Viét phuong trinh mit phang (Q) di qua diém C(1; —5: 0) va song song véi mit phing

(P):3x—-5y+4z-2024=0.

. Viét phwong trinh mat phang (o) di qua hai diém A(1; 0; 1), B(5; 2; 3) va vudng goc voi

mit phiang (B): 2x—y+z-7=0.

Viét phuong trinh mat phing (R) di qua diém A(1; 2; 1) va vuéng goc véi hai mat phang
(P): d4x—-2y+6z—-11=0,(0): 2x+2y+2=z-7=0.



7. Tinh khoang céch tir gbc toa d6 va tir diém M(1; —2; 13) dén mét phang (P): 2x - 2y —z+ 3=0.

8. Tinh khoang céch giira hai mat phing song song (P): x -2 =0va (Q):x - 8=0.

9. Cho hinh chép 5.ABCD cé day ABCD la hinh
chir nhat von AB = 2a, AD = 5a, 54 = 3a va
SA 1 (ABCD). Bang cach thiét lap hé truc
toa do0 Oxyz nhu Hinh 19, tinh khoang cach
tir diém A dén mat phang (SBC).

10. Mot cong truong xay dung nha cao téng da
thiét lap hé toa do Oxyz. Hay kiém tra tinh
song song hodc vudng goc giira cac mat kinh
(P), (Q), (R) (Hinh 20) ctia mét toa nha, biét:

(P):3x+y—-z+2=0;
(O0):6x+2y—-2=+11=0;
(R):x-3y+ 1=0.

Hinh 20

Bai 2. Phuong trinh dudng thang

trong khong gian

Tirkhod: Vecto chi phuong; Phuong trinh tham sé clia duing thang;

Phuang trinh chinh tic cha dudng thang.

I-'. e
3) Ta da biét trong mét phang Oxy, phuong trinh tham sé ciia duéng thang cé dang:

{x:x, +a,t
y=Yotat

(a] +a3 #0,tcR).

Trong khéng gian Oxyz, phiteng trinh tham sé clia dudng thang cé dang nhu thé nao?

}l-.“

oy X

d/

a) Dudng thang trong mat phang Oxy

b) Duéng thang trong khong gian Oxyz



1. Phuong trinh dwéng théng trong khéng gian

Vecto chi phuong clia duéng thing
Trong khéng gian Oxyz, cho diém M, c6 dinh va vecto @

khac 0. Cé bao nhiéu duong théng d di1 qua M, va song song
hodc trung voil gia cua a?

Tir (@, ta co dinh nghia:
"% Vecto G khac 0 ¢é gid song song hodc tring véi dutmg thang d duoc goi 13 vecto
chi phwong cua d.

Chu y: Néu a la vecto chi phuong cua d thi ka (k # 0) ciing la vecto chi phuong cuia d.
Vidu 1. Trong khong gian Oxyz, cho hinh chop DABC(:IT’: A(2;0:0), B(0:4;0)va C(0;0; 7).
a) Tim toa d6 mot vecto chi phuong cua moi duong thiang AB, AC.
b) Vecto v = (~1; 2: 0) c6 la vecto chi phuong ctia duong thingAB khong?

Gidi g
a) Taco AB = (—2; 4; 0) la mot vector chi phuong cua dudomg méngAB;

AC = (—2: 0; 7) la mot vecto chi phuong cua duong thﬁng AC,
A C

byViv =(-1:2:0)= AB nén v 1a mot vecto chi phuong cua

B
duong thﬁng AB. Hinh 2

b | =

Trong khéng gian Oxyz. cho hinh lang tru tam giac ABC. A'B'C'voi A(1;2; 1), B(7; 5; 3),
((4:2:0), 414; 9; 9). Tim toa do mot vecto chi phuong cua moi duomg thang AR, A'C"
va BB'.

Phuong trinh tham sé ciia duéng thing

Trong khéng gian Oxyz, cho dudmg thang d di qua gl

diém M (x; ¥, =,) 0 dinh va co vecto chi phuong la V M

d =(ay; a,: a;) khéc 0. M,

a) Giai thich tai sao ta co thé viét: 0 .
) 7 ;

Mede M\M=ta (te R). A
b) Von M(x; y; z) thuoc 4, hay tinh x, y, ztheo x,, v, z, ~ 4
va a,, a., ds. Hinh 3



Tir z@, ta co dinh nghia:

Trong khong gian Oxyz, phwong trinh tham §6 cua duong thé'mg d di qua diém
M (x,; v,. z,) va nhan @ = (a; a,; a,) lam vecto chi phuong co dang:
X=X, +at

y=y,+at voite R (fduoc goi la tham sd).

z=z,+a,t
x=-246t
Vi du 2. Cho dudmg thing d c6 phuong trinh tham s6 {y=11+2¢ (t € R).
z=4¢

a) Tim hai vecto chi phuong cua d.
b) Tim cac diém trén d tmg vdi 7 lan luot bang 0; 2; 3.
Giai
a) Tir phuong trinh tham 55, taco a =(6: 2; 4) 1a moét vecto chi phuong cua d.

Chon b= %a =(3:1;:2),tacd b ciing la mot vecto chi phuong cua d.

b) Thay ¢ = 0 vao phuong trinh tham s6 cua d, ta duoc:

x=—2+6.0 x==7
y=11+2.0 hay {y=11
2:4.'} zzﬂ_

Vay A(-2; 11; 0).

Tuong tu, vai ¢ = 2 thi B(10; 15; 8), voi r=-3 thi C(-20; 5; -12).

Chi y: xX=x,+at

a) Trong phuong trinh tham sb cua duong théng d: ¢ y=y,+a,t, mdi gia tri cua
z=z,+at

tham s6 7 xéc dinh duy nhat mot diém M trén d va nguoc lai.

b) Tir nay dé cho gon, trong phuong trinh tham sé cua dudng thing, ta khéng viét 71 € B.

Vi du 3. Viét phuong trinh tham s6 cua duong thang d di qua diém M,(1; 2; 3) va nhan
d@ =(4: 5:-7) lam vecto chi phuong. Pudng thing d c6 di qua diém A(1; 1; 5) khong?

Giai
Ta c6 phuong trinh tham sé cua d la:
x=1+4¢
y=24+51
z=3-71




Thay x =1 vao phuong trinhx=1+4¢, tadugc 1 =1 + 4, suyrar=0.

Thay y =1 va t = 0 vao phwong trinh y = 2 + 5¢, ta thiy phwong trinh khéng thoa man.
Suy ra duong thing 4 khong di qua diém A.

x=—1+8¢
@ Cho duomg thang d ¢6 phuong trinh tham sé 4 y =—4¢
z=3+121.

a) Tim hai vecto chi phuong cua d.
b) Tim ba diém trén d.

% Viét phuong trinh tham sé cua dudng thang d di qua diém A(5; 0; —7) va nhéan
¥ =(9; 0; -2) lam vecto chi phwong. Pudng thing d ¢6 di qua c6 diém M(—4; 0; -5)
khong?

Phuong trinh chinh tic cia dudng thing

]'_r =x, +a,
’@ Cho dwomg thing d c6 phwong trinh tham 50 y=3,+tatvoia,a,a, déu khéc 0.
L' =z, +a,f

Liy diém M(x: y; =) bat ki thuéc d. So sanh cic biéu thirc: -

T (@, ta co dinh nghia:

Trong khéng gian Oxyz, cho duéng thing d di qua M(x,; v, z,) va ¢6 vecto chi phuong
a=(a;a; a).
Néu a,, a,, @, déu khéc 0 thi hé phirong trinh

X—X Yo 274

oy iy @y

goi 1a phwong trinh chinh tic cua duong thing d.

Vidu 4. Viét phuong trinh chinh tic cua duong thing d di qua diém M,(1; 2; 3) va
nhin a = (4: 5; -7) lam vecto chi phuong.
Gidi
1. y—2 z=3

Pudng thing d c6 phuong trinh chinh tic 1a: x; ===t

Viét phuong trinh chinh tic ciia dudng thing d di qua diém M,(5; 0; —6) va nhén

a =(3;2; —4) lam vecto chi phuong.



Viét phuong trinh tham sé, phuong trinh chinh tic clia dudng thing di qua hai diém
;Q Cho dudng thing d di qua hai diém A(2; 2: 1) va B(4; 5: 3).
a) Tim mot vecto chi phuong cua d.

b) Viét phuong trinh tham s6 va phuong trinh chinh tic cua d.

Trong khéng gian Oxyz, duong thang d di qua hai diém phan biét A(x,; y,; z,),
B(x; vy ) co vecto chi phuong la ;Tﬂ-‘={x_., —X,4; ¥ —Vas Zz —Z,) va ¢ phuong trinh
tham s6:

x=x,+(xz—x 0

y=y,+(Vs—y

z=z, +(zz—z .

Néux, # Xz, ¥, # Vs 2, # =, thi d c6 phuong trinh chinh tic:

Xg—X, ¥Yg— ), ZpTE,

Vi du 5. Viét phuong trinh tham sé va phuong trinh chinh tic cua duong thing 4B,
biét A(1; 1; 5) va B(3; 5; 8).

Giai

Pudng thing AB ¢6 vecto chi phuong la AB =(2; 4; 3) nénco phuong trinh tham sb:

x=1421
v=1+4
z=5+3¢

va phuong trinh chinh tic:

% Viét phuong trinh tham sé va phuong trinh chinh tic cua duong thing MN, biét
; M2:0:=-1)vaN(4: 3. 1)

@ Mét mé hinh cau treo duoc thiét ké
4 trong khong gian Oxyz nhur Hinh 4.
Viét phuong trinh tham sb cua
lan duong d di qua hai diém

M(4: 3: 20) va N(4: 1000: 20).

Hinh 4




2. Vi tri two'ng déi gilra hai dwéng thang. Diéu kién dé hai dwéong thang
vudng goc

Diéu kién dé hai dudng thing song song hoéc triing nhau
’@ Cho ba duong thing

x=4+71 x=2f x=5+21"
d: yy=1+2 d:dy=T7+4" va d"{y=3+4"
z=1+31; ==24+6¢ z=4+61".

a) Néu nhin xét vé ba vecto chi phuong cuad, d' vad".
b) Xet diém M4 1; 1) nim trén d. Diém M ¢o nam trén d' hodc d" khong?
¢) Tir cac két qua trén, ta c6 thé két ludn gi vé vi tri twong déi gittad vad', d vad"?

Trong trudng hop téng quat. ta co:

O

¥ Goi @ =(a; a,, a)) va @ =(a); a}; a}) lan luot ” s i

1a vecto chi phuong cua hai dudmg thing d va d'.
Goi M(x,; y,: z,) 1a mot diem trén d. ) N &
Tachig Pt ot .

3 s

aco Med" Hinh 5
ey [A=HE R
T M

Vi du 6. Kiém tra tinh song song hoic tring nhau cua cac cip duong thing sau:

x=1+¢ x=2+21

a)d {y=2+t vad": qy=5+2r
z=1+2¢ z=1+4¢";

b) & x—]=y—2=z—l vid' _r—iz}-*—Szz—B_
1 1 2 3 3 6

Giai
a) Duong thﬁng d di qua diém M(1; 2; 1) va co vecto chi phuong @ =(1; 1; 2).
Puéng thang d' ¢6 vecto chi phuong @' = (2;2; 4)=24d.
Thay toa do diém M vao phuong trinh cua d', ta duoc:

:
t'=——
=249y i
21=5+21"e |1 = ~5  (v6 nghiém),
l=1+4¢ .fr='}

Suy ra M khong thuoc d'. Vay d // d'.



b) Puong thing d di qua diém M(1; 2; 1) va ¢ vecto chi phuong @ = (1; 1; 2).
Pudng thang d’ ¢6 vecto chi phuong a'=(3; 3; 6) =34.
Thay toa do diém M vao phurong trinh cua 4', ta duoc:
1-2 2-3 1-3
3 3 6
Phuong trinh nghiém diang, suy ra M thuée d'. Vayd=d'.

Chii y: Cho duong thang d di qua diém M va c6 vecto chi phuong d, dudng thing &' di
qua diém M’ va co vecto chi phuong a".
a) Néu ba vecto a, @', MM’ cung phuong thid=d'.
b) Néu hai vecto d, d' cung phuong va hai vecto a, MM khong cung phuong thid // d'.
Vin dung tinh chit trén. ta co thé giai Vi du 6 theo cach sau:
a) Pudmng thing d di qua diém M(1; 2; 1) va c6 vecto chi phuong @ = (1; 1; 2), duong thiang d'

Taco a'=2a,suyra @, a cung phuong va % # —;:, suy ra @, MM' khéng cung phuong.
Vayd/l d'.

b) Puéng thang d di qua diém M(1: 2: 1) va c6 vecto chi phuong @ = (1; I; 2), duong thing o'
di qua diem M'(2: 3; 3) va co vecto chi phuong a=(3;3;6).Taco MM'= (1; 1; 2).

R ]

Tacod a'=3a =3MM', suy ra ba vecto a, a’, MM’ cung phuong. Viyd=d'.

& Kiém tra tinh song song hodc triing nhau cta cédc cap duong thang sau:

x=7+44 - :
a)d: {y=3-2r vad'": LS =h_4.
2 —1 -1
z=2-2
¥ ylzl o L x2p 0 %5
h}d.3—3— 4 vad': ; = 2 T

2? Trén mot may khoan ban da thiét lap sin mot hé toa do.
- Neéu nhédn xét ve vi tri giia truc d cua mii khoan
va truc d' cua gia dé co phuong trinh lan luot la:

x=1 x=10
d: vy=1 vad':yy=20
z=14¢ z=545¢. Hinhé




Diéu kién dé hai dudng thing cit nhau hoic chéo nhau
) . -
’Q Cho ba duong thang

x=1+1 x=2-2¢ x=2-2¢"
d: \y=2+3t d':yy=-2+1 va d"; sy=-2+1"
z=3—-1; z=1+3¢ z=34+31".

a) Puong thﬁng d' va duong thﬁng d" c6 song song hay triing véi duong thang d khong?

l+1=2-21
b) Giai hé phuong trinh 2+3r =-2+1' [ﬁn tvat').
3—1=1+31

Tir do nhan xet v1 tri twong doi gitadvad'.

1+1=2-21"
c¢) Giai hé phurong trinh {2 +3r =-2+¢" (an rvat").
3—¢=3+3

Tir d6 nhin xét vi tri twong doi giira d va d”.
Trong truong hop tifmg quat, ta co:
Cho hai dudng thing d va d’ ¢ phuong trinh tham s6 lan luot la:

X=X, +at x=x,+at %
d:sv=y,+at vad': (y=y,+ait
R - i r FaF
Z=z,+at =z, +dt’,
Goi d =(a,-a-a,)va a =(a; a.; a.) lan luot la d
C R B ek | 1 1a =3 g a
vecto chi phuong ciad vad'. Hinh 7
{;? X, +at=x,+at
bt 1] 1 (1] 1

Xét hé phuong trinh én tva ' {y, +a,t =y, +dit'

[ b
Zn +a3f--zn_+a1f .

e d va d' cit nhau khi va chi khi he trén co dung mot nghiém.
® d va d' chéo nhau khi va chi khi @ , @ khong cung phuong va hé trén vé nghieém.

Chii y: Dé xét vi tri twong déi cuia d va d’, trude hét ta kiém tra tinh cing phuong cua hai
vecto chi phuong cua dvad'.
a) Néu @ va @' cung phuong thi d va d' hoac song song hodc tring nhau.

b) Néu @ va d' khéng cing phuong thi d va d' hodc cit nhau hoiic chéo nhau.



Vidu 7. Xét vi tri tuong déi gitra hai duong t]}i"lﬂg d va d' trong moi trudng hop sau:

x=f x=1+2¢ x=1+1 1 5 .
a)d: {y=1+t vad:{y=2+5" b)d: ly=2+1vad: — =="; =Z_6 .
=2+t z=3+1"; z=3+¢1
Giii

a)dvad' co vecto chi phuanglﬁn lwotla g =(1; 1; )va @' =(2;5; 1).

Ta co % % é, suyra @ va d khéng cing phuong. Vay d va d' hodc cit nhau hoidc chéo nhau.

t=1+21 t-2t'=1 (1)
Xét hé phuong trinh {1+t =2+5" & t-5t"=1 (2)
24t =341 t—t'=1. (3)
Tir (1) va (2) suy ra £= I; t' = 0. Thay véo (3) ta thay phwong trinh thoa man.
Vay d cit d' tai diém M(1; 2; 3).
b) d va d' co vecto chi phuong lanlwotla @ =(1: 1; ) va @' =(2; §; 6).

Taco ;—# % suyra @ va a' khong ciing phuong. Vay d va d' hodc cit nhau hodc chéo nhau.

x=1+2r
d’ c6 phuong trinh tham s6 1a: { y=2+5¢'
z=94+61

l+1=1+21 t—2t'=0 (1
Xét hé phuong trinh {2+7=2+5/ < t—5'=0 (2)
3+t=9+61 t—6t'=6. (3)

Tir (1) va (2) suy ra 7= 0; ¢'= 0. Thay vao (3) ta thay phuong trinh khéng thoa man (0 # 6).
Vay d va d’ chéo nhau.

Chii y: Cho dudmng thing d di qua diém M va co vecto chi phuong d, dwéng thing d'
di qua diém M’ va ¢ vecto chi phuong @'

Trong truomg hop a, @ khong cing phuong, nghia la [4, @']# 0, ta ¢6:
— Néu [@, @'].MM' =0 thi d va d' cit nhau.

~ Néu [@, d@']. MM’ # 0 thi d va d'chéo nhau.




QJ Xét vi tri trong dbi gitra hai duong thing d va d’ trong méi trirémg hop sau:
x=2t

7 - - x—2: 3 z+]
Epr=tt MRS TR

z=2-3

T B gl geed
pra BRI e B 0

; 2" 3 2 B

@ Trén phan mém thiét ké chiéc cau treo, cho duong thing d trén tru cau va duong thing d'
trén san cau c6 phuong trinh lan lwot la:

=10 x.=20
d:3y=0 vad:{y=t
z=50+1 z=50.

Xét vi tri twong dbi giira d va d'.

Hinh 8
Piéu kién dé hai dudng thing vuéng géc

x=4+t¢ x=i
’@ Chothai duting thing d { y=1+21 Vd" ¢y =7441"
z=1—1 2=9¢",

a) Tim vecto chi phuong @ va d' lan luot cua d va d'.
b) Tinh tich vé huéng a . a". Tir do, c6 nhan xét gi vé hai duong thang d va d'?

Trong truong hop téng quat, ta co:

¥ Cho hai duomg thing d va d' c6 vecto chi phuong lan luot 1a & = (a,; a,; a,) va
d'=(aj; a;; a;). Tacod

dld < a.a=0&aa + aa+ aa,=0.



Vi du 8. Kiém tra tinh vudng géc ciia cac cap duong thing sau:

4 i 5 x==2+1
a)d: i N o vad": y=T+t
3 5
=9—8r:
b) d: x—2=y—l =z—3 vﬁd':x+2=y_? =z—9‘
3 5 1 2 1 1

Gidi
a)d va d' c6 vecto chi phuong lan luot1a @ =(3:5; 1) va @' =(1; 1; -8).
Taco d.d'=3+5-8=0. Viay d vad' vudng goc vl nhau.
b) d va d’ c6 vecto chi phuong lan lwot la @ =(3;5; 1) va a' =(2; 1; 1).

Taco d.a'=6+5+1=0. Vay d va d' khong vuong goc voi nhau.

% Kiém tra tinh vudng goc cua cac cap duong thﬁng sau:

: x=—2+1
a) d: §=£=% vad': s y=t1
§ z==6+21;
b) d: x+2=_y+l=z+l i :4:+2=_1-'—5=z—5.

7 3 1 2 2 2

@ Mét phan E'ném mo phong van &'_{mg vién
dang tdp ban sting trong khéng gian Oxy=.
Cho biét truc d ctia nong siing va coc d& bia @'
c6 phuong trinh lan luot 1a:

x=1r x=10
d «y=20 vad': < y=20
z=9 z=1437,

Xét vi tri tuong dbi gitta d va d', ching ¢6
vuong goc vol nhau khong?

3. Géc
Goc giita hai dudng thiang

’@ Cho hai dudng thing d va d’ c6 vecto chi phuong lan luot la @ = (2; 1; 3) va
a'=(3;2;-8).
a) Nhic lai dinh nghia goc giita hai duong thing d va d' trong khong gian.
b) Vecto b= (—2; —1; —3) co phai la mot vecto chi phuong cua d khong?

¢) Giai thich tai sao ta lai c6 ding thic cos(d, d') = |cos(d, a')| = |cns(5, a')

d) Néu cach tim cosin cua goc giira hai duong thﬁng theo cosin cua goc gifra hai vecto

chi phuong cua hai dudng thang do.



Trong trudng hop téng quat, ta cé:

*  Goc gitta hai duong thang d va d' ¢6 vecto chi phuong
lan luot 1a @ = (a,; a,; a;) va @' = (al; al; @) duoc tinh
boi cong thire:

|la.a
&'

. @/ +a,. a} + a. di|

b

cos(d, d')=|cos(d, &"'}l:l |
dl.

. ] 2 2 12 12 e
\“rﬁ‘l +ﬂ2+ﬂ3 "Jﬂ'l +ﬂg +£I}

Hinh 10

Vidu 9. Tinh goc giira hai duong thang d va d' trong mdi truémg hop sau:

x—1 y+39z—1

a)d- va d’ .
1 2 1 1 1 2
5 4 ; x=2-2¢
W HEFEET gl Ly
| 2
z=1+1;
x=1+1 x=2+2f
c)d: {y=—1+2t vad": {y=3+4¢
z=-2—1 z=10¢".
Giai

a) d va d' c6 vecto chi phuong lan luotla @ =(1;2; 1)va @' =(1; 1;2).
1.1+2.1+1.2
Ta co cos(d, d')= - |1 s |1 - =§.
W SEEE TERE R
Suy ra (d, d') = 33°33".
b) d va d' c6 vecto chi phuong ldn luotla @ =(1:2;:2)va a =(-2:-2; 1).
1.(-2)+2.(-2)+2.1
Ta co cos(d, d')=—+ |1{ 2 ( 1'] | - =i.
NP+ 2+ 202 + 22+ 9
Suy ra (d, d') = 63°36".
¢) d vad' co vecto chi phuong lanlwotla @ =(1;2;-1)va @' =(2:4; 10).

[1.2+2.4+(-1).10)
——1__-o0.
R T LT | R GRS T
Suy ra (d, d") = 90".

Ta co cos(d, d')=



@) Tinh goc giita hai duéng thing d va d' trong moi trirdng hop sau:

8 d _r—Tzlz_-'—ll A _1'—3:‘1.-+6::—l;
3 3 4 2 5 -4
2 g : x=9-10r
byd: X2 YT 2T s ly=7-10s
3 6 6
z=15+5;
x=23+2¢ J.r =24 +1'
c)d: {y=57+1r vad':{y=6+1
z=19-5¢ lz:r'.

'f:?"ﬁ Trén mot phan meém da thiet ke san khau 3D
N trong khong gian Oxyz. Tinh goec gitta hai
tia sang co phuong trinh lan huot la:

d==2=21vaqd" oim = Y = :_E-_
2 = 3 3 9
Hinh 11
Goc gilra dudng thang va mat phang

’@ Cho duong thing d c6 vecto chi phuong 1a @ = (a;; a;; a;) g
va mat phang (P) co vecto phap tuyén n = (n,; ny; n,). | d
Biét d cit (P) ta1 diém N va hinh chiéu vuong goc cua n /
d lén (P) la duong thang d'. Qua N vé duong thang A e E'u o
vuong goc voi (P) (Hinh 12). /_’ﬁ f,r""'rv _/
a) Nhac lai dinh nghia goc giita duomg thang va mit phang Hinh 12

trong khong gian.
b) Co nhan xét gi vé so do hai goca=(d, d'); p=(A, d)?
c¢) Giai thich tai sao ta lai co dang thice:

sin(d, (P))= fCﬂ‘S{ﬂ:.. n')|.

&Y
Tir /9, ta cé:
* Goéc gitra duong thfmg d ¢6 vecto chi phuong a = (a,; a,; a;) va mat phﬁng (P) co vecto
phap tuyén i = (n; n,; n,) duoe tinh boi cong thie:
a.si| _ |a.m+a,n,+a.n|

B (D 09(0, Pl = ld|. || Jaz ta:+a an +it+nd
1 2 i HEy 1 2 3




Vi du 10. Tinh goc giira dudng thing d va mit phing (P) trong moi trudmg hop sau:

x+2 y+4 z+1

a) d- va(P:x+z+24=10()

2 2
x=1+f1

b)d: {y=—1+2t va(P): 2x+4y-2z+23=1(.
z=-2—f

Gidi
a) Duong thﬁng d ¢o vecto chi phuong a = (2; 2; 1). Mat phfmg (P) co vecto phap myén
n=(1;0;1).
Ta c6 sin(d, (P))= 2.1+2.0+1.1| g _1_‘
V224220 NP +0+P V2

Suy ra (d, (P)) = 45"

b) Puong thang d c6 vecto chi phwong @ = (1: 2; —1). Mat phﬁng () co vecto phap myén
n=1(2;4;-2).

12+2.4+(-1).(-2)
JP 22 (1) 22 £ 4 4 (-2)
Suy ra (d, (P)) = 90°.

Ta co sin(d, (P))= =1

Chii y: Néu duong thang d ¢6 vecto chi phuong cung phuong vdi vecto phap tuyén cua
miét phing (P) thi d vudng goc vai (P).
q?l] Tinh goc giira duéng thing d va mit phang (P) trong moi trwdomg hop sau:
[x=11+3f
a) d: i y=—114t vi(P):6x+2y—-4z+T7=0;

{::—"!—21
x—3 y+4 =z-5
=i 2 Va(P): 2x + 2y— 4z + 1 =0
2 4 2 1
.o x+3 y+5 =z+11
c) d: == = va(P)y 2y—4z+7=0.
4 4 2 .

%ﬁ Trén mot san khau da thiét lap san

' mot hé toa do Oxyz. Tinh goc gia
[(x=2

tia sang co phuong trinh d: J =1+1¢ va

=1+t

mit san san khiu co phuong trinh z= 0.




Goc gilra hai mat phang

'@ Cho hair mat p]}ﬁng (P) va (F') co vecto phap m}fén
lan lwot 13 7 = (n;n,;n), 1" =(n; ny; n;) (Hinh 14).
Goid vad' lahai duong thﬁng lan luot vuong goc vol
(P) va (P'). Goc gitta hair mat phﬁng (P) va (P) la goc
gitra hai duong thang d va d'.
So sanh cos((P), (P')) va cos(n, n'). Hinh 14

Tir IT . ta co:
* Goc giira hai mat ph:;"mg (P) va (P') c6 vecto phap tu}fén lin lwot 14 7 = (n;n,;n)va
' =(n; n,; n;) duoc tinh boi cong thire:

w.a|  |menienyn+n

|| Jnf+n§+n§ .\,’n;l+nf +JI1;2

cos((P), (P')) =|cos(i, )| =

Vidu 11. Tinh géc giira hai mat phﬁng (P) va (P') trong m6i trudng hop sau:
a)(P:x+y—2z+9=0va(P):3x-5y+z+2024=0;
B)(P:x+y+24=0va(Ply+:z+24=0;
c)(P):2x+4y—z+23=0va(P): 3x+ 5y+26z+2025=0.

Gidi
a) (P) va (P') ¢6 vecto phap tuyén lan luot 1a # = (1; 1;-2), ' = (3; -5; 1).

1.3+1.(-5)+(-2).1| 4

JE B +(=2 3 + (=5 + 1 ~ 210
Suy ra ((P), (P')) = 73"59".

Ta co cos((P), (P')) =

b) (P) va (P') cé vecto phap tuyén lan lwot la 1 = (15 1; 0), 7' = (0; 1; 1).
, [1.0+1.1+0.1] |
Taco cos((P), (P')) = ——x—F——"——="—.
JELEL0 NP PR 2
Suy ra ((P), (P')) = 60°.
c) (P) va (P') c6 vecto phap tuyén lan luot 1a 7 = (2; 4; 1), @' = (3: 5; 26).

|2.3+4.5+(-1).26]

: _=0.
J2 4+ (=1) A3 +57 426

Ta co cos((P), (P)) =

Suy ra ((P), (P')) =90".

Chd y: Néu hai mat phing (P) va (P') ¢6 hai vecto phép tuyén vudng géc thi (P) L (P7).



Vidu 12. Trong khong gian Oxyz, cho hinh chép § ABCD ¢6 day ABCD la hinh chir nhat
va 5S4 L (ABCD). Cho biét A(0; 0; 0), B(2; 0; 0), D(0; 3; 0), 5(0; 0; 2). Tinh goc giira:

a) hai dudng thing SC va BD;
b) mat phang (SBD) va mit day;
¢) duomg thang SC va mat phang (SBD).
Gidi
Trong khong gian Oxyz, ta co C(2; 3; 0), NC= (2; 3;-2);
BD=(-2;3;0).

a) Hai dudng théhg 5C va BD co vecte chi phuong
lan lwot la w=(2; 3;: =2), v=(-2; 3; 0).

Hinh 15

¥ 2.(=2)+3.3+(-2).0
Tacﬁmsisc,sﬂhf" < IR |1': ) 1 ( 17’ | b 5_
il - Bl 22 +3 (2P 2+ +0? V221

Suy ra (SC, BD) = 70°21".

b) Ta c6 phuong trinh mat phang (SBD) theo doan chin la %+% +§ =1

hay 3x+ 2y + 3z—-6=0.

Mat phiang (SBD) co vecto phap tuyen i = (3; 2; 3), mat day (4BCD) ¢6 vecto phap tuyén
k=(0;0:1). Goi  la goc giita mit phang (SBD) va mit day.

i . k| B.0+2.0+3.1] o

Al B+ +3 N0 10+ V22

Suy ra ((SBD), (ABCD)) = 50°14".

Ta co cosa =

¢) Goi B 1a goc gitta duomg thang SC va mat phang (SBD).
i | |23+3.2+(-2).3] 6
@Al 2743 (-2 N 4274 374

Taco sinfi=

Suy ra (SC, (SBD)) = 18°4",

& Tinh goc giira hai mét phang (P) va (P') trong moi trrdng hop sau:
. a) (P):3x+Ty—z+4=0va(P):x+y—10=+2025=0;
by (P:x+y—2=+9=0va(P):3x-5y+=z+2024=0;
¢)(Px+z+3=0va(P)3Ip+3z+5=0.



@Z Trong khong gian Oxyz, cho hinh hop chr nhat ABCD.A'B'C'D". Cho biét A(0; 0; 0),
B(1;0;0), D(0; 5; 0), A'(0; 0: 3). Tinh goc gifra:
a) hai dudng thing AC va BA";
b) hai mit phang (BB'D'D) va (44'C'C);
c) duong thﬁng AC"va mat phéng (A'BD).

Dé lam thi nghiém vé -:huyén dong trong
mit phing nghiéng, ngudi lam thi nghiém
da thiét lap san mot hé toa do Oxyz. Tinh goc
gilta mit phang nghiéng (P): 4x + 11z + 5=0
va matsan (Q): z— 1 =0.

BAI TAP

1. Viét phuong trinh tham s0 cua dudmg thing a trong moi trudmg hop sau:

a) Puémg thang a di qua diém M(0; —2; -3) va cd vecto chi phuong a = (1; -5: D).
b) Puong thz'ing a di qua hai diem A(0: 0: 2) va B(3: =2 5).
2. Viét phuong trinh chinh tic cia duong thang b trong mdi truémg hop sau:

a) Pudng thi'ing b di qua diém M(1; —2; —3) va c6 vecto chi phuong @ =(5; -3; 2).
b) Puong thing b di qua hai diém A(4; 7; 1) va B(6: 1; 5).

3. Cho dudng thing d c6 phuong trinh chinh tic I]— ==

a) Tim mét vecto chi phuong cua d va mot diém trén 4.
b) Viét phuong trinh tham s6 cua d.

4. Trong tro choit mo phong bin sung 3D trong khong
gian Oxyz, mot xa thu dang ngém vol toa do khe ngfim
va dau rudi lan luot 1a M(3; 3; 1,5), N(3; 4; 1.5). Viét
phuong trinh tham sé cta duong ngim bén cua xa thu
(xem nhu duong thing MN).

Hinh 17




5. Xet vi tri tuong dbi giira cac cap duong thﬁng sau:

x=1+t x=2+2
a)d: 1 y=—14+2t vad": {y=3+4¢

z=-2+1 z=2"

x—1 y=3 g=3 x—=2 y-1 =z-1
b)d: == = ad" = = .
e g MM e ey

6. Viét phuong trinh tham s6 cua duong méng d di qua diém A(1; 0; 1) va song song vol
x+1 _ y-1_ =z-1
Tt T3 2 4
7. Trén phan mém mo phong 3D mot may khoan trong

duong thé'mg d"

khong gian Oxyz, cho biét phuong trinh truc a cua
il khnanyﬁ mot duong ranh b trén vat can khoan
(Hinh 18) lan luot la:
=i J_r=l+4r'
aqy=2 vab:{y=2+21
z=31 I

-
o —

a) Chitng minh a, b vuéng goc va cat nhau.

b) Tim giao diém cua g va b. -
Hinh 18

8. Tinh e RN o - L Sl 717
2 4 2 3 3 6
y . B s : x+2 v+2 =z—1 " = z
9. Tinh goc gitra duong thang J- > == S va mat phang (P): 3y-3z+1=0.

10. Tinh goc giita hai mat phang (P):dy+4z+ 1=0va(P): Tx+7z+2=0.

11. Trén mét canh dong dién mat troi, ngudi ta da e _a
thiét lap sin mot hé toa dé Oxy=. Hai tAm pin M- o U
ning lwong lan luot nim trong hai mit phing
(Pr2x+2=+1=0va(P)x+z+7=0.
a) Tinh goc giira (P) va (P').
b) Tinh géc hop bai (P) va (P') véi mat dat (O)
co phuong trinh = = (.

Hinh 19

12. Trong khong gian Oxyz, cho hinh lang tru ding OBC.O'B'C' o6 day la tam giac OBC vuong
tai 0. Cho biét B(3; 0; 0), C(0; 1; 0), O'(0: 0; 2). Tinh goc giira:

a) hai dudmng thiang BO'va B'C:
b) hai mat phing (O'BC) va (OBC);
¢) dudmg thang B'C va mat phang (O'BC).



Bai 3. Phuong trinh mat cau

Tit khoa: Toa @6 tdm clia mat cau; Ban kinh clia mat cau;
Phutang trinh clia mat cau.

III/' "‘“\\
Lt )
vh
= G >
0 ¥ p
X
Ta da biét trong mat phang toa d6 Oxy, phuong trinh dudng tron tam I(a; b),
ban kinh R ¢é dang:

(x—af +(y-byY =R
Trong khéng gian Oxyz, phugng trinh mat cau ¢é dang nhu thé nao?

1. Phuong trinh mét cau trong khéng gian
Khai niém mat cau
Trong khong gian, cho diém I va sb duong R. Mat cau tim /,
ban kinh R, ki hicu S(/; R), la tap hop cac diem M trong
khéng gian thoa man /M = R. Poan thing ndi hai diém thuée
mit cau va di qua tdm / goi 1a duéng kinh caa mat cau.

Chii y: Cho mat cau S(/: R). v
Néu IM = R thi M nim trén mat cau.

Néu IM < R thi M nam trong mit cau. Hin? 1
Néu /M > R thi M nim ngoai mat cau.
Phuong trinh cia mat cau

f

@ Trong khong gian Oxyz, cho mat cau S(/; R) co tam -

& Mix;v;2)
Na: b; ¢) va ban kinh R
Xét mét diém M(x; y; z) thay doi. \ /

a) Tinh khoang cach IM theox, v, zvaa, b, c.

b) Néu diéu kién can va du cuax, y, = dé diém M(x; y; 2) o .

ndm trén mat cau S(I: R).

Hinh 2




Tir t@ ta co:
1 Trong khéng gian Oxyz, mat cau (S) tim X(a; b; ¢), ban kinh R ¢6 phuong trinh 1a:
x—a)y+(y-b6l+(Ez-cf=R.

Vidu 1. Viét phuong trinh mat cau (S5):
a) Co tam I(1; 2; 3), ban kinh R = 5;
b) Co duong kinh AB von A(1; 3; 7y va B(3: 5: 1);
¢) Co tam A(1; 0; -2) va d1 qua diém B(2;4;1).
Gidi
a) Mit cau (5) c6 phuong trinh: (x — 1)* + (3~ 2)* + (z - 3)* = 25,
b) Mat ciu (8) co duong kinh 48 nén co tam J(2; 4; 4) 1a trung diém ctia AB va ban kinh
R=Jd=A1.
Viy (§) co phuong trinh: (x = 2)* + (y =4y + (z=4)" =1 1.
c) Mat cau (5) co tam A(1; 0; —2) va di qua diém B(2;:4; 1)néncoban kinh R=A4AB = «./2_6
Viy (5) ¢6 phuong trinh: (x — 1)* + )7 + (z + 2)* = 26.
Vidu 2. Xéc dinh tam va ban kinh cua mat cau ¢6 phuong trinh:
a) (S (x-3y +(y—-Ty+(z+ 1y =81
b) (8: (x +2)° + " + (== 5) = 13;
) (§): X+ +2=4.
Giai
a) Mat cau (5) cotam f(3; 7; —1) va ban kinh R = Jﬁ =9,
b) Mt cau (57) ¢6 tam J(-2; 0; 5) va ban kinh R' = J13.
¢) Mt cau (S") ¢6 tam O(0; 0; 0) va ban kinh R" = Ja =2.

Q Viét phuong trinh mat cau (5):
a) Co tam /(3; =2; —4), ban kinh R = 1(;
b) Co duong kinh EF vo1 E(3; —1; 8) va F(7; -3; 0);
c) Co tam M(-2; 1; 3) va d1 qua diém N(2; -3; -4).

(ﬁj Trong khong gian Oxyz (don vi cua cac truc toa

"~ d6 la mét), cac nha nghién ciru khi tuong ding
modt phin mém mé phong bé mit cua mot qua
bong tham khéng c6 dang hinh cau bang phuong
trinh (x — 300)* + (v — 400)" + (z — 2000)" = 1
Tim toa do tam, ban kinh cua qua bong va tinh
khoang céach tir tim cua qua bong dén mat dit cé
phuong trinh z = 0.

Hinh 3



#Q a) Trong khong gian Oxyz, cho diém M(x: v; z) thay doi co toa do ludn thoa man
phuong trinh x> + )+ =7 = 2x -4y -6z - 11 =0. (*)
i) Bién déi (*) vé dang: (x — 1)* + (v — 2)* + (z — 3)* = 25.
11) Chirng to M(x; y; z) luon thuéec mot mat cau (.5). Tim tam va ban kinh cua (5).
b) Bang cach bién dbi phuong trinh x* + 7 + 22 = 2x — 4y — 6z + 15 =10 e vé dang
(x = 1)+ (y=2) + (z—3)" = -1, hdy cho bict phuong trinh (**) c6 thé la phuong trinh
mit cau hay khéng.

Nhén xét: Phuong trinh x* + y* + = — 2ax - 2by - 2z +d=0voia + P +c-d>01a

phuong trinh cia mat cau tam I(a; b; ¢), ban kinh R = Va2 +b 12 —d.
Vidu 3. Trong cac phumlg‘trinh sau, phuong trinh nao la phuong trinh mét cau? Xéc dinh
tam va ban kinh cua mat cau do.
)X +y +7+8x—6y+2--10=0; b)x*+ )y ++x+y—6z+33=0.
Gidi
a) Phuong trinh x” + 7 4+ =+ 8x— 6y + 2= — 10=0codang x* + 7 + = —2ax - 2by—2c=+d=0
vina=—4.b=3: c=-1.d=-10.
Tacoa'+bh +c—d=164+9+1+10=36>0.
Suy ra phuong trinh di cho 1a phuong trinh mat cau tam /(—4; 3; ~1), ban kinh R = 6.
b) Phuong trinhx* + )7 + " +x +y—6z+33=0codang x’ + v’ + 2" —2ax - 2by - 2cz+d =0

v&ia=——1-—; b=—l; c=3.d=33.
2 2

Tacoa + b +cc—d= l+l+'§|‘—33=—£‘::l}.
4 4 2

Suy ra phuong trinh da cho khéng phai la phuong trinh mit cau.

Trong cac phuong trinh sau, phuong trinh nao la phwrong trinh mat cau? Xac dinh tam
va ban kinh cua mat cau do.

A+ Yy ++4z-32=0; b)x+y ++x+2y-2=+4=0.

2. Van dung ctua phuong trinh mét cau
Phuong trinh mit cau trong khong gian ¢ nhiéu img dung trong thiét ké, dinh vi, san xudt, ...

Vi du 4. Cong nghé hé tro trong tai VAR (Video
Assistant Referee) thiét lap mét hé toa do Oxy= dé theo
déi vi tri caa qua bong M. Cho biét M dang nam trén
mit sén c6 phuong trinh = = 0, déng thoi thude mit cau
(8): (x — 327 + (3 — 50) + (z— 10" = 109 (don vi db dai
tinh theo met).

a) Tim toa d6 tam [ va ban kinh R cua mat ciu (S).
b) Tim toa do hinh chiéu vuong goc J cua tam / trén mat san.

¢) Tinh khoang céch tir vi tri M cua qua bong dén diém J.




Giai ) I

a) Mat ciu (5) c6 phwong trinh ;7
(x =32 + (v — 50 + (z — 10> = 109 M*

nén co tam /(32; 50; 10) va ban kinh R =+/109 | J
Hinh 5
b) Trong khong gian Oxyz, méat san co phuong trinh z = 0 trung vm mat phang

toa do (Oxy). suy ra hinh chiéu vuéng goc cua diém /(32; 50; 10) xudng mit sén cd
toa do6 J(32; 50; 0).

¢) Trong tam giac vuong LJ/M, ta co IJ=10, IM =R, suy ra
IM =NIM* — [J* = J109-100 = 3,
Vay khoang cach tir vi tri M cta qua bong dén diém J1a 3 m.

Vi du 5. Trong khong gian Oxyz (don vi cua cac truc
toa do la kilomet), mot tram thu phat song dién thoai
di déng cé dau thu phat duoc dat tai diém /(-6; —1; 4).

a) Cho biét ban kinh phu soéng cua tram la 2 km.
Viét phuong trinh mat cau (S) biéu dién ranh gidi

cua vung phu song.
Hinh 6

b) Mot ngudi s dung dién thoai tai diém M(-5; -2; 5). Hay cho biét diém M nim trong
hay nam ngoai mat cau (8) va nguoi do co thé su dung duoc dich vu cia tram noi1 trén
hay khong.
¢) Cau hoi tuong tur ddi voi nguol s dung dien thoal o diém N(-1: 0; 1).
Giai

a) Mat cau (8) co tam [(—6; —1; 4) va ban kinh R = 2 nén co phuong trinh:

(x+6)+(p+1y+(z—-4y=4
b) Ta co IM = \E <R, suy ra diém M nam trong mat ciu (5) va nguoi do co thé sir dung
duoc dich vu cua tram no1 trén.
c) Ta co IN =35 > R, suy ra diém N nam ngoar mat cau (8) va nguon do khong thé
sir dung duoce dich vu cua tram no1 trén.

Bé mat cua mot bong tham khong dang hinh cau
co phm:ma trinh:
X +)7 + 27 —200x — 600y — 4000z + 4099900 =0.

Tim toa do tdm va ban kinh miit cau.

Dau in phun cua mot may mn 3D dang in bé mit cua
mot mat cau co phuong trinh:
any ey e £ W 1
X +y +zZ t—x—=yp-z+—=0.
8 8 16

Tinh khoang cach tir dau in phun dén tim mat cau.




. Phan mém mé phong thiét bi tham hiém dai duong co dang

Viét phuong trinh mat cau (S):

a) Co tam /(7; —3; 0), ban kinh R = §;

b) Co tam M(3; 1; —4) va di qua diém N(1; 0; 1);
c) Co duong kinh AB vo1 A(4; 6; 8) va B(2: 4: 4).

. Trong cac phuong trinh sau, phuong trinh nao la phuong trinh mat cau? Xic dinh tim va

ban kinh cua mat cau do.

a)x’+y +7+5x-Ty+z-1=0;

b)x’+y + 2 +4dx+ 6y—2z+ 100=0;
1

c)x’+y+r—x-y-—z+ E =(.

. Cho hai diém A(1; 0; 0) va B(5; 0: 0). Chimg minh ring néu diém M(x; y; z) thoa man

hinh cau trong khong gian Oxyz. Cho biét toa do tim mat cau
la 1(360; 200; 400) va ban kinh r = 2 m. Viét phuong trinh
mat ciu.

Hinh 8

. Nguoi ta muon thiét ké mot bon chita khi hoa long hinh cau bing phan mém 3D. Cho biét

phuong trinh bé mit cua bén chia 1a (S): (x — 6)° + (¥ — 6)* + (z — 6)° = 25. Phuong trinh
mit phang chira nap la (P): z = 10.
a) Tim tam va ban kinh cua bon chira.

b) Tinh khoang cich tir tim bén chira dén mat phang chira nép.

Hinh 10




CAU HOI TRAC NGHIEM
Chon phwong dn ding.

1. Cho mit phing (P): x + 2y + 3z — 1 = 0.
Vecto nao dudi day la mot vecto phap tuyén
cua (P)?

A i, =(1:3;-1). B.#=(2:3:-1)

C.m=(1;2;-1) Dadnr=(1. 23y

2. Phuong trinh nao duéi day la phuong trinh
ctia mit phang (Oyz)?
A y=0.
C.y—z=0.

B:x=10.

D.z=0.

3. Phuong trinh nao dudi day la phuong trinh
mit phing di qua diém M(1; 2; —3) va co
vecto phap tuyén 1 = (1;-2; 3)?
Ax—2y+3z-12=0.
B.x-2p—-32+6-00.

C.x—2Zpt3sF 10 =0
D.x-2y-3z—-6=0.

4. Cho mit phang (P): 3x+dy +2z+4=0
va diém A(1; —2: 3). Khoang cich tir 4 dén
(P) béng

5 5 J5

A.—. B.—. C

J29 29 R

5. Cho ba mit phing (a): x +y +2z+ 1 =0,
Bx+y—z+2=0va(y):x—y+5=0.
Trong cac ménh dé sau, ménh dé nao sai?

A. (@) L(B). B. (1) L (B).
C. () // (). D. () L (y).

D.

| LA

x—2 y-1 =z+3
-1 2 1
Vecto nio dudi day la mét vecto chi phuong
cua d?

6. Cho dudng thang d:

A =@2;1-3) B =02-53)
C.i,=(-1;2;1). D.ii,=(-1;2;-1).
7. Phuong trinh nao dudi day 1a phuong trinh
x=1+2t
chinh tic cua dudng thing d- { y =3¢
z=-2+1?
h'..x—-l_l..=—'].?—=z_2' E.ﬂ.:!..:z_kz_
20 mi o8 3 1
gl _leel TRy =+l
2 A2 1 W3 =2
x=—l+2
8. Cho duong thang d: { v =—1
z=—2-1

Trong cac duomg thang sau, dudmg thang
nao vuong goc voi d?
x=2
B.d:{y=2+1
z=1+1

x=3f
Adgqy=1+1
=5

2

=

C.d;:

w D%

_z—l
-5

4o tad

x+2 z+1
D. d,: 2 =:=T.

9. Cho hai mit phéng (P): 2x—y—z-3=0va
(0): x — = — 2= 0. Géc giira hai mat phing
(P) va (Q) bing
A.30°.  B.45

C.60°  D.90"



10. Cho mit céu (S): 15. Cho hai mat phang (P): x—y—6=0va(Q).
(x T 1}2 + (y = 2}1 i [: = l]l =9 Biet rﬁng diém .f":-"{z, —l, —'2} la hinh Ch'-léll
Toa &8 thmm F vi hhnLink 2 cf 1 vuong goc cua goc toa do ((0; 0; 0) xuodng
oR o tim Ve ban ki cua(s) la mit phang (Q). Tinh goc giita mat phﬁng (P)

A K-1;2;1)vaR=13. va mat phang (Q).

B.f{l;—l; —I}VﬁRZB. ] A - - ¥ i i £
16. Phan mém cua may tién ki thuat so

CI-1:2;)vaR=9. CNC (Computer Numerical Control) dang
D.[1;-2:-1)vaR=9. biéu dién mét chi tiét may nhu Hinh 2.

11. Mat ciu tam I(-3; 0; 4) va di qua diém @) Timtoadocicdiem 4, B, G, D.
A(-3; 0; 0) c6 phuong trinh la b) Viét ‘phm:mg trinh mat phang (4A8C) va

A (x=3y+)y +(z+4)=4. mit phang (4CD). |
B.(x-3)+)y*+(z+4)’=16 ¢) Viét phuong trinh tham s6 cua dudng
| ] - thang AC.

C.x+3)V+y +(z-4)"=16. L e g
d) Cho biét dau mii1 tién dang dat tai diém

D.x+3y+y tz-4 =4 M(0: 60; 40). Tinh khoang cach tir M dén
BAITAP TU LUAN mat phang (4BC).
12. Cho bén diém A(1; 0; 0), B(Q; 1; 0),
C(0; 0; 1), D(=2; 1; -1).
a) Ching minh 4, B, C, D la bon dinh cua
mot hinh chop.
b) Tim goc giira hai duéng thang AB va CD.
¢) Tinh do dai duong cao cua hinh chop
A.BCD.
13. Cho bén diém A(-2: 6: 3). B(1: 0: 6),
C(0; 2; -1), D(1; 4; 0).
a) Viét phuong trinh mat phéng (BCD).
Suy ra ABCD la mot tu dién.
b T e 17. Cho hinh hép chir nhat OABC.O'4A'B'C",
) Timnhssiemootiche Spses Aom. voi O la gbe toa do, 4(2; 0: 0), C(0: 6; 0),
c) Viet phuong trinh mat phang () chira 0'(0; 0; 4). Viét phuong trinh:
AB va song song von CD. ;
a) Mat phang (O'AC);

b) Puong thing CO"
¢) Mit céu di qua cac dinh cia hinh hap.

Hinh 2

14. Phan mém diéu khién
may in 3D cho biét
dau in phun cua may
dang dat tai diém
M(3; 4; 24) (don vi: cm).
Tinh khoang cach tir dau
in dén khay dat vat in co
phuong trinh z — 4 = 0.

18. Cho ba diém A(l; 0; 0), B(0; 2; 0) va
C(0: 0; 3). Chimg minh ring néu diém
M(x; y; z) thoa min MA® = MB* + MC*
thi M thuéc mot mat cau (S). Tim tam va
ban kinh cua (5).




Phinl THONG KE VA XAC SUAT

@ 10 'Rl XAC SUAT CO DIEU KIEN

Trong chuong nay, ching ta sé tim hiéu khai niém xédc sudt cé diéu kién, cic quy tic tinh xac suat lién quan dén
xdc sut ¢o diéu kién va hoc cich vin dung cic diéu nay vao mot s tinh hudng thuc tién.

: Yo B o
6 T S
= \ Thomas Bayes (1701 - 1761)
o> o0 — P(AYP(B|A)
P

6 30 P(A|B) = ,P(B)>0

L&,I Hoc xong chuadng nay, ban cé thé:;

- Nhan biét dugc khai niém vé xac suat cd diéu kién.

— Giai thich dugc y nghia cla xac suat co diéu kién trong nhing tinh hudng thuc tién
quen thudc.

- Mé ta dugc cong thic xac suat toan phan, cong thuc Bayes thong qua bang dir liéu
thdng ké 2x2 va so dd hinh cay.

- S dung dugc cong thirc Bayes dé tinh xac suat cé diéu kién va van dung vao mét so
bai toan thuc tién.

- St dung dugc so do hinh cay dé tinh xac suat ¢d diéu kién trong mét s6 bai toan
thuc tién lién quan tdi théng ké.




Bai 1. Xac suat c6 diéu kién

Tit khoa: Xacsuat cé diéu kién; (dng thic nhan xac suat.

P
| | Ban Thuy gieo mét con xiic xac can ddi va dong chat.

" Néu biét rang xudt hién mét chan chim thi xac sudt

xudt hién mat 6 cham la bao nhiéu?

1. Xdac suat co diéu kién
’C‘P Hop thi nhét chira 2 vién bi xanh va 1 vién bi dc".:. Hop thir hai chira 2 Jvién bi‘xanh va
3 vien b1 do. Cac vién bi co cung kich thuoc va khoi leong. Ban Thanh lay ra ngau nhién
| vién bi tir hop thir nhat bo vao hop thir hai, sau do lai lay ra ngau nhién | vién bi tur
hop thir hai.
Goi A la bién cb “Vién bi lay ra lan thir nhét 1a bi xanh”;
B 1a bién c6 *“Vién bi lay ra lan thir hai 1a bi do”.
a) Biét ring bién co A xay ra, tinh xdc suat cua bién co B.
b) Biét rﬁng bién cb A khong xay ra, tinh xac sudt cua bién ¢ B.
Trong pheép thu trén, ta thé}r kha ning xay ra cua bién ¢b B phu thuoc vao viéc bién cb A
co xay ra hay khong.

- -
-

% Cho hai bién o 4 va B. Xac suat ctia bién c6 B khi bién c6 4 da xay ra duoc goi la xdc sudt
ciia B véi diéu kién A, ki hiéu 12 P(B| A).

Vi du 1. M6t hép chira ba tam thé cting loai duoc ghi s6 lan luot tir 1 dén 3. Ban Ha lay ra
mét cach ngiu nhién mat thé tir hop, bo thé do ra ngoai va lai ]::ij,r ra mét cach ngau nhién
thém mot the nira. Xét cac bién co:
A: “Theé lay ra lan thir nhét ghi s6 17;
B: “The lay ra lan thir nhat ghi s6 2°;
C: “Thé lay ra lan thi hai ghi s6 1&”.
a) Xéac dinh khéng gian mau cua phép tha. Viét tip hop cac két qua thudn loi cho
mbi bién ¢ A, B, C.
b) Tinh xac suat dé thé lay ra lan thir hai ghi s6 1&, biét rang thé 1iy ra lan thir nhat ghi s6 1.
c) Tinh xac suat dé thé lay ra 1an thit hai ghi s6 l&, biét ring the lay ra lan thir nhat ghi s6 2.
Gii

a) Khong gian mau cua phép th:

Q={(1:2;(:35@ 1):(2: 3 (3: 1):03: D))
trong do (i; j) 1a két qua lan thir nhat lay duoc the ghi sb 7, lan thir hai lay duoc thé ghi sb /.



Tap hop cac két qua thuan loi cho bién ¢b A 1a: {(1;2): (1; 3)}.
Tap hop cac két qua thuan loi cho bién cé B 1a: {(2; 1): (2: 3)}.
Tép hop cac két qua thuan loi cho bién ¢6 C la: {(2: 1); (3: 1): (1 3): (2; 3)}.

b) Xéc sudt can tim 12 P(C|4). Khi bién cd A xay ra thi két qua cua phép thu 1a (1; 2)
hodc (1: 3). Trong hai két qua dong kha ning nay chi c6 két qua (1; 3) 1a thuan loi cho
bién cb C.
Vay xéc suat dé thé lay ra lan thir hai ghi s6 1&, biét rang thé lay ra lan thir nhat ghi s6 1
mﬂqm=L
2

¢) Xéc suat can tim 1a P(C|B). Khi bién c6 B xay ra thi két qua cua phép thurla (2; 1)
hodc (2; 3). Ca hai két qua nay déu thuan loi cho bién ¢6 C.
Viy xéc suat dé thé lay ra lan thir hai ghi s6 1é, biét ring thé lay ra lan thir nhat ghi s6 2
la P(C|B) =1,

X¢ét phép thir lay thé & Vi du 1. Goi D 1a bién ¢6 “The lay ra lan thir hai ghi s6 16n hon 17

Tinh P(D|A4) va P(D|B).
Vidu 2. Ciu lac bo cér cua nha trudong gom 35 thanh vién, moi thanh vién biét choi it nhat
mét trong hai mén c& vua hodc c& tuémg. Biét ring c6 25 thanh vién biét choi c& vua va
20 thanh vién biét choi c& tuéng. Chon ngau nhién | thanh vién cuia ciu lac bo. Tinh xé4c suit
thanh vién duoc chon biét choi co vua, biét ring thanh vién d6 biét choi c& tuéng,

Gidi

Goi A 1a bién c6 “Thanh vién duoc chon biét choi co tuéng” va B 14 bién ¢6 “Thanh vién
duoc chon biét choi cir vua™.
S thanh vién cua cau lac bo biét choi ca hai mén c&r 13 20 + 25 — 35 = 10.
Do dé. trong s6 20 thanh vién biét choi c& twdng, c6 ding 10 thanh vién biét choi c& vua.
Vay nén xéc suat thanh vién duoc chon biét choi cér vua, biét rang thanh vién do biét choi

10
o tuéng 1a P(B|4) = —==0,5.

Xet phep thu o Vi du 2. Tinh xac suat thanh vién duoc chon khong biét choi c&v tuong,
biét ring thanh vién dé biét choi ¢& vua.

g ¥
o ; ; RS G W
("‘h‘l Tinh xac suat co dieu kién o (| ® ) (trang 69).
", s =
2. Céng thirc tinh xac suat cé diéu kién
'@ Gieo ddng thoi hai con xic xic cin déi va dong chat. Goi
A la bién c6 “Xuat hién hai mat co cung s6 cham”, B la
bién co “Tong so cham cua har mat xuat hién bang 8" va
(" 1a bién co “Xuat hién it nhat mot mat co 6 cham”.

a) Tinh BB < P(A|B).
P(B)

b) Tinh €24 i pcya),
P(A)



P(AnB) . P(CNA)

6 /8, ta nhin thiy = P(A4|B) va = P(C| A)

Mot cach térng quat, ta co edng thire finh xac sudt ¢é diéu kign nhu sau:

- -

® Cho A va B 13 hai bién cb, trong d6 P(B) > 0. Khi dé
P(A B)

P(4|B)= )

Chay:

a) Ta ciing ki hiéu bién c6 giao cua hai bién c6 A va B la AB.

b) Trc-ng thuc té, nguol ta thuong dung t1 lé phﬁn trim dé mo ta xac suat. Chﬁng han,
phat biéu “Kha nang xay ra mot su kién la 20%” cting co nghia la “Xac sut xay ra su kién

dola 0,2, phat biéu “Ti Ié phe pham cua mot 16 hang la 5%” cung co nghia la “Néu chon
ra ngau nhién 1 san pham tir 16 hang, xac suat san pham da 1a phé pham 1a 0,05”.

Vidu 3. Mot cong ty bao hiém nhan tha}r b 48% s0 ngudi mua bao hiém 6 t6 1a phu nir va
c6 36% s6 ngudi mua bao hiém 6 t6 la phu nir trén 45 tudi.
a) Biét mét ngudi mua bao hiém 6 t6 1a phu ni, tinh xéc suat ngudi d6 trén 45 tubi.
b) Tinh ti 1& nguai trén 45 tudi trong s6 nhing ngudi phu nir mua bao hiém 6 to.
Gidi
a) Goi A 1a bién ¢6 “Ngudi mua bao hiém 6 t6 1a phu nir”, B la bién ¢6 “Ngudi mua bao
hiém & td trén 45 tudi”. Ta can tinh P(B|A).
Do co 48% nguom mua bao hiém 6 t6 1a phu nit nén P(A4) = 0.48.

Do ¢6 36% s6 ngudi mua bao hiém 6 t6 1a phu nir trén 45 tudi nén P(4B) = 0,36.

= P(4AB) 0,36
V: BlA)= - ={,75.

ay P(B|A) P(4) 048
b) Trong 56 nhitng nguol phu ntr mua bao hiém 6 t6 thi c6 75% ngudi trén 45 tudi.
Cha y:

a) Tir cong thirc xac suat co diéu kién, vo1 P(B) = 0, ta co P(4B) = P(B)P(A|B).
b) Trong trudng hop tong quét, ngudi ta chimg minh droc ring véi 4, B 1a hai bién cb bat ki thi
P(AB) = P(B)P(A|B).
Céng thirc trén duoc goi la cdng thire nhén xdc sudt cho hai bién ¢,
Vi du 4. Cho hai bién c6 A va B ¢6 P(4) = 0,3; P(B) = 0,5 va P(4|B) = 0.4. Tinh P(AB)
va P(A|B).
Gidi
Theo cong thirc nhan xac suat, ta c6 P(AB)=P(B)P(A|B)=
Vi AB va AB 14 hai bién c6 xung khéc va AB U AB = B nén theo tinh chét cua xac sudt,

taco P(AB)=P(B)—P(4B)=0,3.



Theo cong thirc tinh xac suat co diéu kién,
_P(4B) 0,3
P(BY 0,5

P(A|B) 0,6.

Cha y:

a) Vé&i moi bién ¢6 4 va B, trong do P(B) > 0, ta c6
P(A|B)=1-P(A|B).

b) Vi A va B 1a hai bién 6 déc lap, trong d6 0 < P(B) < 1, nguai ta chimg minh dwoc ring
P(A|B)= P(A|B) = P(A),

Tir ding thirc trén, ta thﬁ}y khi A va B doc lap thi viée bién c6 B xay ra hay khong xay ra

khong lam anh huong deén xac suat cua bién co 4.

Hinh 2

Mot nhom 5 hoc sinh nam va 4 hoc sinh nir tham gia
lao dong trén sin truémg. C6 gido chon ngau nhién
déng thot 2 ban trong nhom di tué cay. Tinh xac suit
dé hai ban dwoc chon c6 cing giGi tinh, biét rang co
it nhat 1 ban nam duoc chon.

Két qua khao sat nhitng bénh nhan bi tai nan xe may vé
moi lién hé gitra viéc déi mii bao hiém va kha nang bi
chan thuong viing dau cho thiy:

— Ti 1é bénh nhén bi chan thuong ving dau khi gip
tai nan la 80%;

— Ti 1& bénh nhan doi mi bao hiém dung cach khi gap
tai nan la 90%:

— Ti 1& bénh nhin déi mi bao hiém dung cich bi chan
thuong ving dau 1a 18%.

Hinh 4

Hoi theo két qua diéu tra trén, viéc d6i mi bao hiém ding cach s lam giam kha ning b
chan thuong vung dau bao nhiéu lan?

3. So’ d6 hinh cay

8

Ban Viét chuan bi di tham quan mot hon dao trong hai ngay thir Bay va Chu nhat.
O hon dao d6, méi ngay chi co nﬁng hodc mua, néu mot ngay la ﬂ:ﬁng thi kha nang xay
ra mua & ngay tiép theo la 20%, con néu mét ngay 1a mua thi kha nang ngay hém sau
van mua la 30%. Theo du bao thai tiét, xac suat troi s& ning vao thir Bay 1a 0,7.



& so d6 hinh cay sau:
Thir Bay Chu nhat

Nﬁng
0,7] »Nang <

0.2 Mua
7]

? Ning
0,3 Mua

O f3, goi 4 la bién cb “Ngay thit Bay troi nang” va B 1a bién ¢6 “Ngay Chii nhat tri mua”.

Hay tim cac gia tr1 thich hop thay vao

Huéng dan:

Taco P(4)=0,7; P(Bl4)=0_2; P(B|4)=023.
Do dé P(A)=1-P(4)=0,3; P(B|d) =1 — P(B|4) = 08: P(B|4)=1—P(Bl4)=0,7.
Ap dung cong thirc nhan xac suat, ta ¢o xdc suét troi nang vao thir Bay va trdi mua vao
Chu nhat 13
P(AB)= P(A)P(Bl4)=0,7 .0,2=0,14.
Tuong tu, ta co
P(AB)= P(A)P(B|4)=0,7 .0,8=0,56:
P(AB) = P(A)P(B|4)=0,3.0,3=0,09;
P(AB)=P(A)P(B|4)=0,3.0,7=0,21.
Ta c6 thé biéu dién cac két qua trén theo so dd hinh cdy nhu sau:
Thir Bay Chu nhat Két qua Xac suat
0] -8B AB 056
2] B AB 0,14

[ _—~B 4B 021

0,3 B AB 0,09

¥

0.7

Nhén xét: Trén so d6 hinh cay:

~ Xac sudt cua cac nhanh trong so d6 hinh cay tir dinh thir hai 1a xdc suat c6 diéu kién.

— Xac sudt xay ra cua moi két qua bang tich cdc xdc suat trén cac nhanh cua cay di dén
két qua do.

Vi du 5. O mét san bay, nguo ta sur dung mot loal may soi tu dong phat hién hang
cdm trong hanh li ki gii. May phat chudng canh bao vo1 95% cac kién hanh li co chira
hang cam va 2% céc kién hanh li khong chira hang cam. Ti lé cac kién hanh li co chira
hang cam la 0,1%.



Chon ngéu nhién mét kién hanh li dé soi bang may trén. Str dung so dé hinh cay, tinh
Xac suat cua cac bién co:
M: “Kien hanh li co chira hang cdm va may phat chuong canh bao™;
N: “Kién hanh li khéng chira hing cam va may phat chuéng canh bao”.
Gidi

Goi A la bién ¢6 “Kién hanh li ¢6 chita hang cim” va B 1a bién c6 “May phat chuéng
canh bao™. Ta co

P(B|4) =0,95; P(B|A)=0,02; P(A4)=0,001.
Do d6 P(4)=1-P(A)=0,999; P(B\A)=1-P(B|A)=0,05; P(BlA)=1- P(Bl4)=0,98.

Ta c6 so d6 hinh cay nhu sau:

0,95 B AB 0.00095
0.001 /'A </'

0.05] =B AB 0.00005

0,02 B AB 0,01998
0.999 E

0,98 B AB 0.97902

Do M = AB nén P(M) = P(AB) = 0,00095.

Do N= AB nén P(N) = P(AB)=0,01998,
Hop thir nhiit ¢6 4 vién bi xanh va 6 vién bi do. Hop thir hai co 5 vién b1 xanh va
4 vien b1 do. Cac vién b1 co cung kich thuoc va khébi luong. Lé}r ra ngau nhién 1 vién bi
tir hop thir nhat chuyén sang hop thir hai. Sau dé lai lay ra ngdu nhién 1 vién bi tir hop
thir hai.

Su dung so d6 hinh cay, tinh xac sudt cua cac bién c6:

A: “Vién bi lay ra tir hop thit nhat cé mau xanh va vién bi lay ra tir hop thi hai c6 mau do™;
B: *Hai vién b1 ]:“i}r ra co cung mau’.

Mot truong dai hoc tién hanh khao sat tinh trang vicc lam sau khi tot nghiép cua sinh vien.
Két qua khao sat cho thay ti 1& ngudi tim dwoc viée lam dang chuyén nganh 1a 85%
débi vai sinh vién t6t nghiép loai gioi va 70% doi voi sinh vién tot nghiép loai khéc.

Ti 1& sinh vién tot nghiép loai gioi la 30%. Gap ngau nhién mot sinh vién da tét nghiép
cua truong.

Sir dung so d6 hinh cay, tinh xac suit cua céc bién cé:

C: “Sinh vién t6t nghiép loai gioi va tim duoc viéc lam dung chuyén nganh”;

D: “Sinh vién khong tdt nghiép loai gioi va tim dwoc viéc lam ding chuyén nganh”.



BAI TAP

1. Mot thu vién c6 35% tong so sach 1a sach khoa hoc, 14% tong so sach la sach khoa hoc
tu nhién. Chon ngiu nhién mét quyén sach cua thu vién. Tinh xac suat dé quyén sach duoc

chon la sich khoa hoc ty nhién, biét rﬁng do la qu}fén sach vé khoa hoc.

2. Cho hai bién ¢ A va B cé P(4) =04; P(B)=0.8 va P(A|B) =0.5. Tinh P(A4B) va P(A|B).

3. Moi ban hoc sinh trong 16p cia Minh lua chon hoc mét trong hai ngoai ngii la tiéng Anh
hoic tiéng Nhat. Xac suit chon tiéng Anh ctia moi ban hoc sinh nir la 0,6 va cia moi ban hoc
sinh nam la 0,7. Lop cua Minh co 25 ban nir va 20 ban nam. Chon ra ngﬁu nhién mot ban
trong lop.

Sir dung so d6 hinh cdy, tinh xac suat cia cac bién co:
A: *Ban duoc chon la nam va hoc Iiéng Nhat™;
B: “Ban duoc chon la nir va hoc tiéng Anh™.

4. May tinh va thiét bi luu dién (UPS) duoc két ndi
nhu Hinh 5. Khi xay ra su ¢6 dién, UPS bi hong véi
xéc suét 0,02. Néu UPS bi hong khi xay ra su co dién,
may tinh s& bi hong voi xac suat 0.1: nguoc lai,
néu UPS khong b1 hong, may tinh s& khong b1 hong.

a) Tinh xéc suat dé ca UPS va may tinh déu khong

Hinh 5

bi hong khi xay ra su co dién.

b) Tinh xéc suat dé ca UPS va may tinh déu bi hong
khi xay ra su co dién.

Bai 2. Cong thiic xac suat toan phan
va cong thuc Bayes

Tit khoa: Cong thifc xac suat toan phan; Cong thifc Bayes.

(o

I‘\!) Mot loai xét nghiém nhanh SARS-CoV-2 cho
két qud duong tinh véi 76,2% cic ca thuc su
nhiém virus va két qua am tinh véi 99,1% cic
ca thuc su khéng nhiém virus (ngudn: https://
tapchiyhocvietnam.vn/index.php/vmj/article/
view/2124/1921). Gia si ti 1& ngudi nhiém virus
SARS-CoV-2 trong mét cong dong la 1%. Mét
ngudi trong cong dong d6 lam xét nghiém va
nhan dugc két qua duong tinh. Hoi khad nang
ngudi d6 thuc sy nhiém virus Ia cao hay thap?




1. Céng thirc xéc sudt toan phan

’® Chi An tra 1&i hai cau hoi. Xéc suat tra i ding cau hoi
thir nhat 1a 0,7. Xéc sudt tra 161 ding cau hoi thir hai 13 0,9 AT
néu chi An tra lo1 dang céu hoi thir nhat va la 0.5 néu /—‘-—J‘ﬁ -

chi An khong tra In dung cau hoi thi nhat. ;__::?
Goi A la bién ¢6 “Chi An tra o1 dang cau hoi thir nhat”
va B 1a bién cb “Chi An tra 161 diing cau héi thir hai”. e

Hay tim céc gié tri thich hop dién vao cic 6 [ ? | & so dd hinh cay sau:
Cau hoi thir nhat Cauhoi thirhai Kétqua Xac suit
1B 0,63

0.9] B ;
A <:
? B AB ?
0.5 B AB 0,15
i <
B AB
Ta thay bién c6 B la hop cua hai bién c6 xung khic 4B va AB. Do do

P(B)= P(4B) + P(AB) = 0,63+ 0,15=0,78.
Mot cach ton 2 quat, ta co

0,7

"% Chohai bién o8 4V Bvéi 0=P(B) < 1. Khi do
P(A) = P(B)P(A|B)+ P(B)P(AlB)

goi 1a edng thire xdc suiit toan phin.

Chii y: Cong thirc xdc suat toan phan ciing ding véi bién co B bat ki.
Vidu 1. Trong (»), hay tinh x4c sudt ngudi lam xét nghiém c6 két qua duong tinh,
Giai

Goi A la bién ¢ “Nguoi lam xét nghiém cé két qua duong tinh” va B la bién cé
“Nguot lam xet nghiém thue su nhiém virus™.
Do xét nghiém cho két qua dwong tinh véi 76.2% céc ca thuc su nhiém virus nén
P(A|B) =0,762.
Do xét nghiém cho két qua am tinh véi 99,1% cac ca thuc su khong nhiém virus nén
P(A|B)=0,991. Suy ra -

P(A41B)=1-0,991=0,009.
Do ti 1€ nguon nhiém virus trong cong df’ing la 1% nén P(B)= 0,01 va P{E] =(),99.
Ap dung cong thirc xdc suat toan phan, ta ¢6 xac suat nguoi lam xét nghiém co két qua

duong tinh la B
P(A)= P(B)P(AB)+ P(B)P(AB)=0,01.0,762+0,99 . 0,009 = 0,01653.



@ Vao méi budi sang & tuyén phd H, xdc sudt xay ra
tic duomg khi tréi mua va khéng mua lan huot 1a 0,7
va 0,2. Xac suat c6 mua vao mot budi sang 1a 0,1.
Tinh xéc suat dé sang do tu}rén phc::r H bi tic duong.

2. Cong thirc Bayes

’@ Khao sat thi lue caa 100 hoc sinh, ta thu duoc bang 50 liéu sau:

Gidi tinh
Nir Nam
Thi luc
Co tat khic xa 12 18
Khoéng co tit khie xa 38 32

Chon ngau nhién 1 ban trong 100 hoc sinh trén.

a) Biét rﬁng ban do co tat khuc xa, tinh xac suat ban dé 1a hoc sinh nam.

b) Biét réng ban do la hoc sinh nam. tinh xac suat ban do co tat khuc xa.
Bang s0 liéu trén duoc goi la bang 56 ligu2 x 2.
Tir bang 50 liéu, ta I'_hﬁy ¢0 50 hoc sinh nam va 50 hoc sinh nir tham gia khao sat, trong do co
12 + 18 = 30 hoc sinh co tat khue xa va 38 + 32 = 70 hoc sinh khong co tat khuc xa.
Goi A 1a bién c6 “Hoe sinh duoc chon b tit khiic xa” va B la bién co “Hoc sinh dugc chon
la nit”. Tir bang so liéu trén, ta tinh dwoc cac xac suat sau:

12+18 12+ 38 12

=0,3; P(B)= =0,5 P(AB)=——=0,12.
100 100 100

P(4) =
Hon nifa, ta cing tinh duoc cac xac suat co dicu kién sau:

12
=0,24; P(BlA)= =0,4.

P(AlB) =
12+38 12518
Tir day suy ra
PE)XAB) _0.3-0.28 o ue penln,
P(A) 0,3
va
P(A)P(Bi4) _0,3.0.4 _ 0,24 = P(A|B).
P(B) 0.5
Mt cach tong quét, tir dinh nghia xéc suat ¢ dicu kién véi P(4) > 0, ta ¢6
P(B)P(AB
Pty = PEIPB)
P(A)




Két hop cong thirc trén véi cong thirc xdc suat toan phan, ta co:

-

" Gia sir 4 va B 1a hai bién cb ngau nhién thoa man P(4) > 0 va 0 < P(B) < 1. Khi do,
P(B|A4)= P{B]P{Alf} =

P(B)P(A|B)+ P(B)P(A|B)

goi la cdng thirc Bayes.

Chuy:
a) Céng thitc Bayes van diing vai bién ¢ B bét ki.
b) Vo1 P(A) = 0, cong thirc P(B| A) = w ciing duoc goi la cong thirc Bayes.

Vidu 2. M6t nha may ¢6 hai phan xuong I va II. Phan xudang I san xuét 40% so san pham
va phan xuong Il san xuét 60% sb san pham Ti I san pham bi 16i ctia phan xuéng 1
la 2% va cua phan xwong I1 la 1%. Kiém tra ngau nhién 1 san pham cia nha may.

a) Tinh x4c suit dé san pham do bi 16i.
b) Biétrréng san pham dwoc kiém tra bi 16i. Hoi xac sut san pham d6 do phin xudng nao
san xuat cao hon?
Gidi
a) Goi A la bién ¢6 “San pham duoc kiém tra bi 16i” va B 1a bién c6 “San pham duoc
kiém tra do phan xuong I san xuat™.
Do phan xwong I san xudt 40% s6 san pham va phan xuong I san xuat 60% so san pham nén
P(B)=04va P(B)=1-0,4=0,6,
Do ti 1& san pham bi 16i caa phan xuwong 1 13 2% va cua phéan xwong 11 1a 1% nén
P(AB)=0,02 va P(A|B)=0,01.
Xic suat dé san pham duoc kiém tra bi 15i la
P(A)= P(B)P(A|B) + P(B)P(AB)=04.0,02 + 0,6.0.01 =0.,014.
b) Néu san phim duoc kiém tra bi 15i thi x4c suit san pham d6 do phan xuéng I san xuat 13
P(B)P(AB) 0,4.0,02 4

P(B|A) = = =,
P(A) 0,014 7

Néu san pham duoc kiém tra bi 151 thi xdc suat san pham d6 do phén xucng II san xuat la
P(B|A)=1-P(B|A) = 3.

Vay néu san phém duoc kiém tra bi 15i thi xdc sudt san pha:‘lm do do phan xuong [ san Xuat

cao hon xdc suat san pham d6 do phén xuong 11 san xuat.

Vi du 3. Trong @ moét ngudi lam xét nghiém va nhan duoc két qua duong tinh.

Tinh xéc suat ngudi do thue su nhidm virus (két qua lam tron dén hang phan nghin).



Giai
Str dung ki hiéu cac bién ¢6 nhu & Vidu 1.
Xac sudt mot ngudi thuc su nhiém virus khi ngudi do co két qua xet nghiem duong tinh
la P(B|A). Taco
P(B)P(AB) 0,01.0,762
P(4)  0,01653

P(B|A)= ~ 0,461 =46,1%.
Khi phat hién mot vat thé bay, xac suét mot hé thnf'-ng radar phat
canh bao 1a 0.9 néu vit thé bay do la muc tiéu that va la 0,035
néu do 1a muc tiéu gia. Co 99% cac vat thé bay la muc ticu gia.
Biét ring hé thong radar dang phat canh bao khi phat hién mét

vt thé bay. Tinh xac suat vat thé d6 la muc tiéu that.

- Hinh 3
W% Nguon ta dieu tra thay ¢ mot dia phuong no co 2% tar xé

S

sir dung dién thoai di dong khi lai xe. Trong cac vu tai nan o
dia phuong d6, ngudi ta nhan thay c6 10% la do tai xé ¢6 sir dung
dién thoai khi lai xe gay ra. Hoi viec sir dung dien thoai
di déng khi lai xe lam ting xdc suat gay tai nan 1én bao nhiéu lan?

1. Hop thir nhét ¢6 3 vién bi xanh va 6 vién bi do. Hop thir hai co 3 vién b1 xanh va 7 vién b1 do.
Cac vién bi c6 ciing kich thudc va khoi lwong, Lay ra ngiu nhién 1 vién bi tir hop thir nhat
chuyén sang hop thir hai. Sau do lai lay ra ngau nhién déng thoi 2 vién bi tir hop thi hai.

a) Tinh xéc suit dé hai vién bi lay ra tir hop thir hai la bi do.
b) Biét ring 2 vién bi lay ra tir hop thir hai 1a bi do, tinh xac suat vién bi lay ra tir hop
thir nhat cting 14 bi do.

2. Trong mot tridong hoc, ti 1€ hoc sinh nir la 52%. Ti 1€ hoc sinh nit va ti Ié hoc sinh nam
tham gia cau lac bo nghe thuat lan luot 1a 18% va 15%. Chon ngﬁu nhién 1 hoc sinh cua truong.
a) Tinh xac suét hoc sinh duoc chon co tham gia cau lac bo nghé thuat.

b) Biét ra ng hoc sinh duoc chon co tham gia céu lac bo nghé thuat. Tinh xac suat hoc sinh do
la nam.

Hinh 4

3. Ti 1 ngudi déan da tiém vic xin phong bénh A & mot dia phuong 1a 65%. Trong s6 nhiing
nguol da tieém phong, ti le mic bénh A la 5%:; trong s6 nhirng nguotl chua ném phong,
ti 1¢ méc bénh A 13 17%. Chon ngau nhién mét ngudi & dia phuong do.

a) Tinh xac suat nguot duoc chon mic bénh A.
b) Biét ring nguoi duoc chon mac bénh A. Tinh xac suat nguoi d6 chua tiém véc xin
phong bénh A.

4, O mét khu ring no ¢o 7 chu lun, trong do co 4 chi luon nor that, 3 chu con lai luén tu nhan minh
noi that nhung xéc suat dé mdi chi nay néi that 1a 0,5. Ban Tuyét gip ngau nhién mot chi lun.
Goi A 14 bién c6 “Ch liin d6 luén noi that” va B 1a bién ¢6 “Cha lin dé tu nhin minh luén néi that”.
a) Tinh xédc sut ciia cac bién ¢b 4 va B.

b) Biét ring chii lin ma ban Tuyét gap tuw nhan minh 13 nguéi ludn néi that. Tinh xac suat dé

chu lun do luon noi that.



CAU HOI TRAC NGHIEM
Chon phuwong dn ding.

1. Cho hai bién cb 4 va B co P(4) = 08;
P(B)=05 va P(AB)=02.

a) Xéc suit cua bién cb A véi diéu kién B 1a

A04 B.05 C.025 D.0625
b) Xac suat bién c6 B khéng xay ra véi

dicu kién bién co A4 xay ra la

A 06. B.05. €075 D035

¢) Gia tri cta biéu thirc
P(A|B) P(B|4) la
P(4)  P(B)

A -05 B.O E::0,). D. L

2. Mot nha may thuc hién khao sat toan bé
cong nhan vé sur hai long cua ho ve dieu kién
lam viéc tai phan xwong. Két qua khao sat
nhr sau:

ST |t | R b 1l
Phinxuingl | 37 13
Phén xuéng IT 63 27

Gip ngau nhién mot cong nhan caa nha may.
Goi A la bién ¢6 “Cong nhan d6 1am viéc tai
phén xuong I” va B la bién ¢6 “Céng nhan do
hai long véi diéu kién lam viéce tai phan xuong”.

a) Xac sudt cua bién c6 4 1a

3 3 5 1
AL B. at C.—. D -
140 50 14 2
b) Xac suat cua bién cb A vai diéu kién B 1a
3 5
A.037. B.05. C. SZAN R
50 14

¢) Xéc suit ciia bién c6 B véi diéu kién A4
khong xay ra la

A2 BO09 C07 D —.
7 20

3. Cho so d6 hinh cay dudi day.

0.7 B
g2
0 B

! /,_JB
‘-a._____l‘-ﬁ

(=X

A

H\S

a) Xdc suat cua bién cb ca 4 va B déu khong
xay ra la

A.032. B.04 CO08 D092

b) Xéc suat cua bién c6 B 13
A.042. B.062. C.028 D.04s

¢) Xac suat diéu kién P(4|B) 1a

LI 07. C. L @ 0.48.
31 50
d) Gia tri cua biéu thirc PBALB)
P(A)
A.048. B.03 C05 D06



BAITAP TU LUAN

4. Mot khu dan cu c6 85% cac ho gia dinh sir
dung dién dé dun nude. Hon nira, co 21%
cac ho gia dinh sir dung am dién siéu toc.
Chon ngﬁu nhién mot ho gia dinh, tinh
xdc sudt ho dé sir dung am dién siéu toc,
biét hé d6 sir dung dién dé dun nuéc.

5. Cho hai bién cb ngiu nhién 4 va B. Biét
rang P(A|B) = 2P(B|A4) va P(AB) # 0.

Tinh ti sé P‘(A}.

6. Phong cong nghé cua mot cong ty co
4 ki su va 6 ki thuat vién. Chon ra ngﬁu nhién
dong thoi 3 ngudi tir phong. Tinh xéc suat
dé ca 3 nguoi duoc chon déu la ki su,
biét rang trong 3 ngudi dwoc chon 6 it nhat
2 ki su.

7. C6 hai cai hop giong nhau, hop thir nhat
chira 5 qua bong ban mau tréng va 3 qua
bong ban mau vang, hop thit hai chira 4 qua
bong ban mau tring va 6 qua bong ban mau
vang. Cac qua bong co cung kich thudc va
khoi lwong. Minh Iéy ra ngau nhién 1 qua
bong tir hop thir nhat. Néu qua bong do
12 bong vang thi Minh lay ra ngiu nhién
dong thoi 2 qua béng tir hop thir hai;
néu qua bong dé mau tring thi Minh lay ra
ngau nhién dong thoi 3 qua bong tir
hép thir hai.

a) Str dung so db hinh cay, tinh xac suat dé
co ding | qua bong mau vang trong cac
qua bong lay ra tir hop thir hai.

b) Biét rﬁng cac qua bong Izi}r ra tir hop
thir hai déu c6 mau tring. Tinh xac suat dé
qua bong lay ra tir hop thir nhat c6 mau vang.

8. Hop tha nhéat c6 1 vién bi xanh va 5 vién
bi do. Hop thir hai ¢6 3 vién bi xanh va
5 vién bi do. Cac vién bi co cung kich thuoc
va khéi haong. Lﬁ}-’ ra ngau nhién déng tho
2 vién bi tir hép thir nhat chuyén sang hop
thir hai. Sau d6 lai ldy ra ngdu nhién déng
thai 2 vién bi tir hop thir hai.

a) Tinh xdc suat dé hai vién bi lay ra tir hop
thir hai 1a bi do.

b) Biét rang 2 vién bi lay ra tir hop thir hai
la bi do. Tinh xac suat dé 2 vién bi lay ra tir
héop thir nhat ciing 1a bi do.

9. Mot doanh nghiép co 45% nhan vién la nt.
Ti ¢ nhan vién nir va ti 1€ nhan vién nam
mua bao hiém nhan tho lin luot 1a 7%
va 5%. Chon ngfm nhién mot nhan vién
cua doanh nghiép.

a) Tinh xac suat nhan vién duoc chon co
mua bao hiém nhan tho.

b) Biét réng nhin vien duoc chon co
mua bao hiém nhan tho. Tinh xic sudt
nhan vién do la nam.




HOAT DONG THUC HANH VA TRAI NGHIEM

Bai 1. Tinh gia tri gan dang tich phan bang may tinh cam tay

MuUC PpiCH
Thuc hanh sir dung may tinh cam tay dé tinh gia tri gén dung cua tich phan xac dinh.
—On tap va minh hoa gia tr1 cua tich phan xac dinh.
CHUAN BI
May tinh cam tay.
Sach giao khoa Toan 12, tap hai — bo sach Chan troi sang tao.
HUGNG DAN CHUC NANG CUA MAY TINH CAM TAY

¥ = b e Py - "
Dé tinh tich phan xac dinh J f(x)dx ta thuc hién cac thao tac sau:

. An phim dé chon phép toan tich phéan o B

xac dinh: [[=). 0
by "pax
2. Nhap ham s6 f(x). 0

3. Nhap hai can tich phan: a, b.

4. Tinh gia tri gan diing cua tich phén xac dinh. Hinh 1

TO CHUC HOAT DONG

Chia lop thanh cac nhom, moi nhom tir 4 dén 8 hoc smbh.

Nhom truong phan cong cac thanh vién trong nhom thuc hién cong viec theo cac hoat dong sau:
HOAT DONG 1. Sir dung mdy tinh cim tay dé tinh gan ding J"‘I (x* —3x)dx
Sau kh1 mo may, an phim dé chon phép toan tich phin xac dinh.

Nhap ham s6 va hai cin tich phin bing cach an lién tiép cac phim sau:

Ay OFCEeEHEE OO M®EE



Taduoc | 5J{x3—3x]dx = 120 (Hinh 2).

=8
Ji(z@-Sx)dx

120

Hinh 2
% Str dung may tinh cam tay dé tinh gan diing I:U[x3 +x° —5x)dx.

HOAT DONG 2. Sir dung may tinh cim tay dé tinh gan ding _L e dx
x

Sau khi mo may, an phim dé chon phep toan tich phan xac dinh.

Nhap ham sb va hai ¢in tich phan bing cach an lién tiép cac phim sau:

By OHO@EOBHO@®O®EE

5 |
Ta duoc }——Idxulftlﬁtlﬂll}ﬁlﬂ-lmh%} J‘ﬁ
O x+
x+1

1.416481062

Hinh 3

dx.

2x+3
% Str dung may tinh cam tay dé tinh gan dung r . ]
X%k

& i - a A e A - 4 —tz - x T ].
HOAT DONG 3. Sir dung may tinh cim tay dé tinh gan ding I == gl
a5 X
Sau khi mo may, an phim [E] dé chon phép toan tich phan xac dinh.

Nhap ham sé va hai cin tich phan bing cach an lién tiép cac phim sau:

®Eww ([ [HO@E HO®HO M
B®aEE

Ta duoe j41—“1¢1- ~ 1,177585093 (Hinh 4). P xz_x_

x+1
x+1
1.177585083

Hinh 4

ldx

w2x +x+7
% Str dung may tinh cam tay dé tinh gan ding Lu%d‘r.
X+



Bai 2. Minh hoa va tinh tich phan bang phan mém GeoGebra

MUC PicH
— Thuc hanh sir dung phin mém GeoGebra dé minh hoa va tinh tich phan xéac dinh.
— Xem x¢ét, mo phong cac bai toan tich phan xac dinh.

~ On tap va minh hoa céc khai niém da hoc vé tich phén.
CHUAN BI

~ May tinh xéch tay cé cai dit phin mém GeoGebra hoic c6 két ndi Internet.
— May chiéu hoiic man hinh ti vi lén.

~ Thuc hanh trong phong may néu cac truong ¢ dicu kién.

— Sach giao khoa Toan 12, tép hai — bo sach Chan troi sang tao.

HUGNG DAN CHU'C NANG CUA GEOGEBRA

Pé minh hoa tich phan trén phﬁn mem GeoGebra, ta thuc hién cac thao tac trén bon vung sau:
1. Ving chira cac thanh céng cu;

2. Viang hién thi danh sach cac d6i twong;

3. Vung lam viéc: chita hinh biéu dién tich phin xac dinh;

4. Vng nhap 1énh: dé nhap céng thirc cac ham sé va biéu thirc.

Vl:l.l'l. hl:i-. L Geolisera Clamis § = o =
A 'Igl':l_: ]]a Hf st Chinin stra. Hién the Cac iy chon Cac ofng cy Cia sd Tror gidp
cac n E e B ¢
cong cu | e~ -L:-_Jti _ @ "*L BN ol €
|'( ¢ Hla thi danh sich A fegni ™ | = Ving lam vige =
® fy=05x"+1 a- * b ow
® g=1f
Ving hién thi
danh sach {
cic do1 tuwong

a="1f

\ T T b

Hinh 1. Cdc viing lam viéc cia GeaGebra Classic 5



— Danh sach ci phap 1énh tinh nguyén ham va tich phan co ban.

Déi tuong Ct phap lénh Cha ¥
Nguyén ham j f(x)dx TichPhan(f) - rPh:ii d’inh nghia trudc
hai ham s6 f{x), g(x).
[ " fo)dx TichPhan(f, a,b) | — C6 thé khai béo trude hai
Tich phén o tham sé a, b r6i ding chudt
dé diéu chinh gié tri cua a, b.
[ "[f(x)-g(x)]dx | TichPhan(f, g a,b) [ oo ERIICHad
TO CHUC HOAT PONG

Chia lop thanh cac nhom, moi nhom tir 4 dén 8 hoc sinh.

Nhom truong phan cong cac thanh vién trong nhom thue hién cong viéc theo cac hoat dong sau:
HOAT DONG 1. Sit dung phin mém GeoGebra dé tinh gin diing | %x"’dx

1. Khéi déng phan mém GeoGebra da cai dat trén may tinh hoic truy cip vao trang web:
https://www.geogebra.org/ dé sir dung phién ban online.

2. Cac buoc thao tac trén GeoGebra:

— Nhap ham sé theo ci phap f:y=(1/3)x"3.

— Nhap tich phan theo cu phap TichPhan(t, 1, 2).

3. Quan sat két qua nhu Hinh 2,

Chd y: Néu da tao cic thanh truot a, b biéu thi gia tri dau va gia tri cudi cua tich phan thi nhap
theo cii phap TichPhan(f, a, b), réi ding chuét dé diéu chinh gid tri cic thanh truot caa a, b.

£F Brsldrbed Ciniies - n) k]
Filgr Chinhsira Fln e Cac iy chon Calc ciing oy Gilra s Trg gl
[ A Mool 4 =+
* ifieh [T cdamn ich e niong & | = Warg L vido
T o | | e
[ N E8"] ) L]
LN LR
® bh=242 | =1
& c=LEF | —————
LEE ] 1 /
e s
1
* a -.:/u H i
i
sl e 1
Hinh 2

@1 Sir dung phan mém GeoGebra dé minh hoa va tinh gin ding ij (x’—3x)dx,




-1
HOAT DONG 2. Sir dung phin mém GeoGebra dé tinh gin ding f‘[h— 1).&

1. Khot dong phf“m mém GeoGebra da cai dat trén may tinh hodc truy cép vao trang web:
https://www.geogebra.org/ dé sir dung phién ban online.

2. Cac buoc thao tac trén GeoGebra:
~ Nhap ham s6 theo ¢ phap fry=(x-1)/(x+1); giy=1.
~ Nhip tich phan theo cti phap TichPhanGitraHaiHamS6(f, g, 1, 3).

Chti y: Néu da tao céc thanh truot a, b bicu thi gia tri dau va gia tri cudi cua tich phan thi
nhép theo cti phap TichPhanGitaHaiHamS4(f, g. a, b), rdi dung chudt dé diéu chinh gia tri
cac thanh truot cua a, b.

3. Quan sat két qua nhu Hinh 3.

€7 GeoGeben Classic 5 - O b4
Hé s Chinhsika Hidni Céctly chon Caccingcu Cla sé Tro gilp

0 & %N cl s PN

v Haén th dant séch di tirong ¥ | = Viing lam vige X
. x—1 nCw
ey =T 1 3
o giy=1 ; o5
. gm -
® pb=3 - b=3
®c=.139 >—
-
= q
I
d =y} 51
B 4 o ! 4 [
;

Mhap kEnh:

Hinh 3
2x+2

x—1

@Z Su dung phén mém GeoGebra dé minh hoa va tinh gfm dung J'j( = E]dx.



HOAT DONG 3. Sir dung phiin mém GeoGebra dé tinh gin ding
—x—1
II[(f—x}_(x_g)]dx
e x+1

1. Khai dong phan mém GeoGebra di cai dat trén may tinh hodc truy cip vao trang web:
https://www.geogebra.org/ dé su dung phién ban online.

2. Cac buoc thao tac trén GeoGebra:

— Nhap ham sé theo ¢t phap fiy=(x"2-x-1)/(x+1): gry=x-2.

— Nhap tich phén theo cii phap TichPhanGitraHaiHamSa(f, g, 0, 2).

Chui y: Néu da tao cdc thanh truot g, b biéu thi gid tri dau va gia tri cudi cua tich phan thi
nhép theo cu phap TichPhanGitraHaiHamS4(f, g, a. b), rdi dung chudt dé diéu chinh gia tri
cac thanh truot cua a. b.

3. Quan sat két qua nhu Hinh 4.

7 Geolieken Classic 5 - n X
Hi s Chinhsira Hiénthi Cér thy chon Cac ofng oy Cira 58 Tro gidp
\ Vo “ il axz
DRSS osPNEE
» Hidn thi danb sdeh dbi wong # | * Ving lam visc Al
. = | I —
o % X x—1
x4 1
®gy=x-2
® a=0
® h=3 } -
®c=11 ® ¥
=0
- i
Mhap énf

Hinh 4

% Su dung phfin mém GeoGebra dé minh hoa va tinh gén ding r[ ,Lx]_j, = Z]dx.
] 2 xX—



Bai 3. St dung phan mém GeoGebra dé biéu dién hinh hoc
toa do trong khong gian

MUC PicH
— Thuc hanh sir dung phin mém GeoGebra dé biéu dién hinh hoc toa d6 trong khéong gian.
- Biéu dién diém, vecto, cic phép toan vecto trong hé truc toa d6 Oxy=.
— VE duong théng, mat phs'lng, mat ciu trong hé truc toa dé Oxy=.
~ Xem xét sur thay d6i hinh dang khi thay déi cdc yéu 6 trong phuong trinh cua ching.
— Xem xét, mo phong cac bai toan toa @6 khong gian.
~ On tap va minh hoa cac khai niém caa hinh hoc toa do.
CHUAN BI
— May tinh xach tay c6 cai dit phian mém GeoGebra hodc ¢6 két néi Internet.
— May chiéu hoiéic man hinh ti vi lén.
~ Thue hanh trong phong méy néu cac trudng cé dicu kién.
— Sach giao khoa Toéan 12, tap hai — bd sach Chan tréi sang tao.
HUGNG DAN CHUC NANG CUA GEOGEBRA
Dé biéu dién hinh hoc toa do trong khong gian trén GeoGebra ta thuc hién cac thao tac trén
vung sau:
1. Ving chira cac thanh cong cu;
2. Viing hién thi danh sach cac doi twong;
3. Ving hién thi dang 3D: chira céc diém, vecto va mit phing trong hé truc toa dé Oxyz;
4. Viing nhap 1énh: dé nhap toa d6 céc diém, vecto va mit phing.

€7 Bt i 1 —
Vﬂﬂg chira cac g Erien sl sinin £y chon i cingoe Shasd Ter i

thanh cong cu 0 [ B e AP N - o

L A e T

LR =] = "=

vr=(3

L L =

LT =I L]

Vﬂng hién' ﬂli' : ::l:;.:lll.flﬂ.tﬂl
danh siach {

do1 tuong

L
Ving nhap lénh | | wese

Hinh 1. Cde viing lam viéc cia GeoGebra Classic 5



- Danh sach cu phap 1énh biéu dién céc déi tuong hinh hoc toa do trong khéng gian trén

GeoGebra.
béi tuong C1 phap lénh Gaiai thich
Diém M(x; y; 2) M(x.y.z) hay M=(x.y.z)
Ki hiéu vecto khong co
TS (x; ¥ 2) u(x.y.z) hay u=(x.y.z) miii tén :
Vecto

m—

u=MN

u=Vecto(M, N)

Nhap hai diém M va N
truae khi nhap .

Pudng thing di qua diém

Nhap d iém va vecto chi

Puc : . A
thﬁ[:lg M(xy: vy z,) co veeto chi DuongThang(M. u) phuong trudc khi vé
- phuong u =(a,: a,: a.) duong thang.
Ax+ By +Cz + D=1 Ax+By+Cz+D=0
Mat phﬁng di qua diém g WA . 2
Nhapdi duong thang
M(x,. y,. z,) va vudng goc | MatPhangVuongGoc(M, d) . e.l_rw? £ ’ :
o 2 = trurdre khi v& mit phang.
voi duong thing d.
Mt
phang | Mat ph:fmg di qua diém Nhap diém va cap vecto
M(x,, vy, =) va €0 cap vecto MatPhang(M, u, v) chi phuong trude khi vé
chi phuong i, V. mat phang.
Mit phang di qua 3 diém Nhap 3 diém 4, B, C
AR ¢ MERDUEL B OV o 1Reubt £ vE Sk phing.
Mat cau cd phuong trinh: (x—a)"2+(x—b)"2+
(x—a)Y+(x—-by+ (x—c)"2=R"2
(x-—ef =R
— ) Nhiép tim mit cau va ban
Mt cau it ol 5 sn ki 1 P - !
Mt cau (S) tam [ ban kinh R. MatCau(l, R) Kih trudic khi ve mat chu.
Lo . ) Nhap tam mat cau va
M e (3) than ! s MatCau(l, M) diém nam trén mit cau

diém M.

trudc khi v& mat cau.




T6 CHUC HOAT DONG
Chia 16p thanh cic nhém, mdi nhém tir 4 dén 8 hoc sinh.
Nhom truong phéan cong cac thanh vién trong nhom thuc hién cong viéc theo cac hoat dong sau:

HOAT DONG 1. Sir dung phin mém GeoGebra dé biéu difn diém, vecto ¢6 toa dd
cho trude

1. Khoi dong phan mém GeoGebra da cai dit trén may tinh hodc truy cap vao trang web:
https://www.geogebra.org/ dé sir dung phién ban online. Chon ché d6 Vé do hoa 3D véi
giao dién la mot mit phing nén dé biéu dién diém, vecto (Hinh 2).

©7 Guelebra Clasiac % - o b
has0 Cninn siia Hiln ih) Cac ey chon Cée cng ey Clasd Tro gup

ElA7 A Sl el d @ 4N 4

=
-

L AC= S -

Hi&p Enn’ ' s @ ;l

Hinh 2
2. Cac buac thao tac trén GeoGebra:
— Nhép toa d6 diém: A(1; 2; 0). B(2: 4: 2) vao viing nhap lénh theo ¢ phap A(1.2,0); B(2.4.2).
— Nhap vecto & =(1:2:2), ii= AB theo cti phap u(1.2.2); n=Vecto(A, B).

3. Quan sat diém, vecto duge vé trén vang lam viéc (Hinh 3).

Hinh 3

& a) St dung phan mém GeoGebra dé biéu dién cac diém M(-2; —4: —5). N(3: 5: 0),
P(0; 0; -2).

b) Sir dung phin mém GeoGebra dé bidu dién cac vecto 7 =(-2;-4;-5), @ = MN, b = NP.



HOAT DPONG 2. Sir dung phin mém GeoGebra dé biéu dién mit phing:
(P:6x+3y+2z-6=10

1. Khon dong phén mém GeoGebra da cai dat trén may tinh hodc truy cap vao trang web:
https://www.geogebra.org/ de su dung phlen ban online. Chon ché d6 V& do hoa 3D véi

giao dién la mot mat phang nén dé biéu dién mit phang.

2. Cac budc thao tac trén GeoGebra:
Mhap lenh: Bx+3y+2z-6=0

Nhap phuong trinh mit phiang vao viing nhéap lénh
theo ct phap 6x+3y+2z-6=0 (Hinh 4).

J. Quan sat mat phﬁng trén vung lam viéc (Hinh 5).

Hinh 4

Hinh 5

4. St dung chudt dé xoay hé truc dé c6 cam nhan 3D trong khong gian Oxy=.

Str dung phan mém GeoGebra dé biéu dién céc mat phing (P): 4x + 2y=0,(0): x +y+z=3,
" (R):.z=4.

HOAT DONG 3. Sir dung phin mém GeoGebra dé biéu dién dwing thiang d:
x=2+t
y=3+2

1. Khoi dong phﬁn mém GeoGebra da cai dat trén may tinh hodc truy cap vao trang web:
https://www.geogebra.org/ dé sir dung phién ban online. Chon ché d6 V& dé hoa 3D véi
giao dién la mot mat phing nén dé biéu dién dudng thang.

2. Cac budc thao tac trén GeoGebra:

x=2+1
Nhap phuong trinh tham s cua dudmg thang d: { y =3+ 2t vao viing nhap Iénh theo ct phap:
=4t

A(2,3.0); u(1.2.4); DuongThang(A, u).



3. Quan sat dudong thang trén ving 1am viéc (Hinh 6).

Hinh 6

4. Str dung chuét dé xoay hé truc dé co cam nhan 3D cua khéng gian Oxy=.

x=2+3t
% Sir dung phan mém GeoGebra dé biéu dién duong thang d: { y=5—1
z=—3+41.

HOAT DONG 4. Sir dyng phin mém GeoGebra dé biéu dién mit chu:

1. Khoi dong phin mém GeoGebra da cai dat trén may tinh hodc truy cip vao trang web:
https://www.geogebra.org/ dé sir dung phién ban online. Chon ché d6 Vé dé hoa 3D véi
giao dién 1a mot mét phang nén dé biéu dién mit cau.

2. Cic budc thao téc: Nhap phuong trinh mat cau (x — 3)* + (» — 5)* + (z — 4)* = 4 vao ving
nhép lénh theo ci phap: 1(3,5.4); R=2; MatCau(l. R).

3. Quan sat mét cau trén ving lam viéc (Hinh 7).

Hinh 7

4. Str dung chudt dé xoay hé truc dé ¢6 cam nhan 3D trong khéng gian Oxyz=.

Sir dung phan mém GeoGebra dé biéu dién mat cau (5): x> + > + 22 =25 va
(5): (x =2y +(@+3Y+(=z+2)=9.



BANG GIAI THICH THUAT NGU

B Biéu thirc dwdi diu tich phéin

La biéu thirc f(x)dx trong tich phén
]
If (x)dx,con duoc goi la vi phan cua

ham sé F (x), ki hiéu dF(x), trong do F(x)
la mét nguyén ham cua f(x). Ta co

dF (x) = F'(x)dx = f(x)dx.

Cip vecto chi phuwong

CﬁP vecto chi phuong cua mot mat
phéng la hai vecto khong cung phuong,
c6 gia song song hodc nam trong
mat phang.

Cén tich phén

La hai diém dau mit a va b cia doan
[a; b] khi ta lay tich phan tir a dén b
ctia mot ham so lién tuc trén doan nay:
a dugc goi la can duai, b duoc goi la
cén trén.

Cong thirc Bayes

Véi moi bién ¢ 4 va B, P(4) > 0,

P(B)P(A|B)
P(B)P(A|B)+P(B)P(A|B)

P(B| A) =

Céng thirc nhéin xic suit
Cho hai bién c¢b A va B,
P(AB)= P(B)P(A|B).
Céng thire xdc suiit toan phin
Cho hai bién c6 A4 va B,
P(A)= P(B)P(AlB)+ P(B)P(AlB).
Ham s6 dudi ddu tich phan

Laham s (x) trong tich phan [ f(x)d.x.

Hinh thang cong
La hinh phing giéi han boi d6 thi
ham s6 y = f (x) lién tuc va khong am
trén 60:_1:;1 [a; b], truc hoanh va hai
duong thang x=a,x= 5.

VA

y=Jlx)

(3] a b x

Dien tich cua hinh thang cong nay
bang F(b) — F(a). trong do F{x) la mot
nguyen ham cua fix) trén doan [a; b].
Nguyén ham

Cho ham s6 f{x) xdc dinh trén K.
Ham so6 F(x) duoc goi la nguyén ham
cua ham so f(x) trén K néu F{x) = f{x)
voi1 moi x thude K.

Phuong trinh chinh tic ciia dwimg thing
Trong khong gian Oxyz, phuong trinh
chinh tiac cua duong thang 4 di qua
diem M(x,; y, z,) va co vecto
chi phuong a = (a;; a,; a;) voi a,, a,, a,
déu khac 0 la:

X% YW 2%

4 4, s

d:

Phuong trinh tham s6 cia dwing thing
Trong khong gian Oxyz, phuong trinh
tham so0 cua duong thang di qua diem
M(xy; ¥o; 25) vanhan @ = (a,; a;; a;) lam
vecto chi phuong la:
x=x+at
d:qy=y,+tait voite R

Z=Zu+ﬁ‘3f




Phuong trinh ciia mit cau tim Ka; b; c), V Vecto chi phuong ciia dwdng thing

bém kish R prong Lhoug glam Oxz La vecto khac 0 c6 gia song song hoic

(x-af+(-bY+(Ez-cf =R tring véi dudng thang.
e PP R Ty — 2y Yz +d =0 vh

Vecto phéap tuyén cia mit phang
F+B+E-d>0R=\a*+b’ +c* —d.

. La vecto khac 0 va c6 gia vuéng goc voi
Phwong trinh ting quét ciia mit phing mit phing.

trong khong gian Oxyz '

X Xaic suit c6 diéu kién

La phuong trinh co dang : S T
3 . Xac suat cua bién co B khi bién co A xay
Ax +By +Cz+D=0 ra duoc goi la xdc suat cua B vai diéu kién
trong d6 A, B, C khong ddng théi bing 0. A, ki hicu 1a P(B|4).

T Tich phéin
Tich phén tir @ dén b cia ham so [ (x)
s
lién tuc trén doan [a; b], ki hi¢u [ £(x)dx,
la higéu s6 F(b)— F (a), trong do F (x) la
mot nguyeén ham cua f(x).

BANG TRA CUU TU NGU
B N
Bicu thirc dudi diu tich phan 14 Nguyén ham 6
C P
Cap vecto chi phirong ciia mat phing 12 Phurong trinh téng qu.él cua mét phi;m_g 35
Can dirdi 14 Phuong trinh chinh l?c cua duomg 'dru'mg 46
Cén trén 14 Phuong trinh tham so l‘.'lElEl dudmg thing 45
Céng thirc Bayes 78 Phuong trinh cia mat cau 61
Céng thire nhéin xéc suat 71 T
Cong thire tinh xé:c sudt co f]iéu kién 71 Tich phan 14
Cong thire xdc suat toan phan 76

v

H ' ' Vecto chi phuong ciia dudmg thing 44
Ham s6 dudi dau tich phan 14
Hinh thang cong 13 * ) i
Ho nguyén ham v Xac suat co dieu kién 69



Nha xudt bin Gido duc Viét Nam xin trdn trong cam on
cac tac gia co tac pham, twe liéu diege sw dung, trich din
frong cubn sdach nay

Chiu triach nhiém xuit ban:

Téng Giam doc HOANG LE BACH

Chiu triach nhiém ndi dung:
Tong bién tip PHAM VINH THAI

Bién tap n6i dung: TRAN THANH HA —- NGUYEN THI PHUGC THO
PANG THI THUY

Bién tap mi thuat: BUI XUAN DUONG
Thiét ké sach: BUI XUAN DUONG
Trinh bay bia: TONG THANH THAO — PANG NGOC HA
Minh hoa: NGOC KHANG — XUAN DUONG
Sira ban in: TRAN THANH HA - NGUYEN THI PHUGC THO

DANG THI THUY — HOANG THI THU DUNG
Ché ban: CONG TY CO PHAN DICH VU XUAT BAN GIAO DUC GIA PINH

Bin quyén thuéc Nha xuit ban Gido duc Viét Nam.

Tat ca cac phdn cua noi dung cuon sach nay déu khong dwoe sao chep, lwu trir,
chuyén the dwoi bat ki hinh thirc nao khi chua co sw cho phép bang van ban cua
Nha xuat ban Giao duc Viét Nam.




TOAN 12 -TAP HAI (CHAN TRO1 SANG TAO)

Mai so:

S6 PKXB:
S6 QPXB:......... ngay .... thang.... nam 20 ...
In xong va nop luu chiéu thang ....nam 20....
Ma s6 ISBN: Tap moét:

Tap ha:



HUAN CHUONG HO CHi MINH

BO SACH GIAO KHOA LOP 12 - CHAN TROI SANG TAO

1. Toan 12, Tap mit 4.
2. Todn 12, Tap hai 15.
3. Chuyén dé hoc tap Toan 12 16.
4. Ngiivan 12, Tap mit 17
5. Ngitvan 12, Tap hai 18.
6. Chuyén dé hoc tap Ngii van 12 19,
7. Tiéng Anh 12 20.

Friends Global — Student Book 21
8. Lichsi12 22.
9. Chuyén dé hoc tap Lich st 12 23
10. Diali12 24,
11. Chuyén dé hoctapDiali 12 25.
12. Gido duc kinh té va phap luat 12 26.
13. Chuyén dé hoc tap Giao duc kinh té 27.

va phap luat 12 28.

Vatli12

Chuyén dé hoc tap Vatli 12

Hod hoc 12

Chuyén dé hoc tip Hod hoc 12

Sinh hoc 12

Chuyén dé hoc tép Sinh hoc 12

Tin hoc 12 - Binh hudng Tin hoc Gng dung

Chuyén dé hoc tap Tin hoc 12 — Dinh hudng Tin hoc ting dung
Tin hoc 12 - Binh hugng Khoa hoc may tinh

Chuyén dé hoc tap Tin hoc 12— Binh hudng Khoa hoc may tinh
Am nhac 12

Chuyén dé hoc tip Am nhac 12

Hoat dong trai nghiém, hudng nghiép 12 (1)

Hoat ding trai nghiém, huang nghiép 12 (2)

Gido duc quoc phong va an ninh 12

Cac don vi dau moi phat hanh

e MiénBac:  CTCP Bau tuva Phat trién Gido duc Ha Noi
CTCP Sach va Thiét bi Giao duc mién Bac

« Mién Trung: CTCP Bau tuva Phat trién Gido duc Pa Nang
CTCP Sach va Thiét bi Giao duc mién Trung

« Mién Nam: CTCP Pau tuva Phat trién Gido duc Phuong Nam
CTCP Séch va Thiét bi Gido duc mién Nam
CTCP Sach va Thiét bi Giao duc Ctiu Long

Sach dién tu: http:/hanhtrangso.nxbgd.vn




